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TO  THE  RIGHT  HONOURABLE 

JOHN  JOSHUA  PROBY, 

EARL  OF  CARYSFORT; 

•     KNIGHT  OF  THE  MOST  ILLUSTRIOUS  ORDER  OF  ST.  PATRICK, 

4*^*  f^c»  SfC, 
MY  LORD, 

Although  the  promotion  of  the  arts  and  sciences  has 
been  ever  deemed  the  proper  province  of  the  great 
and  noble,  yet  it  has  not  always  been  the  good  for- 
tune of  those  who  employ  their  time  and  exerticms 
in  the  dissemination  of  knowledge,  to  meet  with  a 
patron  who  is  at  once  distinguished  by  his  rank,  his 
talents,  and  his  zeal  in  the  encouragement  of  useful 
performances.  I  cannot,  therefore,  but  deem  it  a 
high  honour,  and  a  source  of  considerable  gratifica- 
tion, that  I  am  permitted  to  present  a  Treatise  of 
Mechanics  to  the  public,  under  your  lordship's  pro- 
tection :  and  I  have  been  doubly  solicitous  that  the 
work  which  you  have  thus  been  pleased  to  encou- 
rage, may  not  be  found  altogether  unworthy  the  ap- 
probation of  such  a  patron. 

When  I  reflect  upon  your  lordship's  eminent  and 
accurate  acquaintance  with  many  of  the  subjects  dis- 
cussed in  the  following  sheets,  my  diffidence  might 
be  justly  alarmed ;  but  I  throw  myself  upon  the  can- 
dour and  kindness  I  have  so  often  experienced :  and 


IV  DEDICATION. 

though  I  am  not  vain  enough  to  imagine  that  my 
undertaking  will  be  found  free  from  faults  and  errors, 
or  that  these  can  escape  your  notice ;  yet  I  have  the 
satisfaction  to  know,  notwithstanding,  that  whatever 
will  stand  the  test  of  a  correct  and  solid  judgment, 
or  may  be  found  calculated  to  enlarge  the  stock  of 
human  knowledge,  or  more  widely  to  diffuse  an  ac- 
quaintance with  the  principles  of  a  branch  of  science 
of  acknowledged  utility,  will  not  fail  to  receive  your 
lordship's  commendation  and  support. 

Allow  me,  my  lord,  publicly  to  thank  you  for  the 
numerous  favours  you  have  conferred  upon  me  in 
different  periods  of  my  life,  and  to  subscribe  myself, 
with  unfeigned  respect,  and  the  sincerest  gratitude, 

My  lord, 

Your  lordship's  niost  obliged 

and  most  obedient  Servant, 


Olinthus  G.  Gregory. 
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IT  has  of  late  been  a  too  pirevaiting  opinion  in  this  country,  tliiit , 
a  man  may  become  celebrated  as  a  natural  philosopher,  and  be  very 
successful  in  the  application  of  his  knowledge  to  practical  purposes^ 
particularly  in  the  construction  of  machinery,  while  he  is  com<^ 
pletely  unacquainted  with  the  principles  of  mathematics.  Among 
a  variety  of  unpleasant  consequences  which  have  resulted  from 
this  erroneous  opinion,  may  be  I'eckoned,  the  rapid  decline  of  th6 
mathematical  sciences  in  Britain,  the  dissemination  of  superficial 
and  vague  notions  on  physical  topics,  and  the  absolute  necessity  of 
having  recourse  to  foreign  publications  for  profound  and  extensive 
information  on  those  subjects,  which  we  should  have  supposed,  had 
not  experience  convinced  us  to  the  conti'ary.  Englishmen  would 
have  been  proud  to  cultivate ;  since  they  were  first  placed  upon  an 
unshaken  basis  in  the  Principia  of  our  own  countryman,  the  illus- 
trious Newton.  It  has  been  asserted  by  a  competent  judge.  Dr. 
Robison,  and  it  is  mortifying  to  reflect  that  the  assertion  is  true» 
"  that  while  the  continent  has  supplied  us  with  most  elaborate  and 
useful  treatises  on  various  articles  in  physical  astronomy,  practical 
mechanics,  hydraulics,  and  optics,  there  has  not  appeared  in  Britain 
half  a  dozen  treatises  worth  consulting  for  the  last  fort}^  years." 
We  have,  it  is  readily  admitted,  many  popular  works  on  mechanics, 
hydrostatics,  &c.  in  which  the  principles  are  exhibited,  and  their 
application  to  the  useful  purposes  in  life  illustrated  by  examples ; 
but  since  their  authors  have  scarcely  ever  aimed  at  demonstration, 
those  who  rest  satisfied  with  the  information  they  can  gather  from 
these  treatises,  can  at  best  acquire  but  a  kind  of  second-hand  know- 
ledge of  unproved  principles  loosely  floating  in  the  mind  ;  and  must 
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generally  hesitate  in  every  case  presenting  a  novel  aspect,  for  want 
of  that  confidence  in  principles  and  results  which  the  irresistible 
evidence  accompanying  the  deductions  of  pure  science  alone  can 
inspire.  I  would  not  be  understood  as  intending  to  cast  any  censure 
upon  the  authors  of  familiar  treatises  on  scientific  subjects :  I  only 
widh  it  to  be  recollected  that  these  are  much  fitter  for  children  than 
for  men ;  that  they  may  be  useful  as  introductory  books  for  pupils^ 
but  of  little  or  no  immediate  service  in  the  active  concerns  of  a 
more  advanced  state ;  and  that,  because  they  merely  excite  a  thirst 
for  knowledge  which  they  cannot  gratify.  Nor  would  I  wish  to 
insinuate  that  there  are  not  in  our  language  some  excellent  works 
on  the  theorif  of  mechanics ;  but  I  cannot  help  being  apprehensire 
that  most  of  these  (chiefly  on  account  of  the  small  encouragement 
likely  to  be  given  them)  are  too  confined  in  their  object,  and  for 
that  reason  fail  in  being  so  beneficial  to  the  public,  as  the  talents 
of  their  authors  might  otherwise  lead  us  naturally  to  expect. 

For  some  years  I  have  seen  (or  thought  I  have  seen),  and  often 
regretted,  that  a  forbidding  distance  and  awkward  jealousy  seem 
to  subsist  l^etween  the  theorists  and  the  practical  men  engaged  in 
the  cultivation  of  mechanics  in  this  country :  and  it  is  a  desire  to 
shorten  this  distance,  and  to  eradicate  this  jealousy,  that  has  been  a 
principal  stimulant  in  the  execution  of  the  following  performance. 
I  have  by  long  habit,  combined  perhaps  with  early  acquired  pre- 
judices, been  much  delighted  with  the  investigations  of  theorists : 
but  while  I  prize  the  deductions  of  sound  theory  as  highly  as  anj 
person,  and  rest  as  firmly  upon  them ;  yet  am  I  desirous  not  tc 
forget,  that,  as  all  general  principles  imply  the  exercise  of  abstrac< 
tion,  it  would  be  highly  injudicious  not  to  regard  them  in  theii 
practical  applications  as  approximations,  the  defects  of  which  mu 
be  supplied,  as  indeed  the  principles  themselves  are  deduced,  ii 
experience.    Habits  of  abstraction  and  theorizing  may  be  c^n 
to  excess ;  and  crude  experience  .without  reflection  will  never 
productive  of  essential  good.    But,  as  an  eminent  philosoph 
(for  whose  talents  and  virtues  I  entertain  great  respect)  remf 
<'  Care  should  be  taken  to  guard  against  both  these  extremef 
**  to  unite  habits  of  abstraction  with  habits  of  business,  in  i 

*  Professor  Dugald  Stewart ;  Elementi  of  the  Philosophy  of  the  Humai 
p.  2dl,&c. 
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••  iliatiner  as  to  enable  men  to  consider  things  either  in  general  or 
'*  in  detail,  as  the  occasion  may  require.  Whichever  of  these 
«*  habits  may  happen  to  gain  an  undue  ascendant  over  the  mind» 
it  will  necessarily  produce  a  character  limited  in  its'  powers,  and 
fitted  only  for  particular  exertions. — When  theoretical  knowledge 
*^  and  practical  skill  are  happily  combined  in  the  same  person,  the 
•^  intellectual  power  of  man  appears  in  its  full  perfection,  and  fits 
<^  him  equally  to  conduct  with  a  masterly  hand  the  details  of  ordi* 
nary  business,  and  to  contend  successfully  with  the  untried  difB- 
culties  of  new  and  hazardous  situations.  In.  conducting  tho 
**  former,  mere  experience  may  frequently  be  a  sufficient  guide : 
"  but  experience  and  speculation  must  be  combined  together  to 
**  prepare  us  for  the  latter."  *  Expert  men,*  says  Lord  Bacon^ 
'  can  execute  and  judge  of  particulars,  one  hy  one  ;  but  the  general 

*  counsels,  and  the  plots,  and  the  marshalling  of  affairs,  come  best 

*  from  those  that  are  learned.' 

Admitting  the  truth  of  these  observations — and  their  truth  1  think 
^nnot  well  be  denied — it  will  thence  follow,  that  theoretical  and! 
practical  men  will  most  effectually  promote  their  mutual  interests, 
liot  by  affecting  to  despise  each  other,  but  by  blending  their  efforts  : 
and  further,  that  an  essential  service  will  be  done  to  mechanical 
science,  by  endeavouring  to  make  all  the  scattered  rays  of  light 
they  have  separately  thrown  upon  this  region  of  humsn  knowledge 
converge  to  one  point.  In  conformity  with  these  ideas,  I  have 
undertaken  a  task,  attended,  I  am  aware,  with  so  many  difficulties^ 
that  even  failure  will  not  be  disgraceful ;  while,  on  the  other  hand, 
success,  if  my  labours  should  fortunately  be  crowned  with  it,  will 
be  doubly  gratifying ;  as  I  shall  then  flatter  myself  with  having  con- 
tributed in  some  measure  to  the  union  of  accurate  theory  and  judi- 
cious practice,  and  thus,  ultimately,  to  the  promotion  of  arts  and 
manufactures. 

The  Treatise  of  Mechanics  I  now  presume  to  lay  before  the  pub- 
lic is  comprised  in  two  large  volumes,  besides  a  volume  of  plates. 
Of  these  the  first  volume  is  devoted  chiefly  to  the  theory :  the 
second  is  practical  and  descriptive.  The  theoretical  part  is  dividied 
into  five  books,  and  these  are  subdivided  into  chapters,  as  the  na- 
ture of  the  several  subjects  seemed  to  require. 

Book  I.  ia  appropriated  to  the  subject  of  Statics,  and  is  iubdi- 
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vided  into  six  chapters*  It  cofxnmenceSy  as  indeed  do  aU  the  booki» 
with  definitions  and  preliminary  remarks  ;  which  are  succeeded  b^ 
a  statement  and  illustration  of  the  Newtonian  Jaws  of  motion  and 
rest»>  which  are  assumed  as  fundamental  principles  to  guide  oiur 
subsequent  enquiries.  The  nature  of  statical  equilibrium,  with  the 
composition  and  resolution  of  forces,  are  then  discussed ;  forces 
being  considered,  1.  as  disposed  in  one  plane,  and  concurring  in 
the  same  point :  2.  as  directed  to  one  point,  but  not  confined  to 
one  plane:  3^  as  situated  in  one  plane,  but  applied  to  different 
points  of  a  body:  4»  as  not  confined  to  one  plane,  and  directed  to 
various  points  of  a  body.  This  portion  of  the  work  occupies  rather 
more  space  than  has  been  commonly  assigned  to  it  in  treatises  of 
mechanics ;  but  this  circumstance  will,  I  hope,  be  found  to  faci- 
litate the  application  of  the  parallelogram  of  forces  to  the  investi- 
gations which  follow.  The  remaining  chapters  in  this  book  treat 
of  the  centre  of  gravity,  and  the  centrobaryc  method ;  the  simple 
machines,  or,  as  they  are  usually  called,  the  mechanical  powers ; 
the  strength  and  stress  of  timbers  and  other  materials ;  and  the 
equilibrium,  tension,  and  pressure  of  cords,  arches,  and  domes. 
The  minuter  topics  connected  with  these  general  points  of  enquirj 
cannot  well  be  specified  here. 

The  second  book  relates  to  Dynamics.  It  comprehends  six 
chapters ;  treating  of,  motion,  uniform  and  variable ;  the  descent 
and  ascent  of  heavy  bodies  in  vertical  lines ;  the  motion  of  projec- 
tiles, with  obseryations  on  ricochet-firing ;  descents  along  inclined 
planes  and  curves ;  the  vibrations  of  pendulums,  and  the  curve  of 
swiftest  descent;  central  forces ;  the  rotation  of  bodies  about  fixed 
axes,  and  in  free  space,  with  theorems  relative  to  the  centres  oi 
oscillation,  gyration,  percussion,  spontaneous  rotation,  &c.;  the 
physico-mathematical  theory  of  percussion,  nearly  as  first  delivered 
in  Don  George  Juan's  Examen  M aritimo ;  and  the  motion  of  ma- 
chines, and  their  maximum  effects;  closing  with  some  remarks 
that  shew  in  what  points  of  view  machines  ought  to  be  considered 
by  those  who  would  labour  beneficially  for  their  improvement. 

Book  III.  is  devoted  to  the  subject  of  Hydrostatics.  It  is 
divided  into  four  chapters— on  the  pressure  of  non-elastic  fluids ; 
the  determination  of  the  specific  gravities  of  solid  and  fluid  bodies; 
the  construction  of  hydrometers  or  areometers ;  the  equilibrium. 
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lltilbifityy  and  oscillations  of  flpating  foodies,  with  a  particular 
reference  to  ships  and  canal  boats;  and,  on  the  phenomena  of 
attraction  in  capillary  tubes.  This  book  contains  an  extensiye, 
and,  I  trust,  correct  table  of  specific  gravities. 

In  the  fourth  book  I  have  given  some  of  the  most  useful  propo- 
litions  and  theorems  relative  to  Hydrodynamics.  But  as  this  is 
a  very  complex  and  intricate  subject,  in  which  the  most  elaborate 
thepry  can  do  but  little,  independent  of  numerous  experiments,  it 
seemed  prudent,  rather  than  to  delude  the  student  with  a  display 
of  mathematical  accuracy  where  it  is  so  far  from  being  attained,  to 
curtail  the  theoretical  part  with  a  view  to  the  introduction  of  some 
valuable  experimental  results.  This  book  comprises,  then,  only 
four  chapters.  1.  On  the  discharge  of  fluids  through  apertures  in 
the  bottom  and  sides  of  vessels,  and  on  spouting  fluids  :  2.  an  ac- 
count of  experiments  made  by  different  philosophers  (as  Bossut, 
Venturi,  Eytelwein,  Young,  Vince,  &c.)  on  the  discharge  oif  water 
through  apertures  and  tubes ;  and  the  practical  deductions  from 
those  experiments :  3.  on  the  effect  of  water  upon  the  motion  o^ 
water-wheels :  4.  an  account  of  Mr.  Smeaton's  experiments  on 
water-wheels,  and  some  of  those  of  M.  Bossut. 

Tlie  fifth  book,  which  terminates  the  first  volume,  is  on  Pneu^. 
ifATics,  and  contains  six  chapters.  The  subjects  stated  and  dis- 
cussed in  this  book  are,  the  equilibrium  of  elastic  fluids;  the 
measurement  of  altitudes  with  the  barometer  and  thermometer ; 
the  motion  of  air  when  the  equilibrium  of  pressure  is  lemoyed; 
^0  theory  of  air-pumps,  and  pumps  for  raising  water ;  the  resist- 
^ce  of  fluids  to  bodies  moving  in  them ;  and  results  of  experiments 
oil  the  resistance  of  fluids. 

The  ^cond  volume  of  this  work^  which,  as  before  mentioned, 
w  chiefly  practical,  commences  with  an  introduction  occupying 
84  pages,  and  comprising  general  remarks,  rules,  and  directions, 
-^n  the  construction  and  simplification  of  machinery ;  on  rota- 
tory, rectilinear,  and  reciprocating  motions;  on  bevel-geer,  and 
proportioning  the  number  of  teetl) ;  on  friction  and  the  rigidity  of 
cords,  with  the  experiments  of  Vince,  Coulomb,  &c.  and  an  exam- 
ple of  the  power  of  the  capstan,  allowing  for  friction  and  the  stiffiiess 
of  cords;  on  water  and  wind  as  movers  of  machinery,  with  Smea- 
ton's rules  relative  to  windmills;  on  the  strength  of  fired  gun-poir« 
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der ;  on  steam  as  a  mover  of  machinery,  with  the  theorems  an4 
results  of  Bettancourt  and  Dalton ;  and,  on  the  strength  of  mei| 
and  horses,  according  to  the  best  and  most  accurate  observations* 
The  remaining  part  of  this  volume  is  appropriated  to  the  description 
of  a  variety  of  mechanical  contrivances,  in  number  e^^ceeding  an 
hundred  and  fifty.  These  are  arranged  alphabetically,  that  they 
may  be  consulted  with  most  convenience  ;  and  several  of  tiiem  re- 
late to  machines  and  instruments  which  have  never  before  been  pub- 
licly described ;  and  for  accounts  of  which  I  am  indebted  to  som^ 
of  our  most  celebrated  civil  engineers,  whose  names  will  appea^ 
with  the  respective  articles.  A  general  enumeration  in  this  preface 
would  be  tiresome,  especially  as  the  articles  are  separately  menv 
l^ioned  in  the  Table  of  Contents  to  the  second  volume.  It  may^ 
however,  be  proper  just  to  observe,  that  the  greater  part  of  the  con? 
trivances  there  described  are  such  as  are  highly  useful  in  varioui; 
arts  and  manufactures,  and  the  most  important  purposes  of  huma^ 
life  :  among  them  will  be  found  descriptions  of  air-pumps,  balances, 
J)ark-mills,  barometers,  bellows,  clopks,  cranes  in  great  varietyj 
ftle-cutters,  fire-engines,  flax*mills,  fiour-mills^  foot-mills,  handr 
mills,  hydraulic  engines  of  various  kinds,  hygrometers,  kiieading^ 
mills,  lathes,  and  the  most  curious  turning  apparatus,  locks^ 
pil-mills,  ordnance  boring  machines,  contrivances  for'  what  are 
failed  parallel  motions,  pendulums,  pile-engines,  planipg  machinery^ 
presses,  and  pressure-engines,  several  pumps,  pyrometers,  Rama« 
den's  dividing  machines,  saw-mil^,  scapements,  steamrengineS| 
curious  and  accurate  steel-yards,  stream-measurers,  telegraphSi 
thermometers,  thrashing-mills,  tide-mills,  watches,  water-mills^ 
weighing  apparatus,  wind-mills,  yarn-mills,  &c.  In  some  instance; 
where  the  subject  seemed  'very  important,  and  not  admitting  of 
*  sufficiently  pppious  discussion,  among  scr  many  other  particulars^ 
I  have  inserted  catalogues,  arranged  chronologically,  of  the  chief 
writings  on  that  respective  snbject,  whether  smaller  dissertations, 
f)r  full  and  extensive  treatises:  these  catalogues  may  be  seen 
under  the  words  h/dravUc-engines,  and  miUs.  In  a  few  case^ 
too,  where  the  theory  of  a  machine  had  not  been  correctly  exhi- 
bited in  any  English  work  with  which  I  am  acquainted,  I  have 
given  such  theory  in  the  second  volume,  for  the  sake  of  more  rer 
dily  deducing  the  most  useful  practical  results :  this  has  been  dor 
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ivifth  respect  te  Barier^s  mill,  the  Penian^uJ^elf  and  Arddmit^9 

mm* 

In  the  composition  of  the  first  volume  of  this  treatise,  I  have 
derived  material  assistance  from  the  labours  of  several  of  my  pre« 
decessors  in  this  department  of  science ;  though  I  have  not,  per- 
iiaps,  so  frequently  cited  my  authorities  as  some  readers  may  be 
apt  to  expect:  but  this  will  not,  I  trust,  on  consideraticm,  be  thought 
a  culpable  omission ;  for  although  I  have  not,  for  example,  ascribed 
to  Prony  what  I  found  in  succession  in  the  writings  of  Varignon, 
Belidor,  Bezout,  and  D'Alembert,  nor  to  Parkinson,  or  Atwood, 
what  had  previously  appeared  in  the  writings  of  Galileo,  Wilkins^ 
WalliSy'Desaguliers,  or  Emerson,  esteeming  whatever  I  found,  in 
iQch  circumstances,'  as  common  property,  to  be  adopted  without 
hesitation ;  yet,  in  all  cases  where  I  could  speak  confidently  of  the 
iv?^ma/ author,  and  particularly  where  the  matter  quoted  had  been 
but  seldom  published,  I  have  not  failed  to  make  the  corresponding 
reference.  As  to  the  second  volume,  it  is  professedly  a  compilation;- 
Mid  I  have  no  other  merit  to  claim  respecting  it,  than  that  of  hav-' 
isg  eimployed  much  labour  and  pains  in  consulting  a  great  many 
volumes  of  journals,  transactions,  acts,  encyclopedias,  theatres  of 
machines,  &c.  published  in  England,  France,  and  Germany,  and 
having  selected  from  these  numerous  and  often  voluminous  works, 
such  particulars  as  were  most  likely  to  be  serviceable  to  my  coun- 
trymep,  when  presented  to  them  (separate  from  every  thing  ex- 
traneous)'in  a  convenient  though  copious  single  volume. 

In  the  descriptive  part  I  have  but  seldom  given  accounts  of 

machinery  for  which  the  inventors  have  taken  out  patents.    In  this 

measure  I  have  been  guided  solely  by  views  of  utility:  when  a 

patent  machine  appeared  to  exhibit  some  peculiar  ingenuity  in  its 

construction,  or  when  the  specification  developed  some  general 

methods  which  are  not  merely  serviceable  with  respect  to  the  in* 

ventioDS  to  ^hich  they  are  now  applied,  but  nfay  after  the  expiration 

pf  the  patent  be  advantageously  appropriated  to  other  machinery, 

{  have  thought  it  right  to  insert  a  description  of  such  contrivances ; 

taking  care  at  the  same  time  to  mention  the  exclusive  right  secured 

£01  the  term  of  the  patent.    An  indiscriminate  account  of  what  are 

pttUed  mvffUioMf  in  this  fruitful  age  for  the  revival  of  old  contri- 


vances,  would  have  fidded  to  the  bulk  of  the  work;  but  it  mu8lf  lUH 

cessarily  have  operated  as  a  dead  weight  to  sink  its  respectability. 

It  may,  probably,  be  imagined  by  some,  that  considering  the 
advantages  for  that  purpose,  with  which  my  situation  at  Woolwich 
furnishes  me,  I  should  insert  descriptions  of  the  various  kinds  of 
jmachinery  used  in  the  artillery  service.  This,  however,  I  have  not 
done :  chiefly  because  such  descriptions,  by  Muller  and  other. re- 
spectable authors,  are  already  easily  procured  in  works  appropriate 
exclusively  to  that  important  object,  and  where  the  accouhts  are 
given  with  far  greater  copiousness  than  they  could  be  in  a  perform- 
ance  where  so  many  other  objects  are  handled. 

In  the  exposition  of  the  theory  I  have  generally  proceeded  by  a 
aeries  of  connected  propositions  and  dependent  corollaries ;  those  iii 
each  chapter  having  a  manifest  relation  to  each  other,  and  flowing 
iiaturally  from  the  same  source :  and  I  have  at  the  same  time  endea- 
voured to  attain  a  just  medium  between  that  fatiguing  prolixity  of 
detail  which  leaves  nothing  to  be  struck  out  by  the  ingenuity  of 
the  pupil,  and  that  obscurity  which  commonly  results  from  the  sup- 

•  ■ 

pression  of  intermediate  ideas.  I  have,  therefore,  occasionally 
introduced  such  general  scholia  and  more  limited  remarks,  aa 
seemed  calculated  to  clear  up  a  point  in  the  history,  or  a  doubt  in 
the  principle,  or  to  suggest  an  application :  and  it  was  my  flrsjt  in- 
tention to  have  these  printed  in  a  diflerent  type  from  the'propost« 
iions  and  corollaries;  but  I  relinquished  that  design,  on  finding 
that  it  would  much  enhance  the  price  of  these  volumeS|  a  circum- 
Stance  which  I  have  been  all  aloiig  solicitous  to  prevent. 

I  fear  many  persons  who  may  take  up  this  work  will  be  dissatis* 
fied  with  it  oh  account  of  the  frequent  introduction  of  the  fluxional 
analysis  into  the  theoretical  part :  this  dissatisfaction  is  engendered 
in  some  by  a  prejudice  to  which  I  have  already  adverted  in  the 
beginning  of  my  preface  ;  and  in  others,  by  an  undue  attachment 
to  the  geometry  of  the  ancients.  I  would  beg  the  attention  of  the 
latter  class  of  objectors  to  a  few  observations.  I  am  very  ready  to 
lallow  that  in  the  study  of  geometry,  the  diagrams  to  which  our 
Attention  is  directed  serve  as  a  continual  check  upon  our  reasoning 
powers ;  they,  besides,  exhibit  to  the  senses  a  variety  of  relation* 
ivhich  the  language  of  algebra  by  no  means  suggests,  and  which  it 


••• 
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is  perhaps  too  gei^eral  to  express:  still,  as  every  geometrical  iaves* 
ligation  may  be  expressed  algebraically,  and  as,  moreover,  there 
have  been  excellent  geometricians  who  were  blind  and  never  sam 
a  geometrical  figure ;  the  circumstance  of  the  diagrams  does  not 
constitute  so  essential  a  difference  between  geometry  and  algebra 
AS  some  may  be  apt  to  suppose.    In  many  physical  investigations, 
it  is  true,  where  a  geometrical  process  can  be  applied,  it  carries 
with  it  a  degree  of  luminousness  certainly  not  to  be  exceeded  by  a 
process  conducted  according  to  the  modem  analysis ;  and  it  must 
ifurther  be  acknowledged,  that  this  analysis,  without  a  cautious  ex- 
ercise of  the  judgment,  and  a  frequent  recurrence  to  first  principles, 
tnay  terminate  in  an  absurd  conclusion :  yet,  on  the  other  hand,  it 
must  be  recollected,  that  physical  enquiries  conducted  geometrically 
by  the  most  eminent  men,  have  sometimes  led  to  very  erroneous 
results;  and,  that  in  numerous  cases,  the  geometrical  method  can 
be  applied  with  difficulty,  if  at  all^  in  which  an  investigation  carried 
•nby  the  modern  analysis  has  issued  in  some  veryjmportant  disco- 
veries.   If,  with  regard  to  the  fluxional  calcxUus  in  particular,  it  be 
Tecollected  that  it  was  invented  by  an  Englishman  who  will  be  the 
tmmortal  honour  of  his  country,  and  that  this  is  neither  the  least 
brilliant  nor  the  least  valuable  of  his  discoveries,  it  cannot  but  be 
considered  as  singular,  that  many  among  his  couQtrymen,  who  pro- 
fess themselves  ^he  friends  of  science,  should  discountenance  the 
introduction  of  his  analysis  into  our  scientific  works.    Philosophical 
tten,  when  contemplating  the  progress  of  knowledge,  have  been 
•elighted  to  remark  that  *f  the  discoveries  which  in  one  age  were 
'Confined  to  the  studious  and  enlightened  few,  become  in  the  next 
the  established  creed  of  the  learned ;  and,  in  the  third,  form  part 
of  the  elementary  principles  of  education;*'  how  completely  different 
from  this  the  progress  must  be,  when  the  discoveries  of  a  century 
hack  are  disregarded,  not  because  of  their  being  useless  or  obsolete, 
but  because  of  their  difficulty^  is  too  palpable  to  need  more  than  aa 
fusion,  and  cannot  )3e  dwelt  upon  without  regret.    If  what  has 
))een  here  advanced  should  not  be  thought  sufficient  to  justify  the 
occasional  adaption  of  the  fiuxionai  analysis  (I  do  not  contend  for 
the  exclusive  use  of  it),  let  it  be  recollected  that,  in  our  best  trea» 
Jtises  on  mensuration,  gauging,  &c.  it  is  allowed,  and  for  this  suffi- 
cient reasou;  because  such  treatises  would  be  very  deficienti  imper- 


feet,  and  confined  in  their  utility  without  it:  unless,  therefore,  # 
similar  occasion  will  not  justify  a  similar  mode  of  proceeding  in  • 
treatise  of  mechanics^  I  shall  hope  to  be  excused^  even  by  those  I 
am  now  addressing,  when  it  is  considered  that  some  of  the  most 
important  branches  of  mechanical  enquiry,  and  especially  great 
part  of  what  relates  to  the  maximum  effects  of  piachines,  must  either 
be  entirely  omitted,  or  treated  by  the  fluxional  calculus,  or  some 
modern  calculus  analogous  to  it.  In  consistency  with  the  preceding 
observations,  1  have  followed  a  kind  of  mixed  course,  and  have  de^ 
duced  the  chief  truths  commonly  developed  in  our  elementary 
books  of  mechanics,  either  after  the  geometrical  manner,  or  by  in^ 
troducing  the  algebraical  notation  iq  aid  of  the  deductions  firom 
geometry ;  and  in  the  more  curious  and  abstruse  enquiries  which 
occur  in  various  parts  of  the  work,  I  have  had  recourse  to  the 
fluxional  analysis,  not  for  the  sake  of  displaying  my  mathematical 
attainments  (being  well  aware  how  scanty  those  attainments  are), 
but  in  order  to  render  the  treatise  in  some  degree  complete :  thus 
giving  it  such  latitude  and  comprehensiveness,  that  those  who  coa^ 
suit  it  may  draw  from  it  some  such  notions  of  the  science  of  mecho,* 
nics  in  general  as  may  be  learned  respecting  an  existingo;  structure,' 
by  examining  a  model  shewing  its  several  parts  in  due  proportion* 
It  may  happen,  afler  all,  that  the  arguments  adduced  in  ^vour 
of  the  method  I  have  chosen  may  fail  in  their  impression,  on  ac- 
count of  their  not  being  stated  with  sufficient  force :  let  me  theft 
fortify  my  opinion,  and  shelter  this  part  of  my  plan  from  censuv^ 
by  high  mathematical  authority.  Mr.  Simpson,  in  the  pre&ce  to  his 
TRACTS,  speaking  of  the  problems  in  mechanics  and  physical  astrov 
nomy,  says,  **  In  treating  of  this  subject  I  have  chiefly  adhered  ta 
*'  the  analytic  method  of  investigation,  as  being  the  most  direct  and 
<<  extensive,anc(  best  adapted  to  these  abstruse  kinds  of  ^culations^ 
*'  Where  a  geometrical  demonstration  could  be  introduced,  aod 
*'  seemed  preferable,  I  have  given  one :  but,  though  a  problem 
**  sometimeSf  by  this  last  method,  acquires  a  degree  of  perspicuit* 
<<  and  elegance  not  easily  to  be  arrived  at  any  other  way ;  yet 
**  cannot  be  of  the  opinion  of  those  who  affect  to  shew  a  dislike 
*'  every  thing  performed  by  means  of  symbols  and  an  algebraic 
^^  process ;  since,  so  far  is  the  synthetic  method  from  having  tl 
<*  advantage  in  all  cases,  that  there  are  innumerable  enquiries  in 
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<<  aature,  as  wdl  as  in  abstracted  science,  where  it  cannot  be  at 
^<  all  applied  to  any  purpose.  Sir  Isaac  Newton  himself  (who  per- 
^*  haps  extended  it  as  far  as  any  man  could)  has,  even  in  the  most 
"  simple  case  of  the  lunar  orbit  {Frincip,h.  3.  prop.  28.)*  been 
*'  obliged  to  call  in  the  assistance  of  algebra ;  which  he  has  also 
^^  done  in  treating  of  the  motion  of  bodies  in  resisting  mediums ; 
<<  and  in  various  other  plapes.  And  it  appears  clear  to  me,  that  it 
'*  is  by  a  diligent  cultivation  of  the  modern  analysu  that  foreign 
"  mathematicians  have,  of  late,  been  able  to  push  their  researches 
"  further  in  many  particulars  than  Sir  Isaac  Newton  and  his  fol* 
^*  lowers  here  have  done  :  though  it  must  be  allowed,  on  the  other 
"  hand,  that  the  same  neatness  and  accuracy  of  demonstration  is 
"  not  every  where  to  be  found  in  these  authors  ;  owing,  in  some 
f^  mieasure,  perhaps,  to  too  great  a  disregard  for  the  geometry  of 
"  the  ancients." 

When  treating  of  the  theory  of  mechanics,  I  have  not  attempted 
to  explain  th^  nature  of  gravity,  impulse,  or  the  other  sources  of 
the  motion  of  bodies :  but  this,  I  hope,  will  not  be  considered  as  a 
defect,  when  it  is  recollected  that  the  general  definition  of  the  term 
force  in  a  mechanical  sense,  supersedes  the  necessity  of  enquiring 
into  the  essence  of  the  various  kinds  of  forces  which  may  operate 
^pon  matter.     Tbo^e  who  carefully'  con  tem  plate  the  process  of  that 
gradual  refinement  of  language,  which  results  from  the  necessary 
demands  occasioned  by  the  progress  of  civilisation,  will  see  how  re- 
quisite it  is  to  appropriate  terms  originally  of  a  laxer  or  of  a  grosser 
signification,  to  some  peculiar  modification  of  thought ;  and  hence, 
that  such  words  as  power  andjorce,  primarily  used  to  denote  ani- 
mal energy,  are  now,  by  a  natural  extension,  grounded  upon  an 
obvious  analogy,  employed  to  express  efficiency  in  general.    In  the 
philosophical  acceptation,  then,  we  de^ne  force  or  power  to  he  that, 
whatever  it  be,  which  causes  a  change  in  the  state  of  a  body,  whether 
fhat  state  be  rest  or  motion :  and  this  definition  does  not  require  en- 
tering into  any  metaphysical  disquisitions  relative  to  the  nature  of 
causes,  or  the  connection  of  cause  and  efiect :  that  every  e£Pect  ia 
brought  about  by  some  cause,  is  a  truth  which  I  think  none  will  b« 
disposed  to  deny  ;  but  what  is  the  agency,  or  where  it  actually  re- 
tides,  we  can  seldom  know,  except  perhaps  in  the  case  of  our  own 
voluntary  acUonSt    It  is  not,  then,  the  business  of  the  mechanist^ 


itrictly  speaking,  to  enquire  into  the  motka  operandi:  we  learn  firoitf 
universal  experience,  that  the  muscular  energy  of  animals,  the 
operation  of  gravity,  electricity,  pressure,  impact,  &c.  are  sources 
of  motion,  or  of  modifications  of  motion ;  and  hence,  without  prey 
tending  to  know  the  essence  of  either  of  these,  we  do  not  hesitate 
to  call  them  mechanical  forces  ;  because  it  is  incontrovertible  that 
bodies  exposed  to  the  free  action  of  either,  are  put  into  motion,  or 
have  the  state  of  their  motion  changed.     Forces,  therefore,  being 
l^nown  tQ  us  only  by  their  effects,  can  only  be  nieasured  by  the  efr 
fects  they  produce  in  like  circumstances,  whether  those  effects  be 
creating,  accelerating, retarding,  deflecting,  or  preventing  motions: 
and  it  is  by  comparing  these  effects,  or  by  referring  them  to  some 
common  measure  of  ready  appreciation,  not  by  ascertaining  the  es- 
sential nature  of  any  forces,  that  mechanics  is  made  one  of  the 
mathematical  sciences. 

Besides,  what  is  meant  by  the  nature  of  any  thing  ?  As  we  are 
ignorant  of  its  essence,  or  what  makes  it  that  thing  and  no  other 
thing,  we  must  content  ourselves  with  the  discovery  of  its  qualities 
or  properties :  and  it  is  the  assemblage  of  these  which  is  commonly 
called  its  nature  :  yet  this  is  very  inaccurate,  since  these  are  only  the 
consequences  of  the  essence.  Hence,  we  can  give  no  definition  of 
even  the  simplest  of  things  which  comprehends  its  real  essence ;  and 
it  is  justly  observed  by  Locke  ^,  that  nominal  essences  only,  whicl^ 

*  This  great  philosopher,  su  far  from  conceiving,  as  m^ny  of  the  ipodemf 

have  done,  that  the  nature  of;a  mechanical  operation  or  event  was  sufficiently 

explained  by  reducing  it  to  some  supposed  case  of  impulsion,  considered  even 

the  connexion  between  impulse  and  motion  as  inexplicable,  as  a  conjunctum 

gathered  solely  from  experience,  and  not  as  a  consequence  deducible  from  any 

reasoning  d  priori.    The  following  passages  on  this  subject  are  highly  deserving 

of  the  attention  of  the  student.    **  Another  idea  we  have  of  body,  is  the  power  of 

"  communicating  motion  by  impulse ;  and  of  our  souls,  the  power  of  exciting 

**  motion  by  thought.    These  ideas,  the  one  of  body,  the  other  of  our  minds, 

**  every  day's  experience  clearly  furnishes  us  with :  but,  if  here  again  we  enquire 

'*  how  this  is  done,  we  are  equally  in  the  dark.     For,  in  the  cominunication  of 

«  motion  by  impulse,  wherein  as  much  motion  is  lost  to  one  body  as  is  got  toithe 

"  other,  which  is  the  ordinariest  case,  we  cap  have  no  other  conception  but  of 

**  the  passing  of  motion  out  of  the  one  into  another;  which,  X  think,  is  asobf 

^'  scure  and  inconceivable  as  how  our  minds  move  or  stop  our  bodies  by  thought, 

**  which  we  every  moment  find  they  do."     Again:  <*  Sensation  convinces  us 

*<  that  there  are  lolid  extended  substances ;  and  reflectioOfthat  there  are  think- 
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aw  the  creatures  of  our  own  minds,  can  be  properly  comprehended 
by  us,  or  can  be  properly  defined ;  and  even  of  these  there  are 
many  too  simple  in  their  nature  to  admit  of  definition.    The  various 
properties  of  a  body  which  fall  under  our  observation,  offer  them- 
selves to  our  notice  simultaneously ;  while  we  have  the  power  of  an 
intellectual  separation,  by  which  we  can  form  different  branches, 
each  constituting  a  particular  object  of  research  :  thus,  the  exten<* 
lion,  the  materiality,  the  impenetrabilit!y^  the  colour,  &c.  are  co- 
existent qualities  of  a  body ;  but  our  minds  being  too  limited  to 
examine  these  all  at  once,  we  divide  and  assort  them,  and  consider 
them  singly,  or  in  kindred  groups;  hence  arise  the  sciences  of 
geometry,  mechanics,  chromatics,  &c.     It  would  seem,  then,  that 
to  the  weakness  of  our  reason  is  to  be  ascribed  the  origin  of  the 
sciences :  and  this,  if  it  is  not  very  gratifying  to  our  pride,  may 
teach  us  at  least  to  moderate  our  expectations  when  we  attempt  to 
investigate  those  ultimate  questions,  which,  sooner  or  later,  occur 
in  all  objects  of  human  enquiry.    I  trust  it  will  not  be  supposed 
that  I  mean  to  discourage  an  examination  of  physical  and  metaphy- 
sical problems  ;  on  the  contrary,  I  am  of  opinion,  that  by  looking 
tttentively  into  such  subjects,  our  minds  are  opened  and  enlarged : 
an  enquiry,  properly  conducted,  will  lead  to  at  least  one  of  two  good 
effects;  though  it  should  not  make  us  more  knowing,  it  may  make 
us  modest ;  though  it  may  not  preserve  us  from  error,  it  may  from 
the  spirit  of  error  ;  and  may  teach  us  to  be  aware  of  dogmatism, 
when  so  much  labour  may  terminate  in  so  much  uncertainty. 

The  preceding  observations  may  serve  to  suggest  tlie  advantage 
*f  a  mathematical  process,  in  which  we  have  a  clear  perception,  not 
of  the  things  themselves,  but  of  the  agreement  or  disagreement  of 
our  ideas  at  every  step  of  the  enquiry,  over  other  processes  in 
which  there  is  much  that  is  conjectural,  or  gratuitously  assumed, 
and  in  which  a  mass  of  error  may  be  produced  in  the  result,  propor- 
tioned to  the  length  to  which  the  chain  of  reasoning  is  extended  : 

*  iDg  ones :  experience  assures  us  of  the  existence  of  such  beings;  and  that  the 

•  one  hath  a  power  to  move  body  by  impulse,  and  the  other  by  thought.  If 
"  we  would  enquire  further  into  their  nature,  causes,  and  manner,  we  perceive 
"  not  the  nature  of  extension  clearer  than  we  do  of  thinking.  If  we  would  ex- 
**  plain  them  any  further,  one  is  as  easy  as  the  other;  and  there  is  no  more 
"  difficulty  to  conceive  how  a  substance  we  know  not  should  by  thought  sec 
"  body  in  motion,  than  how  a  substance  we  know  not  should  by  impulse  set 
**  ^dy  into  motioo."    Locke's  Esiay,  book  ii.  cha/.  23. 


although  in  the  mathematics  the  relations  of  quantity  are  extremely 
Tarious,  yet,  as  they  are  all  along  susceptible  of  exact  mensuration, 
these,  if  any,  are  the  sciences  in  which  reason  may  triumph,  while 
in  others  its  trophies  are  comparatively  inconsiderable.  On  these 
accounts  I  have  been  careful  in  the  composition  of  the  following 
sheets,  to  associate  nothing  with  the  theory  of  mechanics  but  the 
results  of  important  experiments,  and  the  descriptions  of  ingenioui 
and  useful  machinery ;  omitting  all  those  discussions  which,  in  my 
judgment,  s^peared  to  be  merely  conjectiiral  and  speculative* 

Hitherto  I  have  been  using  the  language  of  justifiimtion,  with 
which  I  have,  unawares,  detained  the  reader  much  longer  than  I  at 
first  intended :  it  is  time  to  adopt  the  tone  of  apology.  In  the  exe<» 
ciitioiiof  this  work,  I  have  experienced  the  wide  difference  between 
forming  a  project  and  accomplishing  the  object  I  had  in  view :  al« 
though  I  have  son^etimes  pleased  myself  with  imagining  I  have 
struck  out  a  more  satisfactory  illustration,  or  a  more  convincing 
demonstration,  than  has  been  usually  given,  I  have  too  frequently 
found  it  necessary  to  rest  below  that  perfection  which  I  had  [devi- 
ously fancied  within  my  reach.  I  am  conscious  of  some  deficiencies 
and  of  some  mistakes  in  arrangement,  especially  in  the  second  vo- 
lume, which  were  discovered  too  late  to  be  now  rectified.  I  hope, 
however,  none  of  them  will  be  found  of  much  conseqxience.  Other 
mistakes,  it  may  be  apprehended,  will  be  defected  by  the  acute 
reader ;  I  shall  rejoice  if  these  are  but  few  and  of  slight  importance. 
Every  exertion  has  been  made  on  my  part  to  render  the  performance 
correct,  perspicuous,  and  useful ;  and  if  the  candid  examiner  should 
find,  that  in  the  main  it  possesses  these  properties,  I  shall  hope  to 
escape  severe  censure  for  those  imperfections  which  my  want  of 
abilities,  not  want  of  eare^  may  have  permitted  to  meet  the  eye  of 
the  public. 

lUyal  Military  Academy,  Woolwich, 
December,  1805. 

*^*  In  this  third  edition  the  work  has  been  carefully  revised, 
and  in  various  places  considerably  enlarged.  Some  new  theoreti- 
cal pro)>osition8  are  added,  and  several  descriptions  of  new  mecha- 
nical inventions.  M.  Biot's  researches  into  the  dilatations  of 
liquids^  which  did  not  arrive  early  enough  for  insertion  in  the  5th 
book  o£  vol.  i.  are  given  in  vol.  ii.  as  a  supplement  to  the  article 
TMEKMOMRT&ii,  to  the  improvement  of  which  they  tend. 

Julu,  1815. 
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MECHANICS. 
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STATICS. 

Introductory  Definitions  and  Remarks. 

1.  Mechanics^  th£  subject  of  this  work^  Is  a  mixed  mathe- 
matical science^  which  treats  of  forces  or  powers^  and  their 
effects  upon  bodies,  either  with  or  without  the  intervention  of 
machines. 

The  theory  of  Mechanics,  next  to  that  of  Geometry,  is  justly 
reckoned  the  most  certain;  for  next  to  that  it  proposes  the 
fewest  properties  of  matter  as  objects  of  contemplation.   .  Ge- 
nerally speaking,  this  science  proposes  for.  consideration,  timef 
force,  or  power,  and  the  following  properties  of  bodies :  viz. 
extension,  figure,  impenetrability,  mass,  mobility,  and  inertia. 
The  application  of  this  science  to  the  various  practical  purposes 
in  human  life,  leads  to  many  other  branches  of  enquiry ;  such  as, 
the  nature  of  machinery,  tlie  advantages,  and  disadvantages,  of 
different  materials,  the  effects  of  friction,  &c.     Each  of  which 
will  be  brought  under  discussion,  after  the  several  parts  of  the 
theory  are  laid  down. 

2.  Matter  is  a  term  by  which  we  denote  that  substance  of 
which  every  thing  our  senses  perceive  is  imagined  to  be  com- 
posed. So  far  as  relates  to  Mechanics,  its  essence  may  be  re- 
garded as  consisting  in  extension^  impenetrability^  and  inertness. 

3.  Body  is  such  a  collected  quantity  of  matter  as  is{  pal- 
pable, or  obvious  to  some  of  the  senses.  We  say  that  a  body 
is  solid,  when  it  is  composed  of  particles,  or  moleculae,  so 
adhering  the  one  to  the  other  that  they  cannot  be  separated 
without  effort :  such  are  metals,  stone,  wood,  &c.    The  term 

Jluid  we  apply  to  such  substances  as  are  composed  of  particles 
adhering  very  slightly,  and  which,  yielding  to  any  small  effort, 
are  easily  moved  among  each  other :  such  are  water,  wine, 
air,  8cc. 

All  bodies,  it  is  manifest,  are  extended,  and  therefore  are 
found  existing  under  figure,  or  shape,  which  is  the  boundary 
of  extension.  It  appears  also  essential  to  matter,  that  it  pre- 
vents all  other  substances  of  the  same  kind  from  occupying  its 
place;  and  that  it  requires  the  exertion  of  something  ab  extra 
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to  remove  it  from  its  situation,  or  to  change  its  state.  The 
former  of  these  properties  is  called  Solidity j  or  Impenetrabi^ 
lity :  the  latter,  inertness  pc  inertia ;  of  which  we  shall  have 
occasion  to  say  more.  08.) 

4.  All  bodies  are  divisible  either  in  reality  or  in  imagination. 
By  art  diey  may  be  divided  into  parts  of  sarprising  minute- 
ness; as  by  the  operations  of  grinding,  hammering,  wiredraw- 
ing, &c.  In  some  chemical  solutions  this  may  be  carried  far- 
ther still.  And  the  constituent  particles  of  the  solids  ^nd  fluids 
of  the  myriads  of  animalculae  which  are  discovered  by  the 
microscope,  must  be  small  beyond  conception  :  so  that  we  can 
scarcely  help  imagining  the  capacity  of  divisibility  to  be  with- 
out limit.  What,  however  are  called  mathematical  demon- 
strations of  the  infinite  divisibility  of  matter,  fail  in  their  object : 
they  merely  prove  the  infinite  divisibility  of  extension,  in  a  geo- 
metrical sense.  It  is  probable  that,  with  respect  to  matter,  the 
actual  division  may  admit  of  being  carried  to  a  different  extent 
in  different  bodies :  but  the  inquiry  is  of  little,  if  any,  conse- 
quence to  the  mechanician.  Those  who  wish  to  peruse  a  co- 
pious dissertation  on  this  topic  are  referred  to  KeiPs  Introduct. 
ad  Ver.  Phi/sic.  Lect.  3,  4,  and  5. 

5.  Space,  is  commonly  defined  as  the  order  of  things  which 
coexist :  in  this  sense  it  is  a  mere  abstract  idea,  *  arising  from 
our  notion  of  the  actual  or  possible  situation  of  things  amongst 
themselves.  We  rather  choose  to  call  space  an  extension  con- 
sidered as  without  bounds,  immoveable  but  penetrable  by  mat- 
ter :  this  may  be  regarded  as  absolute  space. 

6.  Relative  space  is  that  variable  dimension  or  measure  of 
absolute  space  which  our  senses  define  by  its  relation  to  bodies 
nvithin  it. 

7.  Place,  or  absolute  place,  is  that  part  of  infinite  space  which 
a  body  possesses.  Relative  place  is  the  space  a  body  occupies 
considered  with  relation  to  other  objects. 

8.  Mobility'is  a  property  of  body,  by  which  it  is  capable  of 
being  transferred  from  one  place  to  another,  or  of  existing  in 
different  parts  of  space. 

9.  All  Jbodies  are  porous:  whence,  together  with  the  ex- 
treme minuteness  of  their  particles,  it  happens,  that  fluids  will 
insinuate  themselves  into  all  bodies  ;  that  sometimes  a  mixture 
of  two  fluids  will  be  less  in  bulk  than  when  they  are  separate ; 
and  that  the  same  bulk  may  contain  different  quantities  of  mat- 
ter, or  masses* 

10.  Density,  strictly  speaking,  denotes  vicinity  or  closeness  of 
particles.  But  in  mechanical  science  it  is  used  as  a  term  of  com- 
parison expressing  the  proportion  of  the  number  of  equal  mole- 
cular, or  the  quantity  of  matter  in  one  body,  to  the  number  of 
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equal  moleculae  in  the  ^ame  bulk  of  another  body:  density; 
therefore^  is  directly  as  the  quantity  of  matter^  and  inversely  99 
the  magnitude  of  the  body. 

Since  it  may  be  shewn  experimentally  that  the  quantity  of 
matter  in  different  bodies  is  proportional  to  their  weight|  it  will 
thence  follow  that  the  density  of  any  body  is  directly  as  its  weighty 
and  inversely  as  its  magnitude  :  or,  the  inverse  ratio  of  the  mag* 
nitude  of  two  bodies,  having  experimentally  equal  weights  (in 
the  same  place)  constitutes  the  ratio  of  their  densities. 

11.  Motion  ia  a  simple  idea,  and  therefore  admits  not  of  de- 
finition: when  we  say  that  it  is  a  continual  and  successive 
change  of  place,  we  describe  it  in  a  periphrasis^  by  its  sensible 
effects*'  .Or^  by  another  circumlocution,  motion  may  be  der 
scribed  as  that  state  of  s(  body  which  is  not  consistent  with  its 
continuance  in  the  same  place  ;  or  in  which  it  is  not,  in  two  suc- 
cessive instants  of  duration,  at  the  same  distance  from  divers 
fixed  points  in  space :  this  state  is  opposed  to  that'of  re«^. 

Thus,  conceiving  in  space  three  planes  in  known  and  fix<ed 
positions,  not  parallel  to  each  other;  if  from  any  material  point 
perpendiculars  are  demitted  on  these  three  planes,  we  say  the 
point  is  in  motion  when  it  does  not  constantly  retain  these  dis- 
tances, but  when  in  auy  two  successive  instants,  one  of  these  per- 
pendiculars changes  its  magnitude. 

12.  The  motion  of  bodies  is  considered  either  as  absolute  or 
relative,  A  body  is  said  to  be  in  absolute  motion  while  it  is 
actually  passing  from  one  point  in  fixed  space  to  another  ;  and 
to  be  in  relative  motion  while  its  position  is  varying  \vith  respect 
to  other  bodies. 

It  is  obvious  that  these  two  kinds  of  motion  can  only  coiii- 
cide  when  the  bodies,  to  which  the  reference  is  made,  are 
fixed :  in  other  cases  a  body  iu  relative  motion  may  or  may 
not  be  in  absolute  motion.  The  determination  of  the  absolute 
motions,  by  means  of  observations  on  the  relative  motions,  is 
always  a  matter  of  great  difficulty,  nay,  is  generally  absolutely 
impossible*  Thus,  when  a  ball  is  discharged  from  a  piece  of 
ordnance,  it  is  possible,  by  means  of  the  ballistic  pendulum,  and 
other  contrivances  of  ingenious  men,  to  ascertain  its  relative 
motion,  that  is,  its  motion  with  respect  to  that  place  on  the 
earth's  surface  from  which  it  is  projected ;  but  in  order  to  de- 
termine its  absolute  motion,  the  diurnal  and  annual  motions  of 
the  earth  about  the  sUn,  and  probably  the  motion  of  that  lumi- 
nary about  the  centre,  of  some  more  extensive  system,  must  be 
taken  into  the  account;  so  that  on  the  whole  this  apparently 
simple  enquiry  becomes  sufficiently  complex  to  bs^e  the 
proudest  efforts  of  human  intell^ence. 
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13.  The  consideration  of  motion  necessarily  involves  that  of 
time ;  for  no  motion  can  be  instantaneous. 

14.  Absolute  time  is  a  portion  of  duration  whose  quantity  is 
Only  known  by  a  comparison  with  another  portion ;  and  conse- 
quently the  relation  between  any  two  parts  of  absolute  time  is 
not  to  be  discovered.  Relative  time  is  a  part  of  duration  which 
elapses  during  any  motion  of  body,  orany  succession  of  external 
appearances. 

.  There  is  a  Striking  analogy  between  the  affections  of  space 
^nd  time :  hence  it  is,  that  time  may  be  represented  by  lines 
and  measured  by  motions.  Hence  also,  we  say  tliat  an  instant 
is  the  boundary  between  any  two  contiguous  portions  of  time, 
as  a  point  is  the  boundary  of  any  contiguous  lines.  A  moment 
is  any  small  portion  of  time.  To  render  time  susceptible  of 
mathematical  discussion,  it  must  be  conceived  as  measureable; 
and  to  this  end  it  is  necessary  to  recur  to  some  event  which  we 
imagine  uniformly  requires  equal  times  for  its  accomplishment. 
We  are  furnished  with  such  an  event  in  the  complete  rotation  of 
the  earth  upon  its  axis,  which  marks  out  a  natural  day  as  an  apt 
and  obvious  unit  of  time,  lliis  is  divided  into  ^4  equal  parts 
called  hours,  each  of  these  into  60  equal  parts  called  minutes, 
and  each  of  these  again  into  60  equal  parts  called  seconds.  A 
second  is  the  unit  of  time  generally  employed  in  mechanical  dis- 
quisitions. 

15.  Velocity  J  or  celerity  y  is  that  affection  of  motion  which 
determines  its  quantity  :  it  is  the  name  expressing  the  relation 
between  the  space  described  by  a  moving  body  and  the  time 
which  elapses  during  its  description  ;  and  it  is  measured  by  the 
space  uniformly  described  in  a  given  time. 

A  body  is  said  to  move  with  a  uniform,  accelerated,  or  retarded 
velocity,  according  as  its  rate  of  motion  continues  the  same,  in- 
creases or  decreases :  when  the  increase  or  decrease  of  velocity 
is  the  same  in  any  equal  times,  the  acceleration  or  retardation 
is  said  to  be  uniform :  and  when  this  increase  or  decrease  of 
velocity  itself  increases  or  decreases  in  any  equal  times,  the  ac- 
celeration or  retardation  increases  or  decreases  in  the  same 
ratio.  These  circumstances  will  be  brought  more  fully  into 
consideration  as  we  proceed. 

1 6.  The  direction  of  a  motion  is  the  position  of  the  line  along 
which  it  is  performed:  thus  if  a  body  move  from  a  point  A. to 
another  point  B  along  the  straight  line  which  joins  these  points, 
AB  is  called  the  direction  of  the  body  :  if  the  body  move  from 
B  to  A  along  the  same  right  line,  ba  is  its  direction.  If  a 
body  move  along  a  curve  line,  its  direction  is  continually  chang- 
ing ;  it  may,  however,  in  any  given  point  be  regarded  as  coin*' 
ciding  with  the  tangent  to  the  curve  at  that  point* 


Introductory  Definitions  and  Remarks.  5 

17.  Force  or  powerj  in  a  mechanical  sense,  is  that  which 
causes  a  change  m  the  state  of  a  body,  whether  that  statd  be 
rest  or  motion. 

We  speak  here  of  proximate  causes,  for  it  is  not  the  business 
of  mechanics  to  search  into  the  essential  and  hidden  causes  of 
motion.     The  enquiry  whether  they  are  material  or  spiritual 
may  exercise  the  talents  of  ingenious  speculatists,  and  may,  per- 
haps, be  of  some  importance  in  a  moral  point  of  view ;  but 
certainly  forms  no  part  of  the  principles  of  mechanical  science* 
The  muscular  power  of  animals,  as  likewise  pressure,  impact, 
gravity,  electricity,  &c.,  are  by  us  looked  upon  as  forces,  or 
sources  of  motion ;  fot  it  is  an  incontrovertible  fact  that  bodies 
exposed  to  the  free  action  of  either  of  these  are  put  into  mo- 
tion, or  have  the  state  of  their  motion  changed.     All  forces, 
however  various,  are  measured  by  the  effects  they  produce  in 
like  circumstances  ;  whether  the  eflfects  be  creating,  accelerat- 
ing, retarding,  or  deflecting  motions :  the  effect  of  sOme  ge- 
neral and  commonly  observed  force  is  taken  for  unity ;  and  with 
this  any  others  may  be  compared,  and  their  proportions  repre- 
sented by  numbers  or  by  lines :  in  this  point  of  view  they  are 
considered  by  the  mathematician;  all  else  falls  within  the  pro-< 
vince  of  the  universal  philosopher  or  the  metaphysician.    When 
we  say^  diat  a  force  is  represented  by  a  right  line  ab,  it  is  to  be 
understood  that  it  would  cause  a  material  point  situated  at  rest  in 
A,  to  run  over  the  line  ab  (which  we  name  the  direction  of  the 
power)  so  as  to  arrive  at  B,  at  the  end  of  a  given  time ;  while 
another  power  would  cause  the  same  point  to  have  moved  a 
greater  or  less  distance  from  A  in  the  same  time. 

18.  Among  other  forces  it  has  been  customary  to  speak  of 
the  'vis  inertia,  or  inert  force  of  matter ;  applying  the  term  to 
that  property  of  bodies  by  which  they  tend  to  retain  their  present 
state  (S.),  or  are  indifferent  to  motion  or  rest.  But  while  we  admit 
that  much  of  the  language  which  relates  to  powers,  forces,  ac- 
tions, &c.,  is  metaphoricsJ,  we  must  object  to  such  use  of  it  in 
the  present  case ;  this  property  being  improperly  called  a  force : 
I  St.  Because  were  it  actually  such  it  must  be  of  some  definite 
quantity  in  a  given  body,  and  therefore  an  impressed  force  less 
than  that  would  not  move  the  body ;  whereas  any  impressed  force, 
however  small,  will  move  any  body  however  great.  2cUy.  Be- 
cause it  seems  to  indicate  an  active  power  resident  in  matter.; 
or  rather,  it  implies  an  absolute  contradiction,  namely,  that  a  body 
should  be  both  active  and  inactive  at  the  same  time.  It  is  de- 
sirable, therefore,  that  only  the  term  inertia,  or  inertness,  should 
be  retained :  for  this  term  will  imply,  as  it  ought  to  do,  that 
matter  is  a  merely  passive  thing.  A  fact  which  needs  no  la- 
boured proof :  for  this  inertia  presents  itself  immediately  iiv  all 
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our  obRervations  and  expenments  upon  matter^  and  is  insepara- 
ble from  it,  even  in  idea.  When  we  consider  any  of  the  active 
powers  of  nature,  as  they  are  called,  such  as  gravitation,  mag- 
netisro,  electricity,  or  the  attractions  and  repulsions  which  tsdce 
place  in  the  cohesions  and  separations  of  the  small  particles  of 
natural  bodies,  and  endeavour  to  resolve  them  into  some  highel^ 
and  simpler  principles,  the  inertia  is  always  the  common  basis 
upon  which  we  endeavour  to  erect  our  solutions.  For  the  ac- 
tive party  which  is  supposed  to  generate  the  gravitation,  mag- 
netism, &c.  in  the  passive  one,  must  have  a  motion,  and  inertia, 
whereby  it  continues  in  that  motion,  eke  it  could  have  no 
power ;  and  by  parity  of  reason,  the  passive  party  must  be  ii^ 
ert  also,  else  it  could  not  re-act  against  the  active  party,  nor 
impress  motion  on  a  foreign  body.  And  this  by  the  way,  if  the 
reader  will  pardon  one  slight  digression,  suggests  a  brief  but  co- 

fsnt  argument  for  the  immateriality  of  the  Supreme  Being, 
or,  as  the  acute  Hartley  observes,  *^  let  us  proceed  as  far  as 
^  we  please  in  a  series  of  successive  solutions,  we  shall  always 
^^  find  an  inertia  inherent  in  matter,  and  a  motion  derived  to  it 
'^  from  some  foreign  cause.  If  this  cause  be  supposed  matter 
'^  always,  we  shall  be  carried  on  to  an  infinite  series  of  solutions;- 
*^  in  each  of  which  the  same  precise  difficulty  will  recur,  with^ 
**  out  our  at  all  approaching  to  the  removal  of  it.  Whence, 
^*  according  to  the  mathematical  doctrine  of  ultimate  ratios^ 
^*  not  even  an  ibfinite  series,  were  that  possible  in  this  case, 
^  could  remove  it.  We  must,  therefore,  stop  somewhere,  and 
'^  suppose  the  requisite  motion  to  be  imparted  to  the  supposed 
^^  subtle  matter,  by  something  which  is  not  matter ;  i,  e.  since 
*^  God  is  the  ultimate  author  of  all  motion,  we  must  suppose 
'^  him  to  be  immateriaL^' 

19.  Equilibrium  may  be  defined  generally,  as  an  equality  of 
weights,  powers,  or  forces,  of  any  sort.  Bodies  at  rest  are  in  a 
atate  of  equilibrium,  when  they  are  solicited  by  various  forces 
in  different  directions  in  such  a  manner  as-  to  be  completely  ba* 
lanced,  and  have  no  tendency  to  move  in  any  direction*  Bodies 
in  motion  are  in  a  state  of  equiUbrium,  when  the  resistance  to 
motion  and  the  power  producing  it  are  so  adjusted,  that  the  re- 
sult shall  be  uniform  motion.  An  accurate  knowledge  of  both 
kinds  of  equilibrium  is  indispensably  necessary,  in  order  that  the 
theory  may  be  applied  to  good  practical  purposes. 

The  equilibrium  of  bodies  at  rest  is  sometimes  characterised 
in  two  different  ways;  equilibrium  oi  rotation,  and  equiUbrium 
of  trmislatioti:  the  former  denoting  that  the  tendency  to  a  rota- 
tory motion  is  counteracted ;  the  latter,  that  the  tendency  to  a 
rectilinear  motion  is  prevented ;  and  ^st  in  both  cases  ensured. 

20.  We  may  now   define  somewhat  more  distinctly  the 
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Science  of  Mechanics :  it  comprises  the  doctrine  of  the  rest, 
the  equilibrium,  and  the  motion  of  bodies.  Tt  may  be  divided 
'mt^JHechanics,  properly  so  called,  and  Hydraulics:  the  first 
coint>nses  Statics^  which  has  for  its  object  the  balanced  rest  of 
solid  bodies ;  and  Dynamics,  which  comriders  the  motion  of  solid 
bodies  and  their  force  during  motion:  the  latter  comprises 
Hydrostatics)  which  relates  to  the  resting  equilibrium  of  liquids 
or  non-elastic  fluid  bodies ;  and  Hydrodynamics,  which  treats 
of  such  bodies  in  motion.  To  these  must  likewise  be  added 
Paeumatics,.  yrhich  comprehends  the  doctrine  of  the  w(»ght> 
pressure^  and  effects  of  elastic  fluidity  as  air,  &c.  Accor£iifg 
tothis  division  we  fihall  arrange  the  subjects  of  our  first  five 
books* 
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CHAPTER  I. 

Axioms,  or  Laws  of  Motion  and  Rest. 

'il.  In  order  that  the  doctrine  of  Mechanics  may  be  brought 
within  the  boundaries  of  mathematical  investigs^tion^  it  is  ne- 
cessary not  only  that  the  quantities  it  proposes  for  discussion 
should  be  measurable  either  in  themselves  or  in  their  effects ; 
but  also  that  some  general  principles  should  be  exhibited^  the 
truth  of  which  should  be  incontrovertible^  and  to  which  the 
student  may  at  all  times  appeal  in  the  course  of  his  researches. 
Such  general  principles  were  first  distinctly  proposed  by  Sir 
Isaac  Newton  in  his  Principia ;  they  have  since  his  time  been 
received  as  Mechanical  Axioms,  or,  as  they  are  commonly 
called,  Laws  of  Motion.  They  are,  in  reality,  intermediate 
propositions  between  geometry  and  philosophy,  through  which 
mechanics  becomes  a  mathematical  branch  of  physics,  and  are 
as  follows : 

/.  Every  body  continues  in  its  state  of  rest,  or  of  uniform 
motion  in  a  right  line,  until  a  change  is  effected  by  the  agency 
of  some  mechanical  force. 

IL  Any  change  effected  in  the  quiescence  or  motion  of  a  body 
is  in  the  direction  of  the  force  impressed,  and  is  proportional  to 
it  in  quantity. 

III.  Reaction  is  always  equal  and  contrary  to  action ;  or, 
the  mutual  actions  of  two  bodies  upon  each  other  are  always 
equal,  and  directed  to  contrary  parts. 

Of  these  axioms,  the  first  has  respect  to  the  continuance  of 
bodies  in  a  state  of  repose  or  of  motion,  without  any  altera^ 
iion,  except  so  far  as  subsequent  causes  operate ;  the  second 
assigns  the  quantity  and  nature  of  such  alterations ;  and  the 
third  has  respect  to  the  mutual  circumstances  of  the  patient, 
which  suffers  alteration  from  any  cause,  and  of  the  agent  pro* 
ducing  the  alteration.  So  that  diese  principles,  when  establish- 
ed, have  a  manifest  tendency  to  facilitate  the  study  of  the 
science  in  which  they  are  proposed,  not  as  self-evident  truths, 
but  as  truths  which  result  by  legitimate  induction  from  the 
testimony  of  our  senses. 

22.  The  evidences  from  which  our  assent  to  these  axioms  is 
derived,  are  generally  stated  as  threefold.  1 .  From  the  constant 
obseryation  of  our  senses^  which  tend  to  suggest  the  truth  of 
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tbem  in  the  ordinary  motion  of  bodies,  as  far  as  the  experience 
of  mankind  extends.  2.  From  experiments,  properiy  so  called. 
S..^rom  arguments  i^j705^mon.  But  besides  these  it  has  been 
si^ested  that  they  are,  in  fact,  laws  of  human  thought  resulting 
from  the  nature  of  tlungs  independent  of  experience.  That 
the  student  may,  without  hesitation,  yield  his  assent  to  these 
principles,  it  is  tl^ought  expedient  to  state  briejQy  the  nature  of 
the  different  kinds  of  evidence  thus  afforded. 

23.  I.  From  constant  observation.    Here  with  respect  to  the 
first  axiom,  that  a  body  at  rest  cannot  put  itself  into  motion,  is 
sappoaed  to  be  known  from  universal  experience :  but  that  a  body 
in  motion  would  continue  to  move  uniformly  in  a  rectilinear 
path,  though  equally  true,  seems  less  apparent.     Since,  how- 
ever, motion  is  continued  the  longer,  in  proportion  as  obstruc- 
tions become  less,  as  a  vibrating  pendulum  moves  longer  in  air 
than  in  water,  longer  yet  in  an  exhausted  receiver,  it  may  be 
reasonably  inferred  that,  if  all  obstacles  could  be  removed,  motion 
once  communicated  to  any  body  would  never  cease.      The 
principle  may  be  farther  confirmed  by  a  reference  to  common 
occurrences.     ^JThus,  when  a  stone  b  whirled  rottd  in  a  sling, 
on  being  set  at  liberty,  it  will  continue  to  move  with  the  force 
it  has  acquired.     Again,  when  a  vessel,  containing  a  quanlity 
of  water,  is  moved  along  upon  an  horizontal  plane,  the  water 
obeying  its  tendency  to  rest,  will  at  first  rise  up  in  a  direction 
contrary  to  that  in  which  the  moving  force  acts :   when  the 
motion  of  the  vessel  is  communicated  to  the  water,  it  will  per- 
severe in  this  state ;  and  if  the  vessel  be  suddenly  stopped,  the 
water  by  its  inertia  opposing  the  change  from  motion  to  rest,  it 
will  rise  up  9n  the  opposite  side  of  the  vessel.     In  like  manner^ 
ifa  horse,  which  was  standing  still,  suddenly  start  forward,  the 
rider  will  be  in  dangier  of  being  thrown   backwards :  if  the 
horse  when  in  motion  stop  suddenly,  the  rider  will  be  thrown 
forwards.     In  all  these  and  numerous  other  instances  which 
might  be  adduced  there  is  strong  evidence  that  matter  has  a 
tendency  to  continue  in  its  present  state;  and  this  is  what  the 
first  axiom  asserts. 

As  to  the  second,  the  inferences  from  experience  are  equally 
powerful.  Thus  a  ball  moving  with  a  double  or  triple  velocity, 
giBQerates  in  another,  by  impulse,  a  double  or  triple  velocity, 
iad  the  ball  loses  the  same  proportions  of  its  own  velocity. 
Two  bodies  meeting  with  e^ual  quantities  of  motion  mutually^ 
•top  each  other.  Two  forces,  which,  by  acting  similarly  dur- 
ing equal  times,  produce  equal  velocities  in  some  third  bcdy, 
are  found,  by  actmg  together  during  the  same  length  of  time 
to  produce  a  double  velocity.  If  a  new  force  be  impressed 
upon  a  body  in  motion,  in  the  direction  in  which' it  moves,  its 
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motion  is  increased  proportionally  to  the  new  force  impressed : 
if  this  force  act  in  a  direction  contrary  to  that  in  which  the 
body  moves^  it  is  found  to  lose  a  proportional  part  qf  its.  fl|o» 
tion:  if  the  direction  of  this  force  be  oblique  to  the  directioiFof 
the  moving  body^  it  gives  it  a  new  direction  compounded  of 
both.  A  force  which  we  know  to  act  equably  produces  equal 
increments  of  velocity  in  equal  times.  In  all  these  examples 
we  may  trace  a  strict  conformity  to  the  axiom. 

The  third  principle  is  likewise  observable  in  all  the  motions 
of  nature^  obtaining  indeed  throughout  the  whole  solar  system 
with  the  utmost  precision :  all  which  will  be  obvious  enough 
when  it  is  well  understood  what  this  axiom  affirms.  In  the 
communication  of  pressure  upon  any  immoveable  plane^  whe- 
ther arising  from  the  protrusion,  gravity^  or  impact  of  a  body, 
the  meaning  of  this  principle  is,  that  the  resistance  of  the  plsme^ 
and  an  opposite  force  equal  to  that  producing  the  pressure,  have 
precisely  the  same  effect,  as  either  of  them  only  destroys  the  force 
of  protrusion,  gravi^,  or  impact.  In  the  communication  of  mo» 
tion  by  visible  impact  the  axiom  asserts  that  the  quantities  of 
motion  lost  4ld  gained  are  e<|ual  when  estimated  in  opposite 
dtfections.  In  the  communication  of  motion  by  unknowR 
aieans,  as  magnetism,  electricity,  &c.,  it  affirms  that  the  body 
attracting  or  repelling  moves  in  an  opposite  direction  to  that  criF 
the  body  attracted  or  repelled,  and  with  an  equal  quantity  of 
motion.  Thus,  to  propose  an  instance  in  the  case  of  attrao- 
tions :  When  a  loadstone  and  a  piece  of  iron,  equal  in  weight, 
float  in  water  upon  equal  and  similar  pieces  of  cork,  they  are 
found  to  approach  each  other  with  equal  velocities;  and  when 
they  meet,  or  are  kept  asunder  by  any  obstacle,  they  sustain  each 
other  by  equal  and  opposite  pressures.  Again,  when  a  force  of 
any  kind  is  counterpoised,  whether  by  the  exertion  of  animai 
ttrei^th,  the  pressure  of  a  fluid,  the  force  of  a  spring,  &c.,  each 
of  these  opposed  Torces  will  be  equal  to  some  given  weigh^ 
which  if  it  be  substituted  so  as  to  act  instead  of  the  force, 
will  preserve  the  equilibrium  unaltered.  Even  an  immoveable 
obstacle  exerts  a  definite  force  equal  and  contrary  to  that  which 
is  applied  in  any  manner  or  degree  to  alter  its  position:  for  if 
such  obstacle  be  taken  away,  a  force  equal  and  contrary  to  that 
J>y  which  it  was  before  urged  must  be  substituted  in  its  place  to 
keep  the  whole  at  rest. 

£4.  II.  Ihidence  from  experiments.  Common  experience, 
however,  it  must  be  admitted,  is  not  entirely  sufficient  to  est»- 
btish  the  truth  of  these  general  principles ;  for,  as  we  have  at 
veady  remarked  (12.),  we  know  not  what  is  the  actual  motion 
of  a  body,  or  when  it  is  absolutely  at  rest ;  so  that  those  obser- 
▼atioos  which  have  been  adduced  as  niacle  upon  bodies  appa- 
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rently  at  rest,  or  in  rectilinear  motion,  do  not  satisfactorily  de« 
tennine  the  point  they  are  intended  to  establish.  Recourse  must, 
theitfore,  be  had  to  experiments  of  a  more  refined  and  artificial 
cctt^lexioti,  and  such  may  readily  be  found*  Although  we 
camiot  appreciate  the  absolute  motions  of  bodies,  we  can  ob- 
serve and  accurately  measure  their  relative  motions.  For  in- 
stance, if  it  can  be  shewn  experimentally,  that  bodies  shew  equal 
tendencies  to  resist  the  augmentation  and  the  diminution  of  their 
relative  motions,  they,  of  consequence,  would  exhibit  equal 
tendencies  to  resist  such  augmentation  or  diminution  in  their  ab- 
solute motions :  and  numerous  experiments,  it  is  evident,  might 
be  conducted  which  show  this  very  clearly.  And  in  like  man- 
ner experiments  might  be  contrived  tending  to  establish  the 
other  axioms :  and  it  would  undoubtedly  be  found  that  in  pro- 
portion as  all  impediments  were  removed,  the  more  perfectly 
would  the  experiments  coincide  with  what  these  axioms  might 
lead  us  to  expect.  Many  experiments  might  easily  be  proposed; 
but  our  business  hefe  is  not  to  exhibit  them,  but  to  suggest  the 
ftrgument  which  flows  from  them. 

-25.  III.  From  arguments  a  posteriori.  The  conviction  with 
which  we  are  furnished  in  this  manner  is  very  cogent:  for,  as 
Mr.  Atwood  remarks,  ^^  Let  a  proposition  be  assumed  as  true 
"  even  without  evidence  of  any  kind,  if  by  strict  and  logical 
^  reasoning,  various^  conclusions  are  deduced^  which  upon  exa- 
^  mination  are  found  consistent  among  themselves,  and  with 
"  experience,  this  will  be  a  presumptive  proof  in  favour  of  the 
''principle  assumed;  and  our  assent  to  it  will  be  the  more 
**  strongly  enforced  in  proportion  as  the  conclusions  inferred 
*'  and  the  comparison  of  them  with  experience  have  been  more 
"  extensive.  From  the  Newtonian  axioms  assumed  as  true,  a 
^  systiem  has  been  adduced  and  compared  with  phenomena  in 
^  numberless  cases :  it  has  been  applied  to  the  motion  of  the 
^  planets  and  comets,  to  that  of  bodies  on  the  earth's  surface ; 
**  even  to  the  motion  of  those  minute  particles  which  compose 
**  both  solid  and  fluid  substances.  A  perfect  agreement  between 

*  these  consequences  of  the  axioms  and  matter  of  fact  has  been 

*  the  result,  no  one  instance  excepted.  These  and  other  similar 
"  arguments,  upon  the  whole  amounting  to  evidence  scarcely 
^  inferior  to  mathematical  demonstration,  are  the  grounds  on 
"  which  the  laws  of  motion  are  received  as  axioms,  from 
'^  which  the  various  theorems  concerning  the  effects  of  forces 

*  are  systematically  demonstrated."   Treatise  on  Motion.  Page 

26.  IV.  Lest  the  combined  effects  of  the  preceding  argu- 
ments should  after  all  be  insufficient,  let  us  enquire  wheSier  the 
truth  of  these  general  principles  cannot  be  made  evident,  from 
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the  laws  of  human  judgment  independent  of  all  experiment  i 
Now  with  respect  to  the  first  axiom,  let  it  be  recollected  that 
M^e  know  nothing  of  forces  of  any  kind  but  from  their  effects^ 
and  that  we  constantly  infer  the  agency  of  a  force  from  its 
changing  the  state  (as  to  motion  or  rest)  of  bodies  on  which  it 
acts.  When  we  witness  a  change  of  motion  we  ascribe  it  to 
some  force ;  and  when  there  is  no  change  of  motion  we  conclude 
there  is  no  changing  force.  On  the  other  hand,  when  we  suppose 
the  action  of  a  changing  force  we  suppose  a  change  of  motion : 
and  when  we  do  not  think  of  a  changing  force,  it  is  because 
no  change  of  motion  suggests  such  change.  We  suppose  both 
rest  and  motion  to  be  states  or  conditions  of  a  body,  from  the 
one  of  which  it  is  no  more  likely  to  be  converted  into  the  other 
without  came,  than  it  is  to  change  spontaneously  from  a  cubical 
to  a  pyramidal  or  globular,  or  any  other  form.  If  this  be  ad- 
mitted, as  we  trust  it  will,  it  follows  that  a  body  must  continue 
in  its  existing  state  of  rest  or  uniform  motion,  until  that  state 
is  changed  by  some  mechanical  force.  The  matter  has  been 
stated  a  little  differently,  thus :  ^^  Suppose  a  body  in  motion, 
*^  and  that  the  instantaneous  action  of  the  moving  force  is  ade- 
'^  quate  to  make  the  body  describe  a  certain  space ;  then,  since 
'^  after  the  first  instant  the  moving  force  ceases,  and  the  motion 
^^  still  continues,  it  must  be  uuiform,  because  the  body  cannot 
"  of  itself  either  accelerate  or  retard  it ;  the  motion  will  more- 
'*  over  be  rectilinesp-,  for  there  is  no  reason  why  the  body  should 
^^  deviate  to  the  right  rather  than  to  the  left ;  and  hence,  in  this 
^^  case,  where  the  body  is  capable  of  moving,  during  a  certain 
^^  time  and  independently  of  the  moving  cause,  the  motion  will 
'^  be  uniform  and  rectilinear. .  A  body  which  can  move  itself 
^^  uniformly,  and  in  a  straight  line  during  a  certain  time,  will 
^*  perpetually  move  after  the  same  manner : — for,  suppose  a 
^^  body  capable  of  describing  uniformly  a  straight  line,  of  which 
"  the  two  extremities  are  A  and  b  (PL  I.  fig.  1.);  between  A 
'*  and  B  take  two  points  c  and  d,  then  the  body  at  d  is  pre- 
'^  cisely  in  the  same  state  as  when  at  c,  excepting  that  it  is  in 
^^  a  different  place.  Therefore  the  same  ought  to  happen  to  the 
"  body  as  when  at  c :  but,  by  hypothesis,  when  at  c  it  can 
"  move  itself  uniformly  to  b;  therefore  when  at  d  it  will  be 
^^  liable  to  move  itself  uniformly  to  a  point  o,  taking  dg=:cb; 
"  and  so  on  for  ever."  Monthly  Rev.  N.  S.  vol.  xxviii.  page 
SI6. 

Agam,  with  respect  to  the  second  axiom,  it  may  almost  be 
considered  as  an  identical  proposition,  considering  force  as  we 
do  (17.)>  merely  as  the  cause  of  motion,  or  of  a  change  in  mo- 
tion :  the  law  is  in  fact  equivalent  to  saying  that  '^  we  take  the 
*^  changes  of  motion  as  the  measures  of  the  changing  forces, 
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*^  and  the  direction  of  the  change  for  the  indication  of  the  di- 
"  rection  of  the  forces/' 

The  third  axiom  is  indeed  a  universal  fact :  but  we  cpnceive 
it  is  likcMrise  a  necessary  truth.  To  assert  the  contrary  is^  we 
think,  to  maintain  an  absurdity :  for  if  action  and  reaction  are 
not  equal^  the  greater  either  acts  against  nothing  and  is  there- 
fore not  action  (contrary  to  hypothesis),  or  exists  without  a 
cause,  which  if  once  admitted,  we  know  not  what  can  be  denied. 

27.  These  axioms  relate  immediately  to  the  actions  of  par- 
ticles of  matter  upon  each  other,  in  free  space :  or  to  those  cases 
in  which  the  whole  mass  may  be  conceived  as  collected  into  a 
point. 

When  bodies  move  on  fixed  axes,  the  energy  of  the  moving 
force  and  resistance  of  the  body  moved  will  depend  on  the  dis- 
tance from  the  axis :  in  these  cases  the  inertia  of  the  parts  of 
the  system,  by  which  they  oppose  motion,  being  calculated, 
and  a  mass  of  equivalent  inertia  being  substituted  for  the  given 
system ;  the  quantity  of  the  moving  force  when  moving  with 
tbe  same  velocity  as  the  matter  moved,  is  likewise  computed. 
The  inoving  force  and  mass  being  thus  ascertained,' the  resulting 
motions  may  be  calculated,  and  it  will  thence  appear,  that  in 
rotatory  motions  on  fixed  axes,  or  on  moveable  axes  in  free  space, 
as  well  as  in  direct  rectilinear  motions,  action  is  always  equal 
to  reaction.  But  this  is  merely  hinted  by  the  way ;  it  will  h% 
developed  more  fully  when  we  come  to  Dynamics.  (Book  ii. 
ch.  4.) 
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CHAPTER  II. 

On  Statical  Equilibrium^    and  the  Composition  and 

Resolution  of  Forces. 

2S.  £iQUiLiBRit3M^  according  to  our  definition  (IQ)*,  is  of  two 
kinds,  the  one  relating  to  bodies  at  rest,  the  other  relating  to 
bodies  in  uniform  motion :  the  former  may  be  properly  called 
Statical  equilibrium^  and  may,  therefore,  whenever  referred  to 
in  our  first  book  (whose  object  is  Statics)  be  characterised  by 
the  term  equilibrium  alone ;  the  latter  may  be  called  Dynamical 
equilibrium,  and  will  be  brought  under  consideration  in  subse- 
quent parts  of  the  work. 

29*  Def.  When  two  or  more  forces  act  upon  a  body,  or 
upon  a  material  point,  at  the  same  time,  the  aggregate  efiect 
produced  by  their  simultaneous  action,  or  a  force  of  a  ceffiun 
magnitude  and  direction  equivalent  to  their  joint  energy^  if 
called  the  Resultant,  or  the  Equivalent ;  and  the  several  forctf 
of  which  this  is  compounded  are  called  Components  or  C(m^ 
posants,  ' 

30.  Def.  The  problem  of  the  Composition  of  Forces,  is  that 
in  which  it  is  proposed  to  find  the  resultant  of  any  given  system 
of  forces :  and  the  Resolution  of  Forces,  which  is  the  converse 
problem,  proposes  to  trace  out  the  composants,  which  by  their 
united  energy  might  produce,  or  did  produce,  a  given  resultant. 

Thus,  supposing  two  forces  c,  d,  whose  magnitudes  and 
directions  are  represented  (17.)  by  cp,  c'p,  to  act  at  the  same 
time  upon  a  material  point  P  (PI.  I.  fig,  2.);  by  the  first  of 
these  problems  we  determine  the  magnitude  and  direction  of 
the  equivalent  up  to  .these  two  forces;  and  by  the  latter  we  en- 
quire the  two  forces  cp,  c'p,  or  various  pairs  of  forces,  of 
which  the  resultant  is  rp.  It  may  be  proper  to  remark  here 
that  the  Composition  and  Resolution  oi forces,  and  the  similar 
Composition  and  Resolution  of  motions,  are  completely  distinct 
objects  of  enquiry:  the  former  is  entirely  a  physical  question, 
the  latter  a  problem  purely  mathematical.  Some  authors  have 
inferred  from  their  demonstrations  of  the  latter  problem,  the 
truth  of  the  former :  but  this  cannot  well  be  admissible,  because 
wherever  statical  equilibrium  obtains  there  can  be  no  motion, 
and  of  course  the  principle  on  which  the  inference  is  grounded 
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is  foreign  to  the  nature  of  the  thing  to  be  proved.  It  seems 
most  consistent  with  scientific  precision,  to  establish  subjedt 
so  very  distinct,  each  on  its  own  proper  basis :  and  though  the 
attempting  to  accomplish  this  may  sometimes  give  an  appear^ 
ance  of  tautology,  it  is  still  thought  better  than  to  aim  at  con- 
dseDCss  by  the  sacrifice  of  accuracy. 

31.  Def.  rAemomew^o/'aybrceorpower,  isa  termbywhich 
we  shall  denote  the  product  of  its  magnitude  into  the  nearest 
distance  of  its  direction  (17.)  from  any  fixed  point 

Thus,  in  fig.  2.  PL  I.  if  the  directions  of  the  two  powers 
c,  c',  are  at  the  respective  perpendicular  distances,  d,  d',  from 
i  point  s  taken  arbitrarily,  then  will  the  products  cd^o'dlt^ 
present  what  we  call  the  moments  of  those  powers.  They  ex- 
press the  energies  of  those  powers,  and  differ  only  in  the  manner 
of  application  from  momenta  in  Dynamics. 

S2,  In  every  system  of  an  invariable  form  we  may  take  for 

Eints  of  application  of  powers,  any  points  whatever  in  tbe 
es  of  their  respective  directions. 

For  the  distances  of  the  several  points  of  the  system  remain- 
ing constantly  the  same,  no  one  of  the  points  in  the  direction 
of  any  power  can  move  without  drawing  into  its  motion  all  the 
points  in  the  same  line,  nor,  of  consequence,  without  causing 
such  motion  as  would  be  produced  if  the  power  were  applied 
immediately  at  that  individual  point. 

This  proposition  may  be  illustrated  by  a  simple  and  obvious 
example.  If  the  body  ab  (fig.  5.  PI.  II.)  be  acted  upon  by  a 
force  pushing  against  it  by  means  of  an  inflexible  bar  oq,  the 
effect  upon  the  body  will  be  just  the  same  whether  the  force  be 
exerted  on  the  lever  at  o,  g,  or  q  :  and  if,  on  the  contrary,  the 
body  were  acted  upon  by  a  force  drawing  it  by  means  of  an  in- 
exteosible  cord  pec,  the  tendency  to  move  the  body  would  be 
jwt  the  same,  whether  the  cord  were  pulled  at  p,  e,  or  C. 
Here  we  exclude  the  consideration  of  gravity  from  the  bar  and 
the  cord. 

33.  Hence,  if  an  obstacle  be  employed  to  destroy  any  force, 
jt  is  sufficient  if  such  obstacle  be  applied  at  any  point  whatever 
m  the  direction  of  this  force,  provided  the  point  be  one  of 
those  in  a  system  of  unchanging  form :  so  that  we  may  in  all 
luch  cases,  without  danger  of  error,  conceive  that  the  power  is 
UDmediately  applied  to  the  obstacle. 

34.  1 .  Two  forces  acting  in  the  same  right  line,  and  directed 
the  same  way,  are  equivalent  to  one  force  equal  to  their  sum. 

2.  Two  equal  forces  acting  in  the  same  right  line,  but  in  op- 
posite directions,  destroy  each  other. 

\  S.  Several  forces  acting  in  opposite  directions  in  tbe  same 
'jght  line  are  equivalent  to  one  only,  namely^  to  the  excess  of 
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the  sum  of  the  forces  acting  in  one  direction  above  the  sum  of 
dbe  forces  acting  in  the  contrary  direction. 

These  are  obvious  truths  necessarily  resulting  from  the  defi- 
nition of  force  (17.);  and  Newton's  third  axiom  (21.). 

65.  Since,  then,  a  system  is  in  a  state  of  equilibrium  when  it 
is  subject  to  the  joint  action  of  two  equal  forces  exerted  in  op* 
posite  directions ;  a  system  subjected  to  the  united  energy,  of 
Various  forces  is  in  equilibrio,  when. any  one  of  the  forces  is 
equal  and  opposite  to  the  resultant  of  all  the  rest :  and,  of  con- 
sequence, the  general  problem  of  the  equilibrium  between 
various  powers,  is  reduced  to  that  of  the  Compo$ition  of  Forces 
^80.).  We  shall,  dierefore,  now  proceed  to  the  solution  of  this 
problem,  and,  for  the  sake  of  perspicuity,  shall  consider  it  under 
four  separate  heads,  according  to  diose  divisions  which  the  order 
of  nature  seems  to  present,  viz. 

1.  Of  forces  disposed  in  one  plane^  and  concurring  in  the 
same  point. 

2.  Of  forces  directed  to  one  point,  but  not  confined  to  one 
plane. 

S.  Of  forces  situated  in  one  plane^  but  applied  to  difierent 
points  of  a  body. 

4.  Of  forces  not  confined  to  one  plane^  directed  to  various 
points  of  a  body. 

I.  Of  Forces  disposed  in  one  Plane,  and  concue* 

RING   IN   THE    SAME   PoiNT. 

36.  Prop.  The  equivalent  of  several  forces  situated  in  one 
plane  is  in  the  same  plane. 

For  if  we  suppose  the  equivalent  to  be  out  of  the  plane  of 
the  forces,  on  either  side,  we  may  always  find  a  line  on  the 
other  side  of  the  plane  situated  in  a  perfectly  similar  manner ; 
and  since  there  can  be  no  reason  why  the  resultant  should  be  in 
one  of  these  directions  rather  than  in  the  other;  it  is  therefore 
in  neither  of  them,  unless  we  admit  the  absurd  consequence 
that  it  is  in  both,  that  is,  unless  we  admit  that  the  same  forces^ 
acting  in  like  manner,  can  produce  two  distinct  efiects. 

CoR.  The  resultant  of  two  equal  forces  must  be  in  their 
plane ;  and  it  must  be  in  a  line  which  bisects  the  angle  of  their 
direction,  since  there  is  no  reason  why  it  should  tend  more  to 
one  side  than  to  another. 

37.  Prop.  If  to  a  material  point  already  kept  in  equilibria 
by  a  system  offerees,  another  system  is  applied  also  in  equili" 
brio,  this  will  not  destroy  the  pre-existing  equilibrium.  This 
is  manifest. 
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'Cor.  Itence,  if  the  three  forces  c,  c',  o  (PL  I.  fig.  3,), 
are  in  a  state  of  equilibrium^  and  if  each  of  the  forces  were 
doubled],  or  tripled^  or  quadrupled^  or  if  they  were  halved, 
quart^^d,  &c.  or  changed  in  any  proportion,  the  equilibrium 
would  remain,  so  long  as  they  continued  to  act  in  the  same 
dkectioiis,  OP,  c'p,  op. 

Cor.  3.  Hence  also,  since  the  resultant  R  is  always  equal  and 
opposite  to  one  of  the  forces  (as  o),  it  follows  that  when  the 
magnitudes  of  equilibrated  forces  concurring  in  a  point  are  made 
to  vary  in  any  ratio,  the  resultant  retains  its  position,  but  changes 
its  magnitude  in  the  same  ratio. 

38.  Prop.  If  three  equal  forces  are  inclined  to  one  another 
k  angles  each  of  120  degrees,  any  one  of  them  will  balance  the 
joint  action  of  the  other  two. 

This  is  likewise  incontrovertible;  for  neither  of  the  forcea 
ein  pi'evail. 

39.  Prop.  Two  equal  forces  inclined  in  an  angle  of  120  dp^ 
(reeSy  have  for  their  equivalent  a  third  which  has  the  direction 
(Old proportion  of  the  diagonal  of  the  rhombus  constructed  en 
ike  tines  which  represent  the  forces. 

.  For,  if  c,  c',  are  the  forces  (fig.  3.)  acting  on  the  point  p,  the 
force  o  whose  measure  is  op  =  cpnc'p,  and  is  situated  so  that 
the  angles  cpo  ajid  c'po  are]  each  equal  to  cpc',  will  (38.) 
ensure  the  equilibrium.  But  rp,  the  measure  of  the  equivalent 
B,  is  equal  and  opposite  to  op  (35.):  therefore  GP:r:pR=e'p; 
&id  because  angle  cpr  =  60®=:c'ph,  CRncp  and  c'jEi=c'p. 
Consequently  cpc'r  is  a  rhombus,  and  rp  the  representative  of 
the  equivalent  of  the  forces  c,  d,  is  its  diagonal,     a.  b.  d. 

Cor.  If  half  the  angle  cpc'  be  denoted  by  a,  we  shall  have 
H)=:pc  cos  az:c  cos  a,  whence  the  equivalent  Rpn^c  cos  a. 

40.  Prop.  Any  two  equal  forces  hatfefor  their  equvvtdent  the 
diagonal  afthernombus  constructed  on  the  right  lines  which  rC" 
freseni  theni  in  magnitude  and  direction. 

Fori  1  •  If  ^^  proposition  be  true  with  r6gard  to  any  two 
e^ttal  forces  o,  c',  acting  in  the  directions  CP,  c'p(Pl.  I.  fig.  4.), 
wd  forming  with  their  resultant  R,  tfie  angles  cpr,  c'pj^,  eacb  for 
exam]^  equal  to  a,  itns  true  likewise  for  two  other  equal  forces 
«,  t'y  acting  according  to  the  directions  cp,  (j'p,  whlcli  bisect 
thoto  asgles.  In  this  case  c  m^y  be  considered  (36  c6r\)  as  the 
lesritant  of  two  equal  forces  x  and  y,  acting  in  the  directions 
or,  R]^^  and  in  like  manner  c^  n^ay  be  condidefed  as  the  resultant 
of  tw6  oAer  equal  forces  or'  andy,  acting  in  die  directions  c'P, 
KP :  so  that,  in  lieu  of  the  two  equal  forces  c,  c',  we  may  con* 
wler  four  CMjiial  but  unknown  forces  x,  a:',  y,  y,  acting  in  the 
<ii»eetioii8  juat  assigned  them.    The  twt)  first  of  thede,  x^  $t^ 
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acting.iii  the  directions  cp,  c'p,  have^  by  hypothesis,  the  diagonal 
of  the  rhombus  for  their  revsultant;  that  is,  tliey  are  equivalent  lo 
a  force  expressed  by  ^x  cos  a  acting  in  rP  :  therefore  the  re- 
sultant z  of  c  and  c  will  be  equal  to  2j/+2x  co^  a.  Butxzzy^ 
therefore  Z3:2jr(l+cos  a).  Now,  the  angles  cpr,  cpc', 
being  each  equal  to  half  cpc',  are  equal  to  each  other ;  and  z 
being  the  resultant  of  two  equal  components  acting  in  cp  ^d 
cr,  while  c  is  the  resultant  of  two  others  acting  in  cp  and  rp, 

M-e  have  (37,  cor.  2.)  z :  c : :  c  :  x  =:  — '  Substituting  this  value 
of  X  for  it  in  the  preceding  equation,  we  obtain  z  = ( I  + 


cosa)  zz  c  ^  2  a/  I  -f  cos  a  =  c  v'2x(l+cos  fl.)    Butitis 

known  that  cos  |  fl  =  v — "i —  .    (See  HuttorCs  Dictionary, 

art.  Sine,  or  Carnot  de  Geometrie  de  Position,  p.  1 54.);  whence, 
by  reduction  z  ==.  2c  cos  ^a.  Consequently  the  proposition,  iif 
true  for  a,  is  true  for  |fl. 

2,  In  exactly  the  same  manner  may  the  proposition  be  proved 
true  with  respect  to  the  half  of  ia,  or  ^a,  and  in  succession  for 
\a,  -Y^a,  -^a,  8cc\  That  is,  since  it  is  true  (38.)  when  tbef 
angle  cpc'  is  measured  by  -j-  of  the  circumference,  it  is  like- 
wise true  when  the  angle,  between  the  equal  components  is 
measured  by  4>  tt>  tV>  "^V?  ^^*  ^^  ^^^  circumference,  where  die 
series  may  be  continued,  sine  limite. 

3.  If  the  proposition  be  demonstrated  for  the  three  angles  tf, 
ft,  and /z  — ft,  it  will  be  true  for  the  angle  a  +  6;  that  is^if 'we 
take  two  equal  components  c  and  c  making  with  their  resultant 
X,  angles  =r  a  +  6,  we  shall  have  j:  =  l^c  cos  (a  +  b.)  Thus, 
if  in  PL  I.  fig.  5.  the  angles  cpr,  c'pr,  are  each  equal  to  f , 
and  CPC,  cprf,  c^pc',  dPd',  e'dch  equal  to  b  :  conceiving  twa 
forces  rfp,  rf'p,  each  equal  to  c,.  their  resultant  will,  by  hypw  be 
=  2c  cos  (a  —  6),  because  dpK  =  a  —  6 ;  and  this  quantity  sub- 
tracted from  tlie  resultant  qf  c,  c',  d,  d',  will  give  or.  But  c  and 
d  have  their  resultant  c,  acting  in  cp,  and  =  2c  cos  b ;  the 
same  thing  holding  with  respect  to  c'  and  d^,  we  have  two  forced 
equal  to  c,  and  equivalent  to  one  which  is  2c  cos  a  or  4*c  cos  a, 
cos  b:  whence  ar  =  4c  cos  a  cos  b-'2c  cos  (a— 6).  But  cos 
a  cos  b  ssi  i  cos  («  +  &)  +  -!•  cos  (a  — i).  (See  Crakelfs 
Mauduittj  p.  50.  Pantologia^  art.  Trigonometky,  oi*  Hut- 
ton's  Course^  vol.  iii.  ch.  3.)  Which  value  of  cos  a.  cos  6, 
substituted  for  it  in  the  preceding  equation  gives  x  sc  2c.  cos 
(a  +  b).  So  that  the  proposition  when  true  for  a,  b,  and  A  — 6, 
is  true  for  a  +  b. 

4«  Let  b  be  taken  as  small  as  we  please  in  the  seiies  -^y.^f 
tV>  tVi  ^^*  ^^^d  l^t  ^  he  the  preceding  term  in  the  serieSi  dien, 
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a^b,  a^h^  a  +  ^9  &re  2&,  6,  i^  and  3&  respectively,  in  each 
of  which  the  proposition  holds:  again,  if  £r  =  36,  a  \-  bzz^b\ 
if  a  =2  46,  a  -f-  6  =  56,  &c.  So  that  the  theorem  is  demon-' 
stratied.for  all  angles  in  the  series  6,  26,  36,  46,  56,  8cc«  m 
which  6  may  be  taken  of  a  magnitude  less  than  any  one  which- 
can  be  assigned*  Consequently  the  theorem  is  true  with  respect 
lo  any  rhombus  whatever:  for  let  any  rhombus  be  proposed 
which  it  is  affirmed  is  an  exception  to  this  proof;  we  can,  it  is 
obvious,  by  choosing  b  lower  dian  any  assigned  number,  and 
taking  a  suitable  multiple  of  it,  approach  nearer  the  excepted 
angle  than  bY^  any  assignable  difference,  that  is,  we  show  that 
our  theorem  is  applicable  to  the  angle  itself,     a.  e.  o. 

41.  Prop,  Any  two  forces  having  the  ratio  of  the  sides  of '  a 
reoianglej  and  whosjs  directions  coincide  with  those  sides^  have 
for  ikeit  equivalent  the  diagonal  of  that  rectangle. 

Let  the  two  forces  c,  c'  (pi.  I.  fig.  6),  act  in  the  directions 
cp,  CP'^  which  comprise  the  right  angle  p:  complete  the  pa- 
rallelogram cpc'r,  and  draw  its  diagonals ;  parallel  to  cc', 
drawee'  terminated  by  ce,  c'c*,  which  are  drawn  parallel  to 
&e  resulting  diagonal.  Conceive  c  and  c*  to  be  two  equai 
forces  acting  in  the  equal  lines  cv,  c'p,  opposite  to  each  other, 
and  consequently  annihilating  each  other's  effects ;  then  cpdc 
and  e'pbc  being  rhombi,  the  force  cp  is  the  equivalent  of  ep, 
DP,  and  c'p  that  of  c'p,  dp,  by  the  precieding  prop.  Therefore 
the  components  cp,  c'p,  are  die  sam^  in  effect  as  the  opposite 
onieff  CP,  c'p,  together  with  dp,  dp;  that  is,  the  equivalent 
Bought  is  2  OP  or  rp^  the  diagonal  of  the  parallelogram.^ 
Q.  ^.  D. 

CoR.  Since  Rp  :  rad  : :  cp  :  cos  cpr  : :  c'p  :  cos  c'pr,  we 
have  the  resultanc  equal  to  either  component  divided  by  the 
cosine  of  die  angle  which  it  makes  with  the  resultant. 

42.  Prop.  Any  two  forces  whatever  have  their  equivalent  ex- 
pressed  in  magnitude  and  direction  by  the  diagonal  rp  of  the 
parallelogram  constructed  on  the  lines  cp,  c'p,  which  represent 
these  forces.  ^ 

Having  completed  the  parallelogram  cpc'r  (fig.  7.  pJ.  I.) 
on  t^e  given,  «ides,  draw  ccf  perpendicular,  and.  qc,  c'e', 
parallel  to .  the  diagonal,  demit  alsa  CD,  c'D',  perpendicular  to 
the  dis^gonal  r  then  will  cepD,  c'e'PD',  be  rectangles,  and  the 
triangles  CRb  c'pd',  equal  in. all  respects;  consequently 
ec=:  dp,  rd  =  p'p,  and  fp  nc'p.  The  addition  of  the  equal 
forces  e,c',  acting  in  the  opposite  directions  cp,  c'p,  will  makb 
00  difference  as  to  the  state  of  the  system  :  and  since  the  com- 
ponents pp,  CP,  h^ve  CP  for  their  resultant,  and  the  compo- 
nents D^itf  «T/tbe  resultant  c'p  (by  the  preceding  prop*),  we  may 
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hiAiead  of  the  or^iatlfoiices  cp^  c'p,  substitute  the  fbrc^  iWf 
c^ty  DTf  d'P)  of  which  the  two  former  destroy  each  osier's 
e^eets^  and  the  latter  dp,  o'p,  are  manifestly  equal  to  rp; 
tikat  is,  &e  resultant  of  die  two  forces  cp,  c^>  is  equal  to  Ae 
diagonal  b.p  of  the  parallelogram,     o.  e.  d. 

43*  Tbiis  have  we,  by  a  series  of  connected  proportions^  de- 
ftK>ii4trated  that  which  ia^  justly  reckoned  the  most  important  in 
the  theory  of  Statics,  and  which  is  now  commonly  spoken  of 
Madec  the  title  of  the  Paralielogrum  of  Forces,  The  derao9str»^ 
tion  here  ^ven  is  comjnenced.upon  the  same  principle  (38.)  fi& 
that  proposed  by  lyjlembert  in  the  Memoirs  of  the  Freoch' 
Academy  for  1769:  it  was  somewhat  simplified  by  Franco^riR 
l^iq  Meehauics ;  ^i^t  what  Is  here  offered,  at  the  same  time  ttat 
it  ij^mpre  concise  ijban  thei  demonstration  of  Franc<«ur>  is  fieed^ 
it  is  hoped,  from  borne  objectionable  positions  into  which  tha^t 
author  has  certainly  failer),  Thi^  demonstiiation  would  ipimi- 
festi y  be  the  same  in^  every  step^  suppojsin^  tbS.  forces  to  i^qt  u^ 
tjie  directions  pc,  Pc' :  so  ^hat  the  proof,  is  gepera]^  for  th/e  comX' 
posjtipn  of  any  systenis  of  forces  whether  pressing,  or  impul$i\:e, 
^r  attracting,  or  repelling,  &c.  Professpr,  RobisoUf  by  ing^ 
nioM.sly  blending  the  Demonstrations  of  Bernpnilli^  D'j^e^ir 
tiert,  and  Frisi,  deduces  the  same  couclusion  by  a  sei;ie3  of  fs;Oy 
positions  commencing  with  tb^  ca^e  of  two  equal  forces  ac^i^ 
at  ^ight  angles.  See  art,  pYi^AMics.  Supp.  E\icy.  Brit^^ 
A  demonstration  passing  froQ)  pofallt^  forces,  to.obiU^i^  may  b^ 
^een  in  Poirisot's  Stqtics.  Tliq  depv>pstcatiQns,  by  Laplace  af^d 
jLagran^^  though  confess^ly  curious,  de^ epd  upon  prii^ipli^s 
too  abstruse  to  be  admitted,  without  impropriety,  mto  thia^worl^ 
Laplace^s  demonstration  has  been  som^ewhat  simplified  by  Mr. 
^niglit,  in  !Leybonm^s  Mathematical  Repository,  JSo.  9^  N.  S* 
lid  order  to  facilitate,  the  applicatipn  of  the  Parallelbgram  of 
Forces,  it  will  be  proper  to  specify  the  most  useful  propositions 
and  corollaries  which  immediately  flow  ffqm  it. 

44k.  Cor.  1.  If  two  coc^iponent  forces  are  represented  by  tkus^ 
two  sides  of  a  tnanglej  the  resultant  will  be  repj^esented  by  the 
double  of  the  line  drawn  from  the  point  where  the  forces  act^  to 
th^  if}td4le.  of  the  third  sidti  of  the  triangle. 

TtmsL,  in,  figs.  3^  6,  the  resultant  pr=3pd;  because  the 
diagonals,  of' thq  pa.rallelograni  opc'r  bisect  each  other. 

45.  Cor.  2.  If  the  angle,  at  which  two  given  forces  act  Ar 
diminishedi  their  resultant  will  be  increased^  fl/id  vice  versa. 

For  in  the  triangle  cpc',  in  which  the  line  pd  bisects  the 
base,  it  is  known  that  cp*  H-  c'p*  =  2dp*  +  2od*  (Hutton*s 
0€[Qm.  tb.  M.).  ^Jhence  %d2^  :sz  cp*  +  c'p*~2cd*,  or  4DPt 
qf  ^?  zz  2Q9h  4;  2/£5'e$  -r  c'c».  But  cp,  and  c'p  remainT 
i9g- Cf)i|Ost^iili  tba  side  cc^  will  be  greater  or  less  as  the  angle 
tfcf  IB;  and  since  the  square  of  cc'  i$  ^btractive  in  the  .above 
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i«diicf  of  BP%  die  ktter  will  increase  as  tte  former  decrease^ 
^aoA  vice  versa.  .       ^ 

46.  GpR.  8.  Two  given  fofcts  produce  the  greatest  effect  when 
tkejf  act  in  the  same  direction,  and  the  least  wlten  they  ad  in  > 
oppowte  directions. 

For,  in  the  fortner  case  the  diagonal  of  the  parallelograna  tiie* 
comes  equal  to  die  sum  of  its  sides,  and  in  the  latter  equal  to 
their  diTOreuce.  The  same  conclusion  may  also  be  deduced 
immediately  from  art.  34.  The  conception  of  the  student  majF 
be  assisted  by  referring  to  figs.  8  and  9* 

4^>.  Prop.  If  a  material  point  be  kept  jn  equilibrio  iy  the. 
iimuUaneous  action  of  three  forces,  those  forces  rcill  be  repre-' 
sented  in  ntapiitude  and  direction  by  the  thru*  sides  of  a  tri- 
dngle  respectively  parallel  to  the  directions  of  the  forces. 

roTy  when  a  system  of  forces  sustains  a  point  in  equilibrip# 
any  one  of  the  forces,  as  that  represented  by  op  (fig*  10.  pi.  J.) 
is  equal  and  opposite  to  rp  the  resultant  of  the  others  (3^). 
But  the  resultant  of  the  two  forces  represented  by  cp  and  c'p^ 
is  represented  by  the  diagonal  of  the  parallelogram  constituted 
rfpon  CP,  c'p,  (42.)  and  consequently  if  PR  be  equal  to  op^ 
OR  will  be  parallel  to  vc.  Whence,  it  is  obvious  that  the  three 
sides  of  the  triangle  pcr  are  respectively  equal  to  the  three 
forces  0|  c,  c',  and  parallel  to  the  directions  in  which  they  act. 

47.  Cor.  I.  If  a  body  be  kept  in  equilibrio  by  threeforces, 
and  two  of' them  be  represented  in  magnitude  and  direction  by 
two  sides  of  a  triangle,  the  third  side,  taken  in  order,  will  repre* 
seiU  the  magnitude  and  direction  of  the  other  force. 

48.  Cor.  2.  Since  the  sides  of  triangles  are  as  tlie^  sines  of 
the  opposite  angles,  it  follows  that  when  three  forces  keep  a  point 
in  equilibrio,  each  force  is  proportional  to  the  sine  of  the  angle 
mdi  by  the  directions  of  the  other  two.  Thus,  in  the  forces  re- 
presented in  fig.  10. 

o  :  c  :  c' :  :  sincpc' :  sin  opc'  :  sin  opc  :  :  sin  PCR  :  sin 
CRp :  sin  cpr. 

49.  Cor.  3.  If  a  material  point  be  kept  at  rest  by  thr^eforces, 
and  lines  be  drawn  at  right  angles  to  the  directions  in  which  they 
act,  and  produced  till  they  form  a  triangle,  the  sides  of  this  tr^ 
angle  will  be  proportional  to  the  respective  forces :  or,  if  lines  be 
drawn  each  making  the  same  given  angle  with  the  directions  of 
the  forces,  the  sides  of  the  triangle  formed  by  tfiese  lines. will 
Kkmise  be  proportional  to  the  forces. 

For  it  may  easily  be  shewn  that  each  of  these  triangles  will  be 
similar  to  the  triangle  formed  by  the  directions  of  the  forces. 

50.  Prop-  If,  when  three  given  forces  o,  c,  c',  acting  upoh 
apmntvkejep  it  in  equilibrio,  right  lines  to,  vc,i?c',  be  Mi 
offromppfapefrtional,t&  the  severaiforees  und  in  their  rd- 
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spectite  Hifectidns,  the  point  wmtt  be  the  centre  of  gravity  of 
the  triangle  occ\  " 

Produce  OP  to  R  (fig.  11.  pi.  I.)  making  Ptt  =  op,  then  will 
PR  be  equal  to  the  equivalent  of  the  components  c,  cVand  con* 
sequently  it  will  be  the  diagonal  of  the  parallelogram  CPC^R : 
M'herefore  pd,  its  half,  is  likewise  equal  to  half  op,  and  falls 
upon  the  middle  of  the  side  cc'  of  the  triangle  occ'.  But  when 
OP  n  2pd,  CD  being  =  c'd,  p  is  the  centre  of  gravity  of  the 
triangle.     (See  Art.  11 4.)     a.  e.  d. 

51.  Prop.  To  find  the  resultant  of  any  number  of  forces  act- 
ingupon  a  pointy  their  directions  all  lying  in  the  same  plane. 

This  is  doue  with  much  facility  by  an  obvious  application  of 
the  parallelogram  of  forces  :  for  since  the  united  action  of  any 
two  forces  upon  a  point  puts  it  in  the  same  state  as  if  their  equi- 
valent had  acted  upon  it,  we'  may  compound  any  two  of  the 
forces,  and  substitute  their  resultant  for  them ;  this  compounded 
with  a  third  force  will  give  a  new  resultant;  and  this  blended 
with  a  fourth  force,  another ;  and  so  on  as  far  as  necessary. 
Thus  suppose  the  resultant  of  the  five  forces  represented  in  mag- 
nitude and  direction  by  PC,  pc^,  pc,  pc',  and  pc''  (tig.  12.  pi.  1.), 
were  required.  First  complete  the  parallelogram  cpc'r,  and 
instead  of  the  component  forces  pc,  pc',  make  use  of  the  result- 
ant PR :  then  take  pr,  pc,  as  component Sf  and  complete  the  pa- 
rallelogram rpcr',  so  will  pr'  be  the  resultant  of  the  two 
forces  PR,  PC,  or  of  the  three  Pc,  pc',  pc  :  again,  take  pr',  pc'^  as 
components,  and  complete  the  parallelogram  PRcr:  next,  take 
the  new  resultant  pr,  and  the  fifth  force  pc'  as  components,  and 
complete  the  parallelogram  prr'c" ;  so  will  the  new  result- 
zxit  pK,  be  the  resultant  of  the^  five  original  forces;  and  of  con- 
sequence (35.)  a  force  equal  and  opposite  to  pr'  will  keep  the 
equilibrium  in  the  whole  system. 

52.  Cor.  1.  Since  or  is  both  equal  and  parallel  to  Pc',  Ru' 
equal  and  parallel  to  pc,  R^r  to  pc',  &g.  the  resultant  \\heu  'the 
forces  are  all  m  one  plane  may  be  readily  determined,  by  draw- 
ing consecutive  lines,  each  from  the  end  of  the  preceding,  and 
having  the  directions  and  proportions  of  the  several  forces. 
Ilius  draw  from  c  (fig.  12.)  cr  equal  and  parallel  to  pc', 
RR'  to  PC,  R'r  to  vc\  rr'  to  pc",  and  pr'  will  be  the  resultaht,  as 
before. 

53i  Cor.  2.  If  any  number  of  forces  representedin  magnitiide 
anddirection  by  the  sides  of  a  polygon  taken  in  order,  act  simulta-t^ 
neouslyupon  the  samepoint  of  a  body  at  rest,  they  will  keep  it  at  rest* 

Let  PC,  CR,  rr',  r>,  rr',  r^p  (fig.  12.),  represent  the 
forces  ;  then,  since  the  first  five  of,  these  have,  pr'  for  their  equi- 
valent (5^.),  and  r  P  the  fifth  force  is  equal  and  opposite  to  pr'^ 
it  will  preserve  jthe  equilibriiun  of  the  system  (35.). 
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54.  Prop.  A  single  force  may  be  resolved  into  any  number  of 
forces, 

Sioce  any  single  force  as  pr  (fig.  10.)  is  the  equivalent  of 
the  two  forces  PC,  pc',  which  are  two  contiguous  sides  of  a 
parallelogram  whose  diagonal  is  pr;  and  since  it  will  likewise 
be  the  resultant  of  any  two  forces  proportional  to^  and  in  the 
direction  of  any  parallelogram  which  has  pr  for  a  diagonal; 
it  follows  that  the  single  force  PR  may  be  decomposed  into  as 
many  pairs  of  forces  as  there  can  be  described  parallelograms 
having  the. same  common  diagonal,  that  is,  into  an  indefinite 
number  of  such  pairs,  ^nd  since  either,  or  both,  of  these  com- 
ponent, forces  may  again  be  decomposed,  in  like  manner,  into 
two,  and  either  of  these  again  into  two ;  it  is  manifest  that  the 
original  force  may  in  this  way  be  conceived  to  be  resolved  into 
any  number  of  others,  ad  libitum;  and  these  either  in  the  same 
plane,  or  any  others. 

55.  Scholium.  The  preceding  proposition  is  useful  in  what 
is  called  the  Reduction  of  farces,  or  estimating  their  effects  in 
any  given  direction.  Thus,  if  it  were  required  to  estimate  the 
effect  of  the  force  pc  (fig.  7.  pi.  I.)  in  the  direction  of  the 
given  line  pr  :  construct  the  rectangular  parallelogram  pc  CD, 
and  PC  .will  manifestly  be  the  equivalent  of  the  two  forces  pc, 
9nd  PD,  of  which  the  former  is  perpendicular  to  the  given  di- 
rection, and  therefore  neither  promotes  nor  obstructs  the  effect 
of  the  force  in  that  dy'ection,  so  that  pd  is  the  aggregate  of  force 
in  the  direction  pr.  Of  this  species  of  reduction  many  ex- 
amples will  occur  hereafter, 

56.  Prop.  The  effects  of  forces,  when  estimated  in  given  di^ 
rections,  are  not  altered  by  composition  or  resolution. 

Let  the  forces  pc,  pc',  and  their  resultant  pr,  be  estimated 
in  the  prop6sed  directions  px,  py  (fig.  14.  pi.  l).  Draw  the 
various  lines  respectively  parallel  to  px,  py,  as  \i\  the  figure. 
Then,  the  force  pc,  when  referred  to  the  given  directions,  will 
furnish  the  componients  pd,  pd;  the  forc^e  cr=pc,  the  com- 
ponents ce,  ce;  and  the  force  pr  gives  the  components  pf, 
p/*.  But  the  forces  pd,  ce,  being  in  opposite  directions  will 
nave  opposite  signs  (  +  ai^d  : —  ),  an4  by  reason  of  the  parallels 
DE,  FR,  pf,  and  PD,  dc,  fn,  it  will  be  pd  —  ce  =  pd  —  df 
=  PF,  the  effect  of  the  two  forces  PC,  pc',  estimated  upon  py; 
also  pd  +  Ce  =  pd  +  df  =  pf  the  lefFect  of  the  same  two 
forces  estimated  upon  px;  and  these,  it  is  evident,  are  likewise 
the  effects  of  the  nesult^nt  pr,  when  estimated  in  the  same  (Jir 
sections.  In  a  similar  manner  the  truth  of  the  proposition  quay 
be  ^heWn^  for  any  number  of  forces,  by  compounding  each  pair, 
and  tracing  their  simultaneous  effects,  in  the  proposed  direc- 
tions.    Q.  £.  D. 


Cor.  If  a  system  of  equilibrated  forces  is  redi|ced  to  fnjpfHde 
Erection/ the  reduced  forces  will  be  in  equilibrio. 

57.  Prop,  TofindtheresuUant  of  a  system  of  forces  applied 
fo  QJie  point  and  acting  in  the  same  plane,  by  the  met  nod  of 
rectangular  co-ordinates. 

Let  the  three  forces  c,  c',  c'',  (%•   13,  pi.  I.),  solicit,  the 

E^int  V,  with  energies  proportional  to  pc,  pcf,  Pc",  and  in 
ose  directions:  through  any  point  A  draw. two  lines  %x', 
^r\  in  any  directions  respectively  perpendicular  to  each  other; 
through  p  draw  pd"  parallel  to  itix  and  pd  parallel  to  tt',  and 
resolve  each  of  the  forces  into  components  respectively  pa* 
rallel  to  these  co-ordinales  ;  for  instance,  Pc  into  fd,  "pd ;  PC' 
into  pd',  pd';  and  pc"  into  pd",  pd":  set  off  ay  and  ax  re- 
spectively equal  to  pd  +  pd'  +  pd",  and  rd  +  pd*  +  Pii"; 
i^en  complete  the  rectangle  arxv,  and  its  diagonal  ar^  will 
represent  the  magnitude  of  the  resultant  of  the  system,  and  will 
|;^e  parallel  to  its  direction.  The  truth  of  which  is  manifest^ 
from  the  foregoing  proposition  and  scholium. 

58.  CoR.  In  the  case  of  an  equilibrium  ar  being  opposed 
liy  an  equal  and  contrary  force,  the  resultant  will  be  nothing,  op 
zero :  or  when  the  several  forces  are  reduced  to  the  rectangular 
co-ordinates,  the  sum  of  the  forces  upon  ay'  which  may  be 
considered  as  negative,  must  be  equal  to  the  sum  falling  upon 
AY,  and  the  sum  upon  ax',  in  like  manner  considered  nega- 
tive, equal  to  those  upon  ax.  . 

59.  ScHOLiuft|.  In  cases  where  accuracy  is  required,  the 
student  will  find  it  necessar}'  to  aim  at  something  furdier  tha^  a 
graphical  solution;  to  assist  bis  progress,  we,  dsereforej  add  a 
few  algebraical  formulae  which  may  often  be  advantageou^jt 
supplied. 

Let  the  angles  which  the  directions  of  the  conxponeat  forces^ 
c,  c',  c",  make  respectively  with  the  axis  ax  (fig.  13,),  be  a, 
q',  and  a";  and  let  the  angle  which  R  the  resultant  makes  viith 
iX  be  denoted  by  r.  Then  when  each  of  tlie  forces  is.  je* 
duced    to    rectangular  co-ordinates,  we  shall  have  (4.1:  cor.) 

c  zz  -. — ,  c'  zi  r^ — r  c"  = =,  whence  c  cos  tf,  c'  cos  a'^ 

cos « '  COS  a ,  cos  a^  ' 

C^  COS  a",  are  equal  to  prf,  pd',  pd^,  the  various  coqiponcnta 
of  these  forces  parallel  to  Ax;  and,  in  a  similar  manner  ipay 
be  obtained  c  sin  a,  c'  sin  a',  c"  sin  a'',  the  components  of  the 
same  forces  parallel  to  At:  the  former  of  these  a.cUug  i]ti  the 
same  line,  are  equivalent  to  a  single  force  expressed  by  their  siAm 
([using  the  word  sum  in  the  sepse  of  the  algebraists],  thiE^t  is,, 
C  cos  a  4-  c/  cos  a'  -f  c"  cos  a",  +  &c. :  and  the  letter  arfe 
likewise  equivalent  to  ^  single  force  expresi^ed  by  th^ir  smp,  or 
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C  sio  a  +  c'  sin  a'  -f  c''  sin  a''  +  8cc.    The  two  components  of 
the  resultant  R  referred  to  the  same  axis,  are  evidendy  R  cosr 
nod  &  sin  r:  consequently  (56,)  the  following  equations  obtain: 
n\        S  ^  ^^*  a  +  c  cos  a'  +  c"  cos  a"  +  &c.  =;  k  cos  r 
"•^  •     ^c  sin  a  +  c'  sin  a'  +  c"  sin  a"  +  &c.  =  r  sia  r 

If  ^e  denote  the  sum  of  the  components  in  the  direction  of 
the  axis  ax  by  x,  and  the  sum  of  those  falling  upon  ay  by  jr^ 
the  preceding  will  be  represented  in  an  abridged  form,  thus: 

in.)  ......  ncosrzij:, ]isinr=y. 
len  the  system  is  in  a  state  of  equilibrium,  the  resultant  is 
zero  (5S):  thus  our  first  equations  give  for  the  conditions  of 
equilibrium : 

, JIT  .  C X  =  0  ?       C  c  cos  a  +  c'  cos  a'  4-  c" cos  a"  +  8cc.  =  0, 

^^"•^  ^y  =  0  i  ^^  i  c  sin  a  4-  c;  sin  a'  +  o"  sin  a"  +  &c.  =  0. 

In  those  cases  where  the  equilibrium  has  not  place,  it  is  still 

easy  to  find  the  magnitude  and  direction  of  the  resultant :  fofj^ 

adding  together  the  squares  of  the  equatious  (II.)  we  shall  have 

R*  (siii*  r  +  cos^  r):=zx^  +y%  wherefore,  because 

sin*  r  +  cos*  r  =  rad*  n  I,  we  shall  have 

(IV.)  •  .  .  .  .  B.=:\/x^+y^ 
Which  is,  in  fact,  th^  well-known  property  of  the  right-angled 
tnangle. 

Our  second  equations  likewise  give,  by  a  simple  division, 

(V.)  .  .  .  cos  m  —   .  .  .  sin  r  =r  — . 

Or,  if  we  divide  the  one  of  our  second  equations  by  the  other, 
another  equation  will  be  obtained^  by  which  we  may  determine 
the  direction  of  the  resultant :  for,  since  sip  -r  cos  =  tan,  we 

have  (VI.) tan  r  =:  — . 

When  only  one  of  the  equations  (III.)  obtains,  there  will  not 
b^  9n  equilibriuiu^  but  the  resultant  will  be  parallel  to  one  o| 
the  axes:  thus,  if  we  have  only  x  zz  0,  this  will  give  r  cos  r  n  0, 
of  course  cos  r  =:  0,  or  r  =:  180°:  that  is,  the  resultant  is  parallel 
to  AY  or  perpendicular  to  ax.  If  only  ^  =  0,  the  resultant 
will,  in  like  manner,  be  parallel  to  ax. 

6b.  We  may  deduce  from  the  equations  (I.)  in  the  preceding 
article,  two  or  three  curious  consequences;  which  may  likewise 
be  found  of  utility  in  some  subsequent  investigations. 

Let  us  take  in  the  plane  of  the  forces  c,  c'c  "^  any  point  s  at 
pleasure,  and  let  the  capital  s  denote  its  distance  from  p  the 
point  acted  upon  by  the  system,  while  the  small  s  represents  the 
angle  formed  by  sp  and  xa  (fig.  15.  pi.  I.).  Now  multipl3^^iijg 
the  first  of  the  equations  just  referred  tx),  by  s  sin  ;S,  the  second 
by  s  cos  s,  and  subtracting,  we  have 
cs(<:os  a  sin  5  <^  sin  a  cos  s)  +  c  s  (cos  (\  sin  s  /^  s'm  a'  cos  s) 
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+  c"s  (cos  a"  sia  s  ^  sin  a"  cos  $)  +  8cc.  =  Rs  (cos  r  sin  5  ^ 
sin  r  cos  5j,  ' 

But  it  is  known  (See  Crakeh's  Maud'uitt,  pa.  48.  Hutton's 
Cowrsg, vol.iii. ch.  S.  Paw/o/ogifl,art. Trigonometry,)  that  cos 
a  sin  5  rsj  sin  a  cos  s  ^  sin  {a  r^  s),  and  the  like  of  all  the  other  ex- 
pressions between  the  parentheses ;  whence  the  equation  becomes 
cs  sin  (a  /N/  «)  +  c's   sin  (a'  <>^  5)  +  c"s  (sin  «"  ^  s)  +  &c. 

=  RS  sin  (1*  rsj  s). 

Here  the  angle  a  ^^z  s  =  cps,  and  r  /^^  5  =  rps,  rp  being 
the  resultant:  wherefore,  if  upon  PC  the  perpendicular  S5  be 
demitted,  we  shall  have  in  the  right-angled  triangle  ps$,  88 
=  s  sin  (a  /^,  s) ;  and  in  like  manner  S5'  =  s  sin  ia'  r^  s)  the 
perpendicular  let  fall  upon  Pc',  and  so  on.  if,  therefore,  we 
call  the  perpendiculars  from  s  upon  the  several  directions  of 
c,  c',  &%  &C.2?,  p',  p",  8cc.  and  the  perpendicular  upon  the  re- 
sultant f,  the  preceding  equation  will  be  transformed  to  this: 
(VJI.)  .  .  .  .  cp  +  cy  +  cy  +  &c.  =  Rf>. 

Hence,  if  we  use  the  term  moment  in  the  sense  of  art.  3 1 . 
this  equation  will  furnish  the  following^  theorem. 

The  moment  of  the  resultant  of  a  si/stem  of  forces^  disposed 
in  the  same  plane,  and  directed  to  one  pointy  is  equal  to  the  sum 
of  the  moments  of  the  components. 

By  the  sum  of  the  moments  is  here  meant  their  aggregate 
when  incorporated  according  to  their  signs,  using  the  affirmative 
sign  for  the  moments  of  those  povvers  which  lie  on  one  side  of 
the  point  s,  the  negative  sign  for  those  which  are  fouDd  on  the 
other  side.  Or  if  the  point  s  be  considered  as  lixed,  and  the 
lines  ss,  &c.  as  inflexible  rods,  the  action  of  each  of  the 
forces  upon  the  point  m  will  tend  to  make  it  turn  about  s : 
viewing  the  matter  thus,  the  positive  moments  will  be  those  of 
such  forces  as  tend  to  produce  a  rotation  in  one  sense,  and  the 
negative  moments,  of  those  which  tend  to  produce  motion  in 
the  opposite  sense.  The  previous  deduction  may,  therefore,  be 
stated  thus: 

When  several  forces  in  the  same  plane  are  applied  to  a 
particle  of  matter,  the  moment  of  the  resultant  is  equal  to  the 
ttcess  of  the  sum  of  the  moments  of  those  forces  which  tend  to 
produce  a  rotation  in  one  direction,  over  that  of  the  moments  of 
such  as  tend  to  produce  rotation  in  the  contrary  direction. 

It  must  be  observed,  however,  that  the  idea  of  rotation  in- 
troduced here,  is  merely  called  iu  for  the  purpose  of  assisting 
the  student  in  determining  the  signs ;  but  is  no  essential  part  of 
the  principie- 

61.  The  equation  (VII.)  will  in  two  cases  assume  this  form ; 
(VII.  2.)  . .  .  cp  +  cy  -f  cf'p"  +  &c.  =  0. 

That  is,  1.  Wliea  H  a=0;  or  when  die  system  is  in  equili- 
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brio.    2.  When  £,=iO;  that  is,  when  the  point  s  is  taken  on 
the  line  of  direction  of  the  resultant     Hence  it  appears,  that, 

The  sum  of  the  moments  of  forces  zehich  tend  to  produce  ro^ 
tatioh  in  one  direction,  is  equal  to  the  sum  of  the  moments  of 
forces  which  tend  to  produce  rotation  in  a  contrary  direction,  I. 
when  the  forces  are  in  equilibrio;  2.  when  the  moments  are^ 
taken  with  relation  to  some  point  hi  the  direction  of  the  resultant. 

62.  To  illustrate  the  use  of  the  formulae  for  finding  the  re- 
sultant of  a  system  offerees,  we  will  now  propose  an  instance: 

Let  the  forces  c,  c',  d*  (fg-  13.  pi.  I.)  be  represented  by  the 
numbers  30,  25,  and  20,  and  p  being  the  point  acted  upon,  let 
the,  angles  made  by  their  directions,  be  cpc' =  30°,  and 
c'Pc"i=  28**;-  it  is  proposed  to  Jind  the  magnitude  and  direC" 
tion  of  the  equivalent  of  these  forces. 

If  we  suppose  the  direction  c^'p  to  make  an  angle  of  20* 
with  the  assumed  axis  ax,  then  will  the  angles  which  the  se- 
veral forces  make  with  that  axis,  be  78°,  48**  and  20*^.  Where- 
fore, using  a  table  of  natural  sines,  &c.  we  siiall  have  c  cos  a  + 
C  cos  a'  +  cf'  cos  a''  =:  30  sin  1 2°  +  25  sin  42°  -f  20  sin  70°  =: 
(30  X  -2079117)  + (25  X  .6691306)  +  (20  x  .9396926)=! 
41rT$y468  =  R  cos  r  r:,x;  and  c  sin  «  +  c'  sin  a'  -}-  c"  sin  a"  := 
:'.0  sin  78°  +  25  sin  48°  +  20  sin  20°  =  (30  X  -9781476)  + , 
(25  X  -7431448)  +  (20  X  -3420201)  =  54-76343  =  R  sin  r 

=:y.  Then  r  =  V jf'  +  y^  =  68*86857  the  magnitude  of 
^he  resultant;  and  ^  zn  V3l  140203  =  tan  52°  40^  fg^  the  an- 

gle  which  the  resultant  makes  with  ax  ;  this  lessened  by  48% 
leaves  4°  40' f  |^  z=  the  angle  c^fr  between  c'p  and  CP.  Or 
^vhen  the  direction  of  the  resultant  is  determined,  its  magnitude 
may  be  found  without  the  extraction  of  roote  :  for,  (V.)  since 

sin  r  =  -^  we  have  r  =  -^  zz  68-86857,  as  before. 

R  Sill  r 

To  shew  that  the  same  result  may  be  obtained  although  the 
posi  ion  of  the  co-ordinates  ax,  ay,  be  changed,  suppose 
AX  to  coincide  with  c'^p  :  then  c  cos  a  -f  c'  cos  a  +  c"  cos  a'' 
=  30  sin  32°  +  25  sin  62°  +  20  rad  =  57-971269  =  x,  and 
c  sin  a  +  c'  sin  a'  -f  c"  sin  a''  :=  30  sin  58**  +  25  sin  28^  +  20 

smO°  =  37-178233  =y.     Hence  -^  =  -6413332  =z  tan    32^ 

40'  II,  which  lessened  by  c^'pc'  gives  4*  40'  -fl:  ==  c'pr,  and 
^-r  sin  32° 40' If  =z  68-86857,  the  resultant:  agreeing  with  the 
former- 

63.  To  be  convinced  of  the  simplicity  of  this  method  of 
finding  the  magnitude  and  direction  of  the  resultant,  in  cases 
nhere  the  forces  meet  in  a  point  and  are  disposed  in  one  plane> 
it  is  pjfily  necessary  to  cofnpare  it  with  the  common  method. 
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]Up\v,  if  the  resultant  of  forces  were  determined  iti  \ht  usutl 
way,  the  process  wouki  be  this :  Suppose  ^c^  fid  <fig«  id* 
pi.  h},  to  represent  the  magnitude  and  direction  of  two  of  thie 
forces:  then  letting  fall  c£  and  rf  perpendicularly' upon  >g^ 
we  should  have  rs^  :  cp  :  :  sin  p  :  ge  :  :  cos  p  :  p£ ;  and  pf 
{as  PC'  +  pe)  :  rad  : :  rf  (=  ce)  :  tan  rpf;  also  rad  :  PF  m 
Bee  RPF :  PR.  Then  taking  pr,  and  pc",  for  the  two  forc#i 
of  given  magnitude  and  directions,  four  more  proportions 
would  determine  their  resultant:  and  in  like  manner  four  otheri 
would  be  necessary  for  a  fourth  force,  and  so  on :  whereas,  by 
wiopting  the  method  just  explained  there  is  but  little  motH 
labour  necessary  to  determine  the  resultant  of  five  or  siic  for^el 
Ami  of  two. 

II.  Of  Forces  directed  to  one  Pointy  but  not  confined 

to  one  Plane. 

64*  Prop.  If  three  forces  are  represented  in  magnitude  and 
direction  by  the  three  edges  contiguous  to  the  same  angle  of  a 
parallelopipedy  their  equivalent  wiU  be  represented  in  magnitude 
and  direction  by  the  diagonal  drawn  from  that  angle  of*  thi 
solids 

Let  the  three  components  soliciting  the  particle  p  be  repre^ 
sented  by  pc,  vc',  Pc''  (fig.  17.  pi.  I.),  and  let  the  paralielo- 
piped  be  completed.  The  equivalent  of  the  two  forces  c  and 
C*  wBl  be  rr ;  •  we  may,  therefore,  substitute  vr  for  those  twd 
forces :  but  since  the  plane  in  which  are  the  parallels  c'^P^  nr, 
ct&ts  'the  two  parallel  planes  bd,  cc',  the  lines  c^^r,  vr,  in 
which  it  intersects  them  wiU  be  parallel  (Euc.  XL  16.);  and 
consequently  c^prR  is  a  parallelogram :  wherefore,  compound* 
ing  the  two  forces  pc^',  pr,  we  have  pr  the  diagonal  of  the 
parallelogram  c^r,  or  of  the  pandlelopiped  Bor,  for  the  equi- 
valent of  tlie  three  forces  c,  c\d\     Q.  e.  d. 

65.  CoR.  Hence,  if' four  forces  act  upon  a  particle  in  dif-* 

ferent  planer,  and  keep  it  in  equilibrioy  they  are  to  each  other 

in  magnitude  and  direction  as  the  three  edges  and  the  diagonal 

of  a  parallelopiped,  constructed  upon  lines  respectively  paraUet 

to  the  directions  of  the  forces. 

For  a  parallelopiped  may  be  constructed  so  that  its  three 
edges  contiguous  to  any  one  aogle^  shall  have  magnitcrdes  8(n4 
directions  analogous  to  any  three  of  the  fonr  forces;  ffeei  dial*.. 
gonal  of  this  solid  will,  by  the  prop,  be  the  equivalent  of  tUsnOfm 
three  forces :  and  since  in  the  case  of  an  equilibrium  the  foohth 
force  (35.)  must  be  equal  and  opposite  to  the  eqwivaletit  of  tll# 
odier  three,  it  may  be  represented  by  the  diagonal  of  the  solids 

€j6.  Cor.  2.  Hence,  WLewisefOnymmiber^offorcei  tfhat^iHi^ 
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•  #        - 

acting  fipp^  a  particle  in  different  planes,  may  be  compounded 
bv  pairs  till  there  remain  either  two  forces  in  the  same  plane,  or 
three  in  diffhrent  planes,  and  of  these  the  resultant  may  be  found 
either  by  art.  42.  or  by  this  proposition. 

67.  Cor.  3.  And  hence,  conversely;  a  single  force  may  be 
resolved  into  three  forces,  in  different  planes,  and  each  of  these 
into  other  forces  in  the  same  or  other  planes,  each  of  these 
9gain  into  others ;  the  resolution  admitting  of  being  carried  od^ 
ai  infinitum. 

C8.  Prop.  If  three  forces  in  any  one  plane  are  in  equUibriOf 
and  these  are  reduced  to  any  other  plane,  the  reduced  forces  wiU 
likewise  be  in  eguilibrio* 

JiCt  the  three  forces  o,  c,  c'  (fig.  1.  pi.  11.),  represented  by 
1)P,  cp,  c'p,  in  the  plane  occ'  be  in  equilibrio,  and  let  them 
be  reduced  by  perpendiculars  to  the  plane  lm,  then  shall  the 
reduced  forces  op,  cp,  c'p,  be  in  equilibrio.  For  the  lines  oo, 
tf,  cc,  cV,  ur,  being  all  perpendicular  to  the  same  plane  are 
parallel  to  each  other;  and  because  cp,  rc^,  are  equall}'  inclia-' 
ed  to  the  plane  lm,  they  are  equally  inclined  to  the  lines  cp, 
Tc',  in  that  plane ;  hence  cp :  cp : :  bc'  :  rc\  and  by  permuta- 
tion cp  :  Kc' :  :  cp :  re' : :  1 : 1 ;  in  like  manner  it  may  be  shewn 
that cr  is  tope'  m  a  ratio  of  equality;  and  consequently pcrc' 
is  a  pandlelogram :  thujsalso,  since  op =pr,  op  =|:»r:  whence 
up  being  equal  and  opposite  to  the  diagonal  of  th^  paralleld- 
g''am  of  fprces  cpc'r,  the  reduced   system  is  in  equilibrio^. 

69,  Prop.  To  find  the  resultant  of  a  system  of  forces  applied 
io  one  point,  but  disposed  in  different  planes;  by  the  method  of 
rectangular  co-ordinates. 

Here  the  process  will  be  similar  to  that  described  in  art.  57, 
9Qd  may  be  explained  by  a  reference  to  the  same  figure  (6g. 
IS.  pL  I.) :  in  which  let  tlie  three  fcirces,  c,  c',  c^,  directed  to 
the  same  point  but  not  in  the  same  plane,  be  represented  by 
PC|^^  f  c',  Pc'',  supposed  not  in  the  same  plaiie :  through  an 
aasomed  point  a  draw  any  two  lines  xj!,  yt',  perpendicular 
to  each  other,  and  suppose  another  line  Az  drawn  throng  a 
perpendicHlac  tathe  plane  of  the  figure;  these  will  be  the  co-^ 
ordinates  to  which  the  forces  are  to  be  referred.  Through  p 
tlie  point  of  application  of  the  forces,  let  lines  pd,  vd,  ?S, 
be  dbiwn  parallel  to  the  respective  co-ordinates :  to  each  of 
these  liioeB  refer  the  component  forces,  by  perpendiculars  CD, 
cd,  cf,  c'd',  dd^,  cT,  &c.  and  the  sums  pd  +  ?!/+  pd", 
kI  +  pd'  +  Bd",  pf  +  p^  +  p*'',  will  denote  the  equiva- 
Wta  of  tbe  Ubfee  original  forces,  upon  the  edges  of  the  rec- 
tangular parailelopiped ;  whence  the  diagonal  of  tibe  parallelo- 
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piped  whose  sides  arc  expressed  by  these  sums  represenis  the 
magnitude  and  direction  of  the  resultant  sought. 
.    'TO.  ScHOL.  In  this  case  of  many  forces  in  different  planes^ 
the  algebraic  method  of  solution  will  often  be  peculiarly  use-i 
ful ;  and  it  will  be  easily  understood,  being  an  obvious  exten- 
sion of  the  formulae  applied  to  forces  in  one  plane.     Thus,  let-^ 
the  component  forces  which  we  call      .      .      .      c,  c',  c'',  &c. 
form  with  the  axis  ax  (x)  the  angles      •      .      .     o,  a\  d\  &€. 

with  the  axis  kY  (y) b^  b\  A",  Jcc. 

with  the  axi§  AZ  («;  .    .  ^ c,  c',  c",  8cc. 

Each  of  these  forces  bemg^  deconiposccf  into  tbriee  oditray  of 
which  the  directions  are  parallel  to  each  axis,  it  has  been  shewn 
(59.)  that  for  components  parallel  to  these  axes,  we  have 

Of  X c  cos  a,  c'  cos  a\  c"  cos  a\  8cc. 

y     . c  cos  b,  c  cos  h',  c"  cos  b'\  &c. 

%       , C  cos  C,   C/  cos  Ci  C"  COS   c^,  &c. 

These  groups  of  forces  are  each  equivalent  to  a  single  force, 
represented  by  their  sum,  acting  in  the  several  lines  to  which 
the  original  forces  are  referred ;  so  that  we  have  for  the  com- 
ponents of  the  resultant  parallel  to  each  axis,  as  below : 

.r  =  c  cos  a  +  C  <jos  a  +  c/'  cos  <a"  +  &c. 

y  =  c  cos  b  +  d  cos  V  4"  c"  cos  6"  +  &c. 

Zzic  cos  c  +  c'  cos  c'  +  c"  cos  c"  +  &c. 
Now  denote  by  r,  r',  r",  &c.  the  unknown  angles  formed  by 
the  direction  of  the  resultant  and  each  of  tlie  co-ordinates,  and 
R  cos  r,  R  cos  r'i  r  cos  r ',  will  represent  the  equivalents  of 
•this  resultant  in  the  several  directions  of  the  axes:  hence,  we 
have 

!R  cos  r  =jr. 
R  cos  /  :i=  y. 
r  cos  r'  =  z. 
W  hen  the  system  is  in  a  state  of  equilibrium,  we  have  r  r:  0>  so 
that  the  equations  expressing  the  equilibrium  are 

C  x= c  cos  a  +  d  cos  a'  +  c"  cos  a"  +  8cc.  iz  0. 
(iii.)      .     .       vy  =  c  cos  b-\-d  cos  b'  +  c"  cos  b''  +  &c.  ==  0. 

f  z  =  c  cos  c  +  c'  Cos  t'  +  c"  cos  d'  -|-  8cc.  =z  0. 
If  an  equilibrium  does  not  obtain  in  the  system,  the  magnitude 
and  direction  of  the  resultant  may  be  deduced  from  tlie  three 
equations  (ii.l,  for  by  adding  together  their  squares,  we  have 
R*  (cos  r  +  cos  r  +  cos  r")  :z  jr*  -f  v*  -[-  z*.  But  when  r,  i^,  & 
r",  are  angles  made  by  any  line,  audi  three  rectangular  co«ordU* 
nates,  it  is  known  that  the  sum  of  their  squares  is  equal  to  unity  : 
therefore, 

(iv.)     .     .     .     R=:  v/:r*+y-|-^ 
Or,  referring  to  fig.  17.  pi.  I.  and  conceiving  the  parallelopiped 
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rectangular,  and  Pc  =:^,  pc'  rzy,  Pc"  =  t,  we  have  (Euc.  1. 47.) 
P/*  =:  PC*  +  cr*  =  x*  +  y,  and  PR*  =  pr*  -f  rR*  =  x*  4*  ^ 
-h  2*,  whence  r  is  found,  as  above.  And  wiih  respect  to  the 
position  of  the  resultant,  that  is  easily  determined;  for  from  the 
equations  (iL)  we  deduce  , 

(v.)      .     .     cos  r  =  —      .      .      cos  r  =  —    .     .     cos  r  =  — ' 

^      '  R  R  R 

When  either  of  the  quantities  in  equation  (ii  )  become  =  0,  the 
consequences  are  similar  to  those  we  traced  with  respect  to 
forces  disposed  in  one  plane  :  thus,  if  the  equations  take  at  once 
this  form, — 

xznvi  cos  r  =  0, y  ==  r  cos  r',  z  =  r  cos  r": 
it  is  then  manifest  that  cos  m  0,  or  that  r  is  a  right  angle ;  or 
that  the  resultant  is  situated  in  a  plane  perpendicular  to  the  axis 
AX.    If  we  have,  at  one  and  the  same  time, 

X  =  cos  r  =  0,  y  =  cos  r'  =  0,  z  =  cos  r\ 
it  will  be  obvious  that  the  direction  of  the  resultant  is  perpen- 
dicular to  AX,  AY,  and  parallel  to  Az. 

IIL  Of  Forces  situated  in  one  Plane ^  hut  applied  to 

different  Points  oj  a  Body. 

7 1 .  Prop.  If  two  parallel Jvrces  act  perpendicularly  upon  a 
right  line,  in  the  same  direction^,  their  resultant  is  parallel  to 
them,  equal  to  their  sum,  acts  in  the  same  direction,  and  divides 
the  line  of  application  into  two  parts  ivhich  are  reciprocally 
proportional  to  the  components. 

Let  the  two  forces  c,  c'  acting  in  the  directions  CP,  cV 
(fig.  2.  pL  Ih),  perpendicular  to  pp',  be  those  whose  equivalent 
is  sought.  Cotflceive  any  two  forces  c,  d,  equal  to  each  other,  to 
act  in  the  opposite  directions  cP,  c'v^,  opposite  to  each  other; 
&i)d  it  i^  Obvious  they  will  cause  no  change  in  the  state  of  the 
syatem :  therefore,  if  r  the  resultant  of  c  and  c  act  in  the  direc- 
tion ffy  and  r'  the  resultant  of  c',  c',  in  the  direction  r'p'^  the 
lin^s  rP,  /p,  when  produced,  will  intersect  in  a  point  a, 
through  which  ep,  the  direction  of  the  resultant  of  the  compo- 
Uents  c,  c',  must  likewise  pass.  This  granted,  throuoh.  A^4l>e. 
point  of  concourse  of  fp,  r'p,  draw  pD,  hp,  respectively  per- 
pendicular and  parallel  to  the  directions  of  the  original  forces, 
and  decompose  each  of  the  forces  r>,  r',  into  two  others  acting 
in  the  directions  ba,  px,  and  da,  |>a«  Now^  since  the  cir- 
'  camstances  of  the  resolution  of  r,  and  r,  are  the  same  in  a  hs 
in  p,  p',  the  force  r  acting  upon  A  will  be  decomposed  into  the 
two,  c  acting  in  ba,  and  c  mpA  ;  and  the  force  /  acting  upon 
A  will  be  resolved  into  c*  acting  in  da  and  c'  acting  in  pK,  But 
the  two  forces  c,  d,  being  equal  and  opposite  are  annihilated, 
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therefore  k  the  equivalent  of  c  and  c'  acts  in  a  parallel  direC- 
tiou  RA  and  is  eq^al  to  their  sum. 

Again  to  determine  the  point  p  in  pp  through  which  the 
esititant  passes :  since  r  is  the  equivalent  of  c,  and  c^  it  follows 

(59.  VI..)  that  the  angle  rpc  has —  for  its  tangent;  while  iu 

.  the   triangle    PpA,    we   have    tan  PAp   =   tan    rPc  ::::  -2-; 

thus  —  r^  — ,  and  c  =  -ll^.    Proceeding  in  a  similar  manner. 

we  have  —  =  — ,  and  c'  =  ^-i^.     But,  by  hypothesis  c=i  c'; 

consequently  c  .iM)  =  c'.  pp,  and  pp  :  p'p  : :  c  :  c.     Q.  £•  d. 

72.  Cor.  1.  tVhen  three  parallel  forces  acting  perpendicU' 
tarlif  upon  a  right  line  keep  it  in  equilibrio,  one  of  them  will 
act  in  a  direction  opposite  to  the  other  txoOy  and  it  tmll  be  equal 
to  their  sum ;  and  any  two  of  them  will  be  to  each  other  inversely 
as  their  distances  from  the  point  to  which  the  third  force  is  applied. 

For  the  third  force  a  must  be  equal  and  opposite  to  the  re- 
sultant.R  of  c,  c')  and  must  be  applied  at  the  same  point  j7« 
And  since  c  cc  pp',  and  c  oc  pp,  a  =  c  -f  d  will  a  pp  -|-  /^p* 
=5  pp'.  That  is,  A  :  c  :  c'  :  :  pp'  :  p'p  :  ppv  «*  affirmed  in  the 
corollary. 

73.  Co  ft.  fi[.  When  trco  component  forces  act  in  contrary  di-- 
rections,  their  resultant  is  equal  to  their  difference,  and  is  applied 
at  the  same  point  as  the  power  which  establishes  the  equilibrium. 

Tliu»  the  resultant  of  the  forces  A  and  c  (fig.  2.  pL  IL)  acts 
at  the  point  c'  and  is  equal  and  opposite  to  (fp\ 

74-.  Con.  3.  The  equivalent  of  any  number  of  parallel  forces 
acting  perpendicularly  upon  a  line  wilt  be  equal  to  their  sum 
when  they  at't  the  same  way ;  or  to  the  excess  of  the  sum  of  those 
wh^ch  act  in  one  direction  above  thme  zMch  act  in  the  contrary 
direction,  when  they  act  conti  arity:  and  to  find  their  point  of 
application  compound  them,  two  by  two,  a«  in  the  proposition. 

75.  Cor.  4.  If  a  right  line  be  kept  in  equitibrio  by  any 
number  of  forces  acting  perpendicufarly  either  at  the  same,  or 
at  different  poinds,  the  sum  of  all  thefhrces  acting  on  one  side, 
mil  be  eqwai  to  the  sum  of  all  those  acting  on  the  other, 

76.  Prop.  The  moment  of  the  resultant  of  two  parallel 
forces  taken  with  relation  to  any  point  whatever  in  the  same 
plane  is  equal  to  the  sum  of  the  moments  of  the  components. 

1.  Let  c,  and  c'  (fig.  3.  pi.  II.),  be  two  forces  acting  in  th6 
parallel  directions  cp,  c'f,  and  s  any  point  taken  in  their 
plane :  perpendicular  to  cp,  cV,  dtaw  the|  line  spp',  and 
consider  p,  p',  as  the  points  of  application  of  the  forces.  The 
resuhant  R  being  directed  towards  g^  we  have  (tl.)  c  X  ^9 
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=  C'  X   P'g.      Now  R  X   SQ  =  (C    +    C')  X    SQ  =(c    X    sq) 

(c'  X  sq)  and  sg  =  pq  +  sp  =  sp'  —  p'q  ;  therefore,  by 
BttbstitatioD,  r  x  sq  =  c  *  pg  +  c  •  sp  +  c'  •  sp'  —  c'  •  p'q 
:s  c  •  SP  +  c'  •  sp',  because  c  •  po  —  c'  •  p'o  =  0. 

2.  If  instead  of  taking  s  out  of^tlie  space  included  by  cp,  c  p', 
we  take  a  point  s'  between  those  lines,  the  same  thing  will 
hold)  using  the  word  sum  in  the  extensive  algebraic  sense  (60.). 
For,  in  that  case,  we  have  again,  r  x  s'q  =  (c  +  <^')  X  s'g  ^ 
(c  x  s'g)  +  (c'  X  sg.)  But,  as  we  have  s'g  iz  s'p'  —  p'g  = 
pg  —  p's',  we  obtain  by  substitution,  r  x  s'g  =  c  x  (pg  — 
ps')  +  c'  X  (s'p'  —  p'g),  and  because  c  •  pg  —  c'  •  p'g  =  0, 
We  have  r  •  s'g  =  c'  •  s'p'  —  c  •  s'p. 

77*  If  we  denote  as  in  art.  60.  the  perpendiculars  from  s 
upon  the  directions  of  c,  c',  and  r,  by  /?,  p',  ^,  we  shall  have  the 
equation  Rj  ==  cp  +  c'p',  corresponding  with  the  equation  (VII) 
in  that  article.  So  that  the  consequence  stated  there,  has 
equally  place  here,  and  the  observations  relative  to  the  positive 
tnd  negative  signs,  are  equally  useful  in  bqth  cases.  -* 

78.  Since  a  force  o  equal  and  opposite  to  the  resultant  r, 
acting  at  the  point  g  will  sustain  the  system  in  a  state  of  equili- 
brium, we  have  6  —  —  r,  and  the  preceding  equation  assumes 
this  form : 

Rf  +  cc  +  c'c'  n  0. 
Consequently,  when  three  parallel  forces  are  in  equilibrio^ 
the  sum  of  their  moments  with  respect  to  any  point  in  the  same 
plane,  is  equal  to  zero. 

79.  Drawing  from  the  point  s  (fig.  3.  pi.  II.)  any  right  line 
whatever  spp',  and  supposing  the  three  forces  c,  c',  o,  which 
are  in  equilibrio,  applied  at  the  points  p,p\  q,  we  have,  by  rea- 
son of  the  parallels,  sg  :  sp  :  sp' :  :  sy  :  sp  :  sp'.  But  the  equa- 
tion of  the  moments  (78.)  is  o  •  sg  -|-  c  •  sp  +  c'  •  sp'  =  0 :  in 
which,  substituting  the  consequents  of  the  proportion  for  the 
antecedents,  there  results  o  •  sg'  +  c  •  sp  +  c  •  sp'  =  0 ;  whence 
it  follows,  generally,  that  the  resultant  of  two  parallel  forces 
divides  any  right  line  to  the  extremities  of  which  they  are  ap- 
plied  into  parts  reciprocally  as  the  forces :  and  moreover  that 
the  results  in  arts.  71  ••••75.  are  applicable  to  all  parallel 
forces  acting  upon  one  line,  without  regarding  the  angle  that 
liue  makes  with  the  direction  of  the  forces. 

80.  Prop.  Wh^n  a  given  power  acts  upon  a  certain  point  in 
a  line,  to  determine  its  effects  upon  any  other  two  points  in  the 
tame  line. 

Let  the  force  r  act  upon  the  point  q,  it  is  required  to  de- 
termine the  effort  exercised  upon  the  points  p,p^  (ng.  3.  pi.  II.). 
This  is  nothing  else  than  to  resolve  the  force  R  into  the  two 
parallel  components  c^  c';  acting  at  the  proposed  points.    Con- 
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sequently  We   must   have   c  +  c'  =  R,  and  c .:  c' : :  qp*  :  qp ; 
Hifhehce,  c  +   c' :  c  :  :  yp'  +   ?P  (  =  PPO  •  91^ f  ^^^  ^  ~.  ' 
— ^*   In  like  manner  w«  find  c'  ==  — ^* 

81.  Scholium.  We  may  now  deduce  from  what  is  |one  be- 
fbfe,  a  few  theorems^  which  will  be  of  utiHty  in  enquiries  re- 
specting parallel  forces  in  one  plane.  Thus  let  c,  d,  c''^  8ic. 
constitute  a  system  of  parallel  forces  acting  in  one  plane^  R  their 
resultant,  p,  p',  p",  p,  &c.  the  perpendiculars  demitted  from  any 
point  in  the  same  plane,  upon  the  directiorls  of  the  several  forces. 
Then  with  relation  to  two  forces  c,  c',  we  have  n  =:  c  +  c', 
and  Ro  =  cp  +  c'/>',  for  the  equations  by  which  ^e  may  deter- 
mine the  magnitude  and  position  of  n.  Substituting  fol*  th^  two 
forces  c,  c',  their  equivalent  r,  and  compounding  this  with  the 
third  force,  we  find  the  new  resultant,  by  means  of  the  equationd 
R'  =  R  -f-  c''  and  R*f'  =  R£  -f  vJ*pffy  or, 
(L)r'=:  c  +d+  c"  +  &c.  and  R'/  =  c/)  +  dp'  +  cV+  Sc. 

And  thus  may  we  proceed  with  other  forces. 

When  the  forces  are  in  a  state  of  equilibrium,  the  equations 
become 
(II.)  ...c  +  c'  +  c^+&c.  —  0.  . .  cp  +  c'p' +  cV+  8cc.  =  0. 

When  the  equilibrium  does  not  obtain,  the  first  equation  (1) 
determines  the  magnitude  of  the  resultant:  its  direction  will 
evidently  be  parallel  to  those  of  the  components,  and  its  position 
will  be  determined  from  this  equation : 

cp  +  dp'  -f  d'p"  +  \^c.      cp  +  c'p'  +  c V'  +  tJ'f . 

i  c  +  c'  +  </'  +  tsTc.  R 

In  these  equations  we  consider  as  negative  the  forces  whicb 
act  in  a  contrary  direc'tion  to  those  which  we  reckon  positive  : 
and  if  R  come  out  negative,  the  resultant  of  the  system  will 
be  a  force  acting  in  a  contrary  direction  to  the  forces  we  account 
affirmative:  if  ^  be  negative,  the  resultant  must  be  disposed, 
with  regard  to  the  origin  of  the  moments,  on  the  side  opposite 
to  that  on  which  the  forces  are  whose  dist^t^es  from  this  point 
we  considered  as  positive. 

81  A.  Prop.  To  find  the  restdtafit  of  any  number  of  forces 
acting  upon  different  points  of  a  body,  their  directions  being  all 
4n  the  same  plane , 

This  is  performed  very  readily  by  a  graphic  process  similar  to 
that  described  in  art  51.  Tims,  let  any  two  of  the  forces  be 
taken,  and,  prolonging  their  directions,  conceive  them  to  be  ap^ 
plied  at  their  point  of  concourse  (32.)  and  find  their  resultant  by 
means  of  the  parallelogram  of  forces  (42.).  Compound  this,  ii^ 
hbd  manner  with  any  one  of  the  remaining  forces ;  and  S6  on.: 
the  magnitude  and  direction  of  the  diagonsu  of  the  last  palrall^hK 
gittm^  will  shew  tbe  magnitude  and  direcdon  of  the  force  e^ui* 
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Talent  to  the  several  components.  For  an  example^  let  it  be 
proposed  to  find  the  equivalent  of  the  three  forces  c,  c^^  c", 
acting  upon  the  body  ab  (fig.  4.  pi.  II.)  in  the  directions  CY^ 
c'p',  c^p"y  and  with  intensities  proportional  to  those  lines. 
Produce  cp,  c'p',  till  they  meet  in  d,  and  on  those  directions 
set  off  HE)  DFy  respectively  equal  to  cp,  c'p':  complete  the 
parallelogram  ef,  and  its  diagonal  will  represent  in  magnitude 
and  direction  the  equivalent  of  the  two  forces  c^c'.  Then  pro- 
duce GD  till  it  meet  c''p"  produced  in  d :  make  de  =  j^q^  and 
dfzz  p"c",  and  complete  the  parallelogram  ef.  Lastly,  pro- 
duce the  diagonal  dgy  till  QR  is  equal  to  it;  so  will  rq  shew 
the  magnitude,  position,  and  direction  of  the  force  equivalent  to 
the  three  components  c,  c',  and  c'. 

82.  Pkop.  When  three  forces  in  the  same  plane y  acting 
upon  different  points  of  a  body  (considered  as  void  of  gravity} 
keep  it  in  equilibrio^  they  are  such  as  would  balance  if  applied 
to  one  point ;  their  directions  continuing  parallel. 

If  tiie  forces  c,  c',  o,  (fig.  5.  pi.  II.)  which  act  upon  the 
body  AB,  at  the  points  p,  p^,  q,  in  the  directions  cp,  c'p',  oq, 
with  energies  proportional  to  those  lines,  keep  it  in  equilibrio^ 
they  would  balance  if  applied  to  one  point.  For,  producing 
two  of  the  directions  e.  g,  gp,  crp^,  till  they  meet  at  a  point  d, 
making  ed,  fd,  equal  to  cp,  c'p',  respectively,  and  complet- 
ing the  parallelogram  £f,  its  diagonal  gd  will  represent  the 
magnitude  and  direction  of  the  equivalent  of  the  "components 
c,  C.  And  since  no  single  force  but  one  that  is  equal  and  op- 
posite to  the  resultant  of  c,  C,  can  keep  them  in  equilibrio,  the 
direction  of  the  third  force  o  must  pass  through  d,  aitd  its  mag- 
nitude 09  must  be  equal  to  gn,  or  OG.     a.  £.  d. 

83.  Cor.  1.  Any  two  of  these  forces  are  inversely  proportional 
to  the  perpendiculars  demitted  upon  their  respective  directions, 
from  the  point  of  application  of  the  third  force,  or  from  any 
point  in  its  direction. 

For  (48.)  o  :  c:c'  : :  sin  cdc  :  sin  odC  :  sin  one  (fig.  6. 
pl.  II.)  And  if  we  produce  the  directions  of  any  two  of  the 
forces  as  cp,  cfvf,  and  upon  them  let  fall  from  q,  the  point  of 
application  of  the  third  force,  the  perpendiculars  qk,  qi,  or 
iT(Mii  9iiy  odier  point  q  in  the  direction  of  that  force,  the  per- 
pendiclilars  jA;,  qi,  these  perpendiculars  will  be  to  each  other 
as  the  sioes  of  the  angles  qok,  qdi,  or  as  the  sines  of  the  sup- 
plemental angles  odc,  odc/.  Wherefore  c  :  c'::qi:  QK  : : 
ji :  qk. 

84.  Cor.  2.  If  hen  four  forces  are  in  equilibrio  by  the  inter* 
vention  of  a  solid  body,  they  are  such  as  ivould  baiUmce  each  other 
if  applied  to  one  point. 

Thitt  (%•  5.  pl.  II.)  the  four  forces  c,  of,  c'^  e^f,  whidi 
Mfheo  th&.pgralfelogrami  of  forces  are  constHuted  on  the  re« 
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spective  directions,  give  the  equal  and  opposite  resultants 
GDfDgf  are  in  equilibrio  whether  the  points  of  application  be 
p,  p'  p'^  p''',  or  whether  they  are  blended  in  d. 

85.  Cor.  3.  When  any  number  of  forces  are  in  equilibrio  bj/ 
the  intervention  of  a  solid  bodi/y  tfiey  would  balance  each  other 
if.  applied  at  one  point.  For  either  the  lines  of  directions  of  all 
the  forces  will  meet  in  one  point  when  produced,  or  they  will 
meet  in  different  points  forming  so  many  systems  in  ei]^uilibrio ; 
and  all  these  systems  when  applied  to  one  point,  are  m  equili- 
brio, by  art.  37. 

86.  Prop.  If  a  body  ab  (fig.  7,  pL  II J  be  sustained  in 
equilibrio  by  the  simultaneous  action  of  several  forces  c,  e',  c'\ 
He,  in  one  plancy  their  quantities  and  directions  being  repre- 
sented by  cp,  c'p',  c''p",  He.  cutting  any  line  ax  drawn 
through  the  body^  in  the  points  p,  p',  p",  8fc.  and  if  lines  cs, 
c's',  c'^s^',  'He.  be  drawn  parallel  to  each  other  f}\)m  the 
points y  c,  c\  d\  till  they  intersect  the  line  ax;  then^  K 
the  sums  of  the   portions    ps,    p^,    p's',   and    p*',    p^s", 

,  j>'V,  estimated  in  contrary  directions  must  be  equal.  2.  The 
sums  of  the  parallel  forces  on  each  side  ax,  i.  e.  cs,  +  c/s 
+  c'^s",  and  cs  +  ds'  +  c'V,  must  be  equal.  3.  The  sums 
of  the  moments  on  each  side  from  any  point  a,  i.  e.  ap- 
c  +  Ap'  .  c'  +AP"  •  C  and  ap  •  c  -f  ap  •  V  +  a/'  •  r",  must  be 
equal. 

Conceive  the  various  parallelograms  of  forces  to  be  con- 

.  structed,  as  in  the  figure,  then  will  the  force  represented  by 
CP,  be  the  equivalent  of  dp,    sp,    the  force  c'p',  the   equi- 

.  valent  of  d'p',  s'p',  and  so  of  the  others.  And  it  is  evident 
that  the  forces  ps,  p^s^,  &c.  must  make  up  equal  sums  in  the 
contrary  directions,  otherwise,  instead  of  the  system  being  at 
rest,  it  vyould  move  either  in  the  direction  of  ax  or  of  xa.  And 
with  respect  to  the  parallel  forces  dp,  d'p',  &c.  or  their  equals 
cs,  c's',  &c.  they  fall  under  the  deductions  in  arts.  75  ....  79. 
Whence  the  truth  of  the  proposition  is  manifest. 

87.  CoR,  If  we  consider  the  forces  reduced  to  ax  to  have 
either  positive  or  negative  signs  according  asr  they  act  towards 
or  from  a  ;  and  the  parallel  forces  on  different  sides  of  ax  to 
have  contrary  signs  :  then  will  the  sum  of  the  forces  reduced  to 
AX,  the  sum  of  the  parallel  forces  cs,  c's',  &c.  and  the  sutn 
of  the  moments  of  the  forces  with  respect  to  any  point  on  AX, 
be  each  equal  to  nothing. 

88.  ScHOL.  Since  the  preceding  proposition  is  true,  what- 
ever direction  the  parallel  lines  cs,  c'h ,  8lc-  make  with  the 
assumed  line  A  x,  we  may  readily  deduce  from  hence  tb^ 
formulae  for  several  forces  acting  at  different  points  in  various 

.'directions  in. the  same  plane,  according  to  the  method  of  rc'ct* 
,  angular  co-ordinates.    To  this  eud,  let  cs,  c's',  &c.  (tig.  ?•) 
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be  perpendicular  to  ax,  and  let  the  ordinate  ay  be  drawn 
parallel  to  cs.  Then  if  the  angles  which  the  directions  of 
the  forces  c,  c',  c",  &c.  make  with  ax,  be  denoted  by  a,  a',  a", 
8ic.  and  the  angle  made  by  r  the  resultant  with  the  same  be  r; 
also  if  the  Xs  from  a  upon  cp,  c'p',  c"p",  &c.  be  represented 
hyp,  p\p^*i  &c.  we  shall  have  sp  =  c  cos  g,  s'p'  =  c'  cos  a', 
8cc.  and  cs  =  c  sin  a,  c's'  =  c'  sin  a\  &c.  And  in  the  case 
of  an  equilibriun^y  we  shall  have  the  folio  wing  equations,  the 
resultant  being  absolutely  nothing. 

'  c  cos  fl  +  c'  COS  a'  +  c"  cos  a"  +  &c.  =c  x  =  0. 
c  sin  a  +  C  sin  a^  -H  c"  sin  a"  +  &c.  =  y  =  0. 

cp  +  dp'  +  cy'  +  &c.  =  *  =  0. 

These  equations  are  (like  those  in  arts.  59,  70,  81,)  each 
composed  of  as  manj  terms  as  there  are  forces,  unless  one  of 
the  forces  should  have  its  direction  coinciding  either  with  ax, 
or  ay,  or  parallel  to  either  of  them,  or  passing  through  a  their 
assumed  origin,  ^  when  one  term  will  manifestly  vanish,  in  the 
corresponding  equation. 

89.  If  the  system  of  forces  is  not  in  equilibrio,  the  subse^ 
quent  equations  will  assist  in  finding  the  resultant,  its  magni- 
tude^ and  its  point  of  application.  Besides  the  above  charac- 
ters, let  f  denote  the  perpendicular  An  from  the  origin  of  the 
axes  upon  the  direction  of  the  resultant :  then,  since  an  equal 
force  to  the  resultant  applied  in  a  contrary  direction  restores  the 
equ'dibrium,  making  it  to  subsist  between  c,  C',  &c.  and  —  r, 
by  introducing  the  expressions  —  R  cos  ry  -<  b  sin  r^  and  —  Rf , 
into  the  equations,  we  shall  get, 

(II.)  .  .  R  cos  r  =  j:,  .  •  r  sin  r  =  ^,  .  .  rj  =  tt. 
Adding  together  the  squares  of  the  two  first  of  these,  there  vn\\ 
be  found 

(IIL)    .     .     .     .     R  =1  V^a^+3^*. 
And  from  the  equations  (II)  we  deduce,  by  division, 

(IV.)  .  cos  r  =  —  .  •  sin  r  =  ~  . .  tan  r  =  ^  ,  .  p  =  -.    \ 

R  R  X  R'         3 

Of  these  equations  III  determines  the  magnitude;  either  of  the 
first  three  of  IV  ascertains  its  direction,  and  the  last  gives  the 
perpendicular  distance  of  its  direction  from  the  origin  of  the 
ordinates.  Thus,  drawing  a  line  An  =  p,  making  with  ay  an 
angle  =  r,  and  dniwing  nq  perpendicular  to  An,  the  line  nq^ 
will  be  the  positipn  of  the  resultant ;  any  point  in  this  Une  may 
be  considered  as  the  point  of  application:  the  signs  of  r  and  of 
f,  will  determine  on  which  side  of  ay  and  of  ax,  the  line  An 
must  be  drawn. 

90.  When  the  three  equations  (88. 1.)  all  obtain  at  the  same 
time,  diey  denote  that  a  system  of  forces  disposed  in  the  same 
pbiie,  but  not  concurring  in  the  same  pointy  is  perfectly  iq 
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equilibrio :  but  it  will  not  be  entirely  unintereBtuig  to  conaickr 
Y^nat  will  be  the  consequence  when  all  three  have  not  place  At 
once.  When  only  the  first,  or  the  second  exists,  we  may  tipply 
the  remarks  made  at  the  end  of  art.  d9>  so  that  it  only  reaiak« 
for  ua  to  examine  here,  what  will  occur  when  the  third  only 
exists.  Thus,  if  instead  of  the  system  being  in  absolute  equi? 
libriumj^  we  have  the  three  following  equations : 
R  cos  r  =  X,  n'sin  r  =  y, 
c|)  +  c'p'  +  c"p"  +  &c.  =r  Rf  =  0. 
Here  Kf  =  0,  gives  f  =  0,  that  is  to  say,  Uie  resultant  pas8e9 
through  the  origin  A  of  the  co-ordinates :  it  is  obvious  that  if 
that  point  in  the  system  is  fixed,  this  resultant  ought  to  be  annir 
hilated,  and  that  there  is  an  equilibrium  whatever  x  and  y  may 
be.  The  equation  cp  +  c(p'  +  c"^"  +  &c.  =  0,  therefcrej^ 
suffices  solely  -to  indicate  that  there  is  an  equilibrium,  «n  this 
supposition  that  the  origin  is  a  fixed  point :  and  hence 

In  order  that  a  system  of  forces  disposed  in  the  »ame  plane 
he  in  equilibrio  about  any  fixed  point,  it  will  be  sufficient ^f  the 
sum  of  the  moments  of  the  forces,  with  respect  to  this  point,  be 
equal  to  zero. 

Supposing  that  a  body  subjected  to  the  action  of  several 
powers  is  retained  by  a  fixed  point,  it  follows  necessarily  diat  it 
can  only  have  a  motion  of  rotation  about  this  point :  if,  there- 
fore,  the  equilibrium  does  not  exist,  neither  can  the  resultant 
pass  by  this  point,  nor  can  we  have  cp  +  c'p*  +  c"^"  +  &c.  ssO. 
Hence,  when  tt  =  0,  there  can  be -no  rotatory  motion,  and  when 
both  :c  =  0,  and  y  =  0,  there  can  be  no  rectilinear  mptiw* 

IV.  Of  Forces  not  confined  to  one  Plane,  and  directed 

to  various  Points  of  a  Body. 

91.  Def.  Any  point  in  a  system  of  parallel  forces,  through 
which  the  resultant  passes,  and  zohich  retains  the  same  place, 
ult hough  all  the  forces  change  their  directions,  provided iUii^ 
continue  respectively  parallel,  may  be  called  the  Centre  of 
Parallel  Forces. 

92.  P.KOP.  To  find,  iy  a  graphic  process,  the  resultant  ((f 
any  number  of  parallel  forces,  however  disposed.  -    '■ 

Conceive  any  plane  to  be  intersected 'by  the  direct|onS;Qf4be 
several  forces,  and  the  .points  of  intersection  to  be  joined  by 
right  lines  falling  on  the  .plane.  Then,  by  the  ^iqthod  already 
given  (71,  79.)  find  the  resultant  of  any  two  of  ..the  forces  ^ind 
Its  point  of  application  at  «tb^  knaginary  plane :  'then  take  i tfak 
zcfiultant  aadats  poiiit  of  o{ifiiUcatiQny  and  in  liLe 'manner  cquh 
pouud^thai third  iforce^ciitfMJ^scttrtain  ^eir  re9ultaiit  aw)  its 
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point  of  applicatjoQ :  let  this  ne^ir  resultant  be  compounded 
widk  a  fourth  fQcce,  and  so  on  through  the  M^hole.  Thus  for 
eza^ple^  let  the  five  forces  represented  by  c,  c',  c'',  c'",  c,  have 
r,  p',  p^y  8cc.  for  their  points  of  application  in  the  plane 
pp'p"  (fig.  8,  pi.  II.)  In  the  right  line  pp'  mfike  vq :  jp' : : 
c':  Cy  and  q  will  be  the  point  of  application  of  R  =  c  +  c', 
the  resultant  of  c  and  c^  Join  the  points  q,  p',  in  the  same 
plane^  and  make  qq*  rj'p" ::  c"  :  R,  then  will  q'  be  the  point  of 
application  of  tJie  new  resultant  r'  =  r  +  c"=  c  +  c'  +  c". 
Again^  for  the  fourth  force  c'",  join  ^'p'",  and  make  y'y" : 
j«pW ..  f,iit .  ^f^  then  q*^  will  be  the  point  of  application  of  the 
third  resultant  u"  =  r'+  c'"  =  c  +  c'  +  c"  +  c'^.  Lastly,  join 
q"p,  and  make  qf'q*** :  q^^^p  ::c:  r",  then  will  y'"  be  the  point  of 
application  of  the  resultant  r'"  =r"+c=c  +  c'+c"4-  c'"  +  c 
Had  any  one  or  more  of  these  powers  been  exerted  in  an  oppop 
site  direction,  as  for  instance  c''  and  c,  the  point  of  applica- 
tiqo  of  the  resultant  r'"  would  stili  have  been  the  same ;  but 
its  magnitude  would  then  have  been  c  +  c'  —  c"  +  c'"  —  c  :  as 
is  evident  from  art.  73* 

93.  CoR.  1.  If  the  components  c,  c',  c",  8cc.  all  change 
theu'  directions  in  such  a  manner  as  to  remain  parallel  to  each 
other,  their  resultant  will  still  be  applied  to  the  same  point  in 
the  plane  pp'p";  or,  if  all  the  powers  change  their  magni- 
todes  in  one  and  the  same  ratio,  although  the  resultant  will  un- 
dergo a  corresponding  mutation  in  its  magnitude,  its  point  of 
application  wUl  still  be  the  same;  and  will,  therefore,  be  the 
centre  of  parallel  forces  in  the  system  whose  variations  are  thus 
regulated. 

94.  CoR.  2.  Hence  it  will  be  easy  to  put  any  system  of 
parallel  forces  into  an  equilibrated  state :  for  it  requires  nothing 
}iiore  th^n  to  find,  by  this  proposition,  the  magnitude  and  point 
of  application  of  the  resultant ;  and  then  to  apply  an  equal 
force  to  the  same  point  in  an  opposite  direction. 

95.  Scholium.  Here  also  it  may  be  proper  to  deduce  a  few 
general  theorems  which  may  be  useful  in  future  enquiries  rela- 
tive to  parallel  forces  however  disposed.  For  which  purpose 
let  us  begin  with  three  parallel  forces  c,  c',  c",  in  a  state  of 
equilibrium,  which,  it  is  obvious,  must  necessarily  be  in  one 
plane:  let  yax  (fig.  9.  pi.  II.)  be  the  plane  of  the  rectangular 
co-ordinate's  to  which  v^e  mean  to  refer;  this  plane  must  be  cut 
(Euc.  xi.  3.)  by  the  plane  in  which  are  the  directions  of  the 
forces,  in  a  right  line,  suppose  acc'c"  in  the  figure;  in  this 
line  let  c,  c',  c",  be  the  points  ^here  those  three  forces  are 
ttpplied  in  the  plane  of  the  axes.  From  any  point  a  in  the 
line  A c"  draw  any  rectangular  co-ordinates  ax,  ay,  and  on 
these  let  fall  from  c,  c',  c'^  the  perpendic^lars  erf,  c'rf',  c"rf", 
and  CD,  c'd',  c"d"  :  let  Arf  =  d,  Arf*  =  d',  Ad"  =  d",  ad  = 
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J},  ad'  =  d',  ad''  3=  d".  Then,  since  what  has  been  shewQ 
in  art.  81,  is  applicable  here,  we  have,  in  addition  to  the  con* 
dition  that  the  points  c,  c^  c",  are  in  one  right  line,  these 
equations : 

c-AC  +  c'-Ac'+  c"«  AC"  =  0,  and  c  +  c'  +»c"  =  0. 
But  by  reason  of  the  parallel  lines,  we  have  AC  ;  ac'  :  ac''  : :  Ad 
:  Ad'  :  AC?" : :  AD  :  ad'  :  ad"|  and  substituting  the  consequents 
of  these  for  their  respective  antecedents  in  the  first  preceding 
equation,  we  obtain  the  following  equations  of  condition  fqr 
three  p^allel  forces  in  equilibrio : 

C  cd  +  c'd'  +  c"d"  =  0 
(I.) -Jcd+cV+  cV'=0 

(        C  +      c'-f;    C"=0 

Some  persons,  from  a  slight  consideration,  might  conclude,  that 
since  the  quantities  in  the  two  first  of  theae  three  equations  are 
proportional,  they  need  not  both  be  taken  at  the  same  time : 
but  it  should  be  recollected,  that  when  any  one  of  them  is  taken 
together  with  the  third,  this  does  not  ensure  the  essential  con- 
dition of  the  three  points  c,  c',  c'',  being  in  one  right  line;  for 
wjiilc  d,  d',  d'\  remained  the  same,  the  points  might  not  be  found 
in  Ac",  but  in  any  unlimited  positions  upon  erf,  c'd',  cV; 
whereas  the  contemporaneous  existence  of  all  the  three  equa- 
tions establishes  the  proper  magnitudes  of  the  forces,  and  con- 
fines their  points  of  application  to  the  intersections  of  DC,  rfc, 
&c.  upon  Ac". 

96.  A  force  ,—  r  which  is  equal  and  applied  in"an  oppo9ite 
direction  to  the  resultant  k  of  two  forces  c,  c\  will  manifestly 
establish  the  equilibrium.  Therefore  if  x  and  y^  be  put  for  the 
distances  at  which  perpendiculars  from  the  point  of  application 
of  the  resultant  will  cut  the  axes  ax,  and  ay;  and  ^  r,  x, 
and  y,  being  substituted  for  c",  a^  and  d'',  in  the  equations  J, 
f hey  will  be  transformed  to  ' 

Rx  =  crf.+  c'd' 
Ry  =  CD  +  c'd' 
R    =  c      +c' 
And  these  equations  will  evidently  serve  to  determiqe  the 
magnitude  and  position  of  the  resultant  of  two  forces. 

Haying  four  forces  c,  c',  c",  c"*,  if  we  compound  two  of 
them,  as  c,  c',  into  one  force  r,  we  may  establish  the  equilir 
brium  between  this  and  the  other  two  by  causing  them  to  satisfy 
the  equations  (I):  we  shall  have,  therefore, 

Rx  +  c"d"  +  vr'd'"  =  0 
my  +  c"d"  +  c"'d'"  =  0 
R    +  c"      +  c"       =0. 

But  the  first  terms  of  each  of  these  equations  being  already 
)cnown,  we  may  substitute  for  them  their  values,  and  we  shall 
thence  obtain  the  equations  for  four  forces  in  equilibrium ; 
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C  erf  +  Qd'  +  c  V  +  C'd'"^  0 

viz -<CD+cV+cV  +  c"V"  =  0 

(c  +  c'  +  c"  +  e'"  =  0 

Here,  however,  it  is  not  necessary  that  the  directions  of  all 
the  four  forces  should  be  in  one  plane :  it  is  merely  requisite 
that  the  three  forces  r,  c,  c  ,  should  act  in  one  plane,  and  R, 
c",  c"j  in  one  plane;  or  that  the  plane  which  contains  the 
directions  of  c,  c',  should  intersect  that  which  contains  the  di- 
rections of  c",  d"y  in  a  right  line  \yhich  will  be  the  resultant 
of  both  these  pairs  of  forces.  Now,  on  comparing  the  equa- 
tions last  exhibited  with  the  equations  (95.  I.)  it  will  appear, 
that  they  are  exactly  the  same,  excepting  that  each  of  the  latter 
comprises  one  term  more  than  the  former :  and,  if  a  similar 
process  were  adopted  with  respect  to  a  fifth  force,  similar  equa- 
tions would  be  obtained  with  another  additional  term  in  each. 
Hence,  we  may  generalise  without  hesitation,  and  for  as  many 
parallel  forces  as  we  please  may  lay  down  the  following  equa- 
jtions,  as  conditions  of  equilibrium. 

C  cd  +  cd'  +  c''d"+  &c.  =  0 
(II.)  .....   ^cd  +  cV+c"d'  +  &c.  =  0 

(c+c'+c"+&c.=0 

Each  of  these  equations  will  comprise  as  many  terms  as  there 
are  forces,  unless  one  of  these  forces  have  its  direction  passing 
through  the  origin  a  of  the  axes,  in  which  case  one  of  the  terms 
will  vanish  from  each  of  the  .first  two  equations :  as  to  the  signs, 
they  will  be  positive  or  negative  according  as  the  forces  to  which 
they  are  attached  act  in  the  same  or  a  contrary  direction,  or  as 
their  points  of  application  fall  on  the  same  or  different  sides  of 
leither  of  the  co-ordinates. 

97.  When  the  equilibrium  does  not  obtain,  we  shall  by  pro- 
ceeding as  in  the  former  part  of  art.  96.  have  these  equations  : 

SRX  =  cd  +  cd'  +  c"d"+  &c. 
^y  =  CD  +  cV  +  cV  +  &c. 
R  =  c  +  C+c"  +  &c. 

if  the  plane  xay  be  perpendicular  to  the  directions  of  the 
forces,  a  supposition  which  will  not  fliminish  the  universality  of 
the  deductions ;  and  if  we  conceive  Ax  and  ay  to  be  two  planes 
perpendicular  to  xay,  the  rectangles  rjt,  and  Ry,  will  then 
hecome  moments  (3 1 .)  of  the  resultant,  taken  with  regard  to  each 
of  those  two  planes ;  and  cd^  cd,  will  in  like  ma'nuer  be  mor 
ments  of  c ;  and  so  of  the  others.  Hence  then,  taking  the 
word  sum  in  the  sense  we  have  so  often  explained,  we  may  de- 
duce the  following  theorem  for  all  parallel  forces,  however 
situated : 

The  resultant  of  any  number  of  parallel  forces  whatever  is 
parallel  to  them^  equal  to  their  sum,  and  has  its  moment  festi- 
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mated  with  respect  to  every  parallel  plane)  equal  to  the  sum  of 
the  moments  of  the  components. 

Thus  the  resultant  is  determined  in  magnitude  and  direction, 
^nd  the  point  in  whiclii  it  intersects  the  plane  XAY  nuiy  be 
readily  found  by  means  of  these  equations : 

(IV.)     .    .    .      ?<  CD  +  C'd'+c"i/+^C. 

98.  The  equilibrium  will  be  absolute  when  a)l  the  three 
equations  (II.)  obtain  at  once ;  but  it  will  not  be  uselesis  if  we 
enquire  what  will  be  the  conseqiience  when  the  equations  of 
condition  are  taken  partly  from  equa.  11, and  partly  from  equa. 
IH.     If,  for  example,  we  have  the  following  equations : 

R  =  c  +  c'  +  c" 

RX  =  cd  +  c'd'  4-  c'X  +  &c.  =  0 
Kj^  =  CD  +  c'd'  +  c"d  '  +  8cc. 
•Here  n  x  being  =  0,  and  r  an  absolute  quantity,,  we  conclude 
that  a  =  0 ;  in  this  case  the  directiop  of  the  resultant  will  inter- 
sect th^  plane  xay  somewhere  in  ay.  If  therefore  thts 
axis  is  fixed  in  the  system,  whatever  r  and  y  may  be,  the  only 
necessary  condition  of  equilibrium  is  indicated  by  the  equation 

cd  +  cd'+c"d"  =  0 

In  like  manner  the  equation 

CD+cV+c'V'=0 
•has  place  when  the  direction  of  the  resultant  passes  through 
some  one  of  die  points  in  ax  ;  and  when  this  axis  is  fixed  in 
the  system,  this  equation  is  alone  necessary  to  indicate  an  exists 
ing  equilibrium. 

[f  we  suppose  that  the  plane  xay  is  perpendicular  to  the 
directions  of  the  forces,  the  terms  of  these  two  equations  de- 
note th^  moments  of  these  forces  with  relation  to  planes  passr 
ing  through  ax  and  ay  perpendicular  to  their  plane.  Hence 
it  follows  that,  , 

In  order  to  have  a  system  of  parallel  forces  in  equilibria 
about  any  fixed  axisy  it  is  necessary  that  the  sum  of  the  moments 
of  these  forces  with  respect  to  a  plane  parallel  to  their  forces^ 
and  passing  through  that  axis^  is  hall  be  equal  to  zero. 

If  the  two  equations  ilc  =  0,  and  Ry  n  0,  exist  together, 

there  will  result  jr  =  0,  y  :szO\  that  is,  the  resultaut  will  pass 

'both  through  some  point  in  ax  and  some  point  in  ay  ;  that  is, 

it  will  pass  through  a  the  origin  of  the  axes :  if,  therefore,  this 

point  be  fixed,  these  two  equations  denote  an  equilibrium. 

Again,  if  we  hav^only  this  equation 

R  =  c  +  c' +  c '+ &c.  =  0, 
we  are  not  to  conclude  that  because  r  =  0,  the  equilibrium 


Chap*  HJ  Forces  ts  different  Planes.  43 

obtains :  for  this  isolated  equation  merely  denotes  that  the  sum 
of  the  forces  which  act  iu  one  direction^  is  equal  to  the  sum  of 
those  which  are  exerted  in  the  contrary  direction;  and  this  may 
take  place  independently  of  the  positions  of  the  forces:  but  the 
equilibrium  exists  only  when  the  equal  and  opposite  forces  are 
applied  at  the  same  point.  In  this  case,  however,  we  may 
always  establish  the  equilibrium  by  means  of  one  additional 
force ;  or  we  may  restore  it  in  an  endless  variety  of  ways  by 
means  of  two  additional  forces. 

99,  Prop.  To  find  the  resultant^  or  resultant Sj  of  a  system 
(^forces  applied  to  different  parts  of  a  body^  and  acting  in 
mrious  directions  m  differe;nt  planes. 

The  best  method  of  performing  this  will  be  by  the  method  of 
rectangular  co-ordinates,  as  follows.  Suppose  the  directions 
of  the  several  forces  prolonged  till  they  meet  the  plane  yax 
(fig.  9.  pi.  II.  or  fig.  IS.  pi.  I.),  and  conceive  them  all  applied 
at  their  points  of  intersection  with  that  plane :  then  each  of 
these  forces  may  be  resolved  intp  two  others,  the  one  perpendir 
cular  to  the  plane  yax,  the  other  situated  in  the  plane.  The 
perpendicular  forces  will  have  for  their  resultant  a  force  in  like 
manner  perpendicular  to  the  plane,  and  the  forces  situated  in 
the  plane  will  obviously  have  their  resultant  lying  in  the  same 
plane*  If  the  directions  of  these  resultants  meet  in  a  point,  they 
may  be  compounded  by  art.  41.  and  the  system  wilt  have  one 
resultant:  but  in  many,  indeed,  in  most  cases,  these  directions 
will  not  meet ;  and  then,  as  the  effects  of  perpendicular  forces 
not  meeting  in  a  point  are  independent,  the  system  will  have 
tzDo  distinct  resultants. 

Cor.  In  the  first  of  the  above  cases  a  single  additional 
force  may  restore  the  equiUbiium ;  in  the  latter,  two  at  least 
will  be  requisite. 

100.  Prop.  If  a  body  be  kept  in  equilibrio  by  several  forces 
acting  at  different  points  and  in  various  directions  not  in  one 
plane,  the  forces  are  such  as  would  be  ij}  equilibrio  if  applied  to 
one  pointy  and  in  directions  respectively  parallel  to  the  former. 

For  in  any  assumed  plane  the  forces  parallel  and  perpendi- 
cular to  any  line,  will  be  the  same  whether  applied  at  one  point 
or  many :  and  when  the  directions  of  any  of  the  forces  are  out 
of  this  plane,  such  extraneous  forces  may  be  reduced  to  others, 
one  set  acting  in  the  plane,  the  other  perpendicular  to  it ;  and 
both  these  will  be  equal  in  quantity  in  each  case ;  therefore  if 
the  equilibrium  obtains  in  the  one  case,  it  must  in  the  other, 
both  with  respect  to  the  perpendicular  and  parallel  forces,  all 
which  will  be  sufiiciently  obvious  after  recollecting  what  was 
shewn  with  regard  to  several  forces  m  one  plane,  (arts.  82... 86.) 
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If  the  weight  of  the  body  be  taken  into  the  consideriation  it 
may  be  regarded  as  a  single  force  applied  vertically  at  the  centre 
of  gravity :  the  reason  of  which  will  appear  from  the  discussions 
in  the  next  chapter. 

SCHOLIUM. 

101.  We  might  now  proceed  to  deduce  the  equations  of 
equilibrium^  &c.  for  forces  acting  at  different  points  and  in 
various  planes:  but  as  the  process  would  be  complex  and  intri- 
cate, and  after  all  but  of  trifling  utility  in  elementary  mechanics, 
except  in  the  case  of  parallel  forces  already  treated  in  arts.  95 
...98.  it  is  thought  best  to  omit  them.  We  add  here  what  fol- 
lows at  once  from  a  comparison  of  the  preceding  proposition 
with  art.  70.  namely  that 

When  a  system  of  forces  acting  upon  different  points  of  a 
body  in  various  planes  keeps  it  in  equilibrio,  the  sum  ojthe 
moments  taken  relatively  to  each  of  three  rectangular  co^rdi" 
natesy  of  the  components  estimated  in  a  plane  perpendicular  to 
that  ordinate,  is  equal  to  zero. 


(     4S     ) 
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Centre  of  Gravity. 

102.  Def.  TffjE  CefUre  of  Gravity  of  any  body  or  system 
of  bodies  is  that  point  about  which  the  body  or  system,  acted 
vpon  only  by  the  force  of  gravity,  will  balance  itself  in  allposi^ 
tions :  or  it  is  a  point  which  when  supported,  the  body  or  system 
will  be  supported,  however  it  may  be  situated  in  other  respects. 

The  centre  of  gravity  of  a  body  is  not  always  within  the  body 
itself:  thus  the  centre  of  gravity  of  a  ring  is  nqt  in  the  substance 
of  the  ringy  but  in  the  axis  of  its  circumscribing  cylinder ;  and 
the  centra  of  gravity  of  a  hollow  staff,  or  of  a  bone,  is  not  in  the 
matter  of  which  it  is  constituted,  but  somewhere  in  its  imaginary 
axis.  Every  body,  however,  has  a  centre  of  gravity,  and  so  has 
e^ery  system  of  bodies^  as  will  soon  be  made  evident :  but  it 
Mill  be  proper  to  premise  a  few  brief  remarks  with  respect  to 
gravity  itself,  and  its  effect  upon  bodies  subjected  to  its  opera- 
tion/ 

103.  It  is  a  fact  established  by  general  observation  in 
ages  and  all  countries,  that  whenever  bodies  are  unsup- 
ported or  left  to  themselves,  they  begin  to  move  downwards  in 
vertical  lines,  and  continue  thus  to  move  until  they  meet  with 
something  which  interrupts  their  motion  or  prevents  their  further 
feceiit.  This  is  observed  to  take  place  not  only  with  respect  to 
large  and  very  ponderous  bodies,  but  to  smaller  ones,  and  even 
to  the  most  minute  particles  into  which  they  can  be  separated, 
provided  they  are  not  so  small  as  to  elude  the  observation  of  our 
senses.  And  if  certain  substances,  such  as  smoke,  and  vapours, 
&c.  seem  to  contradict  this  universal  fact;  it  is  because  they 
are  only  in  appearance  left  to  themselves,  while  in  reality  they 
dre  supported,  and  put  into  an  ascending  motion,  by  the  action 
of  the  fluids,  8lc.  that  compose  the  atmosphere  which  surrounds 
the  earth.  All  bodies,  and  their  most  intimate  particles,  tend 
towards  a  point  which  is  either  accurately  or  very  nearly  the 
centre  of  the  terraqueous  globe ;  yet  tliis  tendency  is  certainly 
Dot  essential  to  matter,  it  is  an  etfort  which  matter  of  itself  is 
'lot  able  to  make,  being  indifferent  to  either  motion  or  rest  (IB, 
26.) :  YfQ  are  authorised,  then,  to  conclude  that  this  tendency  to 
"motion  is  caused  by  a  power  not  existing  in  the  matter  on  which 
our  observations  are  made^  but  in  something  exterior ;  and  this 
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force,  without  attempting  to  explain  its  nature  and  essence,  we 
designate  by  the  term  Gravity :  the  general  fact  or  event  of 
bodies  falling  is  denoted  b3(  the  verbal  noun  Gravitation ;  and 
it  b  a  part  or  consequence  of  a  more  universal  property,  not 
here  entered  upon, — that  of  the  mutual  Attraction  of  the*  dif* 
ferent  bodies  in  the  universe  towards  each  other. 

104.  Since  gravity  impresses,  or  has  a  tendency  to  impress, 
on  every  particle  of  bodies,  in  an  instant,  a  certain  velocity  wich 
which  they  would  begin  to  fall,  if  they  were  not  supported ; 
and  since,  abstracting  the  infhience  af  the  air,  this  velocity  would 
be  the  same  for  each  of  the  moleculse  of  bodies,  whatever  be 
their  substance,  it  will  not  be  difficult  to  attach  a  just  and  scieU*- 
tiiic  meaning  to  that  which  is  commonly  called  weight :  it  is  the 
effort  necessary  to  prevent  a  body  from  falling.  But  bodies  fiiH 
in  consequence  of  the  action  of  the  force  of  gravity  upon  each 
of  their  particles,  and  they  can  be  prevented  from  falling  by  a 
force  equal  and  opposite  to  the  resultant  or  eqtiivalentof  alithesi^ 
actions.  Hence,  we  may  readily  distinguish  between  the  efFect 
of  gravity  and  that  of  weight,  by  adopting  the  language  of  Con'* 
dorcety  when  he  says  '^  the  former  is  the  power  of  transmitting, 
'^  or  a  tendency  to  transmit  into  every  particle  of  matter  a  certain 
^'  velocity  which  is  absolutely  independent  on  the  number  of 
^^  material  particles;  and  the  second  is  the  effort  which  must  be 
"  exercised  to  prevent  a  given  mass  from  obeying  the  la:w  of 
"  gravity.  Weighty  accordingly,  depends  on  the  mass,  but  gra- 
"  vity  has  no  dependance  at  all  upon  it  J* 

A  verbal  distinction  is  also  made  between  weight  and  heavi- 
ness. Thus  heaviness  is  that  quality  of  a  body  which  we  feel 
and  distinguish  by  itself :  weight  is  the  measure  and  degree  of 
that  quality,  which  we  ascertain  by  comparison.  Absolutely 
-and  in  an  undetermined  sense,  we  say  that  a  thing  is  heavy ; 
but  relatively  and  in  a  manner  determined,  ^hat  it  is  of  such  a 
weight,  as  of  2,  3,  4  pounds,  8cc.  In  illustration  we  may  add 
that  many  circumstances  prove  the  heaviness  of  atmospheric 
air;  but  the  mercury  in  a  barometer  determines  its  exact 
weight, 

105.  Every  particle  of  which  bodies  are  composed  receiving 
from  gravity  equal  solicitations  i:o wards  the  centre  of  the  earth,  it 
follows  that  if  the  supports  of  bbdits,  whether  large  or  mitiuti^, 
were  taken  nway,  and  they  were  permitted  to  fall  from  equal  alti- 
tudes, they  would  arrive  at  the  surface  of  the  ieardi  after  equal  poi*- 
tions  of  time:  and  this  is  confirmed  by  experience ;  for  under  thb 
exhausted  receiver  of  the  Air-pump  (where  the  resistance  of  the 
air  is  removed)  the  heaviest  metals  and  the  lightest  feathers,  or 
down,  fall  in  the  same  time.  If,  therefore,  a  body  is  divided' 
into  ever  so  many  parts^  each  of  tbem  left  to  itseif  M'ould  arrivte 
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at  the  surface  of  the  earth,  after  the  same  time  as  would  have 
been  employed  by  the  whole  body  in  descending.  All  bodiea 
bdbig  more  ot  less  porous,  and  possessing  different  degrees  of 
density  (10.)  they  w411  contain  a  greater  or  less  number  of  equal 
moleculse  in  the  same  volume  or  bulk ;  hence  all  bodies  of  equal 
balk  are  not  equal  in  weight.  But  since  the  weight  is  equal 
to  the  sum  of  all  the  efforts  exercised  by  gravity  upon  the  consti- 
tuent moleculse  of  a  body,  it  is  proportional  to  its  density  or  to 
its  mass.  Itp,  p",  p",  Sec.  be  the  several  particles  of  which  a  body 
is  composed,  and  m  its  mass,  then  will  m  =  ;>  +p'  +  />"  +  8c<Ji 
and  if  ^  represent  the  force  of  gravity  soliciting  each  particle, 
we  shau  have  the  weight  =  gM  =  gp  +  gp'  +  gp**  +  8cc. 

106.  When  bodies  are  composed  of  moleculas,  which  are  of 
die  same  size  and  substance,  and  similarly  posited  throughout, 
they  are  said  to  be  homogeneous :  such  are  the  bodies  which  we 
disll  consider  in  this  chapter;  and  in  which  the  mass  will  mani* 
festly  be  proportional  to  the  extension  or  the  magiiitude,  so  that 
die  one  may  be  substituted  for  the  other  in  our  investigations. 
The  vertical  lines  which  would  be  described  by  bodies  if  sub- 
jected to  the  free  action  of  gravity,  are  frequently  called  lines  of 
direction.  Since  they  would,  if  produced,  meet  at  the  centre  of 
the  earth,  they  cannot,  strictly  speaking,  be  parallel :  but,  with 
respect  to  any  body  or  any  system  of  bodies  connected  for 
inechanical  purposes,  the  whole  space  occupied  by  all  their  par- 
ticles must  be  so  very  minute  compared  with  the  magnitude  of 
the  earth,  that  their  several  lines  of  direction  may  be  considered 
B8  parallel  without  any  danger  of  sensible  error;  just  as  we 

3»eak  of  a  moderate  portion  of  the  earth's  surface  as  a  plane, 
though  it  is^  in  fact,  nearly  spherical.  Hence,  then,  the 
actons  of  gravity  upon  a  body,  or  system,  may  be  considered  as 
those  of  parallel  forces  applied  to  their  various  particles ;  and, 
of  consequence,  the  conclusions  and  theorems  which  were 
<ieduced,  arts.  92....98.  with  regard  to  such  forces,  may  be 
^opted  in  our  present  in^^estigations  relating  to  the  centre  of 
gravity.  This  being  admitted,  the  ensuing  particulars  are  witn- 
out  difficult}'  inferred. 

I.  By  the  definition  of  the  centre  of  gravity,  when  it  is  sup- 
ported the  body  is  in  equilibrio ;  and  from  the  nature  of  equili^ 
brium  it  can  only  be  produced  singly  by  the  exercise  of  a  force 
^ual  and  opposite  to  the  resultant  of  all  the  other  forces  acting 
upon  the  several  particles  of  the  body,  that  is,  since  in  this  case 
the  forces  are"  parallel,  by  a  force  (104.)  equal  to  the  weight  of 
4c  body  applied  at  the  centre  of  parallel  forces  (91.) :  conse- 
quently the  centre  of  gravity  coincides  with  the  centre  of  parallel 
forces. 
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II.  Varying  the  position  of  J;he  boiiy,  will  not  cause  any 
change  in  the  centre  of  gravity ;  since  any  such  mutation  wilt 
be  nothing  more  than  changing  the  directions  of  the  forces, 
without  their  ceasing  to  be  parallel ;  and  if  the  forces  do  not 
continue  the  same,  in  consequence  of  the  body  being  supposed 
at  different  distances  from  the  earth,  still  the  forces  upon  all 
the  moleculae  vary  proportionally^  and  their  centre  remains 
unchanged  (93.). 

III.  Let  any  system  be  conceived  in  which  no  other  forces 
than  weights  are  applied ;  and  let  it  be  imagined  of  any  form  or 
construction  whatever,  but  without  any  motion.  In  this  case, 
whatever  be  the  disposition  of  the  bodies  of  the  system,  it  i» 
clear  that  if  there  be  an  equilibrium,  the  sum  of  the  resistances 
of  the  fixed  points  or  obstacles,  estimated  in  the  vertical  direCf- 
tion,  will  be  equal  to  the  total  w^eight  of  the  system.  But  if  any 
motion  arises,  a  part  of  the  force  of  gravity  will  be  employed  in 
producing  it,  so  that  it  is  only  with  the  surplus  that  the  fixed 
points  can  be  charged.  Therefore,  in  this  case,  the  sum  of  the 
vertical  resistances  of  the  fixed  points  will  be  less  at  the  first 
instant  of  motion  than  the  entire  weight  of  the  system  :  conse** 
quently,  from  those  two  forces  combined,  there  will  result  a 
single  force  equal  to  their  difference,  which  will  solicit  the 
system  downwards.  Hence  the  centre  of  gravity  will  necessa- 
rily descend  with  the  velocity  due  to  that  difference :  and  hence 
it  follows  that  to  assure  ourselves '^that  several  weights  applied  to 
any  ystem  or  machine  whatever  are  in  equilibrium,  it  suffices  to 
prove  that  if  the  system  be  left  to  itself,  its  centre  of  gravity  vpiU 
not  descend. 

The  immediate  and  universal  consequence  of  this  principle  is, 
that  if  the  centre  of  gravity  of  any  system  is  at  the  lowest  point 
possible,  there  will  necessarily  be  equilibrium :  for,  if  not,  the 
centre  of  gravity  must  descend ;  yet,  how  can  it  descend  if  it  be 
already  at  the  lowest  point  ? 

It  would  not,  however,  be  correct  to  say,  reciprocally,  that 
always  when  equilibrium  obtains  the  centre  of  gravity  is  at  the 
lowest  point  possible :  for  that  point  might  be  (and  in  many 
cases  of  unstable  equilibrium  often  is)  in  the  highest  possible 
position ;  or  it  might  be  found  at  neither  the  highest  nor  the 
lowest  point.  The  exceptions  occurring  with  sufficient  fre- 
quency in  the  usual  theoiy  of  maxima  and  minima.  But  the 
principle,  as  above  stated,  has  no  exception. 

IV.  When  a  heavy  body  is  suspended  by  any  other  point  than 
its  centre  of  gravity,  it  will  not  rest  unless  that  centre  is  in  the 
same  vertical  line  with  the  point  of  suspension :  for  in  all  other 
positions  the  forc^e  which  is  intended  to  ensure  the  equilibrium, 
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will  not  be  directly  opposite  to  the  resultant  of  the  parallel  forces 
of  gravi^^.upon  die  several  particles  of  the  body^  and  of  course 
the  equilibrium  will  not  be  obtained. 

¥•  If  a  heavy  body  be  sustained  by  two  or  more  forces,  their 
directions  must  meet  either  at  the  centre  of  gravity  of  that  body, 
or  in  the  vertical  line  which  passes  through  it.  Thus,  let  b  (fig. 
10.  pi.  II.)  be  a  heavy  body  whose  centre  of  gravity  is  G,  it  will 
be  at  rest  if  the  string  an  by  which  it  is  suspended  hang  verti- 
cally, whether  the  string  itself  be  tixed  at  £r,  or  be  attached  to 
two  other  strings  whose  lengths  are  ba^  ca,  and  fixed  at  h  and 
c.  If  the  string  hb  were  either  longer  or  shorter,  the  point  a 
continuing  fixed  and  the  positions  of  b  and  c  being  unchanged, 
the  body  would  still. hang  at  rest,  and  the  strings  ba,  ca^  under 
the  same  tension.  If  the  body  were  removed  vertically  to  the 
3dtted  situation  in  die  diagram,  it  would  be  sustained  in  that 
posidon  by  the  strings  bd  and  ce,  which  would  suffer  the  same 
tension  as  when  they  were  united  in  the  point  a.  If  instead  of 
the  strings  we  applied  props'  /g,  A/,  in  the  sitme  directions  on 
tlie  opposite  sides  of  the  body,  their  feety*,  A,  being  tixed ;  or, 
if  other  props  ww,  op,  were  applied,  either  parallel  to  the  former, 
or  having  dieir  directions  meeting  in  the  vertical  line  qGy  the 
body  would  sUll  be  supported :  and  if  the  directions  of  the  props 
and  of  the  strings  wjere  parallel,  die  compression  in  the  one  case 
>y6uld  be  equal  to  the  tension  in  the  other.  Either  the  compres- 
sion or  the  tension  may  in  every  case  be  readily  estimated  by 
irieans  of  the  parallelogram  of  Forces,  &c.  (46.)  the  weight  of 
tbe  body  being  known. 

VI.  When  a  body  stands  upon  a  plane^  if  a  vertical  line  pass- 
ing through  die  centre  of  gravity  fall  within  the  base  on  which 
the  body  stands,  it  will  not  fall  over ;  but  if  that  vertical  line 
passes  without  the  base,  the  body  will  fall,  unless  it  be  prevented 
by  a  prop  or  a  cord. ,  When  the  vertical  line  falls  upon  the  ex- 
tremity of  the  base,  the  body  may  stand,  but  the  equilibrium 
inay  be  disturbed  by  a  very  trifling  force ;  and  the  nearer  this 
line  passes  tp  any  edge  of  the  base  the  more  easily  may  the  body 
be  thrown  over ;  the  nearer  it  falls  to  the  middle  of  the  base, 
the  more  firmly  the  body  stands. 

VII.  The  various  motions  of  animals,  if  attentively  consider- 
ed, will  appear  to  be  regulated  consistently  with  the  princi- 
pies  just  stated. 

Iqus,  when  a  man  endeavours  to  rise  from  his  seat  he 
thrusts  forward  his  body,  and  draws  his  feet  backward  till  the 
verdcal  line  from  the  centre  of  gravity  falls  just  before  hi?  feet; 
this  enables  oi^  indeed  compels  him  to  rise ;  and  to  prevent 
falling  forwards  be  advances  one  of  his  feet,  till  the  vertical 
line  of  direction  is  brought  between  his  feet,  in  consequence  of 

Vol.  I.  E 
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which  he  may  stand  firmly.  In  walking,  he  first  extends  his 
hindmost  leg  and  foot  almost  to  a  right  Une,  and  at  the  same 
time  bends  the  knee  of  his  fore  leg  a  little ;  by  this  means  his 
body  is  thrust  forw  ard,  and  the  line  of  direction  from  its  centre 
of  gravity  falls  beyond  the  fore  foot,  on  which  account  he  is 
ready  to  fall,  but  prevents  it  by  immediately  taking  up  the  other 
foot,  and  putting  it  forward  beyond  the  line  of  direction.  After 
the  same  manner,  he  thrusts  himself  forward  by  the  leg  which  is 
now  the  hindmost,  till  the  line  of  direction  from  the  centre  of 
gravity  be  beyond  his  fore  foot,  when  he  i^in  sets  his  hind 
foot  forward :  and  thus  he  continues  the  motion  of  walking  at 
pleasure.  While  walking,  a  man  always  sets  down  one  foot 
before  the  other  is  taken  up ;  so  that  at  each  step  he  has  both 
feet  upon  the  sround.  But  in  running  he  takes  one  up  before 
he  sets  the  omer  down ;  so  that  his  feet  touch  the  ground  al- 
ternately for  moments  of  time,  and  in  the  intermediate  portioas 
he  does  not  touch  it  at  all. 

In  walking  up  hill  a  man  bends  his  body  more  forward  than 
in  walking  op  a  horizontal  road,  that  the  line  of  direction  may 
be  thrown  before  his  feet:  in  walkine  down  hill  he  rather 
leans  backwards  to  prevent  the  line  of  direction  from  being  too 
forward,  which  would  occasion  his  fall.  In  carrying  a  burthen 
a  man  always  leans  the  contrary  way  to  that  in  which  the  bur- 
then lieS|  in  order  that  the  common  centre  of  gravity  of  both 
may  have  its  line  of  direction  between  his  feet. 

When  a  quadruped,  as  a  horse,'  moves,  he  leans  forward,  all 
at  once  lifting  up  one  of  his  fore  feet  and  one  of  his  hind  feet ; 
when  the  right  leg  before  is  pushed  forward  the  left  leg  behind 
is  moved  on  at  die  same  time ;  and  this  motion  bein^  made, 
the  left  leg  before  takes  its  turn  conjointly  with  the  right  leg 
behind,  and  so  on :  as  the  body  when  standing  is  supported  by 
four  props  which  form  a  rectangle,  the  most  commodious  mode 
of  moving  is  to  change  the  positions  of  tw.o  feet  at  a  time  dia- 
gonally, and  thus  to  cause  the  centre  of  gravity  of  the  animaPs 
body  to  make  but  a  small  movement,  and  to  remain  always 
very  nearly  in  the  direction  of  the  two  points  of  support*  This 
rule  of  motion  is  always  observed,  but  with  these  difierences : 
in  the  pace  there  are  four  times  in  the  complete  movement ;  if 
the  fore  right  leg  be  moved  first,  the  left  leg  behind  follows  the 
instant  after;  then  the  left  fore  leg  has  its  turn,  which  is  foUoW- 
iBNd  the  next  instant  by  the  ri|^t  foot  behind.  Thus  the  fore 
i^ht  foot  comes  first  to  the  earth,  the  left  foot  behind  nexf^ 
die  left  fore  foot  third,  and  the  right  hind  foot  last :  so  that 
there  are  four  motions,  and  three  intervals,  of  which  the  first 
•od  last  are  shorter  than  the  middle  one.  In  trotting,  he  takes. 
«p  two  feet  together,  and  sets  dewn  two  together,  diagonally 
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opposite.  In  gaHoping  he  takes  up  his  feet  one  by  one,  and 
sets  them  down  one  by  one ;  but  he  strikes  with  the  two  fore 
feet  nearly  at  once,  and  the  two  hind  feet  nearly  at  once :  aU 
die  time  the  Une  from  the  centre  of  gravity  lies  forward,  so  that 
the  animal  requires  the  fore  feet  to  come  to  the  ground  at  short 
mtervals  to  prevent  a  fall.  If  the  various  motions  of  other  ani- 
mals be  considered,  they  will  all  be  found  conformable  to  the 
same  principles.  But  it  would  be  tedious  to  enter  furdier  into 
the  detail  in  this  place. 

VIII.  To  find  the  centre  of  gravity  mechanicallyi  it  is  only 
requisite  to  dispose  the  body  successively  in  two  positions  of 

Suilibrium,  by  the  aid  of  two  forces  in  vertical  directions^  ap« 
ed  in  succession  to  two  different  points  of  the  body;  the  point 
of  intersection  of  these  two  directions  will  she^  the  centre 
required. 

This  may  be  exemplified  by  particularising  a  few  methods* 
If  the  body  have  plane  sides,  as  a  piece  of  board,  hang  it  iip  by 
any  point,  then  a  ptumb-line  suspended  from  the  same  point 
will  pass  through  the  centre  of  gravity;  therefore  mark  that  line 
upon  it:  and  after  suspending  ^e  body  by  another  point,  apply 
Ae  plummet  to  find  another  such  line,  then  will  their  intersec- 
tion shew  the  centre  of  gravity. 

Or  thus :  hang  the  body  by  two  strings  from  the  same  point 
fixed  to  different  parts  of  die  body ;  then  a  plummet  hung  from 
the  same  tack  will  fall  on  the  centre  of  gravity. 

Another  method :  Lay  the  body  on  the  edge  of  a  triangular 
pism,  or  such  like,  moving  it  to  and  fro  till  the  parts  on  both 
sides  are  in  equilibrio,  and  mark  a  line  upon  it  close  by  the  edge 
df  the  prism :  balance  it  again  in  another  position,  and  mark  the 
fresh  hue  by  the  ed^e  of  the  prism ;  the  vertical  line  passing 
through  the  mtersection  of  these  lines,  will  likewise  pass  dirough 
the  centre  of  gravity.  The  same  thing  may  be  effected  by  lay- 
ing the  body  on  a  table,  till  it  is  just  ready  to  fall  off,  and  then 
marking  a  line  upon  it  by  the  edge  of  the  table :  tins  done  in 
,  two  positions  of  the  body,  will  in  like  manner  point  out  the  cen* 
tre  of  gravity. 

107.  When  a  plane  or  a  line  can  be  so  drawn  as  to  divide 
a  solid  or  a  plane  into  two  parts  equal  and  similar,  or  so  that  its 
moleculae  shall  be  disposed  two  by  two,  in  the  same  manner, 
with  respect  to  such  plane  or  such  line,  we  may  call  the  body 
symmetrical  with  regard  to  that  plane  or  axis.  And  in  all  such 
bodies,  it  is  obvious  that  ihe  sum  of  the  moments  of  its  several 
moleculfe  with  relation  to  s  ch  plane  or  axis,  will  be  nothing: 
for,  if  we  take  two  particles  disposed  in  the  same  manner  but 
oil  different  sides,  their  moments  will  be  equal  but  witii  contrary 
^[08 ;  and|  TOnsequendy,  their  sum  will  be  equal  to  zero:  and 

s  2 
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the  same  may  be  shewn  of  every  other  pair  of  moleculse, 
similarly  situated:  whence,  as  (by  hyp.)  there  are  none  but 
what  are  similarly  situated,  the  resultant  of  the  system  will 
be  in  such  plane,  or  line,  (97.)  and,  of  consequence,  its  centre 
of  gravity  will  be  there  also.  The  same  reasoning  may  be 
extended  to  the  centre  of  figure  or  of  magnitude,  that  is,  the 
point  with  respect  to  which  a  whole  body  shall  be  symme- 
trical. Hence  we  conclude  that  the  centre  of  gravity  of  a 
right  line,  or  of  a  parallelogram,  prism,  or  cylinder,  is  in  its 
middle  point;  as  is  also  that  of  a  circle,  or  of  its  circum- 
ference, or  of  a  sphere,  or  of  a  regular  polygon ;  that  the  centre 
of  gravity  of  a  triangle  is  somewhere  in  a  line  drawn  from 
any  angle  to  the  middle  of  the  opposite  side ;  that  of  an 
ellipse,  a  parabola,  a  cone,  a  conoid,  a  spheroid,  &c.  some- 
where in  its  axis.  And  the  same  of  all  symmetrical  figures 
whatever. 

108.  Prop.  To  deduce  some  general  theorems  which  may  be 
useful  in  finding  the  centre  of  gravity  of  any  proposed,  body. 

The  determination  of  the  centre  of  gravity,  being  reduced  to 
that  of  the  centre  of  parallel  forces,  we  may  here  adopt  the 
theorem  for  die  moments  laid  down  at  the  end  of  art  97.  From 
which  it  will  follow,  that  if  p,  p'ip'\  &c.  (fig.  11.  pi.  II.)  be 
equal  material  particles,  and  g  the  point  through  which  the  re- 
sultant R  of  the  gravitating  forces  upon  these  particles  always 
passes;  and  abcd  be  a  vertical  plane,  on  which  perpendicu- 
lars ixovcLpfp'yp'\  audg  are  let  fall,  then  will  the  sum  of  the 
products  of  the  forces  upon  i>,  p^,  p'\  into  their  respective 
distances  firom  abcd,  be  equal  to  the  product  of  the  resultant 
R  into  its  distance,  where  the  force  r  would  be  equal  to  those 
upon  p  '\-p''\-p".  ITie  same  would  likewise  obviously  hold 
with  respect  to  perpendiculars  upon  the  other  plane  abcg  :  and 
since  the  same  will  also  obtain  with  relation  to  any  vertical 
plane,  although  the  position  of  p,  p^,  and  p"  be  changed,,  pro- 
vided they  retain  their  relative  situations,  it  will  of  course  ob- 
tain when  the  position  of  the  system  is  so  varied  that  aerf 
becomes  a  vertical  plane :  consequently  the  equality  of  the  pro- 
ducts may  be  affirmed  with  regard  to  all  the  three  planes  at  the 
same  time,  and  if  the  distances  from  the  several  planes  be  re-^ 
ferred  to  the  rectangular  co-ordinates  Ax^  ay,  az,  we  may  rea-. 
dily  appropriate  the  equations  (9?.  III.)  to  our  present  pur-- 
pose.  Denote,  as  before,  the  force  of  gravity  by  g,  the  distances- 
referred  to  ax  by  d,  d\  d^%  &c.  the.  distances  referred  to  ay^ 
by  D,  d',  d'',  &.C.  and  those  referred  to  z  by  $,  J',  I"',  &.c.  the 
distances  from  the  centre  of  parallel  forces  to  the  sapnj^*  axis 
being  denoted  by  x,  y,  apd  z  :  then  we  shall  have 
ViXzzgpd  +  gp'd'  +  gp''d''+Sjic. 
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*Y = g/?  D +^p  V  +  gp'' d'"  +  &c. 
But  R  s=gp+gp'+gp''+&c.  and  m  =;>+jp'+/'+&c.  whence 

<L)  . . . .J^^P^^P'^'^P"^"^^^ 

•Here,  if  we  adopt  the  language  of  fluxions^  and  put  ar,y,  and 
2j  for  the  variable  distances  from  a  upon  ax/ ay,  and  Az, 
.respectively,  we  may  convert  these  equations  into  the  following 
iqtvaj  which  will  render  it  more  useful  in  many  investigations. 

fluent  Qf  jc  M  fluent  x  m 

fluent  of  M  ^  . 

/TT  \  '  fluent  of  V  M  fluent  v  m 

AJ.I,) . .  ^  Y  =  — : —. —  =  : • 

fluent  of  M  *• 

fluent  of  z  M  fluent  of  z  m 

fluent  of  M  M 

As  these  values  together  determine  only  one  point}  we  see 
ithat  a  hody  has  but  one  centre  of  gravity ;  of  which  the  three 
equations  determine  the  three  co-ordinates,  and  of  consequence 
toe  diaUnces.  of  the  centre  from  three  planes  respectively  per* 
jpeodiciilar  to  e^ch  other.  . 

TThese  results  being  entirely  independent  of  g,  that  is,  pf  jthe 
ibrce  of  gravity,  some  philosophers  have  preferred  the  term 
centre  of  inertia  te  that  of  cenitre  of  gravity :  other  philosophers 
have,  on  account  of  other  properties,  preferred  different  terms, 
which  will  be  mentioned  as  we  proceed. 

When  it  i^  required  to  find  the  centre  of  gravity  of  any  line 
>vhatQver,  it  is  considered  as  composed  of  a  series  of  material 
heavy  particles  contiguous  to  each  other,  atid  connected  by  a 
law  which  is  expressed  by  the  equation  of  the  curve,  with  respect 
to  any  two  rectangular  co-ordinates  :c  and^.  In  this  case  the 
centre  of  gravity  will  manifestly  be  in  the  same  plane  as  the 
proposed  line,  so  that  the  plane  VAX  may  contain  the  centre  of 
^vily,  whence  z  =  0,  and  the  value  ofy  being  deduced,  from 
the  equation  of  the  curve  in  terms  of  i/,  the  centre  of  jgf avity 
may  be  determined  by  these  two  equations : 

(ni.)...x=5^'-i...y=5--Ji. 

M  M 

If  the  curve  have  two  legs  symmetrical  with  relation  to  any 
ixe,  then  we  may  reckon  ttie  vertex  of  that  axe  the  origin  of 
4e  co-ordinates^  and  y  being  =  0,  we  shall  only  require  x  rr 
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?^*  ^  ;  but  in  this  case^  Ate  fluxion  of  U  the  cunre  being  2:: 


V*'+y%  we  have  also, 


(IV.)...  x=.''--'^'^* 


If  the  figure  is  a  plane,  its  centre  of  gravity  will  be  in  die 

same  plane^  and  of  course  we  may  take  z  n  0:  and  because  m 
=  V  ^,  our  equations  become, 

f       .^  flu,  agy  X flUygyie 

^      '    *   *      J      ^    flo.yai_  flg.y'g 
V,      ""     flu.yir  ""      .M 

Here  again,  if  the  plane  be  symmetrical  with  respect  to  the 
axe,  the  equation  for  x  will  alone  be  wanted. 

When  the  figure  is  the  superficies  of  a  body  generated  by  the 
rotation  of  any  line  about  an  axis,  then  will  Y  =  0,  and  z^=:  0 : 
and  putting  le  =s  3*14159,  &c.  2  ity  will  denote  the  circumfer- 
ence of  the  generating  circle,  and  2  v*^  m  the  fluxion  of  the 
surface,  wherefore 

.-mjj  V  _^  flii,g»yafM       flu. yxu 

flu.SiryM        fla.yM 

When  the  figure  is  a  solid  of  revohition,  the  centra  of  gravity 
being  upon  its  axis,  we  have  y  ax  0,  z  &=  0 :  and  ity^  denoting 

the  area  of  the  circle  whose  radius  is  y,  and  ley^  x  =5  m  the 
fluxion  of  the  solid,  we  readily  find, 

^  .y   .    •    .         ""flu,  »y«i  fltt.  y  *»  ' 

Cob.  When  x  =  0,  y:::;0,  z  =  0;  that  is,  when  the  centre 
of  gravity  is  at  the  origin  of  the  co-ordinates,  the  equations  (I. ) 
will  give  pd  +  p'(f  +  p''df^+  &c.  =  0,  or  rf  +  rf'  +  d"  +  &c. 
=:0;  in  like  manner, d  +  D'  +  d"  +  inc. zz  0,  and 9+¥  +  J" 
4-  &c. =0 :  and  the  same  will  hold  with  respect  to  any  other  co- 
ordinates whose  origin  is  the  centre  of  gravity ;  that  is,  the  sun) 
of  perpendiculars  from  all  the  particles  affected  with  contrary 
signs  as  they  lie  on  different  sides  of  either  axis  is  then  equal  to 
zero :  and  consequently,  jjf  on  any  plane  passing  through  the 
centre  of  gravity  of  a  body  ^  perpendiculars  be  let  fall  from  each 
of  its  molecular,  the  sum  of  all  the  perpendicidar  distances  an 
one  side  of  the  plane  wiU  be  equal  to  the  sum  of  all  those  on  the 
other  side. 

109.  Prop.  The  position,  distance^  and  motion  of  the  centre 
of  gravity  ofamf  body  is  a  medium  of  t  lie  positions^  distances j, 
md  motions  (fall  the  particles  in  the  body. 


Chap.  III.]  Centre  of  Gravitif.  69 

First,  the  distance  of  the  centre  of  gravity  of  any  body  from  a 
given  plane,  is  an  average  of  the  distances  of  each  of  its  consti- 
tuent particles  from  the  same  plane  :  For,  let  ab  (fig.  1.  pi.  III.) 
be  a  body  whose  centre  of  gravity  is  g,  and  cd  any  plane,  from 
which  the  distances  are  to  be  estimated :  then  is  the  distance  of 
any  particle  SLsp,  beyond  the  plane  ab  (drawn  through  the  body 
parsolel  to  cd),  equal  to  pn  +  ^Hsspii  +  ck;  and  if  n  be  the 
number  of  particles  p  on  the  same  side  of  ab,  then  will  the  sum 
of  all  the  distances  |7H,  be  equal  to  the  sum  of  all  the  perpendi* 
cularsi'B,  added  to  all  the  distances  eh  or  gk,  that  is,  n  -  pn 
=:  («  •  gk)  +  (n  -oe).  Aghin,  let  p^  hea  particle  of  the  body 
between  the  parallel  planes  ab,  cDf  its  distance  from  the  plan« 
CD  will  be  equal  to  fi  —  Fp'  =  gk — fo';  and,  if  «'  be  the  num- 
ber of  all  the  particles  p^  of  the  body  between  ab  and  cd,  we 
shall  have  the  sum  of  all  their  distances,  that  is,  n'-  P^i  =  (n^* 
gk)  —  (w'-Fp^) :  Hence  {u'pu)  +  (n'-p'i)  =  («  +  »»0'  ©k  + 
(«.j9e)— (n«p/>')«  But  by  the  coroUar)' to  the  preceding  pro- 
position, the  sum  of  all  the  perpendiculars,  on  one  side  of  the 
plane  ab,  is  equal  to  the  sum  of  all  those  on  the  other :  conse- 
quently ««J9E  — n'-pp'ssO,  and  n*jpH  +  «'-jp'i=(n+iiO  GK; 
that  is,  GK  is  the  mean  of  all  the  distances  from  every  particle 
of  the  body  to  the  plane  CD.  And  the  like  may  be  shewn  of  any 
other  plane,  or,  of  the  body  in  any  other  position. 

Secondly,  the  motion  of  the  centre  of  gravity  is  an  average  of 
the  motions  of  the  several  particles  of  which  the  body  is  com- 
posed :  For,  suppose  the  body  to  have  moved  towards  the  plane 
CD,  its  centre  of  gravity  having  passed  from  G  to  g,  along  the 
right  line  gk,  and  the  body  itself  now  situated  as  in  ab*  Here, 
it  might  be  shewn,  in  the  same  manner  as  in  the  first  caise,  that 
[n  -|-  n')  gK,  is  the  sum  of  the  perpendiculars  from  all  the  par- 
ticles in  the  body  to  the  plane  CD :  consequently,  (n  +  r/)  GK 
-(«  +  n')  gK  =  (w  +  n)  Ggy  is  the  sum  of  the  approaches  of 

all  the  particles  towards  cp,  and  Gg  being  the  — -y  of  this  sum 

is  evidently  their  mean.  And  if  the  motion  of  G  were  along  a 
curvilinear  path,  the  same  conclusion  would  be  deduced,  if  we 
conceive  the  curve  to  be  separated  into  its  infinitely  small  ele- 
ments, and  the  motions  with  respect  to  each  determined.  The 
conclusion  will  likewise  be  the  same  although  the  body  may  have 
turned  round  some  centre  or  axis.  * 

This  property  of  the  centre  of  gravity  has  occasioned  it  to  be 

called,  by  some  authors,  the  centre  of  position ;  by  others^  the 

centre  of  mean  distances*    The  celebrated  French  mathematir 

cian  Camot,  in  his  Geometric  de  Position,  makes  use  of  the 

latter  term,  and  has  endeavoured  to  show  ^^  that  the  theory  of 

^'  this  centre  belongs  to  geometry,  and  that  it  would  be  very  ad 
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^^  vantageous  for  the  progress  of  tfaat  science,  to  re-establish  in 
^  this  respect  the  natural  order  of  ideas.^       • 

110.  Prop.  The  common  centre  of  gravity,  or  of  position^ 
of  two  bodies  divides  the' right  linedrdiwn  between  the  respective 
centres  of  the  two  bodies  in  the  inverse  rdtid  of  their  masses. 

Let  A'  and  b  (fig.  12.  [SI.  II.)  be  two  bodies  whose  centres  of 
grstvity  are  united  by  the  inflexible  line  ab,  then,  if  AG  :  GB  :  :  ii 
:  A,  G  will  be  the  comnfion  centre  of  gravity  of  those  two  bodies^ 
that  is,  if  G  be  duppoi  ted,  tho^e  two  bodies  actuated  by  the 
force  of  gravity  willbe  in  equilibrio  in  any  pbsition:  for, 
tiirough  G  let  the  vertical  line  cd  be  drawn,  on  which  let  fall 
the  perpendiculars  af,  be,  from  the  centres  of  gravity  of  thfe 
two  bodies,  then,  because  of  the  similar  triafigles  beG,  Apd, 
we  hkve  ag  :  gb  : :  af  :  be  : :  b  :  A,  whence  A'AF  iz.B-  B^. 
But  A  'AF,  is  equal  to  the  sum  of  the  products  of  alt  the  parti- 
cles in  A  into  their  respective'  distances  from  cd,  by  the  last 
prop,  and;  in  like  manner  b-be,  is  ^eqiial  to  the  sum  of  th^ 
products' of  the  particles  in  b  ihto  their  respective  distances; 
tiierefore  g  •  a*  af  =g  'B  •  be  ;  that  is,  the  sums  of  the  moi 
ments  of  the  forces  of  gravity  upon  i'and  b,  with  respect  to 
CD  are  equal.  If  a  'and  b  be  removed  to  any  other  position  as 
a;  b',  the  point  g  remaining  fixed,  it  will  appear  in  like  manneir 
that  g'a'qf=g-b'be:  so  that  G  is  the  centre  of  the  forced 
of  gravity  with  respect  to  A  and  bI,  that  is,  it  is  their  common 
centre  of  gravity.  In  a  m'Anner  but  v^ry  little  different,  G  ma^ 
be  shewn  to  be  their  common  centre  of  position  :  and  the  two 
bodies,  if  considiered  as  united  by  their  centimes  of  position  at  G^ 
'  \vill  then,  as  well  as  whert  their  centres  are  Separated  by  AB,  have 
the  Slim  of  the  perpendiculars  from  the  several  particles  On  one. 
side  of  any  plane  passing  through  G,  equal  t6  the  sum  of  all  the 
perpendic\ilars  on  the  odier  side  of  it. 

'  GoR.  The  centre  of  gravity  of  three  or  more  bodies  may^ 
hence/  be  found,  by  considering  the  first  and  second  as  a  single 
body  equal  to  their  siim  and  placed  in  their  common  centre  of 
gravity,  determining  the  centre  of  gravity  of  this'imaginary  body^ 
iand  a  third.  These  three  again  being  conceived  united  at  their 
^mmon  centre,  We  hiay  proceed,  in  like 'manner,  to  a  fourth: 
and  so  on,  ad.libitum. 

SCJIOWUI^. 

III.  It  may  not  be  altogether  useless  to  shew  that  the  centre 
of  gravity  of  thiree  or  more  bbdies,  as' determined  by  this  proi- 
pbsition  and  corollary,  will  be  the  same  by  whatever  steps  thfe 
process  is  conducted.  Let;  therefore,  «r,  ft,  c,  dendte  the  masses 
of  the  three  bodiea  placed  at  a>  b^  c  (fig;  2.  pi.  IIL);  and  let 
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G  be  die  centre  of  gravity  of  a  and  b  :  make  eg  :  Ec  : :  c  : 
a  +  A,  and  draw  aef  ;  dien  jp  will  be  ihe  centre  of  gravity  of  b 
and  c; and  ab  :  ef  :  :b  +  c  :  a.     Draw  gd  parallel  to  bc,  and 

FH  parallel  to  ba  ;  then  will  AG  :  ab  ;  :  gd  :  bf  =  cp  •  —  = 

a  +  &,  BC  a  +  b 

GD  •  — r— ;  and  GE  :  eg  :  :  GD  :  cp  =;  gd  •  zz  gd 


OB  C 

wh^reifore,  b¥  :  cf  ;  :  -j—  : : :  c  :  6,  and  f  is  the  centre  of 

gravity  of  b  and  c.     Again,  cb  :  of  :  :  bg  :  Fif  =:  BG  •  — -  = 

BG  •  r— ;  but  AG  =  bg  -- :  and  FH  :  GA  :  :  t —  '  — '- :  a  :  o+c 

: :  £F  :  ak,  wtience  £  is  tli^  same  point  as  was  determined  from 
A  and  E.  From  this  the  same  may  be  sliewn  true  in  cases 
where  the  number  of  bodies  is  greater,  following  the  changes, 
itep  T)y  5tei).  Tlnjis,  in  4  bodies  a,  b^  c,  d,  the  order  tf ,  A,  c,  rf, 
will  j^ive  the  same  result  as  c,  a,  d,  h ;  since  (Oy  by  c,)  d,  is  sliewii 
to' give  the  same  as  (c,  a,  by)  d;  and  (Cy  Cy)  b,  d,  the  same  as 
(c,  a,J  dy  by  or  as  c,  Oy  d,  b.  j 

11 2.  If  the  particles  or  bodies  of  any  system  be  moving  nni" 
jQpnly  and  rectilineallyy  with  any  velocities  and  directions 
rchatever,  the  centre  of  gravity  is  either  at  resty  or  movea 
uniformly  in  a  right  line.  For,  let  one  of  the  bodies  as  c  O'g- 
,3.  pi.  III.)  move  uniformly  from  p  to  d  :  then,  g  being  the  cen- 
tre of  gravity  of  the  remaining  bodies,  join  Dg,  and  take  gE  to 
£Pi  as  Uie  mass  d,  to  the  sum  of  the  other  masses ;  then,  is  ge 
obviously  parallel  to  CD,  and  cD  :  GE  : :  a  +  B  &c. :  c,  ge  being 
in  this  case  the  path  of  the  common  centre.  And  thus  may  the 
Motion  of  the  centre  of  gravity  be  found,  which  would  be  pro- 
duced by  the  uniform  rectilinear  motion  of  each  body  in  the 
system.  Then,  because  each  corresponding  motion  of  the  ceji- 
tre  of  gravity  is  uniform  and  rectilinear,  tlie  result  of  the  whole 
^vill  be  either  a  uniform  rectilinear  motion;  or  no  motion 
at  all. 

Hence,  if  a  rotatory  motion  be  communicated  to  a  body  and 
it  be  then  left  to  move  freely,  the  axis  of  rotation  will  pass 
through  the  centre  of  gravity :  for,  that  centre,  either  remaining 
at  rest  or  moving  uniformly  forward  in  a  right  line,  has  no 
dotation. 

Here  too  it  may  be  remarked,  that  a  force  applied  at  the  centre 
rf gravity  of  a  bodyy  cannot  produce  a  rotatory  motion.  For 
every  particle  resists,  by  its  inertia,  the  communication  of  motion, 
and  b  a  direction  opposite  to  that  in  which  the  force  applied 
tends  to  communicate  the  motion;  the  resisting  forces,  therefore, 
'<^t  in  parallel  lines,  in  the  same  manner  as  the  gravitating  forces : 
^nsequently,  since  the  latter  balance  each  other  on  the  centre 
^^  gravity,  the  former  ivili  do  so  likewise: 


? 
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The  truths  thus  briefly  shewn  in  this  article,  are  often  dis- 
cussed more  at  lar^e ;  but  a  bare  statement  of  them  must  suf- 
fice in  this  place,  snice  they  fall  naturally  under  the  province  of 
Dynamics. 

1 1 S.  Prop.  To  find  the  centre  of  gravity  of  the  perimeter 
of  any  rt^ht-lined  figure. 

If  the  ngure  be  a  regular  polygon,  the  centre  of  gravity  of  its 
perimeter  will  be  the  centre  of  its  circumscribing  or  inscribed 
circle.  But  if  it  be  irregular,  we  conceive  the  particles  of  each 
line  to  be  all  placed  at  their  respective  centres  of  gravity,  that 
is,  at  the  middle  of  each  line  (107.),  and  proceed  thus.  Join 
the  middle  points  of  any  two  of  the  sides,  as  fb,  bc,  (fig.  4* 
1.  III.)  by  the  line  fb :  makey*6  :  g  &  : :  bc  :  bf,  or^^o  \jb  :: 
1  c  :  B  c  +  B  F,  and  g  will  be  the  common  centre  of  gravity  of 
the  two  sides  bc,  bf.  Then  join  gc,  c  being  the  middle 
point  of  a  third  side  CD;  fnake  gg'  :  cg'  ::  cd  :  bc  +  BFf 
and  g'  will  be  the  centre  of  gravity  of  the  three  sides,  FB,  BC, 
CD.  In  like  manner,  join  g'  and  the  middle  point  (2  of  a  fourth 
line,  and  find  the  new  centre  of  gravity  g^'  :  and  so  on,  for  all 
the  sides  of  the  figure. 

Or,  drawing  through  any  point  a  in  the  same  plane,  the  rect- 
angular co-ordinates  ax,  ay,  and  denoting  the  lines  fb,  bc, 
en,  &c.  by  j9,  y,  p'',  &c.  the  distances  of  their  middle  points 
from  A\,  by  </,  d\  d"y  &c.  and  the  distances  of  the  said  middle 
points  from  ay,  by  d,  d',  d",  &c.  we  shall  have  (108. 1.) 

__         __^pd  +  j/df  +  p"d*  +  &c.  __  po  +  j/d'  +  ffn"  +  &c. 

^  ""  ^^  ""       p  +  p'  +  j/'+  &c~'   Y  —  AH  —       p  +  p^  +  ^+&c.      ' 

Then,  drawing  hg%  ig'*,  parallel  to  ax  and  ay,  their  inter- 
section g"'  will  be  the  centre  of  gravity  required. 

114.  Prop.  To  find  the  centre  of  gravity  of  a  plane  triangle. 

Let  ABC  (fig.  5.  pi.  III.)  be  any  triangle:  draw  ae  from 
one  of  its  angles  to  the  middle  of  its  opposite  side,  then  will  AE 
•  divide  every  line  which  can  be  drawn  in  the  triangle  parallel  to 
BC  into  two  equal  parts;  consequently  the  surface  of  the  tri- 
angle is  symmetrically  disposed  with  respect  to  ae,  and  the 
centre  of  gravity  will  be  found  in  that  line  (107.).  For  alike 
reason,  if  from  any  other  angle,  as  c,  we  draw  CD  to  tlie  middle 
of  its  opposite  side,  the  centre  of  gravity  of  the  triangle  will  be 
somewhere  upon  that  line:  it  will,  therefore,  be  at  g  the  inter- 
section of  those  lines. 

Now,  since  the  points  d,  and  e,  divide  the  sides  ba,  bc,  of 
the  triangle  proportionally,  the  line  de  which  joins  them  must 
be  parallel  to  the  third  side  ac  :  hence  the  triangles  bde,  BAC 
are  similar,  and  so  are  the  triangles  gde,  gca.  Conse« 
quently,  on  :  gc  ::  ge  :  ga  ::  de  :  ac  ::  bd  :  ba  ::  i  :  2. 

Therefore  ag  ;=  yAB^  and  cg  =::  fcp,  also  bg  =  f  bf. 


• 
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Cor.  If  AB,  BC,  CA^  be  denoted  by  a,  bj,  and  c,  and  ag^  bg, 
C6,  by  m,  fif  and  r,  y/e  have,  by  a  well-known  theorem  in  geo- 
metry, the  three  following  equations : 

SAB*  +  AC*  =  2be*  +  2ae*,  i.e.  a*  +  c*  =  Ji*  +  »m* 
AB*  +  BC*  =  2  CF*  +  2bF%  a*  +  6»  =  |c*  +  3:»* 

AC*  +  bc*  =  2  AD*  +  2CD^  c*  +  6*  =  la*  +  |r* 
Adding  together,  these  equations  and  clearing  them  of  fractions, 
there  results  a*  +  6*  +  c*  =  3w»*  +  3/i*  +  3r*;  which  gives 
diis  curious  theorem :  In  any  plane  triangle  the  sum  of'  the 
squares  of  the  three  sides,  is  equal  to  thrice  the  sum  of  the 
squares  of  the  distances  of  each  of  its  angles  from  the  centre  of 
gravity. 

Cor.  2.  From  the  three  equations  in  the  preceding  corollary, 
we  readily  find  mss^  \/2tf»  +  2<j«  —  6«,  w  =  J.  \/2a*+  26«-c«,  and 
r  =  -j-i/ai*  +  2c*  -  a« :  by  means  of  which  the  distance  of  the 
c^tre  of  gravity  from  either  angle  of  any  given  triangle  may  be 
floon  found, 

115.  Prop.  To  find  the  centre  of  gravity  of  a  trapezium. 
Let  ABCD  (fig.  6.  pi.  III.)  be  any  trapezium.  Divide  it 
into  two  triangles  by  the  diagonal  AC :  find  their  centres  of 
gravity  h  and  i,  by  the  last  proposition ;  then  join  ih^  and 
make  lo,  to  gh,  as  the  triangle  abc,  to  the  triangle  ado,  and 
Q  will  be  the  centre  of  gravity  of  the  trapezium. 

Or,  divide  the  trapezium  into  two  other  triangles  by  the  dia^ 
gonal  bd;  find  their  centres  of  gravity  e,  and  f,  and  draw  ef^ 
Then  the  centre  of  gravity  of  the  trapezium  must  be  in  the  line 
Hi;  and  it  must  likewise  be  in  the  line  ef;  consequently  it 
must  be  in  6  their  point  of  intersection. 

When  two  sides  of  the  quadrilateral,  as  ad  and  bc,  (fig<  7. 
pL  lil.)  are  parallel,  the  centre  of  gravity  is  somewhere  upon 
the  line  kl  joining  dieir  middle  points  :  and  it  is  sotnewhere 
upon  the  line  ef  joining  the  centres  of  gravity  of  the  two  com- 
ponent, triangles  ABO,  cbd:  it  is,  therefore,  at  g  the  point 
of  intersection^  of  ef  and  kl.    And  in  thb  case  kg  =  -f  kl^ 

»H-  AD 

i»  +  AL*  ^ 

For,  drawing  the  lines  Be,  f/*,  parallel  to  ad,  bc;  since 
EL  m:  j-BL,  and  .X.F  =s  ^KD,  we  have  Ee  =  ^bk  =:  ^bc,  and 
vf^  f  LD  =  ^AD*  Also  he  =  ^KL,  and  k/'=  4-kl.  Whence 
^*SB  ^KL.  Now>  the  similar  tnangles  Ges,  g/f  give  se :  Ger :: 
f/:  of,  therefore  Be  +  Ff:Qe+  of::  vf:  of-,  that  is,  fBC+ 

yAB:|.kl  ::|ad :  0/*=  t5ill£.     Hence  then,  kg  =  k/*  +/g 

*  BC4-A9  *  BC4-4LD  *  BK+AL 

116.  Thus  also,  to  find  die  centre  o^  gravity  of  the  area  of 
^y  rectiUoear  figorei  divide  it  into ,  tnangles^  and  find  tbeii' 
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jespfictive  Cjcntres  of  gravity,  by  art.  1 14.  then  conceiving  each 
of  ihc  triangles  collected  into  their  respective  centres  of  gravity, 
.their  comn^pn  centre.of  gravity  may  be  found,  either  by  the 
method  described  in  art.  111.  or  by  the  tlieory  of  moments 
(equa.  I.  1,08.) 

Ml.  Prop.  To  find  the  centre  of  gravity  of  any  triangular 
pyramid. 

Let  ABCD  (f]g.  8.  p}.  III.)  be  a  triangular  pyramid :  op  one 
of  its  faces,  as  bcj?,  ^x^y^  pi  from  tli^e  angle  d  to  the  middle  of 
its  opposite  side  bjc  ;  sejt  off  ly  =  -fiD,  and  y  will  ( 1 1 45.)  be  th^ 
centre  of  gravity  of  that  face.  From  a  the  vertex  of  the  pyra^ 
mid,  draw  Ay,  and  it  will  pass  through  the  centres  .of  gravity  of 
every  section  of  the  pyramid  parallel  to  bco:  consequently,  il 
wHl  pass  through  the  centre  of  gravity  of  the  pyramid.  Again^ 
on  the  face  a^c,  draw  ai  from  a  to  Uie  middle  of  the  pppositQ 
side ;  set  off  \g  =  -f-iA,  and  join  ^d  :  the  centre  of  gravity  of 
the  pyramid  will,  it  is  obvious,  be  found  uppn  ibis  Une  jedso. 
But  the  two  lines  Ay,  dz,  being  both  in  the  plane  of  tlie  tri- 
angle  adi,  must  mtersect  each  other,  and  G  their  point  qt  inter^ 
section  must  necessarily  be  the  centre  of  gravity  of  the  pyranud. 

Now,  if  we  conceive  gy  drawn,  it  will  be  parallel  to  Aig, 
since  i^ :  ia  ::  ly  :  id:  hence  the  triangles  GgYf  ^^^9  are  simi^ 
lar,  and, 

Gg :  GD  ::  Gy :  GA  ::  gy :  AD  ::  1 :  3. 
Therefore,  Gg  r=  ^gd  ==  ^gv ;  Qy  =  4-AG  =  ^Ay^  Sep. 

Cor.  1 .  If  AB  be  put  =:  a,  ax:  =  b,  ad  n  c,  bc  =  c?,  bd  =:  e, 
CD  ^^fr  and  the  distances  from  the  angles  to  the  centre  of 
gravity,  ag  =z  m,  bg  =  72,  CG  ;=  r,  dg  =  5:  theq.  by  a  welt 

known  theorem,  Ai^  =  - r =  —       ?  t;   and,  by  tlifs 

same,  or  =  — '^  :  again,  since  AG  =  jAy,  we  have  AG* 

at  p.  128.  Simpson's  Select  Exercises.)  Substituting  in  this 
expression  the  literal  values  of  Ai,  Dy,  &c.  and  reducing,  we  at 
length  obtain  AG*  =  ^y  (stflTW+s^-  rf«+c«+/'»  )•  A  like  equa- 
tion being  in  the  same  manner  deducible  for  bg%  cg*,  dg%  we 
have  the  following  general  theorem :  In  any  triangular  pyramid 
the  distance  of  any  one  of  the  angles  of  thepyramidf  Jrom  the 
centre  of  gravity y  is  equal  to  one-fourth  of  the  square  root  of 
the  difference  oj  thrice  the  sum  of  the  squares  of  the  three  edgesi 
meeting' at  that  angle,  and  the  sum  of  the  squares  of  the  other 
three  edges. 

CoR.  2.  Adding  together  the  four  equations  found  by  the 
preceding  corollary,  viz. 
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AG*  =  ,!y  (Sab*  +  Sac*  +  3 ad*)  -  tV(bc*  +  bd*  +  cd*) 

BO*  =  -^(SbA*  +  Sac*  +  3BD*)  -  T%(AC*  +  AD*  +  CD*) 
QG*  =  iV  (3CA*  +  3CB*  +  SCD*)  -  tV  (aB*  +  AD*  +  BD*) 
DG*  ==  T%  (3 AD*  +  3DC*  +  3BD*)  -  -^  (AB*  +  AC*  +  BC*) 

there  arises  the  following: 

AG*  +  BG*  4-  CO*  +  DG*  =  J  (AB*  +  AC*  +  AD*  +  BC^  +  BD*  . 
+  CD*). 

That  is,  the  sum  of  the  squares  of  the  distances  from  the 
angles  of  any  triangular  pyramid  to  its  centre  of  gravity,  is 
equal  to  a  fourth  of'  the  sum  of  the  squares  of  the  six  edges  of 
the  pyramid. 

These  two  corollaries  are  manifestly  analogous  to  those  of 
art.  114. 

Cor.  3.  If  die  sides  of  the  base  are  equal,  as  bd  =  bc  =  CD, 
we  have  ag*  =  -^  (ab*  +  AC*  +  ad*  —  bc*). 

Cor.  4.  If,  moreover,  ab  =  ac  =  ad,  then  AG*  =  A  (^ab* 
-bc*).    , 

Cor.  5,  If  all  the  edges  of  the  pyramid  are  equal,  we  have 
for  the  regular  tetraedron,  AG*  =  bg*  =  CG*  =  dg*  =  |ab*, 
whence  AO  =  ^ab\/6. 

Cor.  6.  A  pyramid  whose  base  is  any  polygon,  will  have  its- 
centre  of  gravity  upon  the  line  drawn  from  the  vertex  to  the 
centre  of  gravity  of  the  base,  and  at  the  distance  of  |^  of  its  length 
from  its  vertex.  Which  will  l^e  sufficiently  obvious  if  it  be  con- 
sidered, that  any  such  pyramid  is  composed  of  triangular  pyra- 
mids^ whose  centres  of  gravity  all  lie  in  one  plane  parallel  to  the 
base ;  consequently  their  common  centre  of  gravity  must  be  in 
the  same  plane,  and  must  likewise  be  in  the  line  drawn  from  the 
vertex  to  the  common  centre  of  gravity  of  all  the  triangles 
which  constitute  the  base. 

118.  Prop.  To  find  the  centre  of  gravity  of  a  circular  arc* 
From  the  middle  point]  of  the  proposed  arc  mam^  (fig.  9. 
pL  III.)  conceive  the  line  ac  drawn  through  c  the  centre  of 
the  circle,  on  which  let  ap  be  denoted  by  x,  the  variable  ordinate 
PM  by  y,  add  the  I'adius  ac  of  the  circle  by  r,  the  half  arc 
being  denoted  by  z.  Then  accounting  a  the  origin  of'  the  co- 
ordinates, since  the  curve  is  symmetrical  with  respect  to  ac, 
wc  need  only  make  use  of  the  equation  (108.  IV.)  which,  sub- 

stitutiog  z  for  m  will  beconie,  x  = Now  the 

equation  expressing  the  relation  between  the  rectangular  co-or- 
dinates of  a  circle  is  j/?=2r^  — x* ;  by  means  of  which  we  have 

*  Htr(*»  as  well  as  in  the  subsequent  parts  of  this  work,  we  make  the  cha- 
racter/denote  the  fluent  uf  the  expression  which  standi  aftei  it. 
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TTTT- — 57     The  fluent  of  thia  is  x  =  —{;«--V)=sr— 

•i^ :  which  needs  no  correction,  because  when  y  =  0>  2;  s  0* 

Hence  then,  g  being  the  centre  of  gravity,  we  have  AG  =  r  — 

-^  3=  AC —.    Consequently  CG  =  AC  —  AG  —  "  ^    r  that 

is,  /Ad  distance  oftlie  centre  of  gravity  (f  a  circtdar  arc  from 
its  centre,  is  a  fourth  proportional  to  the  arc,  the  radius,  and 
the  chord  of  the  arc. 

Cor.  1.    When  the  arc  is  a  semicircle,  the  chord  is  double 

the  radius,  and  cc  ^^-[^m  =  d^=  '^^^^^  ''• 

Cor.  2.  When  x=2  r,j/=0,  and  consequently  cG=:-^sO; 

that  is,  the  centre  of  gravity  coincides  with  the  cenire  of  die 
circle ;  as.  is  sufficiently  obvious  independent  of  the  fluxionai 
process. 

119.  Pro!p.  To  find  thtcentre  of  gravity  rf  a  cwcutars^* 
vunL 

^  Let  MAM^p  in  the  figure  last  referred 'to  be  the  seguEmi 
proposed,  and  let  the  parts  be  denoted  as  before*    Here  we 

t^e  the  first  of  the  equations  (108.  V.),  that  is  x=s— ~2L» 

where  m  denotes  the  area  of  apm.    Now^  sincey se i/  3f«<*s*p 

we  have  xm  :=^Jxyx  ^f^x  i/SJIJass — - — ^  ^    +  rM  : 

this  divided  by  m  gives  x=:AGs=r— -2!!— — cA— 5 ~.  Con- 

1  PM3  mm* 

sequently  CG  =  ^ =:  -ttl ^— • 

*-  '^  3  area  APM      ISareasef. 

Cor.  When  tiie  segment  becomes  a  semicircle^  we  bave 
M'M=2r,  and  cG  =3555154 =-*2441  r. 

120.  Prop.  Tofind  the  centre  of  gravity  of  aMfpanAobu 

Here  the  general  equation  is^  =s;r  -f* «      .     And  by  sidH 

fn^l 

^^   ^.        tLn.xyi       •^  i         i        «+l  v 

•tltUtlOn  3 r-  =?  ^  ss r  X  JTZTX. 

flu.  y*  r      »  n+2 

J  t  i      ^ 

Cor.  1.  If  n=i:,  which  is  the  case  in  the  common  or  Apot 
Ionian  parabola,  ^^^-^ss?-^-  That  is,  ag=:|  ac.  (fig.  10.  pi.  IIL) 

CoR.  2.  If  n=  1,  the  figure  becomes  a  triangle^  and  then  AQ 
^yX :  which  agrees  with  art.  114. 

121.  Prop.  Tofindthecentreof  gravity  of  any  scniifior^i' 
tola. 
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In  this  case  tbe  distance  on  the  absciss,  or  the  value  of  x  is 
determined  by  &e  foregoing  problem ;  we  have  now  to  find  Gg 
(fig.  10.  pi.  in.) :  in  order  to  which  we  take  the  second  equa- 

flu.  ifl  i       ' 

tion  (108.  V.)  Y  =      J    .     By  substituting  for  j/*  in  the  nu- 
merator  of  this  expression,  its  value  in  the  equation  of  the 

Ms  X 

curve,  we  have  ym  =  / — -^^    ,  which,  by  the  known  rules 

for  the  determination  of  fluents  is  :i:^*  X  f— 2~t)>  where 

A  =  AC  the  height  of  the  parabola.    And  this  when  ,x  ==  h,  be- 
comes ^  X  -T — r  :  wherefore,  dividing  by  m  =  ■  w« 

-      .      ^  (n-f-l)CD 

obtain  Y  =ss    "  =  G^. 

Cor.  1.  If  n  =  ^  as  in  die  common  parabola,  og  =  ^CD* 
Cor.  2.  In  the  triangle,  where  n  =  1,  g^  =  j-  cd. 

122.  Prop.  Tofind  the  centre  of  gravity  of  the  segment  of 
a  spheroid. 

Here  the  figure  may  be  divided  into  two  parts  symmetrical 
with  respect  to  the  axis^:  so  that  if  we  account  the  vertex  A  the 
origin  of  the  co-ordinates,  we  shall  need  the  equation  for  z 
(108.  VII.).  Let  the  fixed  axis  of  the  spheroid  be  called  a, 
the  revolving  axis  c,  then  the  equation  of  the  curve  is^  =? 

-^  X  {ax-^y.  consequently  ii;;;^rr=  y  (^  _  ^) .  V 

^  Jot*— }x*  ___  4a-33?        

Cor.  1 .  When  the  segment  becomes  a  hemispheroid,  x^^\a^ 

and  gj^r-  X  =|a:  for  the  distance  of  the  centre  of  gravity 

.from  the  vertex,  therefore  |  a;  is  its  distance  from  the  centre  of 
the  base. 

Cor.  2.  When  c  =  <x,  the  spheroid  becomes  a  sphere,  and  as 
the  theorem  is  independent  of  r,  it  is  alike  applicable  ta  l^oth 
solids,  and  to  their  corresponding  segments. 

Cor.  3.  Since  the  equation  to  the  hyperbola  is^*— —  (or 

+ 1*)  which  differs  from  that  to  the  ellipsis  only  in  the  sign  of 

the  second  term,  we  get  by  a  similar  process  -g — —  x,  for  the 

^istance  of  Ae  centre  of  gravity  from  the  vertex  of  a  hypeAo- 

loid. 

12S.  Prop.  To  find  the  centre  of  gravity  of  a  sector  tf 
« if  here. 
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A  spheric  sector  may  be  <;onsidiered  as  a  solid  6f  rotation ; 
for  it  may  be  generated  Iby  the  rotation  of  a  circular  ^ctor : 
thus,  in  fig.  9.  pL  III.  if  the  dirciilar  sector  oWa  m&ke  a  com- 
plete revolution  upon  AC  aa  an  axis,  it  wilf  describe  the  splieric 
sector  oiF  which  cmam'  will  be  a  section.  Tliis  solid  Is  composed 
of  a  spheric  segment  and  a'  6oi^e  :'  the  centre  of  gravity  of  the 
first  of  these  we  suppose  at  g,  that  of  the  second  at  g.     If  ap 

bfe  denoted  by  :t,  aud  AC  by  r,  we  shall  have  AGf  =      _^   jr, 

and,  the  cone  being  a  kind  of  pyramid,  eg"  n  4  CP  =  |^  (r  —  x)  : 

consequently  i^  =  ac  —  c^  =  ""I""*  ^^*  ^  denote;  as  before/ 

the  ntimber  3*1 4 1593,  and  by  well  known  thieorems  the  solid' 
contents  of  the  respective  figures  will  be  thut  expressed :' 
The  content  of  the  spheric  sector  =  f^r  ^x, 

the  segment      .     =: -J^r*  (3r  — x.) 
the  cone    ..     ^     =4*  (2rj?— a:*). (r. —  :'*).. 
Now,  if  we  conceive  each  solicl  to  be  ebndi&used  into  its  centre 
of  gravity,  we  must  first  take  the  sum  of  the  moments  with  re- 
spect to  X,  which  are. 

For    the    segment,   •J9r'.r*(3r— 2jr)  J^^,  •*"  =*  t^-*^'-  — j"* 

the  cone    •    f  it  (2rx — x^).  (r — x)  — r— . 

Then,  dividing  the  sum  of  these  moments  by  tlie  siiin  of  the 
masses,  or  -f-  ^r  r^or,  the  content  of  the  sector,  We  shdl  have 
^^i»«(8r-3x)^Har-.)-(r-.).(3x^r)  ^  ^^r+S^);  an ^qua^ 

tion  expressing  the  distance  of  the  centre  of  gravity  of  the  spheric 
sector  from  A  the  centre  of  its  base. 

SCHOLIUM. 

124.  Since  the  knowledge  of  the  position  of  the  centre  of 
gravity  in  any  body  or  system  of  bodies  is  of  v^ry  great  import- 
ance in  almost  every  part  of  Mechanics,  we  have  thought  it 
right  to  be  tolerably  copious  in  the  discussion  of  this  subject  f . 
and  have,  therefore,  given  instances  of  various  methods  of  ascer- 
taining the  situation  of  the  centre  of  gravity,  one  or  other  of 
which  may  be  applied  in  most  cases  which  can  arise.  To  save^ 
however,  the  trouble  of  a  distinct  investigation  in  some  in- 
stances which  often  occur,  we  may  now  state  in  addition  to  tEe 
preceding  propositions,  a  few  known  result*. 

1.  In  a  circular  sector,  the  distance  from  the  centre  of  the 

circle  is  -^  ;  where  a  denotes  the  arc,  c  its  chord,  and  r  the 

radihs. 

2.  The  centres  of  gravity  of  the  surface  of  a  cylinder,  of  a 
cone,  and  of  a  conic  frustum,  are  respectively  at  the  same  dW 
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stances  from  the  orinn  as  are  the  centres  of  gravity,  of  the 
parallelogram,  triaQgle,  ainl  trapezoid,  which  are  vertical  sec- 
tions of  the  respective  solids. 

3.  The  centre  of  gravity  of  the  surface  of  a  spheric  segment 
£s  at  the  middle  of  its  versed  sine  or  height. 

4.  The  centre  of  gravity  pf  the  convex  surfiure  of  a  spherical 
zone,  is  in  the  middle  of  that  portion  of  the  axis  of  the  sphere 
which  is  intercepted  by  the  two  bases  of  the  zone. 

5.  In  a  cone,  as  well  as  any  other  pyramid,  the  distance  from 
ihe  vertex  is  |  of  the  axis. 

6.  In  a  conic  frustum,  the  distance  on  the  axis  from  the 

centre  of  the  less  end,  is  ih  .  — = 4-:  where  h  denotes 

Ae  height,  and  r  and  r,  the  radii  of  the  greater  and  less 
ends. 

7.  The  same  theorem  will  serve  for  the  frustum  of  any 
regular  pyramid^  taking  R  and  r^  for  the  sides  of  the  two  ends. 

8.  In  the  paraboloid,  the  distance  from  the  vertex  is  •§•  of  the 
uis. 

9.  In  the  frustum  of  the  paraboloid,  the  distance  on  the  axis 

from  the  centre  of  the  less  end,  is  \h  .  — \ — s — ^^r  where  A 
denotes  the  height,  r  and  r  the  radii  of  the  grater  and  less 


Of  the  Centrobaryc  Method. 

■ 

Among  the  several  uses  to  which  the  doctrine  of  the  cen- 
tre of  gravity  may  be  appropriated,  one,  which  for  its  elegance 
and  simplicity  deserves  being  mentioned  here,  is  that  which 
is  called  the  Centrobaryc  method,  and  by  which  the  mag- 
nitudes of  surfaces  and  solids  may  often  be  determined  with 
great  facility.  The  relation  between  the  centre  of  gravity 
tmd  the  figure  generated  by  the  revolution  of  any  line  or  plane, 
which  is  the  foundation  of  this  method,  was  first  distinctly 
ftated  by  Pappiis  in  the  preface  to  his  7  th  book :  but  it  was 
not  completely  discussed  till  the  time  of  father  GuUin ;  who, 
in  the  2d  and  3d  books  of  his  Treatise  on  the  Centre  of 
Gravity,  treated  this  method  very  fully,  and  exhibited  its 
tiblity  m  a  variety  of  examples.  The  doctrine  is  comprised 
in  the  following  proposition,  and  the  corollaries  which  naturally 
flow  from  it. 

125.  Prop.  If  am/  line^  right  or  curved^  or  any  plane 
figure,  whether  tt  be  bounded^  right  Una  or  curve$y  re* 
VOL.  I.  *       V 
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'  ... 

tohe  about  an  axis  ih  the  plane  of  thejlgure^  this  surface  or 
solid  'generated  will  be  respectively  equal  to  the  surface  or 
solid  whose. base  is  the  given  lineor figure,  apd its  height  equal 
to  the  arc  described  by  the  centre  of  gravity  of  the  said  generate 
ingline  or  figure. 

Xet  the  line  or  plane  bcd  (fig.  11.  pi.  III.)  be  that  b^ 
Whose  motion  a  certain  surface  or  solid  is  generated,  aiid  let 
aAR.  be   the  axis   about  which  the  rotation  is  performed: 
tibrougfa  a  the  centre  of  gravity  of  bcd  draw  abgd  perpendi- 
cular to  OR,  and  either  suppose  the  various  particles  in  bcd  to 
be  rrferred,  by  perpendiculars^  to  or,  or,  which  will  come  to 
the  same  things  estimated  upon  abd  by  lines  drawn  from  th^ 
aeveral  molecube  parallel  to  qr  ;  and  let  b  and  d  be  two  of 
those  reduced  pomts.    Now,  if  abd  after  performing  a  ro- 
tation, or  part  of  a  rotation^  be  brought  to  the  position  ABH^ 
SDHE  will  represent  the  figure  generated,  and  gf  the  path  of 
the  centre  of  gravity;  the  venerated  figure  being  equal  to  all 
the  BE,  GF,  dh,  &c.    But  the  arcs  be,  of,  dh,  &c.  are  similar 
(being  equal  parts  of  concentric  circles),  and  therefore  their 
aums  are  as  all  the  ab,  AO,  ad,  &c,  and,  by  art.  109.  these 
sums  are  as  so  many  times  ag:  consequently  the  sum  of 
all.  the  BE,  GF,  DH,  &c.  is  equal  to  as  many  times  fg,  or  equal 
to  BCD  X  FG ;  that  is,  the  figure  behd  is  equal  to  the  baser . 
drawn  into  the  path  described  by  its  centre  of  gravity,    a.  B.  D. 
The  same  thing  may  be  shewn  very  concisely  by  means  of 
the  two  values  of  Y  in  formulse  III.  and  V.  art.  lOS.    Annexing 
the  co-e£Scient  2r  to  hot  hnumerator  and  denominator  will  not 
change 'the  value  of  the  fractions:  they  may,  therefore,  be  ^f^x-^ 
pressed  thus: 

Jj^ y^ygyy* 

,  2«M*      •      •      •      •       •  g^^  • 

The  first  of  these  equations  expresses  the  distance  from  the 
axe  AX  of  the  centre  of  gravity  of  any  line:  a  simple  tmnsforin^ 

ation  gives  U9  2irrM=y2«yM,  wh^re  2itr  is  the  circumference 
of  which  T  i^  ^e  radius,  and  is  that  which  is  described  by  tht 
centre  of  gravity  of  m  if  that  curve  be  made  to  turn  about  ax  as 

an  axis:  tnofteoverJSiryM.  is  the  expression  for  the  area  of  the 
surface  which  is  generated  by  the  arc  M  during  this  rotation. 
Consequently,  the  surface  generated  by  the  rotation  of  nxif 
given  curve  about  an  axis  is  equal  to  the  product  of  the  ge- 
nerating arc  into  the  circumference  described  by  its  centra  oJT 
gravity. 

the  second  of  theile  formuhe  ^e  bav^  SvrMzry^^^j 


.idier^  if  we  f  uppoaa  a  revolutiaa  upon  the  axis  kx^  the  area  «f 
which  the  algetoiic  expretaion  10  m  oryx^  geoerates  a  soUi 

danoted  by/fiv^i,  ancl  the  centre  of  gravity  mill  describe  tile 
circumference  fvr.  Therefore  the  solid  generated  by  the  ifd- 
tation  of  any  jplane  figure  about  an  axis,  has  for  its  capacity 
the  product  of  the  generating  area  into  the  ciramferenee  dt- 
iKrwed  by  iti  centre  of  gravity. 

If  instead  of  Sisr  we  introduced  any  fraction,— ir^  into  the 

anmeraliors  and  denominators  of  the  same  formulae,  it  liroidd 
thence  be  equally  obvious  that  the  sfime  properly  was  applicable 
to  the  curve  suifaces  or  the  capacities  of  figures  generated  by  a 
pw-Qal  revolution  about  a  fixed  axis.  And  if  many  curvea  Qom-> 
prised  in  die  same  plane  generate  at  once  as  many  surface  and 
Solidsy  we  may  apply  the  same  proposition,  by  taking  the  cow- 
jmon  centre  of  gravity  of  the  system.  From  the  whoJje,:thep, 
we  may  ileduce  a  few  corollaries. 

Oox.  1.  If  the  (Ustance  of  the  centre  pf  gravity  of  any  line  or 
wnface  .from  die  axis  of  rotation,  and  the  magnitude  of  the 
line  or  surface  be  given,  the  value  of  the  surface  or  solid  gene- 
iBted  by  either  a  total  or  a  partial  revolution  may  be  foundi^  and 
consequently  any  two  of  the  three  being  given,  die  third  may  he 
easily  determined.  ;- 

Thus,  if  the  rectangle  whose  sides  are  m  and  n  revolve  upon 
in  as  an  axis,  it  will  generate  a  cyUnder  whose  altitude  is  m  and 
radius  of  its  base  n:  now  the  centre  of  gravity  of  the  rectangle 
will  he  at  the  distance  oi  in  from  i9t,  and  will  therefore  describe 
in  a  complete  rotation  the  circumference  ^  x  ^^rsvn ;  ccHpt- 
seqiiendy,  by  the  proposition,  mn  x  «*»,  =  vm7i%  is  the  ca*> 
pacity  of  the  .solid;  and  this  is  equal  to  icn*  x  m,  the  b^e  of 
the  cylinder  into  its  altitude,  as  it  ought  to  be. 

wAgain,  putting  h.  the  base  and  a  the  axis  of  a  semipara* 
bola,  which  by  its  rotation  generates  a  paraboloid ;  we  have  46 
for  the  distance  of  the  centre  of  gravity  of  the  semipai;abola 
from,  the  axis,  and  -f^  x  2«'  =  |6sr,  the  circum.- described  by 
the  centre  of  gravity:  and,  since- the  area  of  the  parajbola  is 
yO^y  we  have  ^ht  x  yub  =;i  i^&V,  for  the  cgnteiit  c^  tli^  para* 
•bol9id ;  which  is  manifestly  equal  to  half  the  circumscribiqg 
cylinder,  as  it  ought  to  be.  .  .        •      ^ 

For  another  example,  let  us  take  a  sphere  whose  radius  is  r, 
and  capacity  fir^,  being  generated  by  the  rotadoA  of  jthe  senu- 
circle  whos^  area  is  Jr^.  Here  ^1*  -r  hti*  =  Jr,.  the  cir- 
cumference described  by  the  centre  of  gravity ;  and^this  divided 

by  2r,  gives  -^ss  •42441  r,  for  the  distance  of  th^' centre  <tf 
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gravity  of  a  semicircle  from  its  centre :  f^reeiBg^itfi  the  resuh 
m  art.  119.  By  a  similar  process  the  Centre  of  gravity  mirf  be 
found  in  several  figuces^  oiore  easily  than  by  die  usual  direct 
method. 

Cob.  2«  If  the  generating  or  revolving  lines  or  surfaces  are 
equal,  but  the  distances  of  their  centres  of  gravity  unequal,  them 
the  gep^rated  surfaces  or  solids  will  be  directly  as  the  distances 
of  their  centres  of  gravity  from  the  axis  of  motion. 

Thus,  if  two  solid  rings  of  iron  have  both  the  same  thickness 
ct  metfljy  but  have  diflferent  diameters,  the  capacities  of  the 
rings,  or  their  weights,  will  be  as  the  arithmetical  means  be- 
tween their  respective  inner  and  outer  diameters. 

CoR.  3.  If  the  distances  of  Uie  centres  of  gravity  of  the 

generating  or  revolving  lines  or  surfaces  firom  the  axis  of 

'  motion  be  equal,  but  die  generating  lines  or  surfaces  unequal, 

•  dien  the  generated  surfaces  and  solids  will  be  as  the  generating 

jines  and  surfaces. 

^  Cor.  4.  If  neither  the  generatinff  lines  or  surfaces  nor  the 
distances  of  their  centres  of  gravity  mm  the  axis  of  motion  be 
eq^al,  the  generated  surftces  or  solids  vrill  be  to  each  other  in 
a  ratio  compounded  of  the  ratio  of  the  generating  lines  or  sur- 
faces, and  the  ratio  of  the  distances  of  their  centres  of  gravity 
firom  the  axis  of  motion. 

Thus,  for  example,  the  triangle  is  to  its  circumscribed  paral- 
lelogram as  1  to  2,  and  the  distance  of  the  centre  of  gravity 
of  the  triangle  from  its  vertex  is  ^  of  the  axis ;  but  the  d^nce 
of  the  centre  of  gravity  of  the  parallelogram  from  its  side  is  |  of 
Ae  other  side,  or  of  the  axis,  therefore  the  dbtance  of  the 
centre  of  gravity  of  the  triimgle  from  the  axis  of  rotation  is  to 
the  distance  of  the  centre  of  gravity  of  the  parallelogram,  as  4  to 
3.  So  tliat,  if  both  the  spaces  are  supposed  to  revolve  about  a 
'  line  touching  the  vertex  of  the  triangle,  and  parallel  to  its  baso> 
the  solid  generated  by  the  triangular  space  will  be  to  that  gene* 
rated  by  me  parallelogram  as  4  to  6,  or  as  2  to  S. 

Again,  the  common  parabola  is  to,  its  circumscribing  paral- 
lelogram as  2  to  3;  and  the  distance  of  the  centre  of  gravity 
of  die  parabola  is  to  the  distance  of  that  of  the  paralieiogram 
Vftom  the  same  point  of  suspension,  as  6  to  5 ;  wherefore  the 
^id  generated  by  the  parabola  is  to  that  generated  by  the 

'  lelbgram,  each  revolving  about  the  sadie  common  axis 
:  through  the  vertex  of  the  parabola,  and  parallel  to  its 

rse,  as  JL2  to  15,  or  u  4  to  5 :  and  consequendy,  the  solid 
Iterated  by  the  triangle  is  to  dtat  generated  by  the  parabola 
10  a  ratio  cpmpounded  of  the  ratios  of  5  to  4,  and  of  4  to  6; 
that  is,  of  20  to  24,  or  5  to  6. 
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After  a  similar  manner  may  the  value  of  any  surface  or  solid 
be  founds  and  diose  of  all  kinds  of  surfaces  and  solids  be  com- 
pared U^ether;  for  various  other  examples  of  which  we  may 
j-efer  to  Dr.  WaUi^s  Treatise  de  CaUulo  Ctntri  Gravitaiis,  Dr. 
Hution's  Mensuration,  and  SUme^s  Matiematical  Dictiinuary^ 
art*  CsNTAB  qf  Gravity. 
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On  the  Mechanical  Powers^ 


126.  Def.  a  machine  is  any  thing  that  serves  to  augment  or 
to  regulate  moving  forces  or  powers ;  or  it  is  any  body  destined, 
to  produce  motion  so  as  to  save  either  time  or  force ;  or,  vve 
may  in  general  apply  the  term  rnachmes  to  the  material  agents 
by  the  aid  of  which  forces  operate  one  upon  another,  and  which 
when  employed  to  second  the  efforts  of  certain  powers  enable 
them  to  overcome  others  which  m^y  be  more  con^derable. 

127.  Machines  are  distinguished  into  simple  and  compotmdp 
The  only  machines  which  we  think  can  be  strictly  called  simple, 
lire  the  lever ^  the  inclined  plane ^  and  cords:  it  has  been  cusr 
tomary,  however,  to  consider  as  simple  machines  those  of  which 
aU  compound  machines  are  found  to  be  constituted,  and  into 
which  when  their  combined  powers  are  estimated  they  must  be 
divided  in  the  investigation ;  these  are  in  number  six,  viz.  the 
lever^  the  wheel  and  aile^  the  pulley ^  the  inclined  plane,  the 
screw,  and  the  wedge.  These  are  most  commonly  known  by  the 
name  of  the  mechanical  powers.  In  all  these  the  mechanical 
advantage  arises  from  distributing  the  power  to  be  overcome 
among  the  different  parts  of  the  machine,  so  that  the  part  sus- 
tained by  the  contrary  power  shall  bear  but  a  small  ratio  to  the 
whole:  thus  a  power  incapable  of  comnmnicating  motion  to  a 
body,  or  of  supporting  its  pressure,  without  mechanical  assist- 
ance, may  effect  its  designed  purpose  by  transferring  a  part  of 
the  weight  upon  a  fulcrum,  distributing  it  among  a  system  of 
pulleys,  placing  it  upon  an  inclined  plane,  screw,  &c. 

If  8.  Forces  of  different  kinds  may,  it  is  obvious,  be  made  to 
operate  so  as  to  counteract  each  other's  effects,  b}  the  interven- 
tion of  machines:  as  for  example,  the  muscular  force  of  men 
and  animals  may  be  applied  to  machines  so  as  to  oppose  and 
counteract  the  force  of  gravity ;  but  in  any  such  cases,  since  the 
just  and  adequate  measures  of  these  forces  are  their  simultaneous 
effects  in  similar  situations,  the  theoretic  processes  must  be  con- 
ducted in  the  same  manner  whether  the  forces  exerted  are  unlike 
or  the  same,  as  when  the  force  of  gravity  soliciting  two  bodiea 
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causes  them  to  act  as  movuig  powers  by  means  of  their  weights. 
Hence  then,  whatever  is  shewn  to  obtain  with  relatiop  t*>  aii; 
two  forces  whose  effects  are  known,  while  their  nature  i<«  ui>« 
defined,  may  be  safely  applied  to  all  which  are  respectively 
«qual  and  operate  in  a  similar  manner,  whether  they  are  dead 
weights,  livitig  powers,  or  forces  existing  naturally. 

129.  In  the  theory  of  simple  machines,  and  indeed  of  ma* 
chines  in  general,  they  are  first  considered  as  in  a  state  of 
balanced  rest :  and  when  the  ratio  of  the  forces  is  ascertained 
which  by  the  intervention  of  any  given  machine  produces  such 
equilibrium,  it  is  manifest  that  a  slight  change  in  the  ma^tude 
of  either  of  the  forces,  or  in  their  points  of  application^  by 
causing  a  preponderance  on  one  side  or  other,  will  produce 
motion.  In  actual  practice  the  change  nciust  always  be  made 
in  favour  of  the  power  which  is  to  produce  the  motion :  and 
this  may  easily  be  accomplisbed  when  the  conditions  of  the 
equilibrmm  are  once  established.  When  forces  act  upon  each 
otner  by  means  of  machines,  they  meet  with  various  obstacles 
on  account  of  the  roughness  of  surfaces,  the  stiffness  of  corda^ 
&c.  which  if  introduced  at  the  commeqcement  of  our  investi- 
gations would  render  thi^m  very  embarrassing  and  intricate :  we 
therefore,  at  first,  suppose  surfaces  to  be  perfectly  smooth, 
cords  to  be  perfectly  flexible,  &c.  and  afterwards  blend  witb 
the  deductions  from  the  theory  those  which  have  resulted  from 
experiment  with  regard  to  these  obstacles.  Ab  to  what  relates 
to  the  disposition  of  powers  upon  machines  so  that  when  in 
motion  their  effects  shall  be  greatest  or  least,  it  is  a  distinct 
branch  of  the  theory,  and  falls  under  the  he^d  of  Dynamics.    . 

130.  Writers  on  the  subject  of  mechanics  have  often  at- 
tempted to  demonstrate  the  properties  of  the  several  simple 
machines,  by  means  of  a  celebrated  theorem,  which  is  this: 
fVhen  two  heavy  bodies  counterpoise  each  other  by  means  of 
any  machine^  and  are  then  made  to  move  together,  the  products 
o^each  mass  into  its  velocity,  or,  as  it  is  technically  expressed, 
the  quantities  of  motion  with  which  one  body  descends  and  the 
other  ascends  perpeTidicularb/f  will  be  equal*.  Since  an  equi^ 
librium  always  accompanies  this  equality  of  motions ;  it  bears 

♦  This  theorem  is  due  to  Galileo,  who  is  justly  reckoned  the  father  of 
the  science  of  Dunamics,  It  is  nearly  analogous  to  the  celebrated  princi- 
ple of  the  virtual  velocities ,  from  which  M.  La  Grange  has  deduced  many 
ingenious  and  elegant  solutionsof  some  difficult  problems  in  his  Micauique 
Analytique,  The  principle  is  thus  enunciated  :  "  Si  un  systSme  qutU 
canque  est  sollicitipar  des  puissances  en  equilibre,  et  qu'on  donne  d  ce  sys^ 
Umeun  petit  mouvement  quelconque,  en  vertu  duquel  dha^ue  point  parcottrt 
un  espace  injiniment  petit,  la  somme  des  puissances  mulltpliies  chacune  par 
VespQce  que  U  point  ot^  elle  est  appliquie  par  court  suivant  la  direction  ie 

'eftte  m^me  puissance,  sera  toujours  igale  i  zero  :  en  regardant  comnu  poji- 

•         •  .  ■    ..  . 
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siich  a  resembknee  to  the  case  wherein  two  moving  bodies 
stop  each  other  when  they  meet  together  with  equal  quantities 
of  motion,  that  many  have  thought  that  the  cause  of  an  equili- 
brium in  the  several  machines  might  be  immediately  assigned 
by  saying,  that  because  one  body  always  loses  as  much  motion 
'  as  it  communicates  to  another,  two  heavy  bodies  counteracting 
ieach  other  must  continue  at  rest  when  they  are  so  circumstanced 
that  one  cannot  descend  without  causing  the  other  to  ascend  at 
the  same  time,  and  with  velocities  inversely  proportional  to 
their  masses ;  for  then,  should  one  of  them  begin  to  descend,  it 
must  instantly  lose  its  whole  motion  by  communicating  it  to 
the  other.  But  this  argument,  however  plausible  it  may  seem, 
is  (as  Dr.  Hamilton  remarked)  by  no  means  satisfactory ;  for 
when  we  say  that  one  body  communicates  its  motion  to  another, 
we  must  necessarily  suppose  the  motion  to  exUt  first  in  the 
one,  and  then  in  die  other;  but  in  the  present  case,  where 
the  two  bodies  are  so  connected  that  one  cannot  possibly  begin 
to  move  before  the  other,  the  descending  body  cannot  be  said 
to  communicate  its  motion  to  die  odier,  and  thereby  make  it 
ascend :  but  whatever  we  should  suppose  causes  one  body 
to  descend,  must  be  also  the  immediate  cause  of  the  other^ 
ascending,  since,  from  the  connection  of  the  bodies,  it  must 
act  upon  them  both  together,  as  if  they  were  really  but  one. 
And  therefore,  without  contradicting  the  laws  of  motion,  we 
mipht  suppose  die  superior  weight  of  the  heavier  body,  which 
is  m  itself  more  than  able  to  sustain  the  lighter,  would  over- 
come the  lighter,  and  cause  it  to  ascend  with  the  same  quan- 
tity of  motion  widi  which  the  heavier  descends ;  especiaUy  as 
both  their  motions,  taken  together,  may  be  less  than  what 
the  difference  of  the  weights,  which  is  here  supposed  to  be 
the  moving  force,  would  be  able  to  produce  in  a  body  fall- 
ing freely.  For  these  reasons,  and  various  others  which 
might  easily  be  assigned,  we  are  of  opinion  that  all  proofs 
founded  upon  this  theorem  as  a  basis,  are  necessarily  unsatis- 
factory :  we  havei  neveitheless,  thought  it  right  to  nodce  it ; 
and,  as  it  may  serve  as  a  good  index  of  an  equilibrium  in  many 
machines,  and  admits  in  some  instances  of  a  useful  application, 

tifs  let  petiit  espaces  parcourus  dans  le  sens  des  puissances,  ei  comme  niga* 
tifs  les  espaces  parcourus  dans  un  sens  opposi.*^  This  principle,  or  rather^ 
universal  fact.  La  Grange  expresses  by  a  very  simple  forniala,  from 
which  he  deduces  his  whole  system  algebraicafly,  without  a  single  dia- 
gram :  a  mode  of  procedure  which,  though  it  displays  astonishiDg  anal?* 
lical  skill,  is  certamly  far  from  the  best  way  of  teaching^  mechanical  phi- 
losophy J  since  the  whole  may  be  gone  over,  without  either  a  distinct  or 
even  an  indistinct  idea  of  the  things  represented  by  the  symbols.  M.  Carnpt 
in  hjs  ^eometrie  de  Position,  pa.  339,  demonstrated  a  purely  ^metrio^ 
theorem  which  it  venr  umilar  to  Uiu  celebrated  mechanical  principle.    ■' 
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we  mij  li^pdn  refer  to  it  in  the  practical  part  of  this  Treatise.  Our 
present  investi^tioos  will  be  made  to  depend  upon  the  princi- 
ples of  equilibrium  explained  in  the  second  and  third  chapters. 

I.  Of  the  Lever. 

131.  Def.  a  lever  is  an  inflexible  bar  or  rod,  which  maybe 
lubjected  to  the  action  of  two  or  more  forces  or  powers,  at  dif- 
ferent points,  while  it  is  supported  ou  a  fulcrum  or  prop,  about 
which  It  may  move  freely. 

Of  levers  there  are  two  idnds  which  differ  essentially :  L  e. 
those  in  which  the  forces  act  on  contrary  sides  of  the  centre  of 
motion,  or  fulcrum,  and  th9se  in  which  they  act  on  the  same 
aide*    They  are,  however,  usually  distinguished  into  three  kinds, 
according  to  Uie  respective  dispositions  of  the  prop,  the  power, 
and  the  resistance*     In  levers  of  thej^rs^  kind;  the  fulcrum  is 
between  the  power  and  the  resistance :  such  are,  the  balance, 
steelyards,  scissars,  pokers,  pincers,  snuffers,  &c.    In  levers  of 
the  second  kind  the  resistance  is  between  the  fulcrum  and  the 
power :  such  are,  cutting  knives  fixed  at  one  end,  the  oars  and 
rudders  of  boats,  whicn  may  be  considered  as  having  tlieir 
fulcra  in  the  water,  doors  whose  hinges  serve  as  a  fulcrum,  Sac 
In  levers  of  the  third  kind  the  power  acts  between  the  prop  and 
the  resistance;  as  in  tongs, shears  for  sheep,  a  ladder  while  raising 
up,  &c«     This  too  is  the  kind  of  lever  which  is  found  most 
to  obtain  in  the  animal  functions :  for  the  muscles,  by  means 
of  which  the  bones  are  turned  upon  their  joints,  are  iusertecL 
much  nearer  to  the  centre  of  motion  tliau  the  point  in  ^hich  is 
the  centre  of  gravity  of  the  weight  to  be  rabed.    The  mecha- 
nical contrivances  in  different  parts  of  animal  frames  furnish 
a  verv  curious  and  interesting  topic :  but  as  we  cannot,  without 
widely  digressing,  enlarge  upon  it  here,  we  would  beg  to  refer 
to  Chapters  7  and  8  of  Dr.  Paley's  Natural  Theology,  where  it 
is  discussed  very  admirably. 

132.  Prop,  jiny  two  weights  actin^f  perpendicularly  upon  an 
horizontal  lever  (considereaas  void  of  ^avity)^  and  at  contrary 
^idesof  the fulcrum,will  balance  eachother  if  they  be  reciprocaliy 
proportional  to  the  distances  from  the  fulcrum  at  which  they 
act. 

Conceive  any  cylinder  or  prism,  as  ab  (fig.  12.  pi.  IllOy  hung 
hy  its  ends  to  die  inflexible  line  hi,  by  means  of  the  cords  ah, 
SI*  Now  if  the  whole  be  suspended  by  the  coixl  c  placed  in 
^  middle  of  hi,  it  will  remain  in  equilibho,  from  the  nature 
of  the  centre  of  gravity.  And  if  we  suppose  the  prism  divided 
i^  two  unequal  parts  by  a  vertical  plane  passing  through  i>, 
then  if  a  cord,  as  ed,  keep  the  parts  ad,  db,  in  ue  same  por 
#itioii  with  respect  to  hi,  the  equilibrium  will  not  be  affected. 
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Or,  if  instead  of  the  three  cords  ha,  ed,  ib,  the  two  pieces 
wfere  attached  to  the  line  hI|  by  cords  gl,  fm,  fixed  to  their 
middle  poii^ts  l,  m,  the  equilibrium  will  still  obtaiq,  in  like 
manner  as  at  first.  So  that  we  may  consider  two  heavy  bodietf 
AD,  and  DB,  suspended  from  the  terms  q,  and  f  of  the  beam, 
to  be  in  equilibrio  upon  the  fulcrum  c.  Here,  since  OE  =•}  eh, 
and  EF  =  j^  EI,  we  shall  have  gf  ==  |  Hi,  and  consequently  =s  ci ; 
whence,  taking  away  cf  which  is  common,  there  remains 
GC  =  Fi  =  fe.  Therefore,  adding'  ck,  we  have  ge  r:  or. 
Hence  then,  ge  :  EF  ::  fc  :cg::  2ge  :2ef  2:  ad  :db;  where- 
fore, convertendo,  go  :  cf  : :  the  weight  bd  :  the  weight  Ad. 
And  if  these  two  prisms  ad,  db,  were  reduced  to  cubes,  or 
spheres,  or  any  other  figures,  the  equilibrium  would  still  remain, 
provided  the  points  of  suspension  g  and  F  continued  tlie  same; 
whence  the  proposition  is  manifest.  Had  the  prism  ab  beeli 
supposed  laid  upon  hi,  the  steps  of  the  demonstration  would 
still  have  been  the  same. 

This  demonstration,  which,  in  our  opinion,  is  far  more  simple 
and  obvious  than  that  of  Archimedes  for  the  straight  lever,  is 
given  by  Galileo  in  his  Second  Dialogue  on  the  Resistance  of 
Solids.  It  appears  but  little  known :  tor  Dr.  Matthew  Youngs 
the  late  learned  bishop  of  Clonfert,  has,  in  his  Analysis  of  the 
Principles  of  Natural  Philosophy,  deduced  this  property  in  a 
manner  nearly  similar,  without  seeming  at  all  aware  that  the 
same  thing  had  been  long  since  effected  b^  the  illustrious  Hsa- 
nian  philosopher. 

133.  Prop.  When  three  forces  act  upon  an  infiexible  lever, 
€oid  of  gravity,  in  any  parallel  directions  in  the  same  plane,  and 
keep  it  in  equilibrio,  any  two  of  them  will  be  to  each  other  t^- 
versely  as  t/ieir  distances  from  the  point  to  which  fh^  third  force 
is  applied. 

This  proposition  has  been  already  demonstrated  in  Chap.  II. 
For  all  that  was  shewn  there  (in  arts.  71**.Bl.)  wuh  respect  to 
parallel  forces  in  one  and  the  same  plane,  ^ill  evidently  apply 
to  the  case  of  the  lever.  So  tliaf,  instead  of  repeating  the  de* 
moiiistration,  we  refer  to  those  articles ;  and  shall  here  deduce 
from  them  a  few  evident  corollaries  more  immediately  applir 
cable  to  what  is  before  us. 

Cor.  1.  If  two  weights  or  parallel  forces  balance  each  other 
npon  any  straight  lever  in  any  position,  they  will  balance  each 
other  in  any  other  position  of  the  lever  while  the  same  fulcrum 
is  retained :  for  in  this  case  the  fulcrum  corresponds  with  wliat 
is  named  the  centre  of  parallel  forces,  (art.  91^0 

CoR.  2.  In  the  straight  lever  of  the  first  order  (fig.  1.  pi.  IV«) 
■we  have  p  x  af  =:  w  x  bf,  and  the  pressure  upon  the  fulorum 
in  the  equilibrated  state  equal  to  the  sum  of  the  two  weights^ 
or  of  the  power  and  the  resistance  p  +  w.   .  • 
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Cor.  3.  In  the  straight  lever  of  the  second  kind  (fig.  ^,\  w^ 
hsve  likewiae  p*Ar  w  w«bf  :  but  the  pressure  upon  the  fulcrum 
»=  W  — p. 

Cor.  4.  In  the  straight  lever  of  the  third  kind  (fig.  3.),  p-ap 
ii  Ktin  r:w-BF :  but  the  pressure  upon  the  fulcrum  is  =:p  — w. 

Cor.  5.  If  a  given  weight  U  be  moved  along  either  arm  of  a 
jrtraight  lever  (as  fa.  fi^.  l.)ithe  weight  w  which  it  will  balance 
|U  s  on  the  other  arm  is  proportional  to  fa^  the  distance  from 
the  fulcrum  at  which  the  given  weight  acts.  Fpr^  in  the  case 
of  e(|uilibriumy  w*bf  ;=:  u*fa  ;  wherefore,  since  fb  and  u  are 
invariable,  w  a  fa. 

Cob.  6«  If  a  weight  w.  (fig.  5.)  be  placed  upon  a  lever  which 
is  supported  by  two  props  a  and  b,  in  an  horizontal  position, 
the  pressure  on  a  :  pressure  on  b  : :  bc  :  CA.  Or  pressure  upon 

W  '•  BC  ^«  W  •  AC 

A=:- .    Pressure  upon  b  = .  (art.  80.) 

CoR.  T.  Ip  the  common  balancfe  (fig.  4.  where  the  arms  of 
di0  lever  either  i^re  equal  or  ought  to  be  so,  the  weights  in  the 
two  scales  must  be  equal  also. 

CoR.  8.  In  the  false  balance,  where  arms  of  unequal  lengths 
are  made  to  balance  each  other  when  the  scales  are  empty,  ^Ae 
tme  weight  U  a  geometrical  mean  proportional  between  the  ap- 
parent  teeightSf 

For  if  X  be  the  unknown  weight,  w  the  weight  which  puts  it 
in  equUibrio,  x  and  iv  being  the  corresponding  arms  of  the  ba- 
lance, we  have  xx  =z  vfw.  If  we  put  the  weight  x  into  the 
basQn  at  the  eud  of  the  arm  w,  some  new  weight  as  w^  will  re- 
store the  equilibrium,  if  put  in  the  contrary  bason,  and  we 
^all  have  xwzzw^x.  By  multiplying  these  two^equations  to- 
gether we  obtain  x^xw  =z  ww'jrw,  whence  x  =:  v' wV. 

In  all  pas^s  where  great  accuracy  is  required,  we  may  apply 
|bis  rule  advantageously,  even  though  the  balance  be  thought 
correct  t  if  the  difference  between  the  apparent  weights  when 
tried  in  the  opposite  scales  is  but  trifling,  the  arithmetical  mean 
may  suffice.  . 

Cob.  9.  When  several  weights,  as  t,  r,  v,  w,  (fig.  6,)  keep  a 
lever  in  equilibrio  upon  a  fulcrum  f,  the  pressure  upon  that  ful- 
crum is  equal  tjot  t  H-  u  4-  v  +  w,  and  the  sums  of  the  moments 
of  the  weights  on  different  sides  of  the  fulcrum  are  equal,  i.  6, 

W  -AF+U  •  CF=T  -BF-I-T-  DF. 

CoR.  10.  If  a  straight  lever  be  kept  at  rest  by  any  number  of 
parallel  forces  acting  either  at  the  same  ot  different  points,  the 
Bimi  of  all  the  forces  acting  on  one  side  will  be  equal  to  the 
BUm  of  all  the  forces  on  the  other. 

SCHOLIUM, 
|.?4*  llie.  o)l)seryal3on  io  ^e  first  corollary  above^is  equally 
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appTicable  to  several  forces  as  to  two ;  that  is,  if  they  balance 
each  other  iu  aoy  one  position  of  a  straight  lever,  they  will  like- 
wise balance  in  any  other  position^  provided  the  fulcrum  is  not 
changed.  But  it  must  be  remarked  that  in  any  other  position 
than  that  in  which  ell  the  forces  are  perpendicular  to  the  lever, 
and  consequently  their  resultant  perpendicular  to  it,  the  lever 
will  have  a  tendency  to  slide  along  and  change  its  fulcrum, 
unless  prevented.  For,  since  it  is  evident  that  a  force  f  solicit- 
ing a  material  point,  or  body,  in  a  direction  perpendicular  to 
any  plane  ab  may  be  entirely  destroyed  by  die  resistance  of 
the  plane,  and  that  a  force  acting  in  the  same  direction  as  the 
plane  must  have  its  entire  effect  for  aught  that  depends  upon 
thfit  plane ;  it  follows  that,  in  order  that  when  a  single  force  acts 
upon  a  body  it  should  ^remain  immoveable,  this  force  must  be 
exerted  in  a  direction  perpendicular  to  the  plane  on  which  the 
body  is  supported.  If  any  other  force  as  f^  acting  obliquely 
should  be  affirmed  to  keep  &e  body  at  rest,  we  m^bl  resolve  k 
into  two,  the  one  in  the  direction  of  the  plane,  the  other jper<^ 
pendicular  to  it;  of  these  the  first  producing  its  entire  mM:tj 
the  body  must  move  in  consequence  of  its  action^  wUcbia  €0|]l-> 
trary  to  the  hypothesis* 

155*  Prop.  To  establish  the  equilibrium  on  a  straight  kver, 
having  regard  to  its  weight,  ^  \ 

When  we  take  tlie  weight  of  the  lever  into  our  investigation, 
we  may  consider  it  as  acting  at  its  centre  of  gravity;  or  in  levers 
of  the  first  kind  we  may  consider  the  weight  of  each  arm  of  the 
Jever  as  a  new  pow^r  acting  at  its  centre  of  gravity ;  and  in 
either  case  the  equilibrium  may  be  established  as  in  Qor.  9.  of 
the  foregoing  proposition.  Let  us  consider  each  of  the  levers 
as  prisms  or  cylinderii ;  then  will  their  centres  of  gravity  reside 
in  their  middle  points,  and  the  centres  of  gravity  of  the  arms  ip 
their  middle  points  estimated  from  the  fulcrum*  H^nce,  in  the 
lever  of  the  nrst  kind  (fig*  1  .pi.  IV.),  we  have  in  die  case  of  im 
equilibrium,  p- af  +  weight  af-^af:^:  wbf  +  weight  bf^|bp. 
In  the  second  kind  of  lever  (fig.  €.)  P  •  af=w  'BF  +  weight 
AF  *  i AF.  And  in  the  third  kind  of  lever,  (fig.  5.)  p  •  af  =w  ? 
BF  +  weight  bf  •  4^BF.  Here  we  have  supposed  throughout, 
that  the  forces  are  all  parallel  to  that  of  gravity* 

SCHOUUM. 

1 36.  As  it  is  often  requisite  to  pay  a  regard  to  the  weights  of 
levers,  we  shall  here  exhibit  a  few  algebraic  forniulae  for  eadi 
kind  of  straight  lever,  which  may  be  found  of  utility  in  various 
calculations. 

In  all  the  figures  (1,  2,  S,  pi.  IV.)  let  FA=j>,  and  fb=C9, 
ai^d  let  the  weight  of  the  lever  divided  by  its  lei^th  be  denoteil 
by  i7»;  then  will  m  represent  die  weight  of  a  u|Ut  of  ab^  in  thf 
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same  terms  as  p  and  w  are  expressed  in.    And  we  shall  have. 
Far  a  lever^of  the  first  kind :      vp  +  -j-mp'ss  wzs;  +  imw^* 

Ffom  which  we  get  (I.) .  .p  =  .^^i^'^'-J^P'   , 

(n.),.w='^^^^'"^""\ 

(111.)  .  .mtz.  — ir-^-^ — . 

(IV.)  •  .»  =:i\/(m9p»+2«Pp  +  ir«)  — ^W, 
•     (V.)- .l>  =  iv'(m«w«  +  2mww  +  p*)— iP. 

When  w  =  0 .  .(VI.) .  .p  =  Vf  "•+^)  ^  i^* 

Or,  when  p=0 . .  (VIL) .  .p  =  ^C^^^  l^"')' 

The  latter  formula  manifestly  has  place,  \i'hen  the  longer  arm 
of  the  lever  balances  the  shorter  arm  together  with  the  weight 
atlacbe4to  it:  so  that  p  has  no  proper  minimum  here. 

For  a  lever  of  the,  9tc(md  hind:  vp^YiW+imp\ 

Whence,  . . .  ,(i.)..  • . .  p  =  ^  +  -?^ 

•(ii.).;..w=l£ri=2!. 

^•.,  ^  2p/>— 3^p» 

(nL)  •  •  •  jn  =     ^  a  ~^*- 

(nr.)  •  •  •  •  9  =         '     — • 
(V.)  .  .  .  .p  =  — P  ±  —  v^  (F"-2mifw). 

,  When  Vfr^Qp  that  is,  when  the  power  just  sustains  the  lerer, 
we  have      (vL) . . ./)  =s  — . 

lo  this  case  it  is  evident  the  equation  for  p  is  susceptible  o(  9l 
mnimwia :  for,  adopting  the  fluxionary  process,  since 


P  =s j.-iL— 'vi^apxp      -f.  ^p^  YfQ  have 


r  »■ 


'— pr=w(q»'~  Pf  and  consequently  wh^n  p  la  9:  minimum 
vejiave 

viu)...pzzj-^.     ^ 
.   Fpr  a  kper  of  the  third  kind:  pp=:'viiW'i'imw\ 
Wherefore, . .  .(1.)  >  *  p  =  ^^•*'*'*    , 


we 
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'   *^       ^ .  . .  ^ 

(4). .  .tt?=:iv/  w«  +  2mj7>  — iW, 
When  wrrOy  or  the  power  just  sustains  the  levny 

have        (5.)  .  ..w^W{tn^)^J^. 

(6.)  •  .  .|)?: J— ^v 

Or,  when  the  power  ju9t  sustains  the  lever  aloi^e 

(7.)  •../>= -oT"- 

]  37.  Def.  The  Roman  statera,  or  steelyard,  is  a  lever  of  the 
first  kind,  having  unequal  arms ;  and  is  so  contrived  that  one 
weight  alone  may  serve  to  counterpoise  a  great  variety  of  other^ 
by  sliding  it  to  different  distances  from  the  point  of  suspen^A 
upon  the  longer  arm  of  the  lever. 

138.  Prop.  Up6n  the  steelyard  the  distances  at  which  the 
constant  ts>eight  must  be  hung  from  some  certain  point  nriU  vary 
as  the  weights  suspetidedfrom  the  shorter  arm. 

Let  w,  w^y  W\  &c.  denote  the  weights  which  are  susp^jided 
successively  from  b  (fig.  7.  pi.  IV.)  w  the  invariable  distzmce 
'B,  p,  p'yP^'yf  &c.  the  variable  distances  fb»  fd^  &c.  at  whicfaL 
the  constant  weight  p  must  be  hung  from  the  fulcrum  to  keep 
the  equilibrium:  let  also  n,  n^  denote  the  weights  of  the 
brachia  bf,  fa,  respectively,  t?,  W,  the  distances  of  their  centres 
of  gravity  from  f.  Then,  by  the  last  proposition,  we  have  these 
equations : 

wr£^+  Nn=pp+ N  V.  w^^«8?+N«=spp''+  nV. 

W'ejy+Nwsspy +nV.         w''''«p+nii=:pp'^'+nV,  &c. 
N6w  subtracting  in  succession  the  first  equation  from  the  second^ 
the  second  from  the  third,  &c.  we  thence  deduce,. 

Here,  if  the  >yeights  are  in  arithmetical  progression,  we  have 
If/— w==w''  — w'=w''''— w"',  &c.  consequently  p'—pz:;/?'" — 
//=p'^'— p'^&c.  that  is,  the  divisions  on  the  graduated  arm  are 
then  equal  to  each  other,  or  the  distances  from  a  certain  point 
on  the  steelyard  will  vary  as  the  weights  w,  w',  &c. 

The  beam,  with  its  appendages  of  scales  or  hooks,  is  either  so 
cqntrived  as  to  be  in  equilibrium  upon  the  point  f,  without  the 
M^eights  p,  w.  Sec.  or  so  that  the  arm  fa  when  both  are  un- 
loaded shall  preponderate.  In  the  former  case  f  is  the  point 
from  which  the  equal  divisions  on  the  beam  are  to  be  estimated : 
in  the  latter,  to  lind  the  point  where  the  divisions  are  to  com* 
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mence,  pfoci^d  thus.  Find  experimentally  the  point  c,  at 
which  *if  a  iiingle  weight  equal  to  the  constant  weight  p  be  sus- 
pendedy  it  will  keep  the  lever  at  rest ;  that  point  will  be  the  onfe 
from  which  the  graduations  must  be  measured.  For,  wlie!i 
w  and  p  are  suspended  upon  the  beam  and  the  whole  is  in 
equilibrio,  w  sustains  p  together  with  a  weight  which  would 
support  p  if  placed  at  c :  hence  ww=p/>  +p  •  fc,  or  w  •  bf  = 
p-DF+p«PC  =  P'  DC,  where,  because  bf  and  p  are  invariable, 
w  must  vary  as  DC. 

139.  This  instrument  is  very  convenient,  because  it  requires 
but  one  weight,  is  easily  carried,  and  the  pressure  on  the  ful- 
crum is  less  Uian  in  scales,  when  the  substance  to  be  weighed  is 
heavier  than  the  constant  weight.  But  when  the  constant  weight 
is  greater  than  that  of  the  substance  to  be  weighed,  the  pressure 
on  the  fulcrum  is  greater  in  the  steelyard  than  in  the  common 
biJance ;  for  virhich  reason^  together  with  the  foUowine,  it  is  not 
80  accurate  as  scales  in  detetmrning  the  quantity  of  small  weights. 
1st  Because,  the  length  of  the  beam  being  given,  the  arms  in 
^e  steelyard  will  be  shorter  than  in  the  balance,  whenever  the 
Mibstanice  to  be  we^hed  is  eaual  to,  or  less  than,  the  constant 
weight.  2(Hy,  The  balance  admits  of  a  liiore  nice  adjustment. 
Sdly,  The  subdivision  of  weights  for  the  balance  can  be  effected 
with  greater  precision  than  the  subdivision  of  the  arm  of  the 
steelyard. 

140.  Prop.  Any  two  forces  acting  upon  a  bent  lever  {consi^ 
dered  as  without  weight)  in  different  directions  but  in  the  same 
plane jareinequUibriOfWhenthe^ are  to  each  otiier  inverseb/as  the 
perpendiculars  let  fall  from  the  fulcrum  upon  their ^  directions. 

Let  the  two  powers  w,  p,  (fig.  8.  pi.  IV.)  act  upon  the  lever 
WFP,  whose  centre  of  motion  is  p,  in  the  directions  wm,  pi^ 
in  the  same  plane;  and  let  fm,  fLj»  be  the  perpendiculars  upon 
the  directions  of  the  powers :  from  f  as  a  centre  with  radii|s  fl 
equal  to  the  longer  perpendicular,  describe  a  circular  arc  inter^ 
sectiiq;  the  direction  of  the  force  w  in  b  :  and,  because  the 
efficacy  of  fordes  is  the  same  (32.)  to  whatever  points  of  their 
directions  they  may  be  applied,  we  may  conceive  the  two  forces 
applied  at  D  and  L.  Now,  the  forces  being  in  equilibrio  when 
acting  at  p  and  l,  may  be  conceived  the  same  in  effect  as  forces 
acting  at  the  periphery  of  a  wheel  dhl,  perpendicular  to  its 
radii  df,  lf,  and  preventing  it  from  turning  upon  the  centre 
F,  and  in  this  case  the  forces  acting  in  the  direction  of  the  cir- 
cumference at  their  points  of  application  must  manifestly  be 
equal.  Hence,  if  de  in  the  direction  of  w  represent  the 
magnitude  of  that  force,  and  be  resolved  into  the  two,  do  in 
the  directiou  of  radius  fd,  and  ge  perpendicular  to  it,  the 
line  OB  ^iU  represent  the  part  of  w  which  tends  to  produce 
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the  motion  on  the  centre,  and  is  therefore  eqaal  to  P*  Conse- 
quently, by  the  nature  of  equilibrated  forces  and  siinilar  triangles 
w:  p::  BE  :  eg:  :  df(  =  fl):  FM.     q.  s.  D. 

This  demonstration  is  the  same  in  principle  as, the  one  given 
by  Newton  in  the  Principia :  we  have  adopted  it,  because,  not- 
withstanding the  various  objections  which  have  been  urged 
against  it,  we  think  it  more  concise,  and  at  the  same  time  more 
satisfactory^  and  more  universal  in  its  applicfttion,  than  any 
other  isolated  demonstration  extant  llie  two  principles  as- 
sumed are,  1st.  That  any  force  w  will  have  the  same  energy  in 
the  direction  e  d  m  whether  it  be  applied  at  d,  w,  or  m  ;  a  truth 
which  cannot  well  be  denied  (art.  32.)  And,  2dly,  That  e^ual 
and  contrary  forces  acting  perpendicularly  to  any  two  mdu  of 
a  wheel  at  equal  distances,  will  prevent  it  from  turning  about 
its  centre :  and  this  presents  itself  to  the  mind  as  remarkably 
evident.  With  this  view  of  the  matter,  we  shall  not  here  attempt 
to  controvert  the  arguments  of  Dr.  Hamilton  and  others ;  who 
do  not  seem  to  have  attended  very  carefully  to  the  nature  of 
Newton's  demonstration  *. 

Cor.  1.  If  DW  and  pl,  the  directions  cf  the  forces  (figs»  9* 

10.  pi.  IV.),  be  produced  till  they  meet  at  s,  and  from  the  Mr 

crum  F  the  line  fi  be  drawn  parallel  to  the  direction  of  one  force 

till  it  meets  that  of  the  other ^  then  will  si,  if  represent  the  iwo 

forces,  and  ff  the  pressure  upon  thefulcrum. 

For,  if  SF  be  radius,  fm  and  fl  (perpendiculars  to  SD  and 
sp  respectively)  are  the  sines  of  the  angles  fsm,  fsl,  or  of  the 
angles  fsi,  ifs  :  hence  si :  if  : :  sin  sfi  :  sin  isf  :  ^.  fl  :  fm  ; 
and  therefore  the  forces  w  and  p  are,  by  the  proposition,  repre- 
sented in  magnitude  and  direction  by  si,  if,  and  (art.  d^.)  may 
be  supposed  to  be  applied  at  s.  But  the  diird  force  by  which 
the  equilibrium  is  sustained  is  represented  by  sf,  in  the  triangle 
sif  ;  and  that  third  force  is  (by  hyp.)  no  other  than  the  re-action 
of  the  fulcrum,  which  is  equal  and  opposite  to  the  pressure 
upon  it ;  consequently  that  pressure  is  denoted  by  sf* 

Cor.  2.  The  magnitudes  o/*w,  p,  and  the  pressure^  are  each 
as  the  sine  of  the  angle  formed  by  the  directions  of  the^  other 
iwo ;  or^  am/  two  of  them  are  inversely  as  the  perpendiculars 
let  fall  upon  their  directum  from  any  point  in  the  direction  of 
the  third*  So  that  these  deductions  coincide  with  what  hu 
already  been  demonstrated  in  arts.  82^  83. 8cc«  Ch.  II.  as  thej 
certainly  ought  to  do. 

*  They,  howerer,  who  are  desirous  of  seeing  this  demonstmtkm  de- 
fended against  the  usual  objections,  and  iis  application  to  the  case  of 
parallel  forces  acting  on  a  straight  lever  fully  shewn,  may  torn  to  my  pqwr 
on  this  subject  in  number  88  of  the  Reperi9r^  ^  Aris,  &c.,  or  to  the  ar- 
ticle Lbver,  inthe  PaR/o/ogt«. 
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Cor.  5.  Since  the  energy  of  the  powers  is  the  same  at  what« 
ever  point  in  their  respective  directions  they  may  be  applied,  a 
bended  or  an  angular  lever  may  be  reduced  to  a  straight  one, 
fnaking  an  invariable  angle  with  it,  and  the  powers  nday  there« 
fore  be  always  supposed  to  act  upon  different  points  of  one 
straight  line  passing  through  the  centre  of  motion. 

CoK.  4.  If  the  directions  of  forces  acting  upon  a  stra^ht 
lever  are  parallel,  and  keep  it  in  equilibrio,  they  will  be  inverse- 
ly as  dieir  distances  from  the  fulcrum,  either  both  measured 
along  the  lever,  or  both  et^timated  perpendicular  to  the  direc* 
tions.  This,  Aerefore,  agrees  with  what  has  previously  been 
shown  with  respect  to  the  straight  lever. 

Cor.  5.  If  more  than  two  forces  act  upon  a  lever,  there  will 
be  air  equilibrium  when  the  sum  of  the  products  aiising  from 
multiplying  each  into  the  nearest  distance  of  its  direction  from 
the  fnlcTum,  on  one  side,  is  equal  to  the  sum  of  the  products  on 
theodier. 

Cor.  6.  If  the  weight  of  the  lever  is  taken  into  the  account, 
that  of  each  arm  is  to  be  regarded  as  a  new  force  acting  at  its 
centre  of  gravity. 

Co  a.  7.  If  any  body  ab  (fig.  1 1.  pi.  IV.)  is  moveable  about 
its  centre  of  gravity  c,  and  two  forces  p,  p^,  act  upon  it  at  those 
points  id  the  figure  in  the  directions  pd,  po^  in  the  same 
plane :  then  joinmg  cp,  gp^  the  body  may  be  considered  as  a 
lever  pcp',  and  there  will  be  an  equiUbriumwhen  t^e  powers 
are  inversely  as  the  perpendiculars  upon  their  respective  direc- 
tions; that  is,  when  p  :  p' : :  cm^  :  dH. 

Cor.  8.  If  two  wei^ts  are  suspended  from  the  ends  of  an 
ancular  lever,  whose  fulcrum  is  at  its  angular  point,  the  whole 
will  be  at  rest  when  the  vertical  line  passing  through  the  ful- 
crum divides  the  right  line  joining  the  extremities  of  the  lever 
into  two  parts,  which  are  mversdy  as  the  weights  suspended 
from  the  contiguous  arms  of  the  lever. 

For,  let  the  lever  wfp  (tig.  1.  pi.  V«),tiaving  the  wights  W 
and  p  attached  to  its  extremities,  be  in  a  state  of  equilibrium ; 
the  directions  wl,  pm  of  the  forces  being  in  this  case  parallel, 
the  perpendiculars  fh,  vm,  form  one  straight  line,  and  {Cor.  3.) 
tL :  FM  : :  r  :  w.  But  the  vertical  line  ro  is  paralld  to  w& 
and  PM :  so  that,  if  i/fm  be  drawn  through  f,  parallel  to  WF^ 
we  shall  have  wo  (ss  l^f) : gp  (=;  fmO  : :  lf  :  pm  : :  p  :  w. 

Cor.  9.  If  the  arms  of  the  angular  lever  be  prisms  or  cylin* 
ders  of  uniform  matter  and  thickness,  the  weight  of  the  arm 
wp  being  denoted  by  w,  and  that  of  pf  hy  p^  then  in  the  case 
of  the  equilibrium  wg  :  op  : :  p  +  J/? :  w+  i^-  For  thb  is 
only  to  suppose  i  of  tho  weight  of  either  arm  to  act  at  double 
Ihe  distance  of  its  centre  of  gravity  from  the  fulcrum,  which  is 
VOL.  u  a 
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manifestly  the  same  in  effect  as  the  whole  weight  acting  at  the 
sipgle  distance. 

141.  Prop.  In  arty  combination  of  straight  levers  ab,  a'b', 
a'Ib^',  8cc.  whose  centres  of  motion  are  p,  f',  p'',  &c.  the  whole 
lying  in  one  direction^  the  ratio  (f  p  to  w  acting  in  the  same 
plane  at  their  extremities,  is  that  of  b'V'«bV-bp:  af-a'f^- 
a'V^ 

For,  let  the  forces  g,  q',  8cc.  (fig.  2.  pi.  V.)  acting  at  the 
points  b,  b^,  8cc.  in  directions  parallel  to  those  of  p  and  w,  be 
those  which  would  keep  each  lever  in  equilibrio:  then  (art.  132.) 

p  :  Q  : :  BF  :  AF. 

g  !  Q^:  :bV:  aV. 

Q':w::BV^A'V^&c. 
whence,  by  composition  of  ratios  p  :  w  : :  bp  •  b'f'*b''f"  :  ap- 
aV-a''f''.     q.  e.  1). 

CoK.  1.  The  pressure  upon  the  fulcrum  f=p+q= • 

the  pressure  upon  f'  =  a  +  g  = 1 — r^-* 

the  pressure  upon  p^'rr  g'-f.w=-wH — ~-  +   ^i,p,  ' 

Cor.  2.  If  p  and  w  act  in  different  directions,  as  well  as 
g,  Q^f  &c.  and  the  whole  be  in  equilibrio,  we  must  substitute 
perpendiculars  from  the  points  p,  f',  8cc.  upon  the  several  di- 
rections of  the  powers,  for  af,  fb,  &e.  in  the  original  propor'* 
tion. 

SCHOLIUM. 

142.  Before  we  close  our  discussions  respecting  the  lever,  it 
may  not  be  amiss  just  to  remark,  that  in  every  attempt  to  de» 
termine  the  advantage  gained  by  this  machine  peculiar  atten- 
tion must  be  paid,  not  only  to  the  directions  in  which  the  forces 
are  exerted,  but  to  the  points  on  the  lever  to  which  their  action 
is  to  be  referred.  Without  a  due  regard  to  these  particulars,  the 
mechanist  will  often  be  involved  in  error,  even  in  simple  cases 
where  there  m%ht  be  supposed  but  little  probability  of  mistake* 
In  fact,  even  the  simple  property  of  the  straight  lever  that  equal 
weights  acting  at  equal  distances  firom  the  fulcrum  on  opposite 
sides  will  be  in  equilibrio,  while  at  unequal  distances  the  one 
which  acts  most  remotely  from  the  fulcrum  will  preponderate, 
has  more  than  once  been  a  source  of  error  in  unskilful  hands ; 
and  in  particular,  it  has  lain  at  the  foundation  of  most  of  those 
ill-fated  and  useless  contrivances  which  have  been  struck  out  by 
such  as  were  in  pursuit  of  the  perpetual  motion.  In  these  con- 
trivances the  object  of  the  projector  has  generally  been  to  apply 
different  weights  to  a  rotatory  machine  in  some  such  manner, 
thaty  at  successive  moments  of  time,  first  one  and  then  anothefr 
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lihonld  be  brought  to  greater  distances  from  tbe^centfe,  tnd  td, 
by  being  placed  at  the  extremity  of  a  longer  lever,  should  pro* 
thee  a  constant  motion.     To  prevent,  therefore^  such  waste  of 
lame  and  ingenuity,  we  shall  here  describe  an  apparatus  invented 
by  Dr.  Desaguliers  (See  Phil.  Tram.  No.  419.    Or,  New 
Abridg,  vol.  VI.  pa.  542.)  in  which  two  equal  weights  may  <be 
placed  at  any  nnequal  distances  whatever  from  the  centre  of 
motion,  and  still  remain  in  equilibrio.     In  fig.  3.  pi.  V.  ab  re- 
presents a  balance  with  equal  arms,  and  ef  anoth^  of  equal 
-dimensions*:  they  turn  freely  upon  the  centres  c,  d,  and  their 
extremities  are  connected  by  equal  inflexible  bars  ab,  bf;  the 
whole  being  permitted  to  move  freely  at  the  joints  A,  b,  c,  d, 
^0  as  to  assume  the  fbrnrs  of  varying  parallelograms,  in  con* 
sequence  of  any  motion  upon  the  points  c  and  d.     Across  the 
bars  AE,  BF,  are  fixed  others  as  wu,  vq,  from  any  points  of 
Mrhich  equal  weights  f,  w,  may  be  suspended.     Now,  on  what- 
soever part  of  the  bar  pq  the  weight  p  is  fixed,  it  is  manifest 
that  it  will,  on  account  of  that  bar  being  firmly  connected  with 
the  vertical  rod  bf,  act  as  though  it  M'ere  placed  at  f  :  and,  in 
Kke  manner,  in  whatever  part  of  tbe  bar  wu  the  weight  w  be 
suspended,  it  wUl  act  as  though  it  were  placed  at  e  :  so  tha^ 
however  great  may  be  the  dinerence  of  the  distances  of  the 
bodies  p  and  w  from  CD,  they  will  still,  if  equal  in  weight,  ba- 
lance each  other  in  any  position  of  the  system.     Nor  is  this  in 
any  respect  incompatible  with  the  principle  of  the  equal  pro- 
ducts of  weight  and  velocity,  which  we  have  mentioned  (liiO.) 
as  a  useful  indication  of  an  equilibrium :  for,  suppose  this  com- 
pound balance  to  be  brought  by  motioa  on  its  centres  into  the 
position  abcdy  the  weights  being  then  at  w  and  o;  those  weights 
will  have  moved  through  the  arcs  wzk^,  Pp,  while  the  extremities 
-of  the  levers  will  have  passed  through  the  equal  and  respec- 
tively parallel  arcs  Aa,Be,  b6,  f/;  of  consequence  the  velocities 
of  the  two  weights  will  have  been  equal,  as  the^  ought  to  be,  in 
•conformity  witi^  that  principle.    Thus,  then,  it  appears  from 
thia  simple  contrivance,. that  weights  do  not  preponderate  in 
machines  merely  on  account  of  their  different  distances  from 
the  centre  of  motion;  and  consequently  a  mere  increase  of  dis- 
tance does  not  universally  give  a  mechanical  advantage. 

II.  Of  the  Wheel  and  Ask. 

143.  Dbp.  The  Wlieel  and  Axlt,  or,  as  it  is  often  called,  the 
Asu  in  Peritrochioy  b  a  machme  which  consists  of  a  cylinder 
and  a  wheel  having  the  same  axis,  nl  the  two  extremities  of 
which  are  pivots  on  which  the  whole  may  turn.  The  power  is 
applied  at  diie  circumference  of  tbfi  wheel,  generally  in  the*  di- 
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reclioQ  of  a  tangent^  and  a  cord  is  wrapped  about  the  cylinder^ 
in  order  to  overcome  the  resistance,  or  elevate  the  weight. 

This  machinjB  is  sometimes^  without  any  im propriety »  named 
the  perpetual  lever ;  it  being,  in  reality,  a  lever  on  whose  arms 
■the  power  and  weight  may  always  act  perpendicularly  although 
the  Jever  turns  round  its  fulcrum.  It  is  often  constructed  of  dbe 
form  represented  fig.  4.  pi.  V.  where  cd  is  the  cylinder,  at  the 
ends  of  which  are  the  pivots  fe,  turning  in  the  solid  pieces  of 
timber  hf,  ab;  the  weight  w  is  raised  by  means  of  a  rope 
coiled  about  the  cylinder;  the  power  being  applied  to  the  wheel 
8SB,  either  by  the  cord  ii,  or  by  the  handles  s,  s,  s.  Some- 
times, instead  of  the  wheel,  we  find  this  machine  made  up  of 
Jl^vers,  fixed  into  the  cylinder,  as  spokes  into  the  nave  of  a 
wheel ;  at  others,  a  simple  handle  serves  for  the  application  of 
the  power,  as  in  fig.  5  :  but  the  effect  is  still  the  same,  except 
that  the  rotation  is  less  uniform.  In  some  cases  the  cylinder  is 
horizontal,  as  in  the  figures,  and  in  some  kinds  of  cranes;  in 
others,  it  is  vertical,  as  in  the  capstan,  &c.  But  whether  the 
cylinder  be  horizontal  or  vertical,  this  machine  has  a  manifest 
advantage  over  the  simple  lever  in  point  of  convenience :  for, 
by  the  continual  rotation  of  the  wheel  the  weight  may  be  raised 
to  any  height,  or  from  any  depth ;  while  it  could  be  elevated 
only  a  little  way  by  any  lever. 

144.  Prop.  Iti  the  wheel  and  axle,  if  the  power  act  perpen>' 
dicularly  to  the  radius  of  the  former^  and  the  weight  perpen- 
dicularly  to  that  of  the  latter^  there  will  be  an  equilibrium 
when  the  x&eight  and  power  are  reciprocally  as  the  radii  of  the 
circles  at  which  they  act^ 

Conceive  tig.  6.  pi.  V.  to  be  a  vertical  section  of  the  machine 
perpendicular  to  the  axib :  and,  since  the  effort  of  the  weight 
to  turn  the  axle  round  is  the  same  at  whatever  point  of  that  axle 
it  be  applied,  suppose  both  p  the  power,  and  w  the  weight  or 
resistance,  to  be  applied  at  a  and  b,  in  the  same  plane,  per- 
pendicular to  the  axis  of  rotation.  Then,  whether  the  power  p 
act  at  A^  or  a',  since  it  acts  perpendicularly  to  the  radius  CA, 
CA',  (by  hyp.)  M'hile  the  weight  acts  perpendicularly  to  cb,  it  is 
manifest  that  either  acb,  or  a'cb  may  be  considered  as  a  lever, 
whose  fulcrum  is  c ;  and  consequently  (140.)  p  :  w  :  :  cb  :  CA» 

Q.  E.  D. 

CoR.  1.  If  the  power  act  in  any  other  direction  than  the 
tangential  one,  as  in  a'p",  for  example ;  then,  drawing  firom  c 
die  line  cd  perpendicular  to  the  direction  of  the  power,  wes 
have  p  :  w  : :  CB  :  CD ;  whence,  because  cd  is  always  less  thao. 
CA,  it  IS  obvious  that  the  tangential  is  the  most  advantagtousr 
direction  in  which  the  power  can  be  applied. 

CoR.  2.  Since  we  have  always  p :  w  :  :  cb  :  C4,  or  CA-p  sx 
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CB*w^  it  follows^  that  when  the  power  is  vakiable^  if  the  cfia- 
meter  of  the  wheel  increase  in  the  same  proportion  as  the  powar 
dimimshes,  and  vice  versa,  the  force  with  which  the  wheel  will 
continue  to  be  turned,  will  always  be  of  the  sani6  magnitude.— 
This  principle  is  ingeniously  applied  in  the  acUon  pf  the  main 
q>riw  on  the  fuzee  of  watches,  and  of  the  main  spring  on]^the 
tumbler  of  gun-locks. 

Cor.  3.  When  the  moving  force  is  applied  by  means  of 
handles,  as  at  s,  s,  s,  (fig.  4.)  it  often  happens  that  many  forces 
act  simultaneously,  one  at  each  handle :  then,  if  they  all  act  in 
directions  perpendicularly  to  the  respective  radii,  there  will  be 
an  equilibrium,  when  the  sum  of  all  the  powers  is  to  the  weight, 
as  the  radius  of  the  wheel,  to  the  mean  distance  at  which  the 
powers  act;  or,  when  the  sum  of  the  moments  (31.)  of  the 
powers,  is  equal  to  the  moment  of  the  weight. 

Cor.  4.  When  the  power  and  weight  act  by  means  of  a  rope, 
and  it  have  a  sensible  thickness  compared  with  that  of  the  axle, 
there  will  be  an  equilibrium  when  the  power  is  to  the  weight^ 
as  the  sum  of  the  radii  of  the  axle  and  rope,  to  the  sum  of  the 
ndii  of  the  wheel  and  rope. 

For  the  action  of  both  forces  is  transmitted  by  the  axis  of  the 
rope,  and  consequendy  its  radius  ought  to  be  added  both  to  that 
of  the  wheel,  and  that  of  the  axle. 

Cor.  5.  In  the  case  of  the  last  corollary  the  ratio  of  the 
power  to  the  weight  is  greater  than  when  the  thickness  of  the 
rope  is  not  taken  into  the  account :  if,  therefore,  the  rope  is  so 
folded  upon  the  axle  as  to  cover  the  surfiace,  and  the  weight 
acts  by  a  second  spire  of  rope,  the  power  nmst  be  augmented 
to  maintain  the  equilibrium ;  and  so  on  continually  for  every 
increased  course  of  rope  upon  the  axle. 

CoR.  6.  The  distance  which  the  weight  hangs  from  the  axle 
will  make  no  difference  in  the  result,  except  that  which  may  be 
occasioned  by  the  weight  of  rope,  or  that  which  might  be  caused 
by  a  varying  force  of  gravity  at  different  distances  from  the 
earth's  centre. 

145.  Prop.  To  determine  the  pressure  upon  the  pivots  of 
the  wheel  andaxUf  when  in  equUibrio. 

Here  we  shall  merely  consider  the  most  common  and  useful 
case,  in  which  the  power  and  the  weight  act  in  parallel  direc- 
tions, and  on  opposite  sides  of  the  horizontal  axis  of  motion. 
The  pressures  upon  the  pivots  will  arise  from  the  action  of  the 
weight,  that  of  the  power,  the  weight  of  th&\i'heel,  and  that  of 
the  axle.  Call  the  weight  of  the  axle  a,  that  of  the  wheel  v, 
^  power  and  the  resistance  to  be  overcome  being  denoted  by 
f  and  w.    Then  (fig.  8.  pL  V.)  the  weight  A  may  be  considered 


86  STATICS.  [BookI. 

as  tcting  at  the  soiddle  of  the  axle,  and  the  consequent  pressure 
upon  each  pivot  will  be  J  a.  The  weight  v  will  act  at  c,  the 
oeutreof  the  wheel:  therefore  (13$.  cor.  6.)  pressure  upon  a 

»  — ! — ^  and  pressuve  upon  b  =  -~r--    The  forces  P  and  w 

vtSay  be  conceived  to  act  together  at  their  common  centre ;  that 
is,  if  I  be  the  centre  of  a  section  of  the  axle  where  w  acts,  anrf 
ID  :  DC  :  :  p  :  w,  d  will  be  the  point  where  p  +  w  will  act 

together:  hence^  the  third  pressure  upon  A  =(p  -ir  w)-^^ 

'Corresponding  pressure  upon  b  =  (p  +  w)  — .  Consequently, 
in  the  c5ase  of  equilibrium,  the  aggr^ate  pressure  upon  a  3=  |  a 

,     V.BC  +  (F+W).BD  J     .1  •      1  «  1^ 

H ,  and  the  whole  pressure  upon  b  =  ^A: 

,     ▼.  AC  +  (P+W)  .  AD 

+  — — — . 

AB 

The  pressure  upon  the  pivots  wben  the  machine  is  in  motioa 
will  be  mvestigated  in  the  second  book»  (art.  321.) 

H6.  Pro  P.  If  a  herm  of  wheels  and  axles  be  so  connected 
btf  cords  as  to  act  upon  one  another ^  the  power  being  applied 
tdngentialhf  to  thejirst  wheels  and  the  weight  in  like  manner 
to  the  last  axle,  there  will  be  an  equUibtium  wlicn  the  power  ix 
to  the  weight f  as  the  continual  product  oj*  the  radii  of  all  the 
fixleSf,  to  me  continual  product  of  the  radii  of  all  the  wheels. 

Let  such  a  system  of  wheels  and  axles  be  represented  in  6g^ 
9f  and  let  the  force  g  in  directiou  of  balance  p  acting  at  g^ 
and  the  force  g'  in  direction  ^s  balance  q  :  then,  by  art  144«. 
we  have 

'  p  :  Q  : :  OD  :  dg. 
Q  :  q'  : :  ON  :  CF. 
q':  w::  All :  ae. 
Whence,,  by  compodtion  of  ratios^  p  :  w(  1 1  do  •  cn  •  AB  :  dg  - 
cv  •  ae.    q.  £•  d* 

Co  a.  1.  If  the  wheels  and  s^xles,  instead  of  being  at  a  distance 
from  each  other,  and  connected  by  cords,  are  placed  as  in  fig.  7^ 
and  the  axle  of  one  wheel  made  to  act  upon  the  circumference 
of. the  next  by  means  of  equal  teeth,  the  proportion  between  tiie 
power  and  the  weight  will,  nevertheless,  be  as  stated  in  the 
proposition :  fov  each  wheel  and  axle  will  act  as  a  lever  whose 
fulcrum  is  at  the  centre  of  the  axle,  and  its  arms  respectively 
equal  to  the  radii  of  the  wheel  and  the  axle ;  and  the  joint  eiFect 
will  be  as  above.  (14  U) 

This  is  generally  cvXleA  tooth  and  pinion  work,  the  axle  when 
its  surface  h  indented  being  called  a  pinion.  And  because  the 
liumber  of  teeth  in  tiie  wheeU  and  pinions  are  to  each  other  ai 
their  penpheries,  or  as^  their  radii^  it  follows  that  the  power  is 
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to  the  weight,  as  the  continual  product  of  the  teeth  in  the  pi* 
niops,  to  the  continual  product  of  the  teeth  in  the  wheda. 
Or,  il'  p  acts  on  the  wheel  a  by  a  cord,  audi  w  is  suspended 
from  the  axle  e  by  another,  we  shall  have  p  :  w  : :  teeth  in  ax 
teeth  in  &  X  teedi  iuc  x  teeth  \nd  x  rad*  e  :  rad.  a  x  teeth 
ins  X  teeth  in  c  x  teeth  in  d  X  teeth  in  b.  If  the  wheels 
and  pinions,  instead  of  being  disposed  as  in  fig.  7.  are  disposed 
in  any  other  manner,  as  in  fig.  10.  for  iustance,  the  ratio  of  the 
power  and  weight  will  still  be  determined  by  a  similar  process. 

Cor.  2.  If  the  wheels  be  equal  to  each  other,  and  the  axlea 
equal  to  each  other,  or  if  each  wheel  be  to  the  axle  on  which  it 
is  fixed  in  a  coustant  ratio,  r  i  s ;  then  n  being  the  number  of 
wheels,  we  shall  have  in  the  case  of  equilibrium,  p  :  w  :  :  ^ : 
r>.  Thus,  if  there  be  three  wheels  and  axles^  the  radii  of  eack 
being  as  10 : 1 ;  then  will  p  :  w  :  :  1  :  1000 :  if  there  be  four 
such  wheels  and  axles,  p  :  w : :  1  :  10000,  and  so  on. 

CoR.  3.  Since,  when  a  toothed  pinion  works  a  wheel  the 
peripheries  of  both  move  with  the  same  velocity ;  and  the  pinion 
of  the  second  wheel  moves  the  third  wheel  with  a  less  velocity 
than  the  second  moves,  being  at  a  less  distance  from  the  centre 
of  motion ;  and  the  same  tiling  obtains  throughout  the  sysfein  ; 
hence,  in  a  combination  of  wheels  in  mtotion  the  n«mbcr  of  re^ 
volutions  of  the  wheel  where  the  power  acts,  is  to  the  number 
of  synchronal  revolutions  of  the  wheel  where  the  weight  acts,  aa 
the  product  of  the  radii  (or  teeth)  of  the  wheels,  to  the  prodiicC 
of  those  of  the  axles. 

SCHOLIUM. 

147.  In  forming  the  teetli  it  is  of  conriderable  importance 
to  determine  their  proper  curvature,  so  that  the  motion  may  be 
communicated  equally,  and  with  as  little  friction  as  possible. 
Two  methods  of  accomplishing  this  end  haVe  been  recommend- 
ed :  of  these  the  first  was  orignially  proposed  by  M.  de  la  Hire, 
who  afiirmed  that  the  pressuie  woulo  be  uniform  if  the  teeth 
were  fanned  into  epicycloids;  and  M.  Camus,  in  his  Cours  de 
Mathematiques,  has  pursued  M.  de  la  Hire's  principle^  and 
applied  it  -to  the  'vurious  cases  which  are  likely  to  arise  in  prac- 
tice. The  construction,  however,  is  subject  to  a  limitation :  on 
which  account  a  second  metiiod  has  been  proposed,  which 
secures  the  perfect  uniformity  of  action  without  any  such  limit- 
ation. This  method  consists  in  making  both  teeth  portions  of 
involutes  of  circles.  Thus,  let  ihf,  ke/;,  (fig.  1.  pi  Vl.)  be  the 
wheels  to  which  the  teeth  are  to  be  accommodated :  the  acting 
face  GCH  of  the  toodi  a  must  have  the  form  of  the  curve  t^ced 
hy  the  extremity  h  of  the  flexible  line  F:fH,  as  it  h  unwrapped 
from  the  circumference ;  and^  in  like  manner,  the  acting  face  of 
^  tooth  b  must  be  formed  by  the  imwrapping  of  a  thread  from 
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the  cirGumfereiice  of  the  circle  kb(.    The  line  fcb  drawn  to 
touch  both  circles  will  cut  the  i^urfaces  of  the  two  teeth  ia  c, 
the  point  where  diey  touch  each  other ;  the  faces  of  both  teeth 
will  always  touch  each  other  at  a  point  in  the  conimoo  tangent 
to  both  circles,  and  the  force  arising  from  their  mutual  pressure 
will  always  act  in  the  direction  of  the  circumferences  of  die 
wheels  at  b  and  F.    This  form,  by  allowing  the  teeth  to  act  oo 
each  other  through  the  whole  extent  of  the  line  fce,  will  admit 
of  several  teeth  to  be  acting  at  the  same  time ;  and  thus,  by 
dividing  the  pressure  among  several  teeth,  will  dimimsh  its 
quantity  upon  any  one  of  them,  and  therefore  diminish  the  cause 
of  the  indentations  they  unavoidably  make  upon  each  other* 
Consequently,  a  considerable  number  of  teeth  thus  formed  act- 
ing at  once  render  the  communication  of  motion  extremely 
smooth  and  regular.     But  this  by  the  by :  the  consideration  of 
teeth  and  pinions.  Sic.  will  be  farther  pursued  in  the  second 
volume. 

III.  Of  the  Pulley. 

148.  Def.  Tiie  pulley  is  a  wheel  of  wood,  brass,  or  iron, 
turning  on  an  axis,  and  enclosed  in  a  kind  of  frame  or  case 
called  its  blocks  which  admits  of  a  rope  to  pass  freely  over  the 
circumference  of  the  pulley,  in  which  there  is  usually  a  groove 
lo  prevent  the  slipping  out  of  the  rope.  The  pulley  is  said  to 
he  fixed  or  moveable  according  as  its  block  is  fixed  or  rises  and 
falls  with  the  weight.  An  assembli^e  of  several  pulleys  is 
called  a  system  of  pulleys,  a  muffle ,  or  polyspactan :  of  which 
some  are  in  a  fixed  block,  and  others  in  a  moveable  one. 

The  nature  and  effects  of  the  pulley  have  by  some  writers 
been  explained  by  considering  a  fixed  pulley  as  a  lever  of  the 
first  order,  and  a  moveable  puUey  as  one  of  the  second.  But, 
Professor  Hamilton  and  others  have  been  of  opinion  that  '^  the 
^  pulley  cannot  properly  be  considered  as  a  lever  of  any  kind ; 
^*  for  when  any  power  sustains  a  weight  by  means  of  a  system 
''  of  pulleys  that  power  will  sustain  the  same  weight  if  the  pulleys 
*'  be  removed,  and  the  ropes  be  brought  over  the  axles  on  which 
"  the  pulleys  turned.  If  the  we^ht  were  to  be  raised  up  there 
"  would,  in  this  case,  be  a  very  great  resistance  fi-om  the  friction 
*'  of  the  ropes  on  the  axles ;  and  it  is  merely  to  avoid  this  re- 
^  **  sistance  ^at  pulleys  ai[e  used,  which  move  round  the  axles 
^'  with  but  little  friction.'' '  One  of  the  most  simple  and  natural 
luethods  of  computing  the  power  and  explaining  the  effects  of 
the  pulley,  is  by  considering  that  every  moveable  pulley  hangs- 
by  two  parts  of  the  same  rope  equally  stretched,  which  must 
iustain  equal  parts  of  the  weight;  and  therefore,  when  one  and 
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the  ^ame  rope  goes  round  several  fixed  and  moveable  pulleys, 
since  all  its  parts  are  equally  stretched,  the  whole  weight  musi 
be  divided  equally  among  all  the  ropes  by  which  the  moveable 
pulleys  hang.  And  consequently,  if  the  power  which  acts  on 
one  rope  be  equal  to  the  weight  divided  by  the  number  of  ropes, 
that  power  must  sustain  the  weight,  lliis  principle  may  be 
applied  to  inany  of  the  cases  which  occur,  with  great  facility ; 
paiticularly  when  the  cords  run  in  directions  nearly  parallel,  at 
in  the  systems  exhibited,  fig.  2.  pi.  VI.  But  when  the  ropes  are 
drawn  in  directions  which  are  not  parallel,  this  method  may  lead 
to  error,  on  which  account  we  shall  give  a  general  proposition, 
depending  on  the  pure  principles  of  equilibrium,  from  which 
the  application  to  particular  cases  may  be  easily  deduced* 

149.  Prof.  Each  of  two  forces  in  equilibrio  about  aptUlty^ 
is  to  that  which  retains  the  axis^  as  the  radius  ofthepuUeify  to 
the  chord  of  that  arc  with  ts^hich  the  rope  is  in  contact. 

Let  DEC  (fig.  S  pi.  VI.)  represent  a  pulley  wliich  is  kept  in 
equilibrium  by  three  forces  p,  w,  R;  of  which  the  two  former  act 
by  a  rope  pegdw,  which  touches  the  pulley  throughout  the  arc 
RGD,  the  latter  acting  by  a  rope  or  a  bar  rg  whose  direction 
passes  through  c,  the  axis  of  the  pulley. .  Now,  since  the  whole 
is  in  equilibrium,  the  force  R  is  equal  and  opposite  to  the  re* 
sultant  of  p  and  w ;  and  since  tlie  moment  of  k  with  respect  to 
the  point  c  is  zero,  the  moments  of  p  and  w  must  be  equal 
(60.  61.):  wherefore,  since  DcncE,  w  must  be  equal  to  f. 
Produce,  therefore,  wd,  pe,  till  they  meet  or,  and  setting  off 
from  the  point  of  concourse  the  equal  distances  ra,  rb,  on  the 
directions  of  the  powers  to  represent  them,  complete  the 
rhombus  raib  ;  then  we  shall  have  p  :  w  :  r  : :  rb  :  Bi :  iR.  But 
the  triangles  rbi,  ecd,  having  their  sides  respectively  perpen- 
dicular to  each  other,  are  similar;  and  consequently  p  :  w  :  B : : 

C£ :  CD :  DR.      Q.  E.  D.  •  ! 

Cor.  1.  When  wd  and  pe  are  parallel,  cd  and  cb  wiU 
coincide  with  the  semi-chords  fd,  fe,  and  we  shall  have  p=rw, 
or  the  power  equal  to  the  weight,  as  in  thje  fixed  pulley  with 
ropes  parallel.  Or,  supposing  the  figure  inverted,  the  rope 
fixed  at  one  end  as  w,  and  the  power  acting  at  the  other  end 
p,  R  would  then  Le  the  weight  and  would  be  equal  to  2 p. 

CoR.  2.  In  this  case  the  pressure  is  easily  estimated  frotsu^ 
bence,  and  from  (133).  Thus  in  fig.  2.  the  pressure  or  stretch 
upon  hook  H  is  =  p  =:  Jw ;  that  upon  the  axis  of  the  pulley  c 
is  =:  p  -f  |w  =  2p;  that  upon  the  support  x  is  evidently 
=:  p  +  w  r:  p  +  wp  =:  (I  +7i)  p,  where  n  denotes  twice  the 
number  of  moveable  pulleys. 

(^OR.  3.    If  the  angle  dre  be  denoted  by  2a,  then  will  B= 
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2pcos(Z.     For,  since  p  :  r  : :  cb  :  de,    wc  have  R  =:  p    °'    ; 

CE 

and  since,  moreover,  D£=  2£f=  2c£.  cos  cef  =:  2c£.  cos  a; 

consequently  r=:p. =  2p  cos  a. 

Cor.  4.  If  the  angle  drs  be  equal  to  120°,  dien  Mrill  cos  a 
2=  I,  and  p  =  w  =  R. 

150.  Prop.  In  a  system  of  moveable  pulleys,  each  of  which 
has  a  separate  rope,  the  poiverjis  to  the  weight,  as  radius  to  the 
continual  product  of  the  cosines  of  the  half  angles  made  by  the 
rope  sustaining  each  puUey,  into  that  power  of  2  whose  exponent 
is  the  number  of  pulleys. 

Let  the  weight  w  (fig.  5.  pL  VL)  be  kept  in  equilibrio  by  the 
power  p  through  the  medium  of  the  pulleys  A,  a\  a'\  the  angles 
n  AA^  n  A V,  made  at  each  being  denoted  by  2a,  2a\  2a^\  &c. 
and  let  ty  ^,  if'^  &c.  be  the  tensions  of  the  cords  by  which  the 
pulleys  A,  a\  h!\  are  supported.  Then  by  Cor.  2.  last  prop» 
we  have 

w  :=  2f  cos  a. 

t  =  2^'  cos  of, 

if  =  2if'  cos  cl\ 


r^*  =  2^*  cos  a*. 
Multiplying  together  the  two  first,  three  first,  &c.  of  these .  we 
shall  obtain  the  tensions  of  the  several  cords  in  succession;  and 
if  we  multiply  together  the  whole,  we  have  for  the  relation 
between  p  and  w,  the  following  equation 

w  =  2"  p  (cos  a.  cos  a'-  cos  a'\  ....  cos  q".)    * 
Whence  the  proportion  stated  in  the  proposition  is  manifest. 

CoR.  1 .  If  the  cords  are  parallel  (as  in  fig.  4.)  then  will  co$ 
a  zz  cos  a^  =  cos  a^\  &c.  =  1,  and  the  preceding  equation  be^ 
comes  w  =  2"P,  whence  P :  w : :  1 :2";  that  is,  the  power  is  to  the 
freight,  as  unity ,  to  that  power  of  2  which  is  denoted  by  the 
number  of  pulleys. 

CoR.  2.  If  tlie  angles  at  a,  a\  k''y  are  equal  to  each  other, 
then  will  p :  w : :  1  :  2"  cos"  a,  a  denoting  the  angle  at  each 
pulley. 

SCHOLIUM. 

151.  A  system  of  pulleys  being  tolerablv  portable  and  not 
vei7  heavy,  can  be  readily  conveyed  from  place  to  place,  and 
thus  made  use  of  in  many  instances  where  other  machines 
cannot  be  employed.  In  a  judicious  combination  of  them  a 
considerable  weight  may  be  moved  by  a  very  small  power, 
though  in  this,  as  in  all  other  machines,  the  power  must  pass 
over  a  proportionably  greater  space.  But  the  chief  disadvan- 
tages to  which  pulleys  are  liable,  arise  from  their  great  fricUon, 
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and  the  sti£Pness  of  the  ropes  which  pass  over  and  under  them. 
Some  ingenious  contrivances  have  been  devised  to  remove  in  a 
great  degree  these  and  other  inconveniences;  which  will  be 
described  under  the  article  Pulley  in  the  second  volume  of 
this  work. 


IV.  Of  Inclined  Planes. 

152.  Def.  An  inclined  Plane^  as  its  name  imports,  is  one 
which  forms  with  an  horizontal  plane  any  angle  whatever.  It 
is  reckoned  among  the  mechanical  powers  because  when  anj 
body  is  laid  upon  it  a  part  of  its  weight  is  supported,  and  it  is 
therefore  moved  with  greater  ease.  I'he  inclination  of  the  plane 
is  measured  by  the  angle  formed  by  two  lines  drawn  upon  the 
sloping  plane  and  the  horizontal  plane,  perpendicular  to  their 
common  intersection,  and  meeting  at  a  point  in  that  intersecting 
line. 

153.  Before  we  demonstrate  the  general  properties  of  thi^ 
simple  machine  we  shall  premise  a  few  observations  on  the 
manner  in  which  bodies  are  supported  upon  any  planes  what* 
ever. 

I.  If  a  body  of  any  figure  touch  a  plane  in  a  single  pointy 
and  be  solicited  by  one  force  only;  two  conditions  are  requisite 
to  its  continuance  at  rest  on  that  plane.  First,,  that  the  direc- 
tion of  the  single  force  be  perpendicular  to  that  plane.  Secondly , 
that  its  direction  pass  through  the  point  where  the  body  is  m 
contact  with  the  plane.  The  necessity  of  the  first  of  these 
conditions  appears  from  art.  134.  As  to  the  second^  it  is  no  less 
necessary,  since  if  the  direction  of  the  power,  though  perpendi- 
cular to  the  plane,  pass  not  through  the  point  of  contact  of  the 
plane  and  the  body,  the  resistance  of  the  plane  which  is  exerted 
perpendicular  to  the  point  of  contact,  will  not  be  directly 
opposed  to  the  force,  and  of  consequence  they  cannot  destroy 
each  other  although  they  should  be  equal. 

IL  If  the  body,  instead  of  touching  the  plane  in  one  point 
only,  touch  it  in  many  points,  or  throughout  plane  surfaces,  theii 
it  is  not  indispensable  that  the  single  Jbrce  which  acts  qn  the 
body  should  pass  through  any  of  the  points  of  contact :  but  it 
must  be  perpendicular  to  the  plane,  and  so  situated  that  it  may 
be  decomposed  solely  into  as  many  forces  perpendicular  to  the 
plane  as  there  are  points  resting  on  the  plane,  and  the  forces 
resulting  from  the  decomposition  must  pass  through  these 
points. 

IIL  Therefore,  if  a  body  which  touches  a  plane  in  many 
points  be  solicited  by  various  forces  in  difftrent  directions,  it  it 
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necessary,  Pir^st,  that  these  forces  may  be  reduced  to  one  ofily 
Vi^hich  is  perpendicular  to  the  plane:  and,  Secondly y  that  the 
latter  in  the  case  in  which  it  does  not  pass  through  one  of  the 
points  of  contact,  may  be  decomposed  into  as  many  forces 
parallel  to  it  as  there  are  points  of  contact,  each  of  these  new 
forces  passing  through  a  point  of  contact. 

IV.  If  the  single  force  which  acts  upon  a  body  be  that  of 
gravity,  it  follows  that  the  plane  must  be  horizontal;  and,  if  the 
vertical  line  drawn  through  the  centre  of  gravity  of  the  body, 
does  not  pass  through  one  of  the  points  of  contact,  it  is  farther 
necessary  that  all  the  points  of  contact  should  not  fall  on  one 
and  the  same  side  of  the  said  vertical  line. 

V.  If,  therefore,  the  body  be  sohcited  by  two  forces  only,  it 
is  necessary,  First,  that  these  two  forces  are  in  the  same  plane : 
Secondly  y  that  this  plane  be  perpendicular  to  that  on  which  the 
body  lies :  Thirdly ^  that  the  resultant,  which  ought  always  to 
be  perpendicular  to  the  latter  mentioned  j^lane,  leave  not  all 
the  points  of  contact  on  the  same  side  of  it.  And,  if  one  of  the 
two  forces  be  that  of  gravity,  it  is  necessary  moreover  that  the 
plane  in  which  the  resultant  falls  be  vertical^  and  pass  through 
the  centre  of  granty  of  the  body. 

VI.  With  regard  to  bodies  which  rest  on  many  planes  at 
once,  whether  in  virtue  of  a  single  force,  or  of  many  forces, 
among  which  we  comprehend  that  of  gravity,  the  general  laws 
of  their  equilibrium  are.  First,  that  the  resultant  of  all  these 
i'orces  may  be  decomposed  into  as  many  forces  as  there  are 
points  on  which  the  body  rests:  Secondly,  that  these  latter  are 
perpendicular  to  the  respective  planes  at  the  several  points  of 
contact.  Whence,  we  conclude  that,  in  order  that, a  body 
solicited  only  by  gravity  may  remain  in  equilibrio  between  two 
inclined  planes,  it  is  necessary  that  there  be  in  the  vertical  which 
passes  through  its  centre  of  gravity,  at  least  one  point  from 
M'hich  we  may  let  fall  a  perpendicular  on  each  of  these  plaines; 
and  that  each  of  these  perpendiculars  have  the  conditions  stated 
above. 

154.  Prop.  When  two  forces  acting  on  a  body  keep  it  in 
'Cqmlibrio  vpon  a  plane,  if  we  conceive  two  other  planes  to  which 
these  two  forces  are  respectively  perpendicular  \  the  tzs^  forces 
<iTt.d  the  pressure  upon  theplane^  are  each  represented  by  the  sine 
€f  the  angle  comprised  between  the  planes  to  which  the  two.  other 
forces  are  perpendicular. 

This  is  nothing  else  than  a  manifest  inference  from  art.  48. 
It  may^  however,  be  demonstrated  in  a  mannei"  immediately 
applicable  to  the  present  case,  thus:  Let  cp,  cg,  be  the  direc- 
tions of  the  two  forces,  which  sustain  the  body  whose  centre  of 
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gravity  U  c  at  rest  upon  the  plane:  and  let  ad  (fig«  6.  pi.  VI.) 
be  the  intersection  of  die  plane  of  the  two  forces  with  that  on 
which  the  body  lies:  draw  of  perpendicular  to  ad,  and  on  this 
line  as  a  diagonal  describe  the  parallelogram  cefg  two  of  whose 
sides  shall  fall  on  the  directions  of  the  given  powers ;  then,  it  is 
evident  from  the  preceding  article,  that  if  the  reaction  of  the 
plane  be  represented  by  fc,  the  two  other  forces  which  sustain 
the  body  will  be  represented  by  £<;  and  QC  respectively :  conse- 
quently if  the  pressure  on  the  plane  which  is  equal  to  its  reaction, 
be  called  r,  and  p  and  c  be  the  powers  acting  in  pc,  cc,  then 
will  p :  c :  R  : :  EC  :  GC  :  FC  : :  FG  :  £F  :  FC : :  sin  gcf  :  sin  for  : 
sin  gce.  Now  from  two  points  a  and  i  taken  arbitrarily  upon 
AD,  draw  IB,  and  a  b  perpendicular  to  the  directions  of?  and  o; 
so  shall  the  triangle  abi  be  similar  to  cgf  :  whence,  because 
P :  G  :  R  : :  sin  gcf  :  sin  fob  :  sin  gc  e  or  sin  ocp,  we  shall  have 
p :  a :  R  : :  sin  tAB  :  sin  aib  :  sin  Asi.  a.  £.  d. 

Cor.  1.  Since  the  relations  just  established  have  place, 
whatever  the  forces  may  be,  we  may  consider  one  of  them,  as  o 
tor  instance^  to  be  the  force  of  gravity:  then  will  ab  be  parallel 
to  tbe  horizon :  and  the  power j  weighty  and  pressure  upon  the 
plane  will  be  respectively,  as  the  sine  of  the  plants  inclination, 
the  codne  of  the  angle  which  the  direction  of  the  power  makes 
with  the  plane,  and  the  cosine  of  the  angle  which  the  direction  of 
the  power  makes  with  the  horizon:  for  sin  zab,  sin  Aiu,  and 
sin  abi,  are  the  same  as  sin  iAB,  cos  cei,  and  cos  /bd. 

Cor.  2.  Hence,  whether  the  line  of  direction  of  the  power 
be  elevated  above  or  depressed  below,  if  the  angles  which  it 
fnakes  with  the  plane  are  equal,  equal  powers  will  sustain  the 
weight.  Thus,  if  the  lines  pop,  P^cp^,  be  equally  inclined  to  the 
plane,  equal  powers  acting  in  those  directions  will  sustain  the 
weight,  whether  they  draw  in  the  directions  from  c  to  ?  or  p^,  or 
push  from  p  orp^  towards  c.  But  the  prefssures  on  the  planes 
vary  with  those  directions,  being  less  and  less  as  the  direction  is 
more  elevated. 

CoR.  S.  The  power  p"  orp^^  is  least  wfien  its  line  of  direction 
is  parallel  to  the  plane :  for  sinc^e  p  :  g  or  w  ; :  sin  iab  :  cos  c  £i 

we  have  p  =  w. r,  which  is  manifestly  a  minimum,  when 

COS  CB»  '  J  f 

COS  CEI  r:  radius,  that  b,  when  ces  vanishes. 

Thjs  truth  of  this  will  also  appear  by  considering  the  propor- 
tion, p :  w : :  Bi :  BA,  in  which  it  is  obvious  pi  will  be  the  least 
possible  when  it  'is  perpendicular  to  ad,  a  perpendicular  being 
the  shortest  distance  firom  a  given  point  to  a  line;  so  that  the 
most  advantageous  direction  in  which  the  power  can  act  is  that 
which  is  parallel  to  the  plane. 

POR.  4.    In  this  latter  case^  because  of  the  similar  triangles 
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ab/*',  adb,  we  have  p  :  w  :  r  : :  bi"  :  ba  :  Af^  : :  bd  :  da  :  ab  : : 
ein  A  :  rad. :  cos  A.  That  is,  when  the  directionof  the  power  u 
parallel  to  the  plane^  the  power,  weighty  and  pr'tssure  on  the 
plane,  are  respectively  as  the  height,  length,  and  base  of  the 
plane  \  or  as  the  sine  of  tHclinationl  radius^  and  cosine  of  irh- 
clination. 

Cor.  5.  If  two  weights  w,  w',  sustain  «ach  other  upon  two 
inclined  planes  Ac,  cb,  which  have  a  comoion  altitude  cd,  by 
iheans  of  a  cord  which  runs  freely  over  a  pulley  and  is  parallel 
to  both  planes,  then  will  w :  w' : :  ac  :  CB  (fig.  7.  p.  VI.).  For  let 
the  power  p  acting  in  direction  cV,  be  that  which  sustains  the 
weight  u}>on  the  plane  ca,  then  by  reason  of  the  uniform 
tension  of  the  string,  the  same  power  sustains  the  weight 
Mr'  upon  the  plane  cb,  acting  in  a  direction  parallel  to  it:  bence^ 
C  r.4. 

w  :  p  : :  AC  :  cd,    ' 
p:w'::cd:cb, 
And,  compo.  w  :  w' : :  AC  :  cb. 

Coiu  6.  Hence  also,  when  one  of  the  planes  as  cb,  becomes 
vertical,  we  still  have  w :  w^  : :  ac  :  cb.  (fig.  8.) 

Cob.  7.  If  the  pulley  at  c  be  so  elevated  that  the  two  parts 
cw,  cw',  of  the  rope  are  not  parallel  to  the  plane,  we  shall  nave 
an  equilibrium  when  w  :  w' : :  sin  cbd  X  cos  cwcf :  sin  cad  X 
cos  cw'c'.    For,  in  this  case 

w :  p  : :  cos  cwc' :  sin  c  A  d, 
p  :  w' : :  sin  cbd  :  cos  cw'c'. 

Whence,  w :  w' : :  sin  cbd  •  cos  cwc' :  sin  CAD  •  cos  cw'c . 

Cott.  8.  If  the  direction  of  the  power  be  parallel  to  the 
horizon,  then  will  the  power,  the  weight,  and  the  pressure  on  the 
plane,  be,  respectively,  as  the  height-;  the  base,  ana  the  length  of 
the  plane ;  or,  as  the  sine  of  inclination,  its  cosine,  and  radius* 
For,  if  CP  (fig.  6.)  be  parallel  to  ab,  then  will  si  coincide  with 
BD,  and  it  will  be  p  :  w  :  e  : :  bd  :  ab  :  A  o  : :  sin  a  :  cos  a  :  rad. 

Con.  9.  If  instead  of  opposing  a  single  power  to  the  action 
of  the  weight  we  oppose  several,  tlien  all  which  we  have  stated 
in  this  proposition  and  the  corollaries  as  relating  to  the  power  p, 
must  be  extended  to  the  resultant  or  eauivalent  of  those  powers. 
For  example,  if  the  body  w  (fig.  10.  pi.  VI.)  is  sustained  on  the 
inclined  plane  by  the  combined  action  of  a  power  p,  and  the 
resistance  of  a  fixed  point  d  to  which  is  attached  the  rope  dkp 
which  embraces  the  body:  then,  imagine  a  line  HC  to  be  drawn 
from  the  point  of  concourse  of  dp  and  pk,  bisecting  the  angle 
made  by  those  directions.  If  this  line  intersect  the  vertical 
drawn  through  the  centre  of  gravity  of  the  bbdy  in  a  point  c, 
from  which  we  may  demit  on  the  plane  a  perpendicular  passing 
through  the  point  of  contact  t,  tiie  equilil^ium  will  be  possible; 
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and  the  relatioD  be^een  the  weight  w,  and  the  effort  according 
to  HG,  wiU  be  determined  by  what  has  preceded.  As  to  the 
ratio  of  the  force  in  direction  uc^  to  the  power  p,  it  will  be  the 
same  as  in  the  moveable  pulley.  Thus^  if  the  power  p  acts 
parallel  to  the  plane^  the  weight  will  be  to  that  power,  as  the 
length  of  the  plane  to  half  its  height ;  viz.  ike  pozcer  will  be 
only  half  that  which  would  have  been  requisite  had  the  weight 
been  sustained  without  the  aid  of  the  fixed  point  d. 

155.  When  two  bodies  whose  weights  are  represented  by  flP, 
vfy  are  attached  to  a  thread  wcwf  (fig.  9.  pi.  VI.)  passing  over 
a  pulley  at  c^  and  are  always  in  equilibrium  upon  two  curves 
FA^  £B^  whatever  are  their  respective  positions,  it  will  be  easy 
to  determine  the  necessary  conditions  of  those  two  cui  ves.  in 
order  to  this  draw  the  vertical  cm  through  the  pnmt  c.  and 
suppose  that  die  equations  of  the  two  curves  with  respect  to 
that  line  as  a  common  axis  are  y  =yx,  u  =  f^,  f  and  f  l;eiug 
any  functions  of  the  axes  x,  and  ^  and  c  their  coinnii^n  <>rigin. 
The  weight  w  is  a  force  acting  in  the  vertical  direction  wb\  and 
if  that  force  be  represented  by  wby  it  may  be  resolved  into  the 
two  wd  acting  in  the  direction  of  the  thread ,  and  wc  acting  in 
that  of  the  normal  w^ ;  the  parallelogram  of  forces  being  cd» 
Here  the  similar  triangles  wdby  cq^m,  give 

c^iQWiiwb:  wd. 
Likewise^  putting  cw  =  Zy  we  have 

CM  =  X  +  subnorm.  =  — r-^  =  i  — ~-  =  -r. 

X  *        X  X 

Therefore,  wd  =s  —.     In  like  manner  putting  cw^  =  z^,  and 

operating  for  the  weight  w',  we  have  -p-  for  the  component  of 

that  weight  acting  in  the  direction  cw^.  In  the  case  of  an 
equilibrium  these  two  components  must  be  equal.  But  the 
length  of  the  thread  wcw^  being  constant  and  known,  we  have 
;2;  +  y  =  c,  whence  »=—«',  and  consequently 

wx  -\-  ?s/i  =  0,  or  wx  -f  ze/t  =  a. 
From  this  equation  it  appears  that  whatever  position  we  give 
to  the  bodies  227,  ze/,  the  centre  of  gravity  of  their  system  will  be 
always  on  the  same  horizontal  line ;  because  tlie  co-ordinate  of 
that  centre  with  respect  to  gh  is  constant :  for,  from  the  equa- 
tion (108. 1.)  that  co-ordinate  is 

VfX'+  u/t  A  . 

r  = 7  =  a  constant  quantity. 

W  +  W  W+UJ  *  •'^ 

The  curve  fa  being  given,  if  we  demand  what  the  curve  eb 
oi^ht  to  be,  that  the  equilibrium  should  obtain  in  all  its  points. 
1st,  We  substitute  in  the  equation  for  the  firsl  \/jn^  for  y, 
and  c  —  jj'  for  z,  that  is  to  say,  we  make  y  =  v^(c-*'>*-« 


\ 
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^clly^  we  substitute  — —  for  x,  and  tfaence  have  the  equation 

of  the  curve  be  in  functions  ^f  t  and  z,  Sdly,  we  put  \/i»+T? 
fur  z^,  and  thence  determine  the  constant  quantity  a  from  the 
position  of  the  arbitrary  point  £  where  the  curve  BE  must  iuter- 
sect  the  vertical  line  cm. 

If,  for  exaniple,  the  line  af  is  a  right  line  and  the  pulley  c  is 
placed  at  its  point  of  intersectioa  f  with  the  vertical,  that  line 

has  for  its  equation  y  sz  t-  x^  s  and  c  being  the  sine  and  cosine 

of  the  angle  acd  (fig.  1.  pi.  VI.):  and  substituting  (c  ^  jf^ 

f-  0?*  for  y,  we  have  (c  —  iff  =  ^  a:*  +  x*,  or  jb'  =  c  —  — ^ 

A  — «/* 
V 

J  A  +  w'e 


Substituting  i. for  x^  and  thence  will  arise 


wc 


This  equation  is  manifestly  that  of  a  right  line:  if  we  wish  it  to 
pass  through  c  likewise,  its  equation  must  give  at  the  sam^e  time 

t^  =  0,  and  ^  =  0 ;  wheiK^e  c  —  ~  =  0.     Put  therefore  ii*  +  <^ 

for  z'^y  and  there  will  arise  

The  last  equation  leads  to  the  conclusion  already  announced 
<154.  cor.  5.)  For,  the  angle  ncB  being  supposed  to  have  ^ 
jand  c  for  its  sine  and  cosine,  the  equation  of  the  right  line  bc 

is  t£  =  -p  ^;  therefore,  that  the  equilibriuiQ  may  obt^io  W]e  must 
have  Ta  =  — -TT-j  fro™  which  results  wc  ==  fsfcf. 

1.56.  Prop.  When  a  heavy  body  is  supported  by  two  planes 
to  determine  the  relation  between  the  weight  of  th^  body  and 
the  pressure  upon  each  plane. 

Here  we  apply  the  observations  laid  down  in  art.  153,  VL 
in  this  manner :  Let  G  be  the  centre  of  gravity  of  the  body 
supported  by  the  planes  (fig.  J 1.  pi.  VI.)  through  which  draw 
the  vertical  gf  ;  then  if  from  any  point  F  in  that  vertical,  per-F 
jpendiculars  fc,  F£^  be  demitted  upOn  the  two  planes,  those 
perpendiculars  must  pass  through  points  of  contact  of  the  body 
and  planes :  otherwise  a  new  force  will  be  required  to  support 
the  body,  contrary  to  the  hypothesis.  LfCt  the  space  vb  on  the 
vertical  line  represent  the  weight  of  the  body,  on  which  as  a 
diagonal  complete  the  pat  allelogram  cjbe,  two  of  whose  sides 
full  upon  FC,  and  fe;  then  shall  fc  or  eb,  represent  the  pres^ 
sure  p  upon  the  plane  ab,  and  ve  or  cb,  the  pressure  p^  upo4 
the  plane  bd,    Hence  if  kl  be  drawn  parallel  to  hi,  the  sidst 
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of  the  triangle  bkl  will  be  respectively  perpendicular  to  the 
sides  of  the  triangle  cTb,  and  we  shall  have 
w  :  V :  v^ ::  tB  :  Fc  :  be  : :  kl  :  bl  :  bk  : :  sin  abd  r  sin  abh  :  sini 
DBi.  Tliat  is,  if  the  weight  of  the  body  be  represented  by  the 
sine  of  the  angle  comprehended  between  the  two  planes,  the 
pressures  upon  them  are  reciprocally  proportional  to  the  sines 
of  the  inclinations  of  those  planes  with  the  horizon. 

Cob.  1.  If  the  angles  of  inclination  of  the  planes  be  each  60 
degrees^  the  sum  of  ihe  pressures  of  the  body  upon  both  planes 
will  be  equal  to  twice  its  weight. 

Cob.  2.  If  the  angle  abi>  be  a  right  angle,  the  sum  of  the 
pressures  upon  the  two  planes  shall  be  as  two  sides  of  the  right- 
angled  triangle  k!bl  to  its  hypothenuse. 

Cor.  3.  The  more  inclined  the  two  planes  are,  the  greater 
will  be  the  pressure  upon  them ;  and  vice  versa. 

Cor.  4.  If  one  of  the  planes  is  horizontal  the  body  cannot 
remain  in  equilibrio,  independent  of  friction,  except  in  the  case 
where  the  vertical  drawn  through  its  centre  of  gravity  passes 
through  one  of  the  points  with  which  the  body  touches  the 
horizontal  plane. 

Cor.  5.  In  the  obtainable  case  of  the  last  corollary,  that  is, 
when  BA  coincides  with  bh,  and  fc  becomes  vertical,  the  pres- 
sure against  bd  will  vanish,  and  the  horizontal  plane  will  sustain 
the  whole  weight.  For  then,  the  weight  w,  and  the  pressure 
against  ba  or  bh  will  be  expressed  by  the  equal  sines  of  the 
supplemental  angles  dbh,  dbi  ;  while  the  pressure  on  bd  will 
be  expressed  by  the  sine  of  abm,  an  angle  which  is  here  nothing, 
by  hypoth. 

Cor.  6.  When  a  body  is  sustained  by  three  planes,  we  must 
in  a  similar  manner  demit  perpendiculars  from  some  point  in  its 
line  of  direction  (106.)  upon  those  planes,  and  upon  them  con- 
struct a  parallelopipedon  whose  vertical  diagonal  shall  represent 
the  weight  of  the  body,  and  its  three  contiguous  edges  the  pres- 
sures upon  the  planes  to  which  they  are  perpendicular. 

157.  Prop.  Given  the  weight,  magnitude,  and  position  of  a 
beam  or  other  heavy  body,  to  find  the  relative  position  of  tzco 
prf^s  that  may  support  it  in  equilibrio,  one  prop  and  the  lozcer 
end  of  the  other  having  fixed  situations. 

Let  the  body,  ad  (whether  simple  or  compound,  as  a  beam, 
or  a  beam  with  a  load),  have  its  centre  of  gravity  at  G ;  it  is 
required  to  find  the  relative  position  of  two  props  which  will 
support  it,  their  feet  standing  at  c  and  i  (fig.  1.  pi.  VII.),  and 
the  position  of  one  of  them  as  c a  being  fixed.  Produce  CA 
until  it  meet  the  vertical  passing  through  o  in  f  ;  join  if,  and 
it  will  cut  AD  in  d,  the  place  where  the  top  of  the  prop  id  must 
be  applied.  JPor;  drawing  ab,  bd^  perpendicular  to  ca,  di, 
yoL.  I.  H 


V. 
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ihey  would  be  sections  of  inclined  planes  which  >^6Uld  suppoi^ 
the  body  in  equilibrio,  by  the  last  proposition:  atid  since  th^ 
action  oJF  the  body  upon  those  planes  wotild  ble  perpendicular 
to  them,  that  action  would  be  completely  resisted  by  the  pfop^ 
CA»  ID,  their  feet  being  supposed  immoveable. 

toK.  1.  The  weight  of  the  body,  the  pressure  upon  cA,  and 
the  pressure  upon  id,  are  respectively,  as  sine  of{c  +  i),  cosint 
of  I,  and  cosine  of  c.  For,  sin  (c  +  i)  =  sin  abd,  cos  i  =s  sin 
DBi,  and  cos  c  =  sin  ABC :  consequently  this  agrees  with  art. 
156.  as  it  ought  to  do. 

Cor.  2.  The  equilibrium  will  be  equally  preserved  whether 
the  body  be  sustained  by  the  two  props  cA,  id;  the  two  in- 
clined planes  ba,  bd;  or  by  two  ropes  fa,  tD,  fixed'to  a  pin  or 
hook  at  F.  For  in  either  case  the  forces  and  directiotls  are  th« 
aame. 

The  same  principles  are  assumed  as  the  foundation  of  the 
more  complex  investigations  relative  to  the  eqmlibrium  of 
vaults,  archer,  domes,  &c.  as  will  be  shewn  in  their  proper 
place*    (Qhap.  Vl.) 

V.   C^'' the  Screw. 

>        * 

158*  Def.  The  Screw  is  a  mechanical  power  chiefly  used 
in  pressing  or  squeezing  bodies  close,  and  sometimes  in  raising 
weights.  It  is  a  very  strong  machine,  though  it  cannot  be  ac- 
counted a  simple  one,  as  no  screw  can  be  made  use  of  without  a 
lever  or  winch  to  assist  in  turning  it.  The  screw  is  chiefly  dis- 
tingubhed  by  its  spiral  thread,  of  which  a  tolerable  conception 
may  be  obtained  by  cutting  a  piece  of  paper  into  the  form  of 
tin  inclined  plane,  and  then  wrapping  it  round  a  cylinder,  as  in 
6g.  2.  pi.  VII. 

]S9.  .  The  screw  may  be  considered  as  composed  of  the 
lever  and  the  inclined  plane;  as  will  be  evident  from  a  mors 
minute  account  of  the  maniier  in  which  it  may  be  conceived  to 
be  generated.  If  an  isosceles  triangle  bfg  turn  about  the  axe 
az  (fig.  5.  pi.  VII.)  there  will  be  generated  by  that  revolutioQ 
two  conic  frustums  ui^ited  by  their  greater  ends :  conceive  now, 
that  besides  the  motion  of  rotation,  this  triangle  has  also  a  mo- 
tion of  translation  in  the  direction  of  the  axe  a:z,  do  r'egulated 
that  while  the  triangle  makes  a  cotnplete  revolution,  the  pointH 
is  moved  to  G,  and  the  whole  triangle  is  found  in  the  positioti 
Cf'g',  and  so  on:  the  solid  thus  generated  is  called  the  infeM^t 
§crew;  and  the  height  gb  is  called  the  distance  of  the  threads. 
The  exterior  screw  is  so  adapted  to  the  other,  as  if  it  wefe  it* 
mould;  and  is  nothing  else  than  ike  solid  ^nerated  b^  ih^ 
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polygon  HGFBCy  supposiog  it  to  partake  of  the  same  motions  as 
the  triangle  BGF.  For  the  sake  of  distinction  we  shall  apply 
the  name  the  spindle  to  the  interior  screw,  calling  the  exterior 
one  only,  the  screw.  The  spindle,  then,  is  a  cylinder  invested 
with  a  spiral  band  of  uniform  thickness,  and  of  which  the  in* 
clination  with  respect  to  the  axe  of  the  cylinder  is  constant:  the 
screw,  on  the  contrary,  is  a  solid  having  a  corresponding  spiral 
hollow.  In  some  cases  the  spindle  is  fixed  in  a  solid  block,  as 
AS,  fig.  S.  while  the  screw  E  is  moved  upon  it  by  means  of  a 
lever  do.  At  other  times  the  screw  is  fixed  and  the  spindl« 
inoveable:  but  this  causes  no  difference  in  the  theory. 

The  curve  which  any  one  of  the  points  of  the  generating  po- 
lygon, as  N  for  instance,  describes  about  Az^  is  obviously  traced 
on  the  surface  of  a  right  cylinder  whose  axis  is  Az,  and  radius 
of  its  base  en  (fig.  5.)  If  we  develope  this,  then  dc  (fig.  6.) 
being  the  circumference  which  has  en  for  its  radius,  and  taking 
the  perpendicular  be  equal  the  distance  between  two  contiguous 
threads,  the  hypothenusal  line  db  will  be  the  d^velopement  of 
an  entire  revolution  of  the  point  n.  In  effect,  the  helix  being 
throughout  of  constant  inclination  with  respect  to  any  position 
whatever  of  the  generating  line  of  the  cylinder,  every  parallel  to 
AD  will  make  with  the  developement  of  that  curve  the  same 
angle :  thus,  the  developement  will  be  a  right  line,  as  db ;  and 
in  Uke  manner  the  right  line  (if  will  be  the  developement  of  a 
second  revolution.  This  being  granted,  we  may  demonstrate  in 
a  very  satisfactory  manner  the  truth  of  the  following  propo- 
sition.   ' 

160.  Prop.  There  will  be  an  equilibrium  in  the  screw  when 
the  power  is  to  the  resistance,  as  the  distunce  between  two  conti^ 
guous  threads  in  a  direction  parallel  to  the  axis,  to  the  circum^ 
ference  described  by  the  power. 

Let  us  suppose  the  spindle  ab  to  be  fixed  (fig.  3.)  and  that 
the  screw  is  moveable  by  the  aid  of  a  power  p  applied  to  the 
extremity  c  of  a  lever  ck  =  R,  acting  horizontally  perpendicular 
to  the  lever.  Let  w  be  the  weight  of  the  screw,  or  that  which 
the  screw  supports,  or  the  resistance  opposed  by  the  screw  to 
the  power  p.  If  the  screw  pressed  only  on  one  of  the  points  of 
the  spindle,  suppose  it  to  be  at  the  distance  r  from  the  axis,  and 
diat  its  position  on  the  developement  db  of  the  spiral  be  at  n 
(fig.  6.);  then  will  the  pressure  on  the  spindle  be  exactly  the 
same  as  on  the  inclined  plane  db.  From  the  theory  (154.  con 
8.)  the  power  M  which  we  suppose  applied  horizontally  in  dii-ec* 
tion  Mn,  must,  to  retain  the  equilibrium^  satisfy  this  proportion: 

M :  w  ::c4:  erf;  whence  M  =  w  •  ~  =  w  •  — 

where  A  as  hc^  and  t  as  S*14159S,  as  heretofore*    The  force  tf 

n2^ 
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^bicli  is  supposed  applied  in  71,  when  the  helix  is  not  developed 
is  perpendicular  to  the  edge  of  the  cylinder,  or  acts  in  a  tan- 
gential direction  to  the  cylinder^  and  of  consequence  always  pa- 
fa]  lei  to  the  power  p. 

Now,  substituting  for  this  subsidiary  power  m,  the  power  P, 
acting  at  the  distance  r,  we  have  fron»  the  principles  of  the  lever 
PR  =  Mr,  the  lengths  of  the  arms  being  R  and  r.  For  m  in 
this  equation,  substitute  its  value  in  the  former  one,  and  there 
arises  29rRP  =  wA.  This  equation,  not  containing  r,  is  en- 
tirely independent  of  the  distance  at  which  the  point  n  is  sup* 
posed  from  the  axis ;  it  will  therefore  be  the  same  if  we  suppose 
that  point  any  where  else  on  the  spindle.  Hence  we  deduce  a 
general  result :  ibr  this  equation  will  even  be  true,  if  the  screw^ 
instead  of  touching  the  spindle  in  a  single  point,  as  wehave 
hitherto  supposed,  touch  it  in  any  number  of  points  whatever. 
In  this  latter  case  every  point  on  the  thread  of  the  spindle  bears 
a  portion  of  the  weight  w ;  these  portions  being  denoted  by  w\ 
w^',  w'^',  &c.  give  w'+V+w''^,  &c.=w.  But,  on  the  other 
hand,  the  force  p  which  supports  the  weight  of  the  screw,  may 
be  considered  as  the  sum  of  as  many  forces  p',  p",  p"',  &c.  as 
there  are  points  of  contact,  each  of  which  is  employed  in  sup- 
porting the  weights  w',  w^',  w''',  &c.  To  each  of  these  the  last 
equation  applies,  we  have,  therefore,  w'A=:2ir.Rp',  w''A=:2«'RP^'^, 
w'"A  =  9XKv''\  &c.  their  sum  manifestly  producing  the  equa- 
tion wA  =  2fl'RP ;  whence  p :  w : :  A :  2flrR.    a^  e.  d. 

Cor.  1.  If  the  screw  had  a  square  or  rectangular  fillet  in- 
stead of  a  triangular  one,  the  conclusion  would  be  the  same,  for 
it  is  independent  of  the  form  of  the  generating  polygon. 

Cor.  2.  In  the  same  screw  the  effect  is  always  the  greater,  as 
the  power  is  applied  farther  from  the  axis. 

Cor.  3.  In  two  different  screws,  a  force  acting  with  the  same 
distance  of  lever,  produces  a  greater  effect  in  proportion  as  the 
threads  of  the  screw  are  nearer  together. 

Cor.  4.  In  the  endless  or  perpetual  screzv  bc  (fig.  7.)  which 
drives  the  teeth  of.  the  wheel  fd,  we  shall,  in  the  case  of  an 
equilibrium,  have  p  X  ab  x  Rad.  of  fd  =  w  x  dist.  of  threads 
X  rad,  of  axle.  For  the  perpetual  screw  is  a  combination  of  thfe 
axis  in  peritrochio  and  the  screw. 

SCHOLIUM. 
161.  The  screw  is  of  very  extensive  use  in  Mechanics,  its 
great  power  rendering  it  more  eligible  for  compressing  bodies 
together  than  most  other  machines,  and  the  great  disparity  betwixt 
the  velocity  of  the  handle  and  that  of  the  threads  of  the  screw 
rendering  it  proper  for  dividing  space  into  an  almost  infiiiite 
number  of  parts.  Hence,  in  the  construction  of  many  mathe- 
matical instruments^  such  as  telescopes^  where  it  is  necessary  to 
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adjust  the  focus  to  the  eyes  of  differeut  people^  the  screw  is  always 
made  use  of  in  order  to  move  the  eye-glass  a  very  little  farther 
from  of  nearer  to  the  object-glass.  In  the  Philosophical  Trani*  ■ 
actions,  vol.  71.  a  new  method  of  applying  the  screw,  so  as  to 
make  it  act  with  the  greatest  accuracy,  is  described  by  Mr.  Hun** 
ter.  This  method  depends  upon  these  general  principles,  ap- 
plicable to  most  machines. 

1.  That  the  strength  of  the  several  parts  of  the  engine  be  zd^ 
justed  in  such  a  manner  to  the  force  they  are  intended  to  exert^ 
Aat  they  shall  not  break  under  the  weight  they  ought  to  coun* 
teract,  nor  yet  encumber  the  motion  by  a  greater  quantity  of 
matter  th^n  is  necessary  to  give  them  a  suitable  degree  of 
strength. 

2.  That  the  increase  of  power  by  means  of  the  machine  be 
so  regulated,  that  while  the  force  is  thereby  rendered  adequate 
to  the  effect,  it  may  not  be  retarded  in  procuring  it  more  thao 
is  absolutely  necessary. 

S.  Tliat  the  machine  be  as  simple  as  is  consistent  with  other 
^conditions. 

4.  That  it  be  as  portable,  and  as  little  troublesome  as  pos- 
sible in  its  application. 

5.  That  the  moving  power  be  applied  in  such  a  manner  as  to 
act  to  the  greatest  advantage';  and  that  the  motion  ultimatelj 
produced  may  have  that  direction  and  velocity  which  is  most 
adapted  to  the  execution  of  the  ultimate  design  of  the  machine. 

6.  Of  two  machines,  equal  in  other  respects,  that  deserves  the 
preference  in  which  the  friction  least  diminishes  the  effect  pro*- 
posed  by  the  whole* 

To  attain  all  these  advantages  in  any  one  machine  is  perhaps 
impossible ;  bift  Mr.  Hunter's  method  of  applying  the  screw  cer^ 
taiuly  combines  a  great  portion  of  them.  Let  ab  (fig.  8.  pi.  VII.) 
be  a  plate  of  metal  in  which  the  screw  CD  plays,  having  a  certain 
number  of  threads  in  an  inch,  suppose  10.  Within  the  screw 
CD  there  is  an  exterior  screw  which  receives  the  smaller  screw 
DE  of  1 1  threads  in  an  inch.  This  screw  is  kept  from  moving 
about  with  the  former  by  n^e^ns  of  the  apparatus  at  afgb.  If 
the  handle  ckl  be  turned  10  times  round,  the  screw  cd  will 
advance  an  inch  upwards;  and  if  we  suppose  the  screw  de  to 
move  round  along  with  cd,  the  point  £  will  advance  an  inch. 
If  we  now  turn  the  screw  de  ten  times  backward,  the  point  ^ 
will  move  downwards  44ths  of  an  inch,  and  the  result  of  both 
motions  will  be  to  lift  the  point  e  an  eleventh  of  an  inch  up^ 
wards.  But,  if,  while  the  screw  cd  is  turned  10  times  rpuncl, 
D^  be  kept  from  moving,  the  effect  will  be  the  same  as  if  it  had 
moved  10  times  round  with  cd,  and  been  turned  back  agaia 
)0  Unies  I  that  is^  it  will  advance  ^^  pf  an  iuchf    A^  ^^^  ^^*<V 
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therefore,  it  will  advance  -^  of  tt^ttv  of  an  inch.  If  now 
the  handle  be  six  inches  long,  the  power  to  produce  an  equili- 
brium must  be  to  the  weight  as  1  to  1  lOx  6  X  29r  =:  4146*9 12. 
Thus,  the  force  of  Mr.  Hunter's^  screw  is  greatly  superior  to  the 
common  one ;  for  a  common  one  with  a  six  mch  handle  must 
have  i  10  thread9  in  an  inch  to  produce  the  same  effect,  and  this 
great  number  of  threads  would  render  it  too  weak  to  resist  any 
cdnsiderable  violence. 

With  regard  to  the  second  general  maxim,  both  kinds  of 
screws  are  equally  applicable ;  only  that  the  more  complicated 
structure,  and  consequently  greater  expence  of  Mr.  Hunter's 
screwy  renders  it  convenient  to  use  the  common  screw  where 
only  a  small  increase  of  power  is  requisite,  and  the  improved 
one  where  a  great  power  is  wanted.  The  handle  being  short 
makes  this  machine  accord  with  the  fourth  maxim. 

To  answer  the  fifth  both  seem  equally  proper ;  but  for  the 
«ixth  the  preference  miist  be  given  to  such  as  best  answer  the 
specific  purpose  proposed.  Thus,  if  the  screw  dc  be  designed 
to  carry  an  mdex  which  must  turn  round  at  tl^e  same  time  that 
it  rises  upward,  the  common  screw  seems  preferable^  though 
Mr.  Hunter  proposes  a  method  by  which  his  may  answer  the 
same  purpose :  with  this  view  a  still  smaller  screw  ought  to 
play  within  de,  and  be  connected  with  cD,  so  as  to  move 
round  along  with  it.  It  must  have,  according  to  the  foregoing 
proportions,  111  threads  in  an  inch :  and  they  must  lie  in  a  con- 
ti'ary  direction  to  those  of  co;  so  that  when  they  are  both 
turned  together,  and  cp  moves  upwards,  this  other  may  move 
downwards.  At  one  turn  this  will  move  upwards  -rrfr?^  P^i^ 
•f  an  inch,  and  at  the  same  time  will  move  in  a  arcular  di« 
rection.  Similar  methods  may  be  applied  in  many  other  cases : 
indeed  they  have  lately  been  applied  very  frequently ;  though 
few  of  those  who  have  adopted  them  have  acknowledged  by 
"whom  they  were  first  proposed;  on  which  account  we  have 
given  this  brief  description  of  Mr.  Hunter's  contrivance,  and  o^ 
his  judicious  practical  maxims. 

VI.     Of  the  Wedge. 

162.  Def.  a  Wedge  is  a  triangular  prism,  or  a  solid  coi^" 
^ived  to  be  generated  by  the  motion  of  a  plane  triangle  paral- 
lel to  itself  upon  a  straight  line  which  passes  through  one  of  it9 
angular  points.  The  wedge  is  called  isosceles,  rectangular^  or 
scalene,  according  as  the  generating  triangle  is  isosceletg^  right* 
angled,  or  scalene. 

It  is  very  frequently  used  in  cleaving  wood,  as  represented 
fig.  12.  pi.  VIL*  and  often  in  raising  great  weights.  The 
theory  of  knives^,  swords^  coulters^  aaUs^  8u;.  is  generally  t^ 


Chap.  JV.]      Mechanical  Pomets — TheWed^e.  105 

duced  to  that  of  the  wedge.  The  doctrine  of  the  wedge  is^ 
very  imperfect^  and  can  only  be  exhibited  s^t  all  by  making 
gratuitous  assumptions :  such  of  those  as  ar^  most  likely  to  ob- 
tain in  practice  are  made  the  basb  of  the  three  succeeding  prQ^ 
positions. 

163.  Prop.  When  a  resisting  body  is  sustained  against  (h% 
face  of  a  wedge,  by  a  force  acting  at  right  angles  to  it^  dirfi^t 
tion,  in  th^  case  of  equilibrium  the  power  is  to  the  resistanc^^  as 
the  sine  of  the  sepii-angle  of  the  wedge,  to  the  sine  of  the  angl§ 
which  the  direction  of  the  resistance  makes  with  thefoce  of  th(( 
wedge;  and  the  sustaining  force  will  be  as  the  cosine  of  thf 
latter  angle,  , 

Let  ABC  (6g.  9.  pi.  VII.)  be  a  rectangular  wed^e^  >vhosf 
edge  is  c,  face  bc,  and  back  ab.  Let  this  wedge  slide  freelv 
along  the  plane  ln  ;  let  a  body  e  be  drawn  or  urged  in  the 
direction  ke  against  the  face  of  the  wedge,  and  let  it  \ye  kept  ia 
that  direction  by  a  force  acting  in  the  direction  de,  at  right 
angles  to  ke.  There  are  now  three  forces  acting  on  the  bodj 
£y  viz.  the  resbting  force  ke/  the  sustaining  force  de,  angi 
the  re-action  of  the  wedge  in  the  direction  ae,  perpendicidar 
to  the  surface  bc.  On  ed  demit  the  perpendicular  ag;  and 
since  the  three  forces  are  in  equilibrio,  they  will  be  to  eacfi 
other  as  the  sides  of  the  triangle  a  eg  drawn  parallel  to  th^ir 
directions.  Draw  i^f  perpendicular  to  ac^  and  the  force  a^ 
will  be  resolved  into  two,  one  of  which  ef  presses  the  wedge 
perpendicularly  against  the  plane  ln,  apd  is  balanced  by  the  r($- 
action  of  the  plane ;  the  other  fa  endeavours  to  move  the  vved^e 
'"  upwards  along  the  plane  ln,  and  is  balaqqed  by  the  po\yer  on 
the  back  of  the  wedge.  If,  therefore^  AG  represent  the  forc^ 
KE,  EG  will  be  the  sustaining  force,  and  af  the  power  applied 
on  die  back  of  the  wedge,  when  these  forces  balance  each  othef. 
Hence,  making  ae  radius,  af  is  the  sine  of  the  angle  aef  cjr 
ACB ;  and  ag  is  th^  sine  of  the  angle  a.%%  or  K£C,  these  two 
angles  being  the  complements  of  aek* 

If  the  wedge  be  isosceles,  or  composed  of  two  rectangular 
wedges,  the  force  ef,  which  in  the  former  case  was  counteracted 
by  the  plane,  will  now  be  counteracted  by  the  other  half  of  th^ 
wedge :  and  the  power,  resistaqce,  and  sustaining  force,  will  re- 
main in  the  same  ratio  as  before,    n.  i^.  D. 

Cor.  1.  When  ek  is  parallel  to  ba,  ag  becomes  e(|ual  ai¥l 
par^lel  to  ef  ;  and  eg  ecjual  aqd  parallel  to  af  ;  and  the  power 
JA  to  the  retsistance  as  A f  to  ef,  or  A^  to  AC,  aod  equal  to  the 
sustaining  force. 

Cor.  2.  l£^K  be  perpeudicular  to  bA;  the  direction  of  .tl}e 
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and  sustaining  forces  changing  denominations^  tibis  will  be  a  case, 
corresponding  with  the  former. 

Cor.  3.  When  ke  is  perpendicular  to  Bc,  the  sine  of  the 
angle  kec  is  radius:  and  its  cosine^  which  represents  the  sus- 
taining force,  vanishes :  therefore,  the  power  is  to  the  resistance, 
as  the  sine  of  the  semiangle  of  the  wedge,  to  radius. — See  Lud- 
lam's  2d  Essay. 

1 64.  Prop.  When  the  resistance  is  made  against  the  face  of 
a  wedge  by  a  body  which  is  not  sustained,  but  will  adhere  to 
the  place  to  zMch  it  is  applied  zeithout  sliding,  thepo^eris  to 
the  resistance,  in  the  case  of  equilibrium,  as  the  cosine  of  fhe 
difference  hetween  the  semiangle  of  the  wedse  and  the  angle 
which  the  direction  of  the  resistance  makes  with  the  face  qftkq 
wedge,  to  radius. 

From  any  point  k  (fig.  10.  pi.  VII.)  draw  the  line  KB 
trough  the  middle  point  of  the  back,  meeting  the  face  of  the 
1^'edge  in  e  ;  let  e  be  the  unsliding  body,  which  acts  in  the  di- 
rection EK,  and  let  the  magnitude  of  the  force  with  which  it  is 
urged  be  represented  by  ae  :  from  e  let  fall  the  perpendicular 
EF  upon  AC ;  and  the  force  ae  will  be  resolved  into  two,  one 
of  which  EF  will  be  balanced  by  the  opposite  half  of  the  wedge, 
and  the  other  af  will  be  counteracted  by  the  power ;  therefore 
the  power  is  to  the  resistancje  as  af  to  ae,  that  is,  making  AE 
radius,  as  the  cosine  of  the  angle  eaf  to  radius.  « 

Cor.  1.  When  ke  is  perpendicular  to  bc,  the  poWer  is  to 
the  resistance  as  af  to  ae,  that  is,  as  the  sine  of  the  semi-angle 
of  the  wedge  to  radius. 

Cor  2.  When  ke  is  parallel  to  ab,  af  vanishes,  that  is,  the 
power  is  inde finitely  less  than  the  weight. 

Cor.  3v  When  ke  is  perpendicular  to  AB,  ef  vanishes,  and 
AF  and  JiE,  which  represent  the  power  and  resistance,  become 
e^ual. 

165.  -Prop.  When  the  resisting  body  is  neither  sustuined  nor 
adheres  to  the  point  to  which  it  is  applied,  but  slides  freely 
along  the  face  of  the  wedge,  the  power  is  to  the  resistance,  as  the 
product  of  the  sines  of  the  semiangle  of  the  wedge  and  the  angle 
in  which  the  resistance  is  inclined  to  its  face,  to  the  square  of 
radiyis,  . 

Let  A  e  (fig.  1 1 .  pi.  VII,)  be  perpendicular  to  bc,  and  let  the 
body  E  be  urged  against;  the  face  of  the  wedge  in  the  direction 
KE  ;  and  let  ke  represent  the  magnitude  as  well  as  the  di- 
rection of  that  force.  On  ae  produced  let  fall  the  perpen- 
dicular Ko,  which  wiir be  parallel  to  bc;  thus  will  the  force 
f^e  be  resolved  into  two,  one  of  which  Kd  ^ilt  carry  the 
i>ody  down  idong  the  face  of  the  wedge^  and  the  other  ov  w^ 
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I>ropel  it  perpendicularly  against  it.  Now  in  the  case  of  equi- 
ibrium,  the  power  is  to  ok,  that  part  of  the  resistance  which 
acts  perpendicularly  against  the  face  of  the  wedge,  as  the  sine  of 
die  angle  acb  to  radius ;  and  o£  is  to  the  whole  resistance,  as  0£ 
to  KB  :  that  is,  making  ke  radius,  as  the  sine  of  the  angle  OKB^ 
pr  its  alternate  keb,  to  radius.  Therefore,  ex  aquo  ^  compch- 
nendo,  the  power  is  to  the  resistance,  as  sin  acb  x  sin  keb,  to 
the  square  of  radius. 

Cor.  1.  When  ke  is  perpendicular  to  bc,  thq  sine  of  the 
angle  in  which  the  resistance  is  applied,  is  radius ;  therefore  the 
power  is  to  the  resistance,  as  the  sine  of  the  semiangle  of  the 
wedge  to  radius. 

Cor.  2.  When  ke  is  parallel  to  ab,  the  angle  of  inclination 
is  the  complement  of  the  semiangle  of  the  wedge ;  and  there- 
fore, the  power  is  to  the  resistance,  as  the  product  of  the  sine 
and  cosine  of  the  semiangle  of  the  wedge  to  the  square  of  radius. 
Cor.  3.  When  ke  is  perpendicular  to  ab,  the  9ngle  of  in- 
clination is  equal  to  the  semiangle  of  the  wedge,  and  tb^  power 
is  to  the  r<;sistance  in  a  duplicate  ratio  of  the  sine  of  the  semi- 
angle  of  the  wedge  to  radius.     See  Dr.  M.  Young's  Lectui^. 

SCHOLIUM. 

166.  The  theory  of  the  equilibrium  of  the  wedge  has  greatly 
engaged  the  attention  of  many  philosophers,  asMr.Lzi(f/am,&c. 
Jbut  it  is  not  of  very  great  use  in  practical  mechanics,  because 
the  wedge  is  scarcely  ever  otherwise  urged  than  by  percussion* 
In  cleaving  of  wood,  the  resistance  opposing  the  force  of  the  mat 
let  (supposing  the  sides  of  the  wedge  perfectly  polished,  and  its 
edge  a  line  without  breadth),  is  the  cohesion  of  the  particles  of 
the  wood  which  are  about  to  be  separated ;  and  this  being  a 
Mnd  of  pressive  force  acting  against  the  sides  of  the  wedge,  it  is 
by  many  philosophers  thought  absurd  to  attempt  to  compare  it 
with  the  percussive  force  of  the  mallet.  For  the  greatest  finite 
pressive  force  must,  in  their  opinion,  give  way  to  the  least  J>er- 
cussive  one,  and  there  cannot  be  an  equilibrium  between  two 
3uch  different  forces.  *'  Any  percussive  force  (say  they)  acting 
on  a  moveable  body,  generates  a  finite  quantity  of  motion  in  an 
indefinitely  small  portion  of  time ;  but  the  time  will  be  finite  in 
which  any  given  pressive  force  whatever,  acting  on  the  same 
})odj,  can  generate  or  destroy  the  same  quantity  of  motion. 
Therefore,  a  body  being  urged  in  a  certain  direction  by  any 
pressive  force  whatever,  and  in  the  contrary  direction  by  any 
percussive  one,  the  pressive  force  will  be  some  finite  time  in 
destroying  the  quantity  of  motion  which  the  percussive  one  ge- 
nerated in  an  instant.  Consequently,  how  great  soever  the 
pressive  force  may  be,  and  how  small  soever  the  percussive  one, 
|he  body  wiU  be  lAOved  (at  least  foir  some  short  time)  by  this 
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last  force/'  Indeej^  after  the  stroke  is  giveO;  tbe  pressive  fprc^ 
may  quickly  prevail  and  force  bi^ck  the  body,  whic^  the  im- 
pulse of  the  other  force  had  driven  forward.  And  so  it  woul4 
frequently  be  in  the  operation  of  cleaving  Mrood,  if  the  sides  of 
the  wedge  were  perfectly  smooth.  For,  after  the  stroke  of  the 
HMjJlet,  the  wedge,  unless  its  weight  were  equivalent  to  the  atr 
traction  of  the  parts  of  the  wood  about  to  be  separ^tedy  woulc) 
presently  be  forced  back  from  the  place  to  which  it  had  bee^ 
driven  by  the  mallet.  And  it  is  chiefly  the  roughness  of  the 
•ides  of  the  wedge,  and  of  the  parts  of  the  wood  in  contact  with 
it,  which,  in  that  operation,  keeps  the  wedge  from  receding.  It 
is  that  roughness  too,  and  the  bluntaess  of  the  edge,  which 
lometimes  prevent  the  wedge  from  being  moved  by  the  ^trpke 
pi  the  mallet.  For  were  it  not  obstructed  by  such  roughnesif 
and  bluntness,  it  would,  according  to  what  we  just  now  observed^ 
be  always  driven  forward,  even  by  the  least  percussive  force. 

Several  of  these  remarks,  it  will  be  seen,  rest  upon  the  comK 
laonly  received  doctrine  of  percussion :  a  doctrme,  howev^r^ 
which,  in  our  humble  opinion,  has  no  very  durable  b^sis.  It  if 
manifest  that  a  blow  may  perform  many  things  (particularly  iu 
effecting  fractures  or  breaches)  which  a  considerable  pressure 
cannot  accomplish  :  but  this  is  probably  owing  to  the  circum- 
stance that  the  rapidity  with  which  the  excited  pressure  increases 
,  to  its  maximum  does  not  leave  sufficient  time  tor  the  forces 
IR^hich  connect  the  particles  of  the  body  struck  to  be  excited 
throughout  to  its  more  remote  parts. — We  hope  to  place  this 
matter  in  a  rather  better  lighfwhen  the  subjects  of  Collision  an4 
FercussioD  come  under  consideration.    See  Book  IL  Chap*  6. 
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CHAPTER  V. 


On  theStrength  and  Stress  of  Materials, 

167.  The  Resistance  of  solids,  or  that  force  with  which  the 
(luiesceBt  parts  of  solid  bodies  oppose  the  motion  of  others  co»^ 
tiguous  to  them,  is  generally  considered  as  of  two  kinds,  in  one 
of  which  the  resisting  and  resisted  parts,  though  contiguoua^ 
constitute  separate  masses ;  -this  will  be  considered  in  another 
place,  under  the  title  of  Friction :  in  the  other  kind  the  resist-^ 
ing  and  resisted  parts  are  not  only  contiguous  but  cohere,  being 
parts  of  the  same  body  or  mass ;  and  it  is  this  which  we  now 
propose  to  consider* 

This  kind  of  Resistance  has  exercised  the  sagacity  of  some  of 
the  most  eminent  philosophers  from  the  time  of  Galileo  dowa 
to  the  present  period ;  and  di^erent  theories  have  been  proposed 
by  Mariotte,  Leibnitz,  Varignon,  Buffon,  Euler,  Lagrange,  and 
Girard  (perhaps  others  which  have  not  come  to  our  knowledge), 
but  none  of  them  are  so  free  from  objection  and  from  error  aa 
might  be  wished.  Indeed,  the  figure  and  constitution  of  bodies 
are  so  variable  and  irregular,  that  we  cannot  with  the  desirable 
precision  determine  those  elements  which  should  precede  and 
regulate  this  discussion.  Of  the  theories  above  adverted  to 
tome  are  certainly  very  ingenious;  but  at  the  same  time  they 
are  very  complex  and  intricate,  and  cannot  by  any  means  be 
relied  upon^  independent  of  experiment :  we  therefore  prefer  the 
comparatively  simple  theory  of  Galileo,  originally  laid  down  in 
his  dialogue  "  On  the  Cause  of  the  Coherence  of  Solids"  with 
which  the  other  hypotheses  agree  in  the  most  essential  particu-* 
lars,  and  which,  when  aided  by  proper  experiments,  may  serve 
as  a  safe  approximation  to  the  strength  and  stress  of  the  differ-* 
ent  parts  of  machines. 

"  That  the  resistance  of  solids  might  be  subjected  to  calcu-r 
lation,  Galileo  supposed  first  that  bodies  were  composed  of  solid 
fibres,  parallel  to  one  another ;  he  then  enquired  what  was  the 
force  with  which  they  resist  the  action  of  a  power  stretching  them 
in  a  direction  parallel  to  their  length,  and  found  that  it  was 
proportional  to  the  number  of  integral  fibres :  next,  considering 
the  fibres  as  subjected  to  an  effort  perpendicular  to  their  length, 
lie  fouod  diat  th^  resistance  of  the  integral  fibres  was  propor- 
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tional  to  jtheir  sum  multiplied  by  an  arm  of  a  lever,  which  is  al^ 
Ways  at  a  certain  part  of  the  vertical  dimensions  of  a  solid  io 
the  plane  of  it$  rupture."  The  length  of  this  arm  of  lever  was 
regulated,  according  to  Galileo^  by  the  position  of  the  centre  of 
gravity  of  the  plane  of  rupture,  according  to  others,  by  the 
centre  of  percussion,  &c.  But  "the  distinctive  character  of 
Galileo's  hypothesis  consists  in  this,  that  the  resistance  of  eacl| 
©f  the  fibres  is  independent  of  their  quantity  of  extension  at  th^ 
instant  of  their  rupture."  Gahleo's  reasoning  on  this  interest-<- 
ing  topic  is  comprised  in  1 7  propositions :  his  mode  of  discussion 
will  not  be  entirely  adopted ;  but,  that  the  reader  may  know 
fiow  far  this  philosopher  advanced  the  subject,  we  shall  distin-«t» 
guish  by  a  [g]  such  of  the  following  propositions  and  corolla- 
lies  as  are  found  in  his  Treatise.  ^ 

168.  Def.  Strength,  and  Stress,  or  Strain,  are  terms,  the 
former  of  which  is  used  to  denote  the  force  or  power  with 
which  any  mass  or  body  resists  a  breach  or  change  in  its  state, 
-^hich  a  pressure  or  stroke  upon  it  has  a  tendency  to  produce; 
»nd  the  latter  are  used  indiscriminately  to  e^^press  the  force 
which  is  excited  in  any  such  mass  and  tending  to  break  i^ 
Thus,  every  part  of  a  pitlar  is  equally  strained  by  the  load  which 
it  supports.  Hence,  it  is  evident  that  we  cannot  make  any 
structure  fit  for  its  purpose,  unless  the  strength  in  every  part  be 
at  least  equal  to  the  stress  laid  on,  or  the  strain  excited  in  that 
part :  and  hence  the  necessity  of  an  acquaintance  with  the 
nature  of  the  resistance  of  bodies,  so  that  there  shall  be  neither 
It  surplus  nor  a  deficiency  of  materials  in  any  machine, 

169.  Prop.  The  strength  of  a  beam  or  bar  to  resist  ajrac^ 
ture  by  a  force  acting  laterally,  is  as  the  solid,  made  by  a  section 
cf  the  beam  in  the  place  where  the  force  is  applied,  into  the 
distance  of  its  centre  of  gravity  from  the  point  or  line  where 
the  breach  will  end»     [g.J 

Suppose  AB.(fig.  13.  pi.  VIl.)  to  be  the  beam  (of  uniform 
matter  throughout)  fixed  firmly  at.  its  two  ends  A,  B,  at  th<e 
iniddle  of  which  is  laid  the  weight  w.  In  the  case  of  a  ruptur^ 
we  conceive  the  beam  will  be  separated  first  in  the  line  cd  op- 
posite to  w  and  farthest  from  it, 'and  the  separation  be  gra- 
dually continued  till  it  arrives  at  ab^  which  inay,  therefore,  be 
considered  as  a  fixed  line  till  the  termination  of  the  fracture; 
Now  the  area  abed  represents  the  sum  of  all  the  fibres  to  be 
broken  or  torn ;  and  as  they  are  equal  to  each  other  both  in 
inagnitude  and  strength  (by  hypothesis),  this  area  will  likewise 
express  the  aggregate  of  the  strength  of  the  fibres  in  the  longi« 
tudinal  direction.  But  with  respect  to  lateral  strength,  we  must 
consider  each  fibre  as  acting  at  the  extremity  of  a  lever  whosi^ 
centre  of  motioi)  is  on  the  Une  ab  :  thus^  ^ac^  fibre  in  tfi^  ]^ 
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€dy  w31  resist  the  breach  by  a  force  proporrtional  to  the  product 
of  its  incjividual  strength  into  its  distance  db  from  the  centre  of 
motion ;  and  consequently  the  resistance  of  all  the  fibres  in  ed 
iviU  be  represented  by  cdx  bd.  In  Uke  manner,  the  aggregate 
resistance  of  another  course  of  fibrjes  parallel  to  ab,  as  oo,  will 
be  represented  by  ooxbo:  and  of  a  third;  as  ii,  by  the  rectangle 
it  X  bif  and  so  throughout.  Therefore  the  sum  of  all  these 
products  will  express  the  total  strength  or  resistance  of  the  beam 
m  that  part.  But  (108.)  the  sum  of  all  these  products  is  equal 
to  the  product  of  the  area  abcdy  into  the  distance  of  its  centre 
of  gravity  from  ab :  whence  the  proposition  is  manifest. 
,  Cor.  1.  In  square  beams  the  lateral  strengths  are  as  the 
cubes  of  the  breadths  or  depths,  £o.] 

CoR.  2.  In  cylindric  beams  the  lateral  strengths  are  us  tJie 
cubes  of'  the  diameters,  [c] 

CoR.  3.  The  lateral  strengths  of  any  beams  whose  sectiom 
^re  similar  JigureSy  areas  the  cubes  of  corresponding  dimensiom 
of  the  sections. 

Cor.  4.  In  rectangular  beams  the  lateral  strengths  are  coi^ 
jointly  as  the  breadths  and  squares  of  the  depths,  [c] 

For  the  areas  ^rex)C  breadth  x  depth,  and  the  distances  of 
the  centre  of  gravity  are  oc  de|)th:  consequently,  strength  «c 
breadth  x  depths 

Cor.  5.  The  lateral  strength  of  a  beam  with  its  narrower 
face  upz^ards,  is  to  its  strength  with  the  broader  face  upwards^ 
xis  the  breadth  of  the  broader  face,  to  the  breadth  of  the  nor* 
rower,  [c]     For  bd^ :  db^  ::d  :i. 

CoR.  6.  If  a  beam  were  fixed  firmly  at  one  end  iuto  a  \i'aT1y 
and  the  fracture  were  caused  by  a  weight  suspended  at  the  other 
end,  the  process  of  nature  would  be  similar,  only  tliat  the  breach 
would  terminate  at  the  lower  part  of  the  beam ;  and  the  pro- 
jposition  and  five  first  corollaries  would  still  obtaiu. 

170.  Prop.  The  lateral  strengths  of  prismatic  beanmcfthe 
same  materials  are  as  the  areas  of  the  sections  and  the  distances 
of  their  centres  of  gravity,  direct ly,  and  as  tlieir  lengtlis  and 
weights,  inversely. 


Let  Bc,  GH  (ng.  14.  pi.  VII.),  be  two  beams  of  like  ni»le- 
rials  fixed  in  horizontal  positions  to  the  upright  wall  ab,  by  their 
ends  B,  G.  Let  a  be  the  area  of  the  end  g  of  the  beam  «h,  C 
the  distance  of  the  centre  of  gravity  of  that  end  from  its  lowest 
point,  L  its  length,  w  its  weight,  and  s  its  strength :  and  let  «, 
gf  /,  Wj  and  Sf  be  corresponding  particulars  in  the  beam  cs^ 

Then  s  :  5 : :  :  •—• :  aqIw  :  aghw.  For,  the  direct  sti-ength, 

or  effort  tending  to  preserve  the  adhesion  of  the  fibres,  varies 
as  the  product  of  ag,  ag,  by  the  last  prop,  while  the  effortu 
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tending  to  destroy  their  adhesion,  and  which  are  dierefore  in 
the  inverse  ratio  of  the  strengths,  Tary  t>oth  in  proportion  to 
the  weights  of  the  beams,  and  the  distances  at  which  those 
weights  act:  but  the  weights  of  the  beams  may  evidently  be 
•considered  as  acting  at  their  centres  of  gravity,  the  distances  of 
which  from  the  end  supported  vary  as  tibie  length  of  the  beams; 
and  consequently  the  efforts  tending  to  destroy  the  adhesion  of 
the  beams  are  as  lw,  Iw.  Whence,  by  incorporating  the  direct 
and  inverse  ratios,  we  obtain  that  stated  in  the  proposition. 

Cor.  1.  Had  the  beams  been  considered  as  fixed  at  both 
ends,  the  same  thing  would  follow,  Tsnth  this  difference  only, 
that  a  beam  when  fixed  at  both  ends  is  as  strong  as  one  ofegueU 
breadth  and  depth,  and  but  half  the  length,  which  is  fixed  only 
at  one  end.  For,  if  the  longer  beam  were  bisected,  each  of  its 
halves  would  be  situated  with  respect  to  its  fixed  end,  in  the 
fame  manner  as  the  shorter  beam  with  respect  to  its  fixed  end. 

CoR*  2.  When  die  strength  of  a  beam  is  very  considerable 
in  relation  to  its  weight,  we  may,  instead  of  the  proposition, 

take  s  :  5  : : :  ^. 

Cor.  3.  Cylinders  and  square  prisms  have  their  lateral 
strengths  proportional  to  the  cubes  of  the  diameters^  or  depths^ 
directly y  and  their  lengths  and  weights,  inversely,  [g.] 

Cor  4.  Similar  prisms  and  cylinders  have  their  strengths 
inversely  proportional  to  their  like  linear  dimensions.  £o.]  For 
the  cubes  of  the  diameters  or  depths  vary  as  the  cubes  of  the 
lengths,  and  the  weights  and  lengths  are  as  the  cubes  of  the 
lengths  and  the  lengths  conjointly,  or  in  the  quadruplicate  ratio 
of  the  lengths :  therefore,  the  strengths  are  as  l^  to  l^  directly, 
«nd  L^  to  /^  inversely,  or  inversely  as  the  lengths,  l,  and  /• 

SCHOLIUM. 

171.  From  the  preceding  deductions  it  follows  that  greater 
beams  and  bars  must  be  in  greater  danger  of  breaking  than  the 
less  similar  ones;  and  that,  though  a  less  beam  may  be  firm  and 
aecure,  yet  a  greater  similar  one  may  be  made  so  long,  as  neces- 
sarily to  break  by  its  own  weight.  Hence  Galileo  justly  con- 
cludes that  what  appears  ver^'  firm,  and  succeeds  well  in  mo- 
dels, may  be  very  weak  and  unstable,  or  even  fall  to  pieces  by 
hs  weight,  when  it  comes  to  be  executed  in  large  dtmtosions, 
accoixling  to  the  model.  From  the  same  principles  he  argues 
that  there  are  necessarily  limits  in  the  works  of  nature  and  art, 
which  they  cannot  surpass  in  magnitude :  that  immensely  great 
ships,  palaces,  temples,  &c.  cannot  be  erected,  their  yards, 
beams,  bolts,  8cc.  falling  asunder  by  reason  of  their  weight. 
Were  trees  of  a  very  enormous  magnitude,4heir  branches  would, 
IB  like  maoner;  fdOl  offt    Large  aiuin«ls  have  &ot  tftreDgth  m 
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proportion  to  their  size ;  and  if  there  were  any  land  ntiimals 
tiiuch  lai^er  than  those  we  know,  they  couH  hardly  move,  and 
Would  be  perpetually  subjected  to  most  dangerous  accidents. 
As  to  marine  animals,  indeed,  the  case  is  different,  as  the  gra- 
vity of  the  water  sustains  those  animals  in  great  measure ;  and 
in  fact  these  are  known  to  be  sometimes  vastly  larger  than  the 
greatest  land  animals.  It  is,  says  Galileo,  impossible  for  Na- 
^re  to  give  bones  for  men,  horses,  or  other  animals,  so  formed 
as  to  subsist,  and  proportionally  to  perform  their  offices,  whea 
%uch  animals  should  be  enlarged  to  immrense  heights,  unless  she 
uses  matter  mncfa  firmer  and  more  resisting  than  she  common]/ 
does ;  or  shoidd  make  bones  of  a  thickness  out  of  all  propor- 
tioa;  whence  the  figure  and  appearance  of  the  animal  must 
be  monstrous.  This  he  supposes  the  Italian  poet  hinted  ^ 
When  he  said^  ^ 

/  Hon  sipui  cotnpattir  qnanto  sii  lungo^ 

Si  smisitratamente  e  tutto  grosso. 

Whatever  height  we  to  the  giant  give, 
He  camiot  without  equal  thickness  live^ 

And  this  sentiment  being  suggested  to  us  by  perpetud  ex* 
perience,  we  naturally  join  the  idea  of  greater  strength  and  foroe 
with  the  grossed  proportions,  and  that  of  agility  with  the  move 
delicate  ones.  The  same  admirable  philosopher  likewise  ib* 
marks,  in  connection  with  this  subject,  that  a  greater  column  k 
in  much  more  danger  of  being  broke  by  a  fall  than  a  similar 
small  one :  that  a  man  is  in  greater  danger  from  accidents  thatt 
a  child  :^that  au  insect  can  sustain  a  weight  many  times  greater 
than  itself;  whereas  a  much  larger  animal,  as  a  horse,  could 
Scarcely  caity  imofher  horse  of  his  own  size.  The  ingenious 
tUudent  may  easily  extend  these  practical  remarks,  to  any  casei 
which  may  come  before  him. 

112.  Prop.  The  lateral  strengths  of  two  cylinders  (tf  the 
same  matter)  of  equal  weight  and  lengthy  one  of  which  is  hol- 
low and  the  other  solid,  are  to  each  other  as  the  diameters  tf 
theirends,  [g.] 

JLet  ABE,  HiK  (figs.  1  and  2.  pi.  VIII.),  be  the  ends  of  tw^ 
cylinders  of  equal  length,  and  containing  equal  quantities  of 
matterj  the  former  being  the  section  of  a  tube  constituted  of 
cylinders  having  a  common  axis ;  then  is  the  strength  of  the 
tube  to  that  of  the  solid  cylinder  as  ab  to  hi.  For  the  lateral 
strengths  (1 69.)  ate  conjointly  as  the  areats  and  the  distances  of 
f^  centres  of  gravity  of  ^e  sections  from  a  or  from  b,  ac- 
t^fdisglMi  the  friu;tiu«B't6ft6(iaM»iitt  the  gae  or  die  other  point: 
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but  the  areas  of  the  annulus  in  the  first  fig.  atic^  of  thb  circle 
in  the  second,  are  here  equal,  and  the  centres  of  gravity  of  both 
are  at  their  centres  of  magnitude ;  wherefore,  since  the  radii 
vary  as  the  diameters,  the  strengths  in  this  case  vary  in  the  same 
ratio. 

CoR.  1.  Since,  when  the  area  of  a  circular  secdon  is  given, 
its  diameter  is  greater  when  the  section  is  an  annulus,  than 
when  it  is  a  circle  without  any  cavity;  and  since  the  power 
with  which  the  parts  of  the  cylinder  resist  extraneous  force  i» 
greater  in  the  same  proportion,  it  follows  according  to  the 
theory  thus  stated,  that  the  strength  may  be  increased  inde- 
finitely without  augmenting  the  quantity  of  matter. 

This  conclusion  is,  however,  manifestly  erroneous :  because 
after  the  diameter  of  the  tube  exceeds  a  certain  magnitude 
'(which  can  otily  be  ascertained  experimentally)  it  vjrill  become 
ftaccid,  and  bend  under  the  smallest  additional  weight.  The 
fact  is,  the  reasoning  in  the  proposition  is  founded  upon  the 
presumption  that  the  figure  of  the  section  will  be  constantly 
circular;  and  will,  therefore  only  hold  true  under  those  limits 
in  which  the  pressure  or  stroke  upon  the  tube  will  not  cause  its 
section  to  degenerate  from  the  circle  to  an  ellipsis  or  any  other 
form. 

Coit.  2.  When  the  two  diameters  of  the  end  of  a  tube  are 
given,  the  diameter  of  a  solid  cylinder  of  equal  weight  may  be 
easily  found  (the  lengths  being  supposed  the  same),  by  takhig 
the  square  root  of  the  difference  of  the  squares  of  the  diameters 
of  the  tube ;  or  the  square  root  of  the  product  of  their  sum  and 
difi'erence.   ' 

Or,  the  same  may  be  effected  geometrically  by  this  simple 
process :  from  one  end  of  the  exterior  diameter  ab  set  off  ae 
equal  to  the  interior  diameter  cd,  and  join  eb,  which  will  be 
the  diameter  of  the  section  sought.  For  eb*  must  be  equal  to 
AB*— CD%  which  it  is  by  this  construction  and  Euc.  I.  47.  and 
111.31. 

Or,  if  BE  be  drawn  a  tangent  to  the  inner  circle  till  it  cut* 
the  exterior  one  in  two  points  e  and  b,  it  will  be  the  diameter 
sought.  For  the  triangles  bea,  bfg,  are  then  similar,  the 
angles  at  e  and  f  being  right  angles^  consequently  ea=2fo 
c=co;  as  in  the  preceding  construction. 

Cor.  3.  The  lateral  strengths  of  tubes  and  solid  cylinders  of 
equal  length  and  similar  materials,  are  as  the  areas  of  their  ends 
and  their  diameters  conjointly. 

SCHOLIUM. 
173.  From  this  proposition  Galileo  justly  concludes,  th^ 
Nature  in  a  thousand  operations  greatly  augments  the  strength 
of  substances  without  increasing  their  weight :  as  is  manifesteiyl 
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in  the  bones  of  animals  and  the  feathers  of  birds,  as  well  as  in 
most  tubes,  or  hollow  trunks,  which  though  light,  greatly  resist 
any  effort  to  bend  or  break  them.  "  Thus  (says  he)  if  a  wheat 
**  straw  which  supports  an  ear  that  is  heavier  than  the  whole 
*'  stalk  were  made  of  the  same  quantity  of  matter,  but  solid,  it 
"  would  bend  or  break  with  far  greater  ease  than  it  now  does, 
"  And  with  the  same  reason  Art  has  observed  and  Experience 
**  confirmed  that  a  hollow  cane,  or  tube  of  wood  or  metal,  is 
"  much  stronger  and  more  firm  than  if,  while  it  continued  of 
**  the  same  weight  and  length,  it  were  solid,  as  it  would  then,  of 
**  consequence,  be  not  so  thick :  and  therefore  Art  has  contrived 
''  a  method  to  make  lances  hollow  within,  when  they  are  re- 
*^  quired  to  be  both  light  and  strong,^^  in  this  instance,  as  in 
many  others,  imitating  the  wisdom  of  Nature. 

In  all  such  instances,  however,  there  is  an  obvions  distinction 
between  the  works  of  Nature  and  those  of  Art;  **  in  the  former 
(as  M .  Girard  remarks,  when  treating  &e  same  subject),  die 
cause  and  the  effect  essentially  agrees;  the  one  cannot  undergo 
any  modification  without  the  other  experiencing  a  corresponct- 
ent  change:  or,  to  speak  more  precisely,  a  hew  effect  always 
results  from  a  new  cause: — in  the  productions  of  human  in- 
dustry, on  the  contrary,  there  is  no  necessary  proportion  be- 
tween the  effect  and  cause:  if,  for  example,  a  determinate 
weight  is  to  be  raided,  it  is  indifferent  whether  we  use  the 
thread  which  has  precisely  the  adequate  force,  or  the  cable 
which  has  a  superabundant  one ;  while,  if  the  same  weight  had 
rested  naturally  suspended,  it  would  have  done  so  by  means  of 
fibres  peculiarly  appropriated  in  their  organization  to  the  ob- 
ject, and  whose  disposition  would  have  presented  the  most  ad- 
vantageous form.  Perfection  resides  in  a  single  point,  at  which 
Nature  arrives  without  effort ;  while  man  is  obbged,  by  repeat- 
ed trials,  to  pass  over  an  immense  space  which  separates  him 
from  it." 

174.  Prop.  Of  all  hollow  cylinders  whose  lengths,  and  the 
diameters  of' the  exterior  and  interior  circles,  continue  the  same, 
those  have  the  greatest  lateral  strength,  in  which  the  interior 
touches  the  exterior  circle,^  in  the  highest  part,  provided  the 
cylinders  are  fixed  at  both  end^  and  in  a  horizontal  position; 
or  xchen  they  touch  in  the  lowest  part,  if  the  cylinders  are  fixed 
only  at  one  end :  the  cylinders  in  both  cases  being  conceived  tq 
exert  their  strength  against  weights  acting  vertically. 

Here,  shice  the  diameters  of  the  exterior  and  interior  circles 
are  supposed  invariable,  the  area  of  the  space  they  include  will 
be  Hkewise  invariable,  bo  that  the  strengths  of  the  cylinders  will 
be  proportional  to  the  distancea  of  the  centres  of  gravity  of 

vol.  I.  I 
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their  sections  from  the  point  where  the  fracture  would  e^  oo 
the  supposition  the  cylinders  were  broken.   Now,  when  a  beam 
is  fixed  at  both  ends,  and  broken  by  a  weight  laid  between 
those  ends,  the  breach  will  manifestly  commence  at  the  lower 
part  and  terminate  at  the  upper ;  and,  when  it  is  fixed  at  one 
end  only,  and  the  weight  acts  at  the  other,  the  breach  will 
commence  on  the  upper  side,  and  terminate  at  the  lower:  con- 
sequently, in  the  first  instance,  the  centre  of  gravity  of  the  sec- 
tion must  be  at  the  greatest  distance  from  its  highest  point,  and. 
in  the  second  instance  at  the  greatest  distance  from  the  lowest 
point,  to  ensure  a  maximum  of  strength.     Let  figs.  S  and  4. 
represent  the  section  of  the  tubes,  bo  and  ad  being  the  dia- 
meters of  the  hollow  part  of  both :  let  the  area  of  the  circle^ 
whose  diameter  is  a  b  be  m,  the  distance  of  its  centre  of  gravity 
from  A  being  called  G,  the  area  of  the  smaller  circle  m,  the  dis* 
tance  of  its  centre  of  gravity  from  a,  g,  the  area  of  the  space 
between  the  two  circles  (=M-rm)  |x,  the  distance  of  its  centre 
of  gravity  from  a,  y ;  then,  by  the  nature  of  the  centre  of  gra- 
vity, will  MG=:97zg-f-f(y.     In  this  equation  m,  g,  m,  and  ft,  are 
invariable;  therefore  y  must  vary  mversely  as  g:  and  conse- 
quently, when  yis  a  maximum  g  is  a  minimum,  and  vici  versa. 
But  jg  is  a  minimum  when  the  inner  circle  touches  the  outer 
one  m  a,  as  in  fig.  4.;  and  it  is  a  maximum  when  the  interior 
and  exterior  circles  touch  in  B,  as  in  fig.  3.    Therefore  the 
maximum  and  the  minimum  values  of  y  obtain  when  the  circles 
touch  in  A  and  B  respectively ;  and  the  comparative  strengths 
of  the  tubes  are  as  expressed  in  the  proposition. 

175.  In  cases  actually  arising  in  practice,  thift  proposition,  f  s 
well  as  that  laid  dovm  in  art.  172.  will  require  some  modifica- 
tion, and  for  the  same  reason  as  is  there  stated.  The  strengths 
of  the  tubes,  however,  will  increase  as  the  circles  approadi 
nearer  to  each  other,  until  they  reach  a  certain  limit,  which  can 
only  be  determined  by  experiment  for  each  different  kind  ofre- 
sisting  body,  and  for  various  proportions  of  the  exterior  and  in- 
terior circles. 

176.  Prop.  The  strongest  rectangular  beam  which  can  be 
c^t  out  of  a  given  cylinder,  is  that  ^  which  the  squares  of  the 
breadth,  and  depth,  and  the  square  of  the  cylinder's  diameter, 
are  respectively  as  the  numbers  1,  2  and  3. 

In  fig.  6.  pi.  VIII*  let  Bc  the  breadth  of  the  beam  be  denoted 
by  6,  AC  the  depth  by  c^,  the  diameter  ab  being  denoted  by  d; 
then  when  bc  is  horizontal,  the  lateral  strength  will  be  repr^•^ 
sented  by  bd^  (art.  169*  cor.  4.},  which  is  to  be  a  maximum. 
But  AC*=2AB*-pc%  or  d*  =  D*— **;  therefore  (d*-6')  6=: 

iD^-i':=amax.    In  fluxions  d*  6=36*  b:  whence  d*=:36*? 
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and  d*  =  d*)-  6*  =  3ft*  -  6*  =  2ft*.     Consequently,   6*  :  d*  : 
D^  :  :  1  :  2  :  3.     g,  e.  D. 

Cor.  1.  Hence  arises  this  easy  practical  construction:  divide 
the  diameter  ab  into  three  equal  parts  in  E^  f  ;  erect  the  per- 
pendiculars ED,  FC ;  and  join  the  points  c,  D,  to  the  extremities 
of  the  diameters :  so  shall  acbd,  be  the  rectangular  end  of  the 
beam  required.  For,  because  ae,  ad,  ab,  are  in  continued  por^ 
portion,  we  have  ae  : :  ab  :  :  ad^  :  ab*  :  and,  in  like  manner 
AF  :  AB  : :  Ac*  :  ab*.  Hence  ae  :  af  :  ab  : :  ad*  :  AC' :  ab*  :  : 
1:2:3. 

CoK.  2.  The  ratio  of  ft  to  d  is  nearly  that  of  5  to  7)  or  more 
nearly  that  of  12  to  i7..  For  6*  :  7*  : :  25  :  49  :  :  1  :  2  nearly; 
arid  12^  :  17*  : :  144 :  289  :  :  1  :  2  more  nearly. 

CoR.  3.  A  Square  beam  from  the  same  cyHnder  would  have 
its  side=D\/^r:iD\/2.  Its  solidity  would  be  (o  that  of  the 
strongest  beam,  as  ^n^  to  ■|-d*\/2,  or  as  J  to  •ja/2,  or  as  5  to 
4*7 14  J  while  its  strength  would  be  to  that  of  the  strongest 
beam,  as(Dv/J)^to  D\^iX^T>^,  or  as-J:y^2  to-|V3,  oras  3oG0 
to  3849. 

CoR.  4.  Either  of  these  beams  will  exert  the  greatest  lateral 
strength,  when  the  diagonal  of  its  end  is  placed  vertically.  For 
the  area  being  the  same  in  both  positions,  the  strength  will  vary 
as  the  distance  of  the  centre  of  gravity  from  the  base  of  frac- 
ture :  but  when  one  of  the  sides  is  vertical,  as  in  tig.  7.  the 
distance  of  the  centre  of  gravity  of  the  end  will  be— ai,  or  id^ 
equal  to  half  the  side;  whereas,  when  the  diagonal  is  vertical 
as  in  fig.  5.  that  distance  will  be  cs  or  bd,  half  the  diagonal. 

Cor.  5.  The  strength  of  the  whole  cylinder  will  be  to  that 
of  the  square  beam  when  placed  with  its  diagonal  vertically,  as 
the  area  of  the  circle  to  that  of  its  inscribed  square.  For  C£  or 
ED  (iig.  .5.)  is  the  distance  of  the  centre  of  gravity  in  both  cases ; 
therefore  the  strengths  vary  as  the  areas. 

111.  Prop.  When  a  triangular  beam  is  supported  at  both 
ends  J  its  strength  when  the  edge  of  the  beam  is  uppermost  i$,  to 
the  strength  when  the  opposite  side  is  uppermost,  as  2  to  1» 

For  in  this  case  the  fracture  will  terminate  at  the  top  of  the 
beam ;  and  as  the  area  of  the  end  continues  the  same  whetlier 
side  or  edge  be  uppermost,  the  strengtii  will  vary  as  the  dis- 
tance of  the  centre  of  gravity  from  the  uppermost  point.  Now, 
in  the  triangle  abc,  the  distance  C6  of  the  centre  of  gravity 
from  the  vertex,  is  double  the  distance  gd  from  the  base 
(fig.  8.  pi.  VIII.):  therefore  when  the  triangle  is  inverted  a$ 
abcy  the  distance  of  the  centre  of  gravity  from  d  the  highest 
point,  is  only  half  its  distance  from  the  highest  point  c  of  the 
triangle  before  it  is  inverted.  Whence  the  proposition  is  ma- 
nifest. 

12 
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Cor.  If  the  beam  be  supported  at  one  end  only^  it  in^ould  if 
broken  have  the  breach  commence  at  the  upper  part  and  ter- 
minate at  the  lower :  and  in  that  case  the  beam  will  be  strongest 
when  the  edge  is  downward,  and  only  half  that  strength  when 
its  opposite  face  is  downward  and  horizontal. 

178.  Prop.  If  a  weight  be  placed  upon  any  part  of  a  hori- 
zontal beam  fixed  at  both  endsy  the  stress  qfthe  beam  at  that 
part  will  be  as  the  rectangle  of  its  distances  from  the  supported 
ends,    [g.] 

Let  the  weight  w  press  upon  the  beam  at  c  (fig.  5.  pi.  IV.), 
then  is  the  weight  equal  to  the  pressures  upon  a  and  b,  and 

W-BC        ,  .|  «  W- AC     ,c? 

pressure  upon  a  = ,  while  pressure  upon  B  = .  (See 

Cor.  6.  art.  133.)  But  the  reaction  of  either  point  of  support  is 
equal  to  the  pressure  upon  it  (ax.  3.);  and  this  may  be  con- 
sidered as  a  force  acting  at  the  point  c  as  upon  the  arm  of  a 
lever :  so  that  the  stress  at  c  is  as  the  pressure  at  either  point  of 
support  into  its  distance  from  c.    That  is,  the  pressure  is  as 

— ^  •  AC,  or  as •  BC,  which  are  manifestly  equal,  the 

one  to  the  other.  But  w  and  ab  are  given ;  therefore  the  stress 
varies  as  the  rectangle  ac  •  cb. 

Cor.  1.  The  same  thing  will  obtain  if  the  weight  be  equally 
difiused  through  the  whole  of  the  beam.  For,  in  this  case  ais  in 
the  former  the  sum  of  the  pressures  upon  a  and  b  will  be  equal 
to  the  whole  w^ght :  and  if  a?  be  the  weight  of  the  part  BC, 

its  pressure  upon  A,  will  be  ^^  ;  and  this  referred  back 
to  the  point  c  will  give       — -■  •  ac,    for  the   stress ;  which 


AB 


Varies  as  the  rectangle  ac  •  bc,  as  before. 

Cor.  2.  The  greatest  stress  of  a  beam  is  in  the  middle  be- 
tween its  supports,  whether  the  weight  be  applied  there  or 
equally  diffused  over  its  whole  length,  [c] 

For  the  rectangle  of  the  two  parts  of  a  line  is  a  maximum, 
when  those  parts  are  equal  to  each  other. 

Cor.  3.  Hence  in  all  structures  we  should  as  far  as  possible 
avoid  placing  weights  in  the  middle  of  beams:  thus,  in  roofing, 
it  is  better  to  use  prick*posts  than  king-posts,  unless  where 
there  is  a  pillar  or  a  partition  wall  to  support  the  beam  in  the 
middle. 

Cor.  4.  \{  w  be  the  greatest  weight  a  beam  will  sustaia  at 
its  middle  point,  and  it  be  required  to  support  by  that  beam  a 
greater  weight  w;  the  point  c  may  be  found  by  making  W:  a; : : 
|abx  ^ab  :  AC*c^. 

To  perform  this  geometrically  Galileo  proceeds  thus:  let  W 
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and  w  be  represented  by  lines,  their  mean  proportional  being  a 
line  M  :  find  a  fourth  proportional  s,  to  w^  m,  and  ad  (tig.  9. 
pi.  VIII).  Let  AD  be  the  diameter  of  the  semicircle  ahd,  in 
which  draw  the  line  ah  =  s;  join  h,  d^  and  make  dc  =  dh, 
then  is  c  the  point  sought.  For,  on  ba  describe  the  semicircle 
ANB^  raise  the  perpendicular  no  and  join  n,  d:  then,  because 
Nc*+  CD*  =  ND*  =  ad*  =  ah*  +hd*,  and  hd*  =  DC%  we  have 
NC*  =  AC«cB  =AH*,  thatis  =  s*.  But  s*:  ad*::^:  w;  whence 
the  truth  of  the  construction  is  obvious. 

Cor.  5.  Since  the  rectangle  ac  •  cb  diminishes  as  c  ap- 
proaches to  A  or  B^  and  the  stress  varies  as  that  rectangle,  it 
follows  that  much  may  be  taken  from  the  thickness  of  beams 
towards  each  end  without  rendering  them  too  weak  for  the 
load,  [g.] 

Cor.  6.  The  strains  at  any  two  points  c,  and  d,  in  a  beam, 
are  as  the  rectangles  AC  •  cb,  ad*i>b;  aud  therefore  when 
weights  are  laid  on  at  c,  and  D,  in  the  proportion  of  those  rect- 
angles the  beam  will  be  no  more  liable  to  break  at  one  point 
than  at  the  other,    [g.] 

Cor.  7.  The  strain  at  any  point  d  caused  by  a  weight  at  c,  is 
equal  to  the  straia  at  c  occasioned  by  the  same  weight  at  d. 

For,  when  the  weight  w  is  at  c,  the  stress  there  is  as  AC  •  cb, 

and  the  stress  at  d  =  —  x  strain  at  c  =  —  x  ac  •  cb  =  bd  • 

BC  BC 

AC.     And,  when  the  weight  is  at  d,  the  strain  there  is  as  ad  • 

.•11  >  •  AC  AC 

db;  while  the  stram  atcisas* — x  stress  at  d=± — -  x  aU* 

'  AD  AD 

B^  s  AC  •  BD,  the  same  as  before. 

1 79.  Pro  p.  If  a  beam  inform  of  an  isosceles  wedge  be  fixed 
hf  its  base  to  a  vertical  wall,  its  faces  being  in  a  vertical  position  j 
and  a  weight  be  attached  to  its  vertex,  such  a  beam  will  be 
equally  strong  throughout. 

Let  the  wedge  ba  (fig.  10.  pi.  VIII.)  be  fixed  to  the  vertical 
wall  BE,  and  a  weight  w  be  placed  at  a.  The  effort  of  the 
weight  w  upon  any  point  d  of  the  beam  will,  by  the  nature  of 
the  lever,  be  as  the  rectangle  w  •  ad,  or  as  ad,  because  w  is 
constant.  And  the  strength  at  any  point  d,  will  be  as  the  breadth 
into  the  square  of  the  depth  at  that  place  (all  the  vertical  sec- 
tions being  rectangles),  or  as  the  breadth  cd,  the  depth  being 
constant.  Therefore,  since  when  the  beam  is  equally  strong 
throughout,  the  strength  and  stress  are  in  an  invariable  ratio,  we 
shall  have  en  constantly  as  ac  ;  and,  of  consequence,  acd  must 
be  a  rectilinear  triangle,  and  the  beam  .a  wedge. 

180.  Prop.  If  a  beam  is  placed  horizontally  with  one  end 
fitted  to  a  wall,  and  a  isjeight  hung  at  the  other,  t4ien  if  its  breadth 

be  the  same  from  one  end  to  the  other,  it  will  be  equally  strong 
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throughout  when  tlie  vertical  sides  are  in  form  of  a  parabola. 

For  the  stress  is  as  ad  (fig.  1 1.)  as  in  the  last  prop,  and  the 
strength  is  as  the  breadth  into  the  square  of  the  depth,  or, 
because  the  breadth  is  constant,  the  strength  is  as  cd^.  But 
the  stress  and  strength  must  remain  in  a  constant  ratio  ;  there* 
fore  JLD  must  vary  as  cd^  throughout  the  figure;  which  is  the 
viell  known  property  of  a  parabola  whose  vertex  is  A. 

Cor.  1.  Since  the  parabola  is|.  of  its  circumscribing  paral- 
lelogram,  parabolic  beams  require  j.  less  matter  than  prismatic 
ones ;  a  circumstance  which  may  be  beneficially  attended  to, 
particularly  when  iron  is  used. 

Cor.  2.  In  the  beams  of  balances  for  very  great  weights, 
each  arm  may  be  constructed  of  a  parabolic  shape  as  in  fig.  13. 
F  being  the  centre  of  motion:  which  will  cause  a  saving  of 
materials  without  any  diminution  of  useful  strength. 

181.  Prop.  If  a  beam  has  one  end  fixed  to  a  wall,  and 
gradually  diminishes  towards  the  other  end  uhere  a  weight  is 
placed,  so  that  all  its  vertical  sections  are  squares,  then,  in 
order  that  it  may  be  equally  strong  throughout,  the  bounding 
curve  must  be  in  the  form  of  a  cubic  parabola. 

In  fig.  12.  PI.  Vlll.  the  stress  or  effort  of  the  weight  upon 
any  point  f  will  be  as  af  :  and;  because  the  sections  are  all 
similar,  the  strengths  will  vary  as  the  cubes  of  the  depths. 
Hence,  in  this  case  AF  oc  dc^,  which  is  a  well-known  property 
of  a  cubic  parabola. 

182.  Prop.  When  a  beam  whose  vertical  sides  are  parallel 
planes  is  fixed  at  both  ends,  it  will  be  equally  strong  throughout, 
if  either  the  fops  of  those  sides  or  the  bottoms,  or  both,  be  ter^ 
minated  by  ellipses.  • 

Foi',  the  sides  being  parallel  planes,  the  beam  willbeof  eiqual 
thickness  throughout,  and  consequently  the  strength  at  any  point 
DC,  will  be  as  cd*,  or  as  cc*,  according  as  adb,  or  acb,  is  the^ 
bottom  of  the  beam  (fig.  13.  PI.  VIII.)  Now,  the  stress  at  the 
point  D,  is  as  the  rectangle  ad  •  db  (art.  178.);  therefore  CD*,  or 
fic*'  must  vary  as  AD  *  db,  to  ensure  equal  strength  throughout. 
And  tins  is  the  fundamental  property  of  the  ellipse  whose 
vertices  are  A  and  b. 

183.  Prop.  Given  the  length  and  weight  of  a  cylinder  or 
prism,  which  is  placed  horizontally  with  one  end  fixed  firmly, 
and  will  just  support  a  given  weight  at  the  other  end  without 
breaking,  to  find  the  length  of  a  similar  prism  or  cylinder, 
jwhich  zchen  supported  in  like  manner  at  one  end,  shall  just,  bear 
without  breaking  a  second  given  weight  at  the  unsupported^ 
end. 
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Let  /  denote  the  length  of  the  given  cylinder  or  prism,  d  the 
diameter  or  depth  of  its  end,  w  its  weight,  and  u  the  weight 
hanging  at  the  unsupported  «nd  :  the  capitals  l,  d,  w,  and  u, 
representing  corresponding  particulars  with  respect  to  the  other 
4»rism.  Then  the  weights  of  similar  solids  of  the  same  matter 
being  as  the  cubes  of  their  lengths,  we  shall  have  l^  :  i?  :  :  w  ; 

-jfWf  the  weight  of  the  prism  whose  length  is  l.     We  may 

either  suppose  the  whole  weight  of  each  beam  to  act  at  its  cen* 
tre  of  gravity,  or  half  its  weight  at  the  unsupported  end : 
for,  on  both  these  suppositions  the  stress  upon  the  supported 
or  fixed  end  arising  from  the  weight  of  the  beam  will  be  tl^ 
same :  hence  then>  the  stress  upon  the  fixed  end  of  the  beam 
whose  length  is  /,  arising  both  from  its  own  weight  and  the 
weight  u  attached  to  it,  will  he  {^w+u)l;  and  the  stress  upon 

the  other  beam  will  be  C^w  ^  +  u^  l,  or  t—  w  +  vjL.  But 

the  lateral  strength  of  the  first  beam  is  to  that  of  the  second,  as 
d^  to  d'  (art.  169,  cor.  2.)  or  as  P  to  l'.  Wherefore,  since  the 
strengths  and  stresses  of  the  two  beams  in  tlieir  respective  cir- 
cumstances must  be  in  the  same  ratio,  to  answer  the  conditions 

(j3  \  ^ 

.^  cy  +  u  J  L  :  :  /'  : 

L^.     This  analogy  converted  into  an  equation,  gives,  after  a  lit*- 

tie  reduction^  i? /l*H u/^=0 :  a  cubic  equation  from 

which  the  numeral  value  of  l  may  be  determined,  when  those 
of  the  other  quantities  are  specified. 

Cor.  1.  When  u  vanishes  the  equation  becomes  l'  =  — 

/l*;  whence  l  =  — jr- '*  or,w:w  +2u:  :l :  -l.    From  which 

the  length  of  the  beam  which  will  just  break  by  its  own  weighty 
may  be  readily  found. 

Cor.  2.  Hence  of  all  beams  of  similar  shape  and  materials, 
there  is  one,  and  only  one,  that  will  merely  sustain  itself  when 
fixed  at  one  end,  being  just  on  the  point  of  breaking,  [g.] 

Cor.  3.  If  a  beam  break  by  its  own  weight,  when  fixed  at 
one  end,  a  beam  of  twice  its  length  fixed  in  a  similar  manner  at 
both  ends  will  also  break  by  its  own  weight :  or  if  one  sustain 
itself  the  other  will. 

For  the  strain  or  stress  is  the  same  in  both  of  them ;  each 
being  equal  to  the  stress  of  a  beam  of  the  double  length,  and 
supported  at  its  middle  point. 

184.  Prop.  Given  the  length  and  weight  of  a  cylinder  or 
prism,  "^which  is  fixed  horizontally  as  in  the  foregoing  proposi-- 
tion,  and  a  weight  which  when  hung  atn  given  point  preaks  the 
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prisniytojindhow  much  longer  a  prism  of  equal  diameter  ar  of 
tqiuil  breadth  and  depths  may  be  extended  before  it  break  either 
by  its  own  weight,  or  by  the  addition  of  any  other  adventitious 
weight. 

Here  let  /  denote  the  length  of  the  given  prism^  w  its  weight, 
u  a  weight  attached  to  it  at  the  distance  d  from  the  fixed  eotd;.!. 
the  length  of  the  required  prism,  and  u  the  weight  attached  to 

it  at  the  distance  d.  Then  I:  i.::w:  —7- ,  the  weight  of  the 
prism  whose  length"*  is  l  :  therefore  the  strain  it  will  occasion 
upon  the  fixed  end  will  be— r-  .  J  l  =  -tt—  ;  and  the  strain  aris- 
ing from  the  weight  u  acting  at  the  distance  p  will  be  du;  so 
that  the  whole  strain  occasioned  by  the  longer  beam  and  its 

weight  will  be-r^+  du.  The  strain  occasioned,  in  like  manner, 

by  the  weight  of  the  original  beam  will  be  J  a?/,  and  by  its 
weight  u  at  the  distance  d,  will  be  du,  their  sum  being  ^wl 
+du.  Now  the  strength  of  the  beam  which  is  just  sufficient 
to  resist  these  strains  is  the  same  in  both  instances;  conse- 

quently  -^^ h  du  =   Iwl  +  du;  and  by  reduction  l  = 


J 


—  Qwl  4-  dtt  —  DU  ). 


Cor.  1.    If  the  lengthened  beam  just  breaks  with  its  ow^ 
weight,  then  u  vanishes,  and  we  have  l  ==  V  (/*4 )  =? 

CoK.  2.  If  when  u  vanishes  d  becomes  equal  to  /,  we  have  l  =; 


to  ' 


185.  Prop.  The  strength  of  a  rectangular  beam  in  an  inclined 
position  is  to  the  strength  of'  the  same  beam  in  an  horizontal 
position,  to  resist  a  vertical  pressure,  as  the  square  of  the  radius 
to  the  square  of  the  co$ine  of' elevation. 

For  a  transverse  vertical  section  of  the  beam«  will  be  rectan- 
gular, whether  the  beam  be  in  a  horizontal  or  oblique  position : 
and  consequently,  on  the  principles  we  have  assumed,  the 
strengths  in  both  cases  will  be  as  the  squares  of  the  depths. 
Now  AB  (fig.  14.  PI.  VIII.)  being  a  longitudinal  vertical  section 
of  the  beam,  the  depth  of  the  beam  when  inclined  will  be  cp^ 
and  cd  when  it  is  horizontal.  Hence  the  strength  in  the  one 
case  to  that  in  the  other  is  as  cd*  to  cd^,  or  beqausa  of  the 
similar  triangles  ct>d,  a1>o,  as  ad*  to  AO%  that  is^  making  AD 
radius,  as  rad*  to  cos*  dao.  ij^  e.  p.. 
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Cor.  1«  The  streagth  of  any  beam  resisting  a  vertical  pressure 
is  greatest  when  it  is  in  a  vertical  position ;  for  then  the  cosine 
of  inclination  vanishes. 

Cor.  2.  The  same  prop,  and  corol.  will  hold^  with  respect  to 
a  pressure  in  any  other  direction,  provided  ah,  instead  of  being 
horizontal,  be  perpendicular  to  the  pressure. 

186.  Prop.  When  two  beams  standimr  obliquelif  bear  two 
weights  upon  them,  either  at  the  middle  points  or  in  any  similar 
situations^  or  equally  diffused  over  their  whole  lengths;  the 
strains  upon  them  will  be  directly  as  the  weights,  the  lengths, 
and  the  cosines  of  elevation  conjointly. 

For  ("art.  154.  cor.  4.)  the  weight  is  to  the  pressure  upon 
the  plane,  as  radius  to  the  cosine  of  elevation :  therefore  th^ 
pressure  is  as  the  rectangle  of  the  weight  and  cosine  of  eleva- 
tion; and  this  is  the  force  acting  against  the  beam  perpen- 
dicularly. Whence  the  stress  will  universally  be  as  the  length 
of  the  beam  and  this  force,  that  is,  as  the  length  x  weight  x 
cosine  of  elevation. 

Cor.  I.  If  the  lengths  of  the  beams,  and  their  weights,  be 
the  same,  the  stress  will  be  as  the  cosine  of  elevation ;  and  con- 
sequently it  will  be  greatest  when  the  beam  b  horizontal. 

Cor.  2.  If  the  beams  are  horizontal,  or  at  any  equal  incli- 
nations, and  the  weights  vary  as  the  lengths,  or  the  beams  are 
uniform,  then  will  the  stress  vary  as  the  squares  of  the  lengths. 

Cox.  3.  If  the  weights  are  equal  on  the  horizontal  beam  ac, 
and  the  inclined  one  ab  (fig.  15.)  and  bc  be  vertical,  the  sti^ss 
upon  both  beams  will  be  equal. 

For  the  length  into  the  cosine  of  elevation  is  the  same  in 
both. 

CoR.  4.  But  if  the  weights  on  the  beams  vary  as  their  lengths, 
the  strength  will  also  vary  in  the  same  ratio. 

Cor.  5.  And  aniversallj  the  stress  upon  any  point  of  an 
oblique  beam,  is  as  the  rectangle  of  the  segments  of  the  beam, 
the  weight  and  cos  inclination  directly,  and  the  length  of  the 
beam  reciprocally. 

187.  Prop.  Let  ac  (Jig.  1.  PI.  IX.)  represent  a  beam 
moveable  about  u  centre  c,  so  as  to  make  any  angle  ac b  with  the 
plane  of  the  horizon  qb\  to  determine  the  position  of  a  prop 
or  supporter  os  f^'  a  given  length,  which  shall  sustain  it  with 
the  greatest  ease  in  any  given  position;  also  to  ascertain  the 
inclination  of  ac  to  the  horizon  when  the  least  force  that  can 
sustain  it  is  greater  than  the  least  force  in  any  other  position. 

L«t  o  be  the  centre  of  gravity  of  the  beam  ac,  and  draw  on, 
cm,  atid  CD,  perpendicular  to  aC|  cb,  and  os  respectively. 
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Put  so  =  p,  CG  rr  r,  cm  ==  t,  and  the  weight  of  the  beam  =  tr. 
Then,  by  the  nature  of  the  parallelogram  of  forces,  we  shall 
iiave  Gm :  cw,  or  sim.  triangles,  as  cg  ( =  r) :  cm  C=  x)::w  : 

— ,  the  force  which  acting  at  G  in  the  direction  g?2,  is  sufficient 

to  sustain  the  beam :  and,  by  the  nature  of  the  lever,  co  :  CG 

/  r:  r J  : :  — -  (the  requisite  force  at  o) : ,  the  force  capable 

of  supporting  it  at  o  in  a  direction  perp.  to  Ac  or  parallel  to 

Gn  :  and,  again,  as  cd  :  co  :  : (the  force  acting  at  o  in 

CO  0 

tax 

direction  JL  to  co) : ,  the  force  or  weight  actually  sus- 
tained by  the  given  prop  so  in  a  direction  JL  to  CD.  This 
latter  force  will  manifestly  be  the  least  possible  when  the 
perpendicular  cd  upon  os  is  the  greatest  possible,  let  the 
angle  acb  be  what  it  may.  But  of  all  triangles,  having  the 
same  base  os  and  vertical  angle  sco  that  which  is  isosceles  is 
known  to  have  the  greatest  perpendicular  [being  an  obvious 
corol.  from  the  latter  part  of  prob.  VI.  p.  171.  Vol.  iii. 
Button's  Course] :  therefore  the  triangle  osc  will  be  isosceles, 
and  the  angle  s  =  angle  o,  when  the  weight  sustained  by  the 
prop  OS  is  a  minimum. 

Secondly,  in  order  to  give  a  solution  to  the  laUer  part  of  the 

problem,  we  have  to  find  when  —  is  a  maximum,  the  angles  s 

and  o  being  always  :^  each  other,  while  they  vary  in  magnitude 
in  consequence  of  the  change  of  the  inclination  acb.  Let  cd 
produced  meet  Gm  in  i ;  theuy  because  of  the  similar  triangles 
CDS,  cmi,  we  shall  have  cd  :  cm  (=j?)  : :  sd  (= Jp) :  mi,  whence 

-— =  -7 — :  and  consequently  — '-  X  ws^-r-  X  w.     Bat  '^ce 
CD        ip  '  ^         \^^  'iP 

d  bisects  the  angle  mcG,  we  also  have  CG+cm(=r'\-x):  cm 

consequently  the  force  -t""  ^  ®^*  acting  upon  the  prop,  is 
likewise  truly  expressed  hy-r^ —   I ~Z''    ^^^  fluxion  of  this 

expression  being  taken  and  put  equal  torero,  we  obtain^m — j— 

r ;  therefore  cG :  cwi : :  1 :  J  v/5  -  }  : :  radius  :  cosine  of  gcb  = 
51*  50', the  inclination  required. 

188.  Prop.  Suppose  the  beam  AC  instead  of  being  movegbh 
about  the  centre  c,  to  be  supported  in  a  given  position  byrneans 
of  the  given  prop  os  5  it  is  required  to  det^rrhine  the  position  cf 
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that  prop  so  that  the  prismatic  beam  cb  on  which  it  stands  may 
be  the  least  liable  to  breaking,  this  latter  beam  being  only  sup- 
ported at  its  ends  c  and  b. 

Let  CB  =  A,  OS  =  p,  cG  =  r,  weight  of  CA  =  w,  co  =  z,  Sjnc 
and  cosine  of  angle  c  =  sund  c  respectively^  sine  Z  o=:x,  siue 

Z  s  =y.     Then,  by  trig.  z:y::p:s,c(r-^=z—,  and  cs  =  — : 

also  the  force  of  the  beam  at  <l  in  direction  Gn=^cw,  Letp 
denote  the  force  sustaining  the  beam  at  o  in  the  direction  so ; 
then,  because  action  and  reaction  are  equal  and  opposite,  the 
same  force  will  be  exerted  at  s  in  the  direction  os :  therefore 


cGxcw=s  rx,  and  f= .    Again,  the  vertical  stress  at  s,  will 

rcwy          ,,  px   \  P'f 

OCFXSmS  XCS-SB  =  Fy-CS'SB=  ^   X  (6 ^---)  X  -^ —  =: 

(substituting  --  for  its  equal— ^  ^^  X  —  X  ^""^  =  rcw  x 
£L  ss  Ifl^  X  ( jp)  =  a  miu.  by  the  prop.  Conse- 
quently -i  —  J?  =  a  min.  or  x  a  max. :  that  is,  x  =  I ,  and  the  angle 

cos  a  right  angle.  Hence  the  point  o  is  readily  found  by  this 
proportion,  sin  c :  cos  c  : :  os  :  oc*. 

GENERAL  SCHOLIA. 

189.  We  have  already  adverted  to  a  general  maxim,  which^ 
on  account  of  its  great  importance,  we  beg  to  state  again :  it  is 
this: — When  several  pieces  of' timber,  iron,  or  any  other  materials 
are  introduced  into  a  machine  or  structure  of  any  kind,  the  parts 
not  only  of  the  same  piece,  but  of  t lie  different  pieces  in  the 
fabric,  ought  to  be  so  adjusted  with  respect  to  magnitude  that  the 
strength  may  be  in  every  part  as  near  as  possible  in  a  constant 
proportion  to  the  strain  to  which  they  will  be  subjected.  Thus, 
ID  the  construction  of  any  engine,  the  weight  and  pressure  upon 
every  part  should  be  investigated,  and  the  strength  should  be 
apportioned  accordingly.  AH  levers,  for  instance,  should  be 
made  strongest  where  they  are  most  strained :  as  levers  of  the 
first  kind,  at  the  fulcrum ;  levers  of  the  second  kind,  where  the 
weight  acts ;  and  those  of  the  third  kind,  where  the  power  is 
applied.  The  axles  of  wheels  and  pulleys,  the  teeth  of  wheels, 
ropes,  8cc.  must  be  made  stronger  or  weaker,  as  they  will  be 
more  or  less  acted  upon.  Let  the  strength  allowed  be  more 
than  fully  competent  to  the  stress  to  which  the  parts  can  ever 
be  liable;  but  let  not  the  surplus  be  extravagant:  for  such  an 
e&cess  of  strength  in  any  part,  instead  of  being  serviceable,  is 

*  A  geometrical  solution  of  this  problem  was  given  in  the  Ladies* 
Uiifrj  for  1757*    $M  Hettoi^'s  Diamn  Miscellany^  vol.  ill.  p.  38. 
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injurious  by  increasing  the  resistance  the  machine  has  to  over- 
come^  and  thus  encumbering,  impeding,  and  often  destroying 
the  requisite  motion:  while,  on  the  other  hand,  a  defect  of 
strength  in  any  one  part  will  cause  a  failure  there,  and  either 
render  the  ^hole  useless,  or  call  for  frequent  repairs. 

190.  The  propositions  we  have  given  on  the  strength  aiid 
stress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  no  use  in  practice  till  the  comparative  strength 
of  different  substances  is  ascertained.  And  even  then  they  will 
apply  more  accurately  to  some  substances  than  others.  Hitherto 
they  have  been  almost  exclusively  applied  to  the  resisting  force 
of  beams  of  timber;  though  it  .is  probable  no  materials  whatever 
accord  less  with  the  theory  than  timber  of  all  kinds*.  The  re- 
sisting body  is  supposed  in  the  theory  to  be  perfectly  homogeneous, 
or  composed  of  parallel  fibres,  equally  distributed  around  the 
axis,  and  presenting  uniform  resistance  to  inipture.  But  this  is 
not  the  case  in  a  beam  of  timber :  for,  by  tracing  the  process  of 
vegetation,  it  has  been  found  that  the  ligneous  coats  of  a  tree, 
formed  by  its  annual  growth,  are  almost  concentric ;  and  that 
they  are  like  so  many  hollow  cylinders  thrust  into  each  other,  and 
united  by  a  kind  of  medullary  substance  which  offers  but  little 
resistance :  these  hollow  cylinders,  therefore,  furnish  the  chief 
resistance  to  the  force  which  tends  to  break  them.  NoWy  when 
the  trunk  of  a  tree  is  squared  in  order  that  it  may  be  converted 
into  a  beam,  it  is  evident  that  all  the  ligneous  cylinders  greater 
than  the  circle  inscribed  in  the  square  or  rectangle,  which  is  the 
section  of  the  beam,  are  cut  off  at  the  sides ;  and  therefore,  as 
Montucla  remarks,  almost  the  whole  resistance  arises  from  the 
cylindric  trunk  inscribed  in  the  solid  part  of  the  beam.  The 
portions  of  the  cylindric  coats  which  are  towards  the  angles  add 
a  little,  It  is  true,  to  the  strength  of  that  cylinder,  as  they  cannot 
fail  to  oppose  some  resistance  to  the  straining  force ;  but  it  is 
fetr  less  than  though  the  ligneous  cylinder  were  entire.  Hence 
we  cannot  by  legitimate  comparison  accurately  deduce  the 
strength  of  a  joist  cut  from  a  small  tree,  by  experiments  on  an* 
other  which  has  been  sawn  from  a  much  larger  tree  or  block : 
the  latter  is  generally  weak,  and  very  liable  to  break.  As  to 
the  concentric  cylinders  we  have  been  speaking  of,  they  are  evi-t 
dently  not  all  of  equal  strength.  Those  nearest  the  centie  being 
the  oldest,  are  likewise  the  hardest :  which  again,  is  contrary  to 
the  theory,  in  which  they  are  supposed  uniform  throughout. 
After  all,  however,  it  is  still  found  that  in  some  of  the  most 

•The  propositions  which  relate  to  the  equilibrium  and  strength  ofsub- 
stances  perfectly  and  imperfectly  elastic,  depend  upon  principles  which 
cannot  naturally  be  introduced  in  this  place.  The  reader  may  be  referred 
toDr.  Young's'NaturalRiilosophy/vol.  ii.  p.  ^l-^^dO.  ' 
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important  problems  the  results  of  the  theory  and  well-con- 
ducted experiments  coincide,  even  with  regard  to  timber :  thus« 
for  example,  the  experiments  of  Duhamel  on  rectangular  bea;:ms 
afford  results  deviating  but  in  a  slight  degree  from  the  theorem 
of  Galileo,  that  the  strength  is  proportional  to  the  product  of 
the  breadth  uito  the  square  of  the  depth. 

190.  A.  Experiments  on  the  strength  of  different  kinds  of 
wood,  are  by  no  means  so  numerous  as  might  be  wished.  The 
most  useful  seem  to  be  those  made  by  Etnerson,  Parent,  Banks^ 
and  Girard :  but  it  will  be  at  all  times  highly  advantageous  to 
make  new  experiments  on  the  same  subject;  a  labour  espe- 
cially reserved  for  engineers  who  possess  skill  and  zeal  for  the 
advancement  of  their  profession.  It  has  been  found  by  expe- 
riments that  the  same  kind  of  wood,  and  of  the  same  shape  and 
dimensions,  will  break  with  very  different  weights:  that  one 
piece  is  much  stronger  than  another  not  only  cut  out  of  the 
same  tree,  but  out  of  the  same  rod:  and,  that  if  a  piece  of  any 
length  planed  equally  thick  throughout,  be  separated  into  three 
or  four  pieces  of  an  equal  length,  it*\vill  be  found  that  these 
pieces  require  different  weights  to  break  them.  Emerson  ob- 
serves that  wood  from  the  boughs  and  branches  of  trees  is  far 
weaker  than  that  of  the  body :  the  wood  of  the  great  limbs 
stronger  than  that  of  the  small  ones:  and  the  wood  in  the  heart 
of  a  sound  tree  strongest  of  all.  He  also  observes  that  a  pi^ce 
of  timber  which  has  borne  a  ^reat  weight  for  a  small  time,  has 
broke  with  a  far  less  weight,  wheu  left  upon  it  for  a  much 
longer  time.  Wood  is  likewise  we^aker  when  it  is  green,  and 
strongest  when  thoroughly  dried ;  and  should  be  two  or  three 
years  old,  at  least.  Knots  in  wood  often  weaken  it  very  much. 
And  when  wood  is  cross-grained,  as  often  happens  in  sawing, 
this  will  weaken  it  in  a  greater  or  less  degree,  according  as  the 
cut  runs  more  or  less  across  the  grain.  From  all  which'  it  fol- 
lows that  a  considerable  allowance  ought  to  be  made  for  the 
strength  of  wood,  when  applied  to  any  use  where  strength  and 
durability  are.  required. 

Iron  IS  generally  much  more  uniform  in  its  strength  than 
wood :  yet  experiments  shew  that  there  is  some  difference  occa- 
sioned by  different  kinds  of  ore;  the  difference  is  not  only  found 
in  iron  from  different  furnaces  ^  but  from  the  saqie  furnace,  and 
the  same  melting;  this  may  arise  partly  from  the  different  de- 
grees of  heat  which  it  has  when  it  is  poured  into  the  mould,  and 
partly  from  (he  different  uitensities  of  heat  acquired  by  the  fused 
metal  in  different  parts  of  the  same  furnace. 

Every  beam  or  bsu*,  whether  of  wood,  stone,  or  iron,  is  more 
easily  broken  by  any  transverse  strain,  when  it  is  sustaining  any 
very  great  compressioa  endways.     Several  experiments  have 
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been  made  on  this  kind  of  strain:  a  piece  of  white  marble  | 
iiich  square  and  three  inches  between  the  props,  bore  38lbs: 
when  compressed  endways  with  SOOlbs,  it  broke  with  14^1bs^^ 
The  i  ffect  is  much  more  remarkable  in  timber,  and  more  elastic 
bodies ;  but  is  considerable  in  all.  "^Fhis,  therefore,  is  a  point 
which  must  be  attended  to  in  all  experiments :  as  must  likewise 
the  fdlowing,  namely,  that  a  beam  supported  at  both  ends,  will 
carry  4mce  as  much  when  the  ends  beyond  the  props  are  kept 
firom  rising,  as  when  the  beam  rests  loosely  on  the  props.  The 
demonstration  of  this  is  given  by  Girard;  and  many  experiments 
furnish  nearly  the  same  result. 

Some  writers,  however,  seem  to  doubt  its  truth :  and  as  every 
one  has  not  opportunities  of  trying  the  matter  experimentally, 
Professor  Robison,  in  order  to  remove  any  doubts,  gives  this 
familiar  representation  of  the  case.  Let  lm  (fig.  2.  pi.  IX.)  be 
a  long  beam  divided  into  six  equal  parts,  in  the  points  d,  b,  a, 
c,  e;  and  firmly  supported  at  l,  b,  c,  m.  .Let  it  be  cut  through 
at  A,  and  have  compass-joints  at  b  and  C:  t^b  and  gc  are  two 
equal  uprights,  resting  on  b  and  c,  but  without  any  connection ; 
AH  is  a  similar  and  equal  piece  occasionally  applied  at  the  seam 
A.  Now  let  a  thread  or  wire  age  be  extended  over  the  piece 
GC,  and  made  fast  at  A,  g,  and  e:  and  let  the  same  thing  be 
done  on  the  other  side  of  a,  as  at  A,  f,  D.  If  a  weight  be  now 
laid  on  at  a,  the  wires  afd,  age,  may  be  strained  till  they  are 
broken,  in  the  instant  of  fracture  we  may  suppose  their  strains 
to  be  represented  by  A/and  Ag.  Complete  the  parallelogram, 
and  AO  represents  the  magnitude  of  the  weight.  Nothing,  hi» 
plain,  is  concerned  here,  but  the  cohesion  of  the  wires;  for  the 
beam  is  sawed  through  at  a,  and  its  parts  move  with  perfect 
freedom  round  b  and  c.  Instead  of  this  process  apply  the 
piece  a  h  below  a,  and  keep  it  there  by  straining  the  same  wire 
over  it  in  the  position  bhc.  If  a  weight  be  now  laid  on,  it  musl;^ 
press  down  the  ends  of  ba  and  ca,  and  cause  the  piece  ah  to 
strain  the  wire  bhc.  In  the  instant  of  fracture  of  the  same 
wire,  similarly  posited,  its  resistance  ni,  HC,  must  be  equal  to 
Aff  Ag,  and  the  weight  Ah  which  breaks  them  nmst  be  eqUal  to 
Aa.  Lastly,  employ  all  the  three  pieces  fb,  ah,  gc,  with  the 
same  wire  attached  as  in  the  two  cases  combined:  there  can  be 
no  doubt  that  the  weight  which  breaks  all  the  wires  must  be 
=z  Au  +  hUy  or  twice  Aa.  And  it  is  exceedingly  manifest  that 
the  wires  perform  the  very  same  office  with  the  fibres  of  an 
entire  beam  lm  held  fast  in  the  four  holes  B,  B,  c,  e,  of  some 
uprii^ht  posts. 

The  same  thing  is  shewn  rather  differently  at  pa.  464,  Emer- 
son's Algebra. 

The  relative  strengths  of  several  sorts  of  wood,  and  of  other 
bodies,  as  determined  by  Mr.  Emerson,  aie  as  follow: 
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Box,  yew,  plumtree,  oak 11 

Elm,  ash •     .     •     .     .       84. 

Walnut,  thorn 7j. 

Red  fir,  hollin,  elder,  plane  crabtree,  apple-tree      7 

Beech,  cherry-tree,  hazle     . 6f 

Alder,  asp,  birch,  white  fir,  willow  or  saugh     .       6 

Iron 107 

Brass      ,     .     . 50 

Bone 22 

Lead 6^ 

Fine  free-stone      .     .     • 1 

A  cylindric  rod  of  good  clean  fir,  of  an  inch  circumfereiice,^ 
drawn  in  length,  will  bear  at  extremity  400  lbs.,  and  a  spear  of 
fir  2  inches  diameter,  will  bear  about  7  tons. 

A  rod  of  good  iron  of  an  inch  circumference  will  bear  nearly 
3  tons  weight. 

A  good  hempen  rope  of  an  inch  circumference  will  bear 
1000  lbs,  at  its  extremity. 

Hence  this  author  concludes  that  if  a  rod  of  fir,  or  a  rope,  or 
a  rod  of  iron,  of  d  inches  diameter  were  to  lift  \  the  extreme 
weight,  then 

The  fir  would  bear  8^  dd  hundred  weights. 
The  rope  .  .  22  dd  ditto. 
The  iron  .  .  6^  dd  tons. 
191.  Mr.  Banks,  an  ingenious  lecturer  on  Natural  Philosophy, 
has  at  various  tiiiles  made  many  experiments  on  the  real  and 
comparative  strengths  of  oak,  deal,  and  iron.  He  found  that 
die  worst  or  weakest  piece  of  dry  heart  of  oak,  1,  inch  square, 
and  1  foot  long,  bore  660  lbs.  though  it  was  much  bent ;  and 
2  pounds  more  broke  it.  The  strongest  piece  he  tried  of  the 
same  dimensions,  broke  with  974  lbs.  ,  The  worst  piece  of  deal 
bore  460  lbs.  but  broke  with  4  more.  The  best  piece  boi-e 
690  lbs ;  but  broke  with  a  little  more.  And  with  respect  to 
cast  iron,  he  concludes  that  a  bar  of  the  weakest  kind,  an  inch 
square  and  a  foot  long,  would  break  with  about  2 190  lbs.  The 
following  are  some  of  the  experiments  he  mentions.  [Banks 
on  Power  of  Machines,  pa.  89.] 

**  Experiments  on  the  strength  of  cast  iron,  tiied  at  Ketley, 
^  March  1795. 
5C^  **  The  different  bars  were  all  cast  at  one  time  out  of  the 
same  air  furnace,  and  the  iron  was  very  soft,  so  as  to  cut  or  file 
easily. 

*'  Exp.  I.  Two  bars  of  iron,  one  inch  square,  and  exactly 
three  feet  long,  w^re  placed  upon  an  horizontal  bar  so  as  to 
meet  in  a  cap  at  the  top,  from  which  was  suspended  a  scale ; 
these  bars  made  each  an  angle  of  45^  with  the  base  plate,  and 
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of  consequence  formed  an  angle  of  90*  at  the  top:  from  this 
cap  was  suf^pended  a  weight  of  seven  tons,  which  was  left  for 
16  hours,  w])en  the  bars  were  a  little  bent,  and  but  very  little. 

**  Exp,  II.  Two  more  bars  of  the  same  length  and  thickness, 
were  placed  in  a  similar  maimer  making  an  angle  of  22j^  with 
the  base  plate;  these  bore  four  tons  upon  the  scale:  a  little 
more  weight  broke  one  of  them,  which  was  observed  to  be  a 
little  crooked  when  first  put  up.  In  this  case  the  pressure 
would  be  as  the  sines  of  the  angles  of  elevation,  viz.  as  i5826  to 
7071  ;  and  as  3826  :  4  tons : :  7071  :  7  •  6  tons;  that  is,  if  the 
second  bars  broke  with  four  tons,  the  first  ought  to  have  taken 
7*6  tons  to  break  them;  and  it  is  likely  that  would  if  tried 
have  been  the  case. 

"  Exp,  II 1 .  Another  bar  was  placed  horizontally  upon  two 
supporters,  exactly  three  feet  distant;  it  bore  6  cwt.  ti  qrs.  but 
broke  when  a  little  more  was  added. 

"  Exp.  IV.  The  same  experiment  repeated  with  the  same 
result. 

"  Exp.  V.  The  bearings  were  2  feet  6  inches  apart,  the  bar 
bore  9  cwt.  and  broke."  "  Three  more  experiments  were  tried 
the  next  day  with  the  prisms  3  feet  distant;  the  average  result 
was  6  cwt.  2  qrs.  7y  lbs/' 

"  Experiments  tried  at  Colebrook-dale,  on  curved  bars  or 
"  rihs  of  cast  iron,  April  1795. 

'^  Rib  29  feet  6  inches  span,  and  1 1  inches  high  in  the 
{centre;  it  supported  99  cwt.  1  qr.  14  lbs.:  it  sunk  in  the 
middle  3^,  and  rose  again  ^  when  the  weight  was  removed.  The 
same  rib  was  afterwards  tried  without  abutments,  and  broke 
with  55  cwt.  0  qrs.  14  lbs. 

"  Rib  29  feet  3  inches  in  span,  a  segment  of  a  circle,  3  feet 
high  in  the  centre;  it  supported  100  cwt.  1  qr.  14  lbs.  and  su^k 
1-^  in  the  middle.  The  same  rib  was  afterwards  tried  without 
abutments,  and  broke  with  64  cwt.  1  qr.  14  lbs." 

The  thickness  of  these  ribs,  unluckily,  is  uot  specified;  but 
the  experiments  prove  that  each  rib  exerted  little  more  than 
half  the  strength  when  the  abutments  were  removed.  This  cor- 
responds with  what  we  have  stated  in  the  last  article  relatively 
to  beams  being  fixed  at  the  ends,  as  nearly  as  can  be  expected, 
considering  the  necessary  diflerei?ce  between  prisms  and  these 
aj'ch  ribs. 

Mr.  Banks  made  some  experiments  on  the  strength  of  cast 
iron,  at  Messrs.  Aydon  and  ElwelFs  foundry,  Wakefield. 
"  The  iron  came  from  their  furnace  at  Shelf,  near  Bradford, 
and  was  cast  from  the  air  furnace ;  the  bars  one  inch  square, 
and  the  props  exactly  a  yard  distant.  One  yard  in  length 
weighs  exactly  9lbs.  or  one  was  about  half  an  ounce  less,  and 
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another  a  very  little  more :  they  all  bent  about  an  inch  before 
tbey  broke.  ^  • 

lbs.  •: 

*' I.  The  first  bar  broke  with    *     •     .     .    963  v 

^8.  Bar  broke  with    .     ,     ,    •     .    .     .    .958  ..,.^. 

"  S.  Bar  broke  with 994      *  ,' 

"  4.  Bar  made  from  the  cupola,  broke  with  864 
'^  Bar  equally  tliick.  in- the  middle^  but  the) 
ends  formed  into  a  parabola,  and  weigh- >  874/' 
ed  6  lbs.  3oz^  broke  with    .    •     .^    .      3 
This  gentleman  made  many  other  experiments.     He  con* 
eludes  from  the  whole  that  cast  iron  is  from  3f  to  4^  times 
stronger  than  oak  ^  of.  the  same  dimensions,  and  from  5  to  6| 
times  stronger  than  deal. 

With  respect  to  the  twist  to  which  bars  or  shaifts  placed  in 
an  upright  position  are  lial^le,  between  the  wheel  which  drives 
them  and  the  resistance  they  have  tio  overcoftie^he  observes  that 
a  cast  iron  bar  an  inch  square  and  fixed  at  one  end,  and  631 
pounds  suspended  by  a  wheel  of  2  feet  diameter  fixed  on  the 
other  end,  will  break  by  the  twist:  though  some  have  required 
more  than  1000  lbs.  in  similar  situations  to  break  by  the  twist. 
The  strength  to  resist  the  twisting  strain  is  as  the  cube  of  like 
lateral  dimensions. 

191.  A.  Professor  Robison  found  by  many  trials  that  a  prism 
of  white  marble  an  inch  square  and  a  foot  long,  bears  about 
500  lbs.<:  and  that  a  cylinder  of  an  inch  in  diameter  loaded  to ' 
one-fourth  will  carry,  if  of  iron  135  hundred  weight,  of  rope  29^ 
oak  14,  fir  9. 

Professor  Robison  also  collected  from  the  experiments  of 
Muschenbroek  and  others,  a  table  of  the  absolute  strengths  of 
several  substances :  from  which  the  following  is  selected.  The 
specimens  are  supposed  to  be  prisms  or  cylinders  of  one  square 
in<^h  transverse  area;  and  to  be  stretched  or  drawn  lengthwise 
by  suspended  weights,  gradually  increased  till  the  bars  were 
torn  asunder.  The  avoirdupoise  pounds,  which  on  a  medium  of 
many  trials  effected  this,  are  set  against  each  name. 

Ist.  METALS, 

•     >  lbs.        ■  ■  -i                                 His. 

Gold,  cast     '.    .    .    22,000    Tip,  cast S,(i(hO 

Silver,  cast      r  -^  .-    42,000     Lead,  cast    .     .     .   . •  .     86O 

Copper,  cast  ^    ^  •    S4>000    RegOlus  of  Antimony     ],(>Q0 

Iron,  cast        .     .  .     50,000  v  Zinc  .     .  . ;     •     .     *     2,600 

Iron^baF    .     .     •  .70,000     Bismuth       .  »..     .     ^     2,9<i0 

Steel,  bar  ..    *    ..  .  13ir,000 

It  is  a  circumstance  deserving  ^notice  tliat  almost  alt. the 
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metallic  mixtures  have  greater  tenacity  than  the  metals  them* 
selves.  The  change  of  tenacity  depends  much  on  the  relative 
proportions  of  the  ingredients;  yet  the  law  is  extremely  varia* 
blci  difiering  much  in  different  metals.  The  proportions  of 
constituent  parts  selected  are  diose  which  produce  the  greatest 
strength. 

lbs. 
2  parts   Gold  with  1  of  silver   ..     •    •    •    28>00O     ' 

5  Gold,  1  copper 50,000 

5  Silver,  1  copper       •    •     •     •     .    48,500 

4  Silver,  1  tin    •     ^     ...     .     .     .     41,000 

,       6  Copper,  1  tin      .     .     ....     .    60,000 

Brass,  of  copper  and  tin     •     .     .     51^000 

3  Tin,  1  lead 10,200 

8  Tin,  I  zinc 10,000 

4  Tin,  1  re^ulus  antimony  •     •     ^    12,000 

8  Lead,  1  zmc  •     •    r^    .    .    >     •      4,500    ' 
4  Tin,  I  lead,  1  zinc  .     •     .     .     •     18,000 
These  mixtures  are  of  considerable  use  in  the  arts.    The 
mixtures  of  copper  and  tin  are  especially  important  in  the  fiibiic 
of  great  guns.    By  mixing  copper  whose  strength,  at  greatest, 
does  not  exceed  37,000,  with  tin,  which  in  like  manner  is  less 
^an  6000;  a  metal  is  produced  whose  tenacity  is  almost  doable 
that  of  copper,  at  the  same  time  that  it  is  harder  and  more 
easily  wrought:  it  is,  however,  more  fusible.    It  appears,  aldo, 
idiat  a  very  small  addition  of  zinc  almost  doubles  the  tenacity  of 
tin,  and  increases  the  tenacity  of  lead  five  times.     An  addition 
of  from  one  fourth  to  one  third  of  lead  doubles  the  tenacity  of 
^tin.    These  are  economical  mixtures,  and  afford  valuable  in- 
formation to  plumbers,  as  to  die  manner  of  augmenting  the 
-strength  of  water  pipes.     By  having  recourse  to  these  tables^ 
also,  the  engineer  can  proportion  the  thickness  of  his  pipes,  of 
whatever  metal,  to  the  pressures  they  are  intended  to  sustain. 


2dly.  wooDS^  &c. 


Locust  tree 
Jujeb    .     . 
Beech  and  Oak 
Onlnge 
Alder    . 
£lin     . 
Mulberry 
WiUow 
Ash 
Plum   . 


lbs. 
20,100 
18,500 
17,300 
15,500 
13,900 
13,200 
12,500 
12,500 
12,000 
1 1,800 


Elder    ,    . 
Pomegranate 
Lemon      t 
Tamarind 
Fir  .     .     . 
Walnut      . 
Pitch  pine 
Quince 
Cypress.    . 
Poplar 


lbs. 
10,000 
9,750 
9,250 
8,750 
8^30 
8,130 
7,650 
6,r50 
6,000 
>5,500 
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lbs.  lbs. 

Cedar  .  .  ;  .  .  4,880  Horn  .  •  .  .  .  8,750 
lyory  .....  16,270  Whalebone  .  .  .  7,500 
Bone     .....       dfiSO    Tooth  of  sea-Kr^If     4       4,075 

These  numbers  express  something  more  than  the  utmost  co* 
hesion ;  the  weights  being  such  as  will  very  soon  tear  tlie  rod^ 
asunder.  It  will  be  found  generally  that  ^  of  these \weights  will 
sensibly  impair  the  strength  after  acting  a  considerable  while  ; 
and  that  i  is  the  utmost  that  can  remain  permanently  suspended 
from  the  rods  with  safety.  Wood,  however,  of  straight  fibre, 
isuch  as  fir,  will  bear  a  greater  proportional  load  than  other 
timber. 

The  strength  of  some  metals  is  doubled  or  tripled  by  th§ 
operation  of  forging  and  wire-drawing ;  and  th^  cohesive  as  well 
as  the  repulsive  force  of  wood  is  often  increased  by  moderate 
compression.  Oak  will  suspend  much  more  than  fir,  but  fiir 
will  support  twice  as  much  as  oak ;  the  curvature  of  the  fibres 
of  oak  appears. to  be  the  reason  of  the  difference ;  yet  oak  hais 
been  known  to  support,  with  safety,  more  than  2  tons,  for  every 
square  inch.  Stone  will  support  from  250  to  850  thousand 
pounds  on  a  foot  square,  bnck  300 ;  and  sometimes  thpy  ar6 
practical^y  made  to  support  one- sixth  as  much.  Stone  is  said 
to  be  capable  of  bearing  a  much  greater  weight  in  that  positioh 
Mith  respect  to  the  horizon  in  which  it  is  found  in  the  qusinry^ 
than  in  any  other  position. 

192.  Having  now  giiren,  in  addition  to  the  theoretic  pro^ 
pbsitions,  the  results  of  experiments  made  at  different  tim^s  by 
various  persons,  it  remains  to  exhibit  a  few  examples  of  itie 
practical  application  of  die  whble. 

I.  Let  it  be  required  to  find  what  \veight  stispended  fironi  tlie 
middle  of  an  oak  beam  (supported  at  each  ^nd)  will  break  iti 
the  length  of  the  be£im  being  8  feet,  its  end  a  sqilare,  add  each 
side  six  inches.  , 

^ccdrding  to  Mr.  Bank,s*s  exp^inetits  a  bar  of  oak  an  incli 
square  and  a  foot  long  lying  on  a  prop  at  each  end,  will  break 
with  660lbs.  on  itft  middle,  taking  the  lowest  number.  And  ill 
all  cases  where  we  make  such  comparison  of  strength,  the 
breadth  multiplied  into  the  square  of  the  depth  and  divided  by 
the  product  of  the  length  and  weight  inust  oe  a  cotistant  quan^ 
titif:  that  is,  takii^  i,  d^  /,  and  n?,  for  the  breadth,  depths 
length,  and  weight,  used  in  the  experiuient^  and  b,  d,  l,  w>  those 

proposed  in  the  example^  we  haver-  ::i— .     Hence  w  =  -jjr"* 

which   m    the    present   instance    gives   w  =  -^-r — a    ■       =: 
I7820lbs, 

K  2^ 
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.II.  Let  the  length  of  the  beam  be  as  above,  the  breadth  S 
inches,  and  the.  weight  17820,  what  must  be  the  depth  of  the 

beto)?  •        , 

:    Here  J,  d^l,  and  tt;,  also  l,  and  w,  are.  as.  in  the  preceding 

eiample.    From  the  general  equation  we  obtain  D  =:    /~j^ 

>/  1  X  1  X  8  X  17820        ^  .t,  '     %  1 

=:    i' — ^    /  ^^^ —  =  8*4!S  mches,  nearly. 

^        8x1x660  '  -^ 

;    CoE.  The,  latter  beam^  though  as  strong  as  the  former,  is 
but  little  more  tlian  |.  of  it  in  size. 

III.  Required  the  breadth  of  a  bar  of  iron  S  feet  long,  and 
4  inches  in  depth,  to  Sustain  the  same  weight  at  its  middle 
-point  ? ' 

Here  d,  c2>7,  l,  w^  as  before,  w  =  2190,  x>k4;  and  from 

i«       .V  Wlw         1x1x8x17820        .   i.-  •     »  ^j 

the  theorem  b  ss -j^j-  =    ^.^^^^.^^T  =  ^'^^  "*^^^''  "^^'*y- 

IV.  Required  the  length  of  a  piece  of  oak  an  inch  square,  so 
that  when  propped  at  both  ends  it  may  just  break  with  its  own 
weieht? 

Here  we  adopt  the  notation  in  art.  184.  cor.  2.  and  have 

«  =  1,  fi?ss  »  of  a  lb*  tt=5660lbs.    Then  L=a/  /~2?s=5T45 

feet,  nearly. 

y*  Finq  the  length  of  an  iron  bar  an  inch  square,  that  it-m^y 
'bfeak  wiiib  its  own  weight,  when  it  is  supported  at  both  ends. 

Here  I  as  before,  u=  2190,  w  i=  3*    Hence  l  =  /  /"■;7" 

^  38  •  223  feet  nearly. 

Cor.  It  mignt  have  been  supposed  dds  result  should  exceed 
the  preceding  one:  ^but  it. must  be  considered  that  while  iron  is 
only  4}  times  stronger  tiban  oak,  it  is  about  1\  times  heavier. 

VI.  When  a  weight  w  is  suspeldded  from  £  on  the  arm  of  a 
crane  ABtiDB  (fig.  3.  Pi.  I^.);  it  is  required  to  find  the  pres- 
sure at  the  end  d  of  the  spur,  and  that  at  b  against  the  upright 
post  AC. 

Here,  by  the  nature  of  the  lever  ^  w  =  the  pressure  at  d  in 

the  vertical  dii*ection  DC:  but  the  pressure  at  Din  the  direc- 
tion BB  will  be  to  the  vertical  pressure  as  db  to  dG:  hence 

DG  :  DB  :  :  --  w  :  — '■ —   w.     And  the  horizontal  pressure 

CO  PG • CD  • 

against  die  upright  post  CA  at  b,  will  be  to  that  in  direction 
DB,  aB  'cB  to  DB;  therefore  db  :  CB,  or  DB  :  CD  :  i  ^    '  ^  ; 

ZC  IC 

'  r—  W  =  —  W. 

DO  BC 

Mr.  Banks  gives  the  following  among  other  instances  of  the 
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use  of  this  5  ^'  Given  ■  EC  =6  12  feet,  Be  =  6,  1>€  ±=  €*7,  i>b  =*f 
9^  w  =  4.     Required  the  pressure  on  the  spur,  and  the  hori-* 

zontal  pressure  against  the  upright.      1.  — '■ — w  =  10*7lf| 

the  pressure  against  the  end  of  the  spur  in  direction  db.    The 

pressure  against  the  post  is  ^^'^  =:  — ~  =  8.     In  this  eXf 

ample,  lei  ac  and  C£  be  oak  beams,  each  10  inches  square, 
and  the  spur  db  6  inches  square.     The  strength  of  bc  is 

j^,  or  94^;  which  multiplied  by  6C)0 gives  31 132  pounds,  which 

suspended  at  b  would  break  the  beam  CE  at  D.  The  length  of 
the  upright  ac  is  12  feet,  and  has  its  strength  expressed  by 

1000 

-j^;  which  multiplied  by  660,  produces  55000  pounds,  the 

weight  which  would  break  it  at  b.     But -^ — =62264, 

the  pressure  at  b,  being  7264  pounds  more  than  the  beam  AC 
can  support  The  strength  of  the  spur  bd  is  — — ^  ==  24, 
which  multiplied  by  2  gives  48  tons  for  the  strength,  or  107520 

J  D    ^  DO-EC  9x12x31132       ^„^„e  J         ,  .  , 

pounds.     JBut  w  =  — r— t-= —  =  83638  pounds,  which 

*  DO 'DC  6x6*7  '^  ' 

is  2S882  pounds  less  than  the  force  requisite  to  break  the  spur. 
Prom  the -above' it  appears  that  the  upright  ac  is  the  weakest 
part ;  but  from  the  principles  already  explained,  the  ingenious 
mechanic  will  easily  proportion  the  parts  so  as  to  be  equally 
strong/' 

VII.  ^'  Let  it  be  required  to  make  a  crane  of  cast  iron  to 
bear  4  cwt.  but  that  it  may  be  perfectly  safe  let  it  be  calculated 
for  10  cwt.  and  let  ac  =  ce  =  3  feet,  also  bc  n  cd  n  1 J  foot. 

^^  Let  the  thickness  of  the  iron  be  half  an  inch,  and  put  z  =: 

deptlvof  CE.     Then  as  1  :  2190  :  :  -r-^  :  1120,  from  which  w« 

Bud  the  thickness  2:=  1*75  inches.  The  pressure  upon  the  spur 
at  D,  in  the  direction  vG^z:  1120  pounds;  the  length  of  the 
spur  is  2*12  feet,  and  as  dg  (15) :  db  (£-12) : :  1120  :  1583  for 
the  pressure  in  the  direction  db.  As  a  bar  1  inch  square,  and 
1  foot  long,  will  bear  15  tons,  or  33600  pounds  (at  the  end), 

we  say  as  1 :  336(X)  : :  ^j- :  1583,  from  which  we  find  z  the  side 

of  the  prop  or  spur = -4638  5  of  an  inch.    Next,  for  the  upright, 

V        CB  x  w      560  X  3      , ,  -^  J    .1  •    . 

we  have :r -y-r— z:  1  IzO  pounds,  the  pressure  agamst  B, 

then  as  1  :  S190  : :  j^  (the  square  of  the  breadth)  :  ^120 
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poupds,  the  §aiiie  a»  c£>  9S  ihey  are  of  the  same  laagth,  and  the 
breadth  will  be  the  same,  that  is  1*75  inches/' 

Many  other  examples^  particularly  of  the  strength  of  beams 
|o  work  cylinders,  ai^  of  cast  iron  shafts  or  axles  for  mills,  may 
be  seen  in  Mr.  Banks's  little  Treatise  pn  the  Power  of  Ma^ 
chin^S;,  &c, 


.'  J.'.r-  't   •  •'    • 


^    ■•■   , 


I     I 
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CHAPTER   Vr. 


On  Cordsy  Arches^  and  Domes. 

193.  We  liave  already  spoken  of  the  use  of  cords  in  their 
connection  with  the  lever,  the  pulley,  and  the  axis  in  peritro^ 
chio:  but  they  are  sometimes  used  in  a  manner  more  compli- 
cated than  what  we  have  yet  considered^  and  are  by  some  au- 
thors regarded  as  a  distinct  machine  under  the  name  of  Funi" 
cular  machine.  We  shall,  therefore^  treat  of  them  a  little  more 
particularly,  and  consider  them  as  perfectly  flexible,  without 
gravity  and  reduced  to  their  axes,  unless  the  contrary  is  stated* 
The  tension  of  a  cord  is  the  force  which  acts  at  one  end  of  it 
when  the  other  is  fixed,  or  it  is  equivalent  to  that  force:  thus  in 
the  case  of  the  equilibrium  of  powers  applied  to  a  physical  point, 
if  we  regard  that  point  as  fixed,  the  tension  of  each  cord  is  pre- 
cisely the  force  applied  at  each  cord  to  move  the  point:  but  if 
the  equilibrium  does  not  obtain,  as  when,  for  example,  a  cord 
has  two  unequal  powers  acting  at  its  extremities,  the  tension  is 
the  least  of  the  two  forces,  for  the  tension  will  obviously  be  the 
same  as  if  the  one  of  the  extremities  were  fixed,  and  the  least 
of  the  two  forces  acted  solely  at  the  other  end. 

194.  When  three,  four,  or  more  powers,  act  at  the  extremities 
of  different  cords,  all  umt^  at  one  node,  the  conditions  of  equi 
librium  will  be  tlie  same  as  we  have  exhibited  in  Chap.  II.  be- 
tween arts.  46.  and  70.  whether  the  cords  are  all  situated  in  one 
plane,  or  several.  But  if  two  forces  c,  c/  (fig.  S.  pi.  I.)  act  at 
the  extremities  of  a  cord  cpc^  passing  through  a  ring  at  9 
fastened  to  a  cord  op,  and  retained  by  a  power  p,  the  condir 
tions  of  equilibrium  are  these : 

1.  The  line  op  when  produced  must  bisect  die  angle  cpc'. 

^.  The  forces  c,  c'  must  be  equal.tp  each  pther.  For,  if  the 
angles  cpd,  c'pd,  are  unequal,  the  cord  w31  slide  along  the 
ring;  and  this  condition  combined  with  that  of  the  parallelor 
gram  of  forces  requires  the  equality  of  c,  and  c'.  This  being 
premised,  we  proceed  to  a  few  useful  problems. 

195.  Prop.  Given  the  length  I  of  a  cord  eah,  and  thepo* 
sition  of  the  points  e,  h,  to  which  its  ends  arejixed,  and  appose 
it  given  weight  p  hangs  by  a  cord  ap,  the  latter  cord  rwining 
freely  along  the  former  by  a  ring  at  the  end  a  (fig.  4.  pi.  IX>). 
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to  determine  the  position  of  the  whole  when  in  equilibrio,  and 
the  tension  of  the  cord  eah  at  its  extremities. 

Draw  through  e  the  horizontal  line  eg,  and  through  H  the 
vertical  fk.  Since  al  divides  the  angle  eah  into  two  equaL 
partSy  if  EA  produced  meet  yk  in  K,  we  shall,  because  of  the 
parallels  la,  fk,  have  k  =  eal  =  lah  =  ahn  ;  therefore  the 
triangle  hak  is  isosceles,  and  ka=  ah;  also  £K=s  ea  4*  ak  = 
EA  +  AH  =  /.  If,  therefore,  widi  E  as  a  centre  and  radius  =  /, 
we  cut  the  vertical  fk  in  k,  and  on  the  middle  point  n  of  HK 
erect  the  perpendicular  n  A,  it  will  intersect  the  line  E^in  A^  the 
point  where  the  ring  will  rest  in  equilibrio. 

The  analytical  solution  of  the  remaining  part  of  the  problem 
is  by  no  means  difficiilt.  Thus,  put  ef  =  h,  the  angle  eah  = 
%a,  and  let  the  tensions  of  the  cord  at  the  points  of  suspension 
p,  H,  be  p',  p'^.  Then,  shice  p'  must  be  equal  p'^,  and  eal  == 
li^AH,  we  have  (art.  41.  cor.)  p  =  2p^  cos  a.     In. the  right* 

migled  triangle  efk,  we  have  sin  ekf  =:  sin  a  =:;  —  =7.  Em* 

KB  If 

ploying  this  value  in  the  equation  p  =  2p^  cos  a,  there  arises 

tion  which  gives  the  tension  of  the  cord  at  £  or  h» 

Cor.  1 .  The  distances  ha  and  e  a  may  be  easily  found  when 
required:  for,  since  the  relative  positions  of  e  and  H  are  given, 
WU  is  known  as  weU  as  ef;  tod  because  fk  =:  ke  cos  a^  it  is 

known  also:  hence  nk  is  known,  being  — ^— ,  and  we  faav^, 

by  9im.  tri.  kf  :  ke  ::  kn  :  ka  (;=  ah)  ::  nf  :  ae. 

Cor.  2.  The  locus  of  all  the  points  A  is  an  ellipse  whose  feci 
are  e,.  h,  and  transverse  axis  =1  /. 

Cor.  3.  When  h  falls  in  the  horizontal  line  e^o^  it  wiUl>e 
EA  =  AH. 

•  196.  Prop.  Given  the  weight  b  attached  to  the  point  a  of  a 
cord  which  passes  over  two  fixed  puli^s  in  given  jjositionshond 
c,  the  given  weights  p,  q,  hanging  at  the  extremities  of  the  cord, 
to  determine  the  position  of  Ac  and  ab  when  the  whole  ii  in 
equilibrio*  {fig.  B,  pi.  11L») 

At  a  convenient  distance  from  b  and  c,  draw  the  vertical 
da  to  represent  the  weight  R  (fig.  6.),  and  form  the  triangle 
dae  such  that  the  sides  ae  and  de,  shall  be  to  da,  as  the  weights 
p,  aild  Q,  respectively  to  R.  From  the  point  b  draw  ba  parallel 
40- ea,  and  fypin  the  point  c  draw  CA  parallel  to  de,  then  will 
CAB  be  the  position  in  wluch  the  cord  will  rest  in  equilibrio. 
For^  if  \ve  take  any  distanpe  AD  in  the  vertical  AG  to  represent 
^R^apd  co^ipl^te  the  parallelogram  aedf,  we  see,  by  the  simi- 
litude of  the  triangles  ade,  ade,  that  be  and  df  ought  to  re- 
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preset  the  tetisions  of  ac  and  ab,  and  that  in^lus  position  they 
9se  in  equilibrio  with  the  weight  r. 

By  means  of  the  known  sides  of  the  triangle  ade^  we  may  cal- 
culate the  three  angles:  iien^  drawing  the  horizontal  line  ^g, 
the  ani^e  gpc  will  be  given,  since  the  points  B  and  c  are;  the 
angle  gb  a  is  known  also,  being  the  complement  of  gab  or  dme\ 
and  the  angle  cba  =  gba  —  gbc,  will  be  therefore  known» 
dius^  in  the  triangle  gab  we  know  the  side  CB,  and  the  angles 
CAB,  CBA  (and  consequently  the  third  anglej,  from  which  we 
may  compute,  with  ease,  the  side»  ca  and  ab«  / 

CoR.  1.  When  p  =  Q,  the  triangle  ade  becomes  isosceles,  hy 
which  means  the  computation  is  much  simplified. 

Cor.  2.  When,  besides  having  p  =  q,  we  have  B  and  c  in 
the  horizontal  line,  the  process  is  still  farther  simplified.  la 
this  case  ac  and  ab  will  be  equal  to  each  other;  the  trianele 
ade  will  be  isosceles,  and  eia^  similar  to  bga.  We  shall  aiso 
have  ei  =  V(fle*  —  ai^)o^  \/(p*  —  ^r*):  so  that  if  bg  be  put  =  \d 
and  ga  =  •^^  we  shall  express  ai :  e^  ::  AG :  gb  thus, 

Jr  :  v'  (p'^-^  xR)  \:x:ld.  whence  x  zr   ,,  ^  '^--  ,  =   ■  ^,,  f — -. 

197.  Prop.  To  determine  the  conditions  of  equilibrium  in 
the  funicular  polygon, when  many  forces  are  acting  at  different 
points  of  the  cord,  but  in  the  same  plane. 

Let  pnn'n'',  &c.  (fig.  7.  pi.  IX.)  be  the  polygon  propo^, 
being  kept  in  equilibrio  by  the  powers  p',  p'^, .  .  •  p°,  acting  in 
the  directions  pn,  p^'n,  p^'n^,  &c.  And  call  /,  ^,  <'',  8cc.  the 
respective  tensions  of  the  parts  of  the  cord  pn,  nn/,  n'n'^,  8l6, 
Now,  since  the  equilibrium  obtains  in  the  system,  it  must 
necessarily  have  place  in  each  portion  of  the  polygon  separately. 
Hence  p,  p^,  and  i\  must  be  in  equilibrio  about  the  node  ir^ 
and  f^  must  be  the  resultant  of  the  component  forces  p,  p^;  the 
force  which  acts  on  the  point  N^  in  direction  n^n,  is  therefore 
equivalent  vto  the  two  forces  p,  p^,  acting  simultaneously  at  n  ; 
and  the  node  N^^  is  acted  upon  as  though  it  were  solicited  by 

^ Ae  four  forces  P,  p',  p'^,  t^%  in  directions  respectively  paralldl 
to  PN,  p'n,  p"n',  n"k'.  In  like  manner  it  may  be  shewn  that 
the  node  n'^  is  kept  in  equilibrio  in  the  same  way  as  it  would 
be,  if  subjected  to  the  simultaneous  action  of  the  powers  p,  p', 
p",  p%  t%  in  directions  parallel  to  pn,  p'n,  p"n',  &c.  And  se 
on  throughout.  Hence  it  follows,  that  t^hen  a  funicular  poly^ 
gon  is  sustained  in  equiUbrio  by  any  number  of  forces  whatejier, 
if  we  transport  these  powers  parallel  to  their  respective  direo- 
tionSj  so  as  all  it*  exers  their  energies  upon  one  point,  it  will  be 
kept  in  equilibrio  by  their  combined  action. 

CoR;  Iv  The  resnlt  just  obtained  corresponds  with  that  which 

.was  deduct  in  CSuip«IL(art.  85.)  with  r^jjacd  tot  forces  actisig 
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at  different  points  of  solid  bodies:  consequently  the  other  theo«> 
rems  given  there  may,  when  required,  be  applied  to  the  case 
before  us. 

QoR.  2.  If  we  neglect  die  two  extreme  forces  p>  p",  and 
imson  upon  the  otheeni  as  in  the  proposition,  it  is  clear  we  may 
oMceive  all  of  them  applied  at  the  same  point  (provided  they 
make  respectively  the  same  directions  with  any  assumed  a^ 
AX),  without  at  all  altering  the  magnitude  of  dieir  resultant: 
rad  hence  as  that  resultant  is  destroyed  by  the  two  powers  p^ 
^f  it  must  necessarily  pass  through  the  pomt  of  concoui^se  o  ol 
iht  directions  pn,  p**h'''. 

CoK.  S.  If,  therefore,  a  cord  abb  (fig.  10.  pi.  IX.)  fixed,  at 
two  points  A  and  b>  haye  all  its  points  solicited  by  any  forces 
whatever  in  the  same  plane,  it  will  assume  a  plane  curvature: 
and  the  point  of  intersection  o  of  two  tangents  will  fall  upon 
the  direction  of  the  resultant  of  all  the  forces  applied  to  the., 
various  points  of  the  cord.  And  if  we  transfer  these  forces  pa-* 
rallel  to  their  directions,  so  as  to  apply  them  all  at  the  point  o, 
their  resultant  being  resolved  into  two  others  acting  according 
to  the  directions  ao  and  ob,  we  shall  thence  obtain  the  effort 
exerted  upon  each  of  the  fixed  points. 

CoR«  4.  The  case  of  the  la^t  corol.  applies  obviously  to  gra- 
vity: for,  on  the  one  hand,  this  force  exercises  its  action  on  all 
the  points  of  the  cord,  aqd  on  the  other,  these  efforts  may  be 
assimilated  to  the  weight  distributed  throughout  the  leug]^  of 
the  heavy  cord.  Hence,  the  curve  thus  formed,  and  known  by 
the  names  oi  funicular  curve,  chmnette,  or  catenary,  is  a  plane 
curve. 

Cqr.  5.  In  the  catenary  the  total  effort  exerted  on  the  fixed 
points  A  and  b,  is  the  whole  weight  of  the  cord:  if,  therefore,  at 
the  point  of  concourse  o  of  the  two  tangents  to  the  curve  at  a 
and  B,  a  we^ht  equal  to  that  of  the  cord  were  sustained  by  two 
threads  AO,  BO,  void  of  gravity,  the  points  a  and  B  would  be 
jicted  upon  in  the  same  manner  as  they  are  by  the  action  of  gra<- 
vity  upon  the  cprd  aeb  ;  viz.  the  powers  p,  p',  neaessary  to  re- 
tain either  the  heavy  cord  aeb,  or  the  equal  weight  at  o,  would 
be  the  same  in  both  cases.  As  the  resultant  is  the  weight  of 
the  cord,  if  we  erect  upon  o  an  indefinite  perpendicular  oe,  it 
will  pass  through  the  centre  of  gravity  (art.  lOS.  IV.),  and  the 
forces  exerted  upon  a  and  b  will  be  proportional  to  ti^e  sines  of 
tha  angles  bob  and  aoe  (art.  48.):  thus,  if.  w  be  the  entire 
w<;ight  of  the  cord,  we  have 

w  :  p :  pf : :  sin  aob  :  sin  bob  :  sin  aq£.  ,    ~ 

Cor.  6.  The  same  will  obtain,  wherever  the  points  a. and  3 
are  found  in  the  curve,  since  the  state  of  equilihtium  allows  us 
to  Cjousider  as:  fixed  any  two  points  in  tlie  ciu'veu    If^  thereforej»^ 
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we  consider  the  point  f  as  fixed  instead  of  the  point  B^  the  poiu 
tion  ASF  of  the  curve  will  not  change  its  form :  nor  will  toerld 
be  any  change  in  the  tension  p  exerted  at  a. 

Cor.  7.  If  several  weights  w,  w',  w''',  &c.  (fig.  8.)  hang 
upon  a  cord  pc^cp^^  the  weight  of  which  is  inconsiderable  with 
respect  to  either  of  those  weights,  the  pressure  upon  any  angle 

c  of  the  funicular  polvgoQ.  will  be  oc  -r : — ^,  the  line  cc 

*^     •'P   ~'  sin  eGc  •  SID  rco  ' 

being  a  continuation  of  die  vertical  w^'^c.  For,  if  a  series  of 
parallelograms  of  forces  be  described  at  the  a^igles  of  the  poly^ 
gon,  where  the  forces  c/V',  ec,  co,  ^c',  &c.  jbeing  eqind 
and  opposite,  destroy  ^ch  other,  we  shall  hav^,  force  ^V' : 
q'^o'\  or  €C  :  :  sin  t^d'c'^  or  tm  c^'c V  :  sin  p VV^  :   : 

}    .^^n  :  ■  -    ji^j, »      Ag^in,  cc  :  co  or  c^c^  :  :  sin  tco  or 

tmrtrir       sinc"<r<'  o-»    j 

sin  e'cV  ;  sin  cce  : :  —. — — :  ■'.    ,  .  or    . ^  ^  ;  and  90  on. 

sin  cCe       sin  ecc         sin  cco   '  •»*'    v 

Whence  it  appears  in  general  that  any  force  ec  is  as   .  * 

-— ,         -  -  sin  eec  X  Ce  ,  sin  cec 

Therefore,  because  cc= — r-- ,  we  have  cc=: — .    ^    ■   x 

'  sm  cce     '  '     sill  cce 

1  sin  dee 


Sin  ecg       sin  cCe  •  sin  ceo 


Cor.  8.  If  the  number  of  weights  hauging  from  the  cord 
be  increased,  and  the  distances  on  the  cord  of  the  points  from 
which  the  lyeights  )iang  be  increased  indefinitely,  or  if  instead 
of  the  weights  we  conceive  pieces  of  heavy  cord,  or  of  chains, 
po  be  hung  fjrom  plifierent  points  of  the  cord  pcp^,  as  in  fi^;.  9. 
our  funicular  polygon  w|Il  then  become  a  curve,  being  indeed  a 
species  of  catenary.  The  angle  ecd  will  then  become  die  angle 
of  contact  formed  by  the  tangent  and  curve,  whose  sine  is  equal 
to  the  measure  of  the  angle;  and  the  angles  cce,  ceo,  become 
equal  to  the  angles  ccd,  ccd^,  which  are  supplements  to  each 
other.  Hence,  because  the  angle  pf  contact  is  as  the  curvature 
of  the  arch,  or  reciprocally  as  the  radius  of  curvature,  the 
weight  hanging  at  any  point  c,  will  be  reciprocally  as  ihe  radius 
of  curvature  at  that  point,  and  the  square  of  the  sine  of  di^ 
angle  made  by  tb^  curve  (or  its  tangent)  and  the  vertical. 

Cor.  9.  Lastly,  a-heavy  cord  cannot  by  any  force  be  stretched 
into  a  right  line,  except  it  be  in  a  vertical  position :  for,  the 
weight  of  the  cord  may  be  considered  as  a  force  applied  at  its 
centre  of  gravity;  and  then,  the  cord  aeb  (figl  10.)  being  re- 
tained by  the  two  forces  p,  p',  if  w  be  its  weight,  we  have 

(cor.  5.)  p  ;  w  : !  sin  bob  :  sin  aob  ; 
wh^re,  it  is  obvious,  the  more  the  cord  is  stretched,  the  sreatfsr 
^e  angle.  A  OB.  becomes,  and  the  more  nearly  the  angle  eob 
approaches  to  a  right  angle :  so  that  the  cbrd  can  only  be 
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stretched  «traight  horizontally^  when  this  analogy  Qbtains,  P ; 
w  : :  1  :  0,  4hat  is,  when  p  is  infinite.  Thus,  however  small 
the  weight  is,  it  will  cause  the  cord  to  be  curved,  unless  it  be 
placed  vertically :  which  is,  indeed,  a  circumstance  experienced 
daily. 

198.  Prop^  7b  investigate  t/ie  most  useful  equations  of  the 
simple  catenarian  curve. 

Let  AMC  (fig.  1 1 .  pi.  IX.)  be  a  cord  unifi>nnly  thick  through- 
oi\t,  inextensibl6,  and  perfectly  flexible,  fixed  at  the  two  giveir 
points  A,  c,  and  solicited  by  gravity  fp  every  point.  Taking  the 
origin  of  the  rectangular  co-ordinates  in  a,  and  estimating  the 
Xf  JT,  8cc.  horizontally,  and  y,  y,  &c.  vertically,  we  shall  have  for 
any  point  m  in  the  curve  APrijr,  pm=^,  am =::;.'  The  ten* 
aions  exerted  at  a  and  m  according  to  the  tangents  ad,  ud, 
give,  weight  of  am:  tension  at  A  :  :  sin  adm,  or  sin  adf  : 
Bin  IDM  (cor.  5.  art.  191.);  where,  sinc«  the  tension  at  a  is 
constant  and  the  weight  of  the  arc  am  is  proportional  to  it9 
length,  the  first  ratio  in  the  analogy,  is =2  :  a,  a  being  a  con- 

• 

stant  quantity,  yet  undetermined*^  Moreover,  sin  lOFs  -?-»  co» 


1DF=^,  and  denoting  the  angle  iad  by  s,  we  have  sin  adf = sin 

2. 

%       X  §in  s— V  cos  f       «         />         f  •     •  • 

(iDF/-iDA)r::  ■   ■*■  .  :  therefore  x:  a  z :  x  sin  s—y  cou  s  ; 

z 

kp  whence  we  deduce  this  fluxional  equation. 

(I.)  kx^axAns^-ajf  cos  s. 
In  order  to  eliminate  one  of  these  variables,  we  regard  i  nM 
constant,  and  thence  obtain  — «jr  =:  i>',  in  which  6  =:  a  cos  s'. 

H^ce,  substituting  •  (**+i*^  for  «,  we   ^^^ '* ^y^^J^^r^T^* 

here  ^  being  constant,  the  fluent  of  the  second  member  is  evif. 
dently  4v^(i*+/) ;  that  of  the  first  member  is-j/jr,  or  its  cprw 
rect  fluent  c:i-yx\  we  have  therefore (c—y)  ^rziV'Cir^+i*.) 

But  —  being  the  tangent  of  tfn?  angle  formed  by  the  axe  AX 
Bnd  the  tangent  to  the  curve  at  every  pomt,  if  we  make^zi.O, 
we  thence  have-T-  —  tan«=-^^^:  this  condition  givesc=sa,a1thd 
therefore 

(2.)    ....     T-  *6 

Now,  since  -^  expresses  the  tangent  of  the  ai^le'  formed  by 

AX  and  the  curve  or  its  tangent  at  any  point,  in  order  to  find  , 
,the  point  where  the  curve  is  parallel  to  ax,  or  the  lowest  point 
of  the  curve  wheriB  the  tangent  is  horizontal,  we  myat  indite 
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• 

4-=0,  and  this  will  give  ^=a  — ir:HB,^  and  from  the  equa. 

(1.)  it  gives  z^a  sin  s.  To  determine  the  relations  of  the 
curve  to  bh  as  an  axis,  call  bl,  x,  and  lk,  Y  ;  then,  comparing 
these  new  co-ordinates  with  the  former,  we  havey'ssa— 4  — x, 
and  x=Att— Y*  Substituting  these  values  in  equa*  (2.)  there 
arises^ 

,   <   g^xT*     Taking  the  fluents  of  this  equation,  we  have 

Y  =  ±6  Hyp.  log.  [^+.x^,(x*+26x)+Hyp.  log.  d]. 
Now  supposing  Y  =  0,  it  will  give  x  =  0,  and  Hyp.  log.  d  =: 
Zj^b  Hyp.  log.   b.  whence  we  obtain  the  following  correct 
fluent : 

(3.)  .  .  Y  =  ±4  Hyp.  log.  (iL£li|f!±!^>)  =  ±  b.  Hyp. 
log.  <l^t£) 

This  equation  shews  that  the  vertical  axe  passing  through 
the  point  where  the  tangent  is  horizontal  is  a  diameter,  since 
to  each  value  of  x  there  are  two  equal  and  opposite  values 
of  Y. 

Other  algebraic  though  not  finite  expressions  for  the  ordinate 
T  might  be  easily  obtained ;  but  there  will  no  particular  ad- 
X  vantage  arise  from  pursuing  that  part  of  the  investigation,  we 
therefore  merely  exhibit  one  more  equation  which  flows  natu- 
rally frt>m  the  one  just  given ;  it  is  this,  y=  ±6  Hyp.  log.  ^—. 

The  fluxional  equation  y  =  ^   >  gives  ^(x^-f  y*)  ^ 

}^^     av  3  the  fluent  of  which  is  Bn  =  •(26x  +  xx)  =  z  : 

from  this  equation  we  obtain 

(4.)  ....  xsJ-ft+VC^^+z*)- 
When  we  would  construct  the  catenary,  we  must  consider  as 
koown  the  points  of  suspension  a  and  c,  and  the  length  amc 
of  the  cord ;  it  will  be  necessary  to  determine  the  position  %iid 
length  of  BB,  that  is,  to  find  ah  and  bh>  or  kh  and  bh,  ak  and 
CK  being  given>  and  to  know  the  Value  of  the  constant  quantity 
b* '  In  order  to  this  we  apply  the  equation  (:S.)  to  the  point  a, 
substituting  for  x,  bh— y,  and  for  y,  ak  —  ah  — or,  and  then^in- 
troduce  this  value  of  x  into  equation  z  =  \/(26x  +  x').  Again, 
in  the  equation  of  the  curve  we  put  first  i:  =  0,  j^=;  0,  then  x  zz 
AC,  ai^y=CK ;  ai«i  in  the  equation  z  zzi  V(2bx+x%  we  put  x 
^kkf  and  z=:amc  :  by  these  means  we  q^jbtsfin  three  equations 


\ 
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1 

cotnprising  only  kno\Mi  quantities  and  the  three  unknown  ones  i, 
Jkii,  BH,  whence  each  of  the  unknown  quantities  may  b^  deter- 
mined. 

If  die  points  A,  c\  are  in  the  horizontal  line  ax,  we  have  AH 
==  HC,  and  arc  ab  =:  arc  bc^=|abC^  In  this  case  we  retail! 
the  origin  at  the  point  B^  and  making  z  =  Iabc^,  in  the^equation 
x  =  — i±  \/(ft*+z*),  the  value  of  x  thence  resulting  being  sub»- 
stituted  in  the  equation  of  the  curve,  in  which  also  y  will=  J  ac> 
the  equation  itself  will  then  contain  only  one  unknown  quantity 
by  the  determination  of  which  will  become  a  matter  of  cotnpa- 
rative  facility  :  though  it  must  still  be  by  a  method  of  approxi- 
mation, because  the  curve  is  transcendental. 

Cor.  1.  Instead  of  gravity,  if  any  other  force  exerts  hs 
energy  in  like  manner,  acting  equally  upon  every  point  of  the 
flexible  line,  the  same  curve  will  be  produced :  dius,  for  exam- 
ple,, if  the  wind  be  supposed  equable,  and  blow  according  to 
right  lines  parallel  to  a  given  line ;  the  cord  thus  inflated  bv  the 
wind  will  assume  the  shape  of  the  catenary  :  for,  since  all  tbinga 
obtain  with  respect  to  this  other  force,  as  we  have  supposed  in 
relation  to  gravity,  the  results  must  obviously  be  similar. 

Cor.  2.  If  the  forces  acting  upon  every  point  of  the  curve, 
instead  of  being  exerted  in  parallel  lines,  were  always  exercised 
in  directions  perpendicular  to  the  curve,  the  forces  exercised  at 
every  point  would  be  inversely  as  the  radii  of  curvature  at 
those  points :  if,  therefore,  the  forces  were  equal  to  each  other 
throughout,  the  radius  of  curvature  would  then  be  constant,  and 
the  curve  ivould  be  a  circular  arc. 

CoR.  3.  Suppose  that,  instead  of  the  ends  of  the  cord  or 
chain  being  fixed  by  pins  at  A  and  (/,  the  said  chain  passes  over 
pulleys  there,  as  at  c,  b,  (fig.  5),  and  hangs  down  vertically  (as 
CQ,  BP)  though  without  any  other  than  its  own  weight,  and 
that  the  equilibrium  i»  constituted  by  the  equal  and  contrary 
operation  of  the  portions  of  chain  or  cords  hanging  reapectively 
between  and  beyond  the  pulleys  at  A  and  c^ :  then,  putting  bh 
ziif  the  half  arc  AMBncr,  and  take  j3  so  that  it  shall  be  to 
BM,  as  the  tension  at  b  to  the  weight  of  the  part  bm  ;  r  will  bef 
to  /3-|-^  as  the  weight  of  the  part  ab  to  the  tension  at  a  :  thts 
latter  tension  being  equal  to  the  weight  of  the  part  hanging  vet-f 
tically  beyond  a,  and  the  weights  of  any  two  portions  of  the 
chain  being  as  their  length,  it  follows  that  j3-{-(  will  express  the 
length  of  each  portion  of  the  chain  that  hangs  vertically.  Coti-' 
sequently,  2j3+,2J+2(r  will  be  equal  to  the  whole  length  of  the 
chain.  Let  that  be  denoted  by  l,  the  distance  ac^,  by  2p,  and 
the  number  2*7 1828 18  whose  hyperbolic  logarithm  is  1,  by  N; 
then,   by  the  nature   of  the  curve,  we  shall  have  /3  -^^  I  ^a 
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D 


(n^    +  n    ^)  IP,  and  <r=(N^  -n  0  iP-      Whence 


D 


2^N^  =:l.    Therefore  d  and  L  being  given,  /3  may  be  founds 
and  of  course  S  and  c  by  the  two  preceding  equations. 

CoK.  4.   D  being  given  and  jS  supposed  variable,  the  fluxion 


""        -  D 


of  j3n  ^  is  j3n  ^    D/Sn  ^  ,  which  i^ill  be  n  0,  when  its 

fluent  is  a  minimum;  in  which  circumstance  it  appears  thatB=^  D. 
Therefore,  substituting  for  d  in  the  value  of  l,  it  appears  that 
the  length  of  the  shortest  chain  which  can  possibly  rest  sus- 
pended in  the  manner  above  described  is  2nd  or  5*4365636  D. 
Cob.  5.  It  farther  appears,  by  making  the  same  substitution 
in  the  values  of  /3  +  ^  and  o*,  that  when  the  minimum  length  of 
chain  is  suspended  in  that  manner,  the  two  exterior  vertical 

parts  of  the  chain  will  each  be  Jd  (n  H ;)  =  1«54S0806d  ; 

9enii-arc  ab=bc'=:^d  (n— — \=1*1702012d;  and  Btt=:|D 

(n+  —)—©=.  5430806D. 

"  D 

CoK.  6.  Since  /3n  ^  is  a  minimum  when  equal  to  nd,  it 
is  obvious  that,  L  being  greater  than  2no,  j3  in  the  equation 

D 

^0ix  ^  :rL  vrill  have  two  real  and  positive  values,  one  less  and 
the  other  greater  than  d;  and  consequently  the  chain  will  tlien 
rest  in  two  different  positions  on  the  pulleys*. 

II.  On  Arches  and  Piers* 

199.  The  construction  of  arches  is  one  of  die  most  important 
ted  dilScult  branches  of  Architecture,  particularly  when  con- 
sidered in  relation  to  the  erection  of  bridges  over  broad  and 
rapid  rivers :  it  commonly  imposes  the  double  task  of  blending 
die  handsome  forms  and  the  decorations  of  the  ordinary  archi* 
lecture  with  the  firmness  and  durability  which  ought  always  to 
be  found  in  works  destined  not  merely  for  the  accommodation 
of  tlie  public  but  in  many  cases  for  its  safety.  The  theory  of 
arches,  when  perused  to  the  extent  its  importance  and  utility 
detnands,  would  itself  fill  a  volume;  but  all  that  we  shall  attempt 
in  this  place  vrill  be  a  concise  view  of  tlie  leading  particulars^ 
according  to  the  most  simple  and  obvious  theory. 

*  In  the  Phil.  Trans.  No.  231,  or  New  Abridgment,  Vol.  IV.  there 
is  a  curious  paper  on*  the  catenary  by  Dr.  David  Gregory,  in  which  is 
ghren  an  elegant  construction  of  the  cur^^e  by  means  of  the  parabola  and 
cQuilateral  hyperbola,  besides  the  quadrature  and  cubature  of  ^^arious  parts 
or  the  catenarian  space,  and  its  solids  of  rotation. 
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Defs.  By  au  arch  we  here  mean  an  artful  dispositioa  of 
several  stones^  or  bricks,  or  other  suitable  materials,  the  under 
part  of  which  is  in  a  bow-like  form,  their  weight  producing  a 
mutual  preflsure,  so  that  they  not  only 'support  each  other  hut 
may  be  made  to  carry  the  most  enormous  weights.  Other  par- 
ticulars relatiiig  to  an  arch,  the  defining  of  wliich  is  necessary 
here,  may  be  soon^learnt  by  turning  to  fig.  I,  pi.  X.  -Thus 
ASSESS  is  the  ponderttiqg  arch ;  a  or  B,  the  spring  of  the  arch ; 
Dits  crown;  ab  its  span ;  CD  its  height  or  versed  sine,  or  rise ; 
ADB  the  intrados,  orthe  lower  surface  of  the  arch  (often  called 
the  arch);  s^es  ttie  extrados,  being  in  bridges  the  superior 
surface,  or  the  roadway ;  p';  f,  the Jtanks  or  hances ;  the  spaces 
above  these  are  called  the  spandrels ;  the  portions  of  wedges 
which  lie  in  a  course  contiguous  to  the  intrados  are  called  vous" 
soirs,  or  arch  stones  ;  that  which  is  at  D  is  called  the  keystone; 
the  walls  or  masses  pqst,  p'a's'x',  built  to  support  the  arches, 
^d  from  which  they  spring  as  their  bases,  are  either  called  ptrr^ 
or  abutments ;  piers  when  they  stand  between  two  neighbour- 
ing arches,  abutments  when  they  support  the  arches  which  are 
contiguous  to  the  shore :  the  part  of  the  pier  from  which  an 
arch  springs  is  called  the  impost;  the  curve  formed  by |  die 
upper,  sides  of  the  voussoirs  the  archivolt ;  and  the  lines  fs, 
F^s^,  about  the  flanks,  in  which  a  break  is  most  likely  to  ttike 
place,  are  cdlledjoints  of  fracture.  The  other  terms  we  shall 
use  will  need  no  explanation. 

When  we  reflect  upon  the  immense  quantity  of  heavy  .ma- 
terials suspended  in  the  air  in  a  large  arch,  and  compare.it  with 
the  small  cohesion  which  the  firmest  cement  can  give;CO  flfucii 
an  edifice,  we  shall  be  convinced  that  its  parts  are  not  kept  to- 
gether by  the  force  of  the  cement;  the  stability  of  the  whole  is 
^the  result  of  the  just  balance  and  equilibration  of  all  its  parts. 
The  principles  of  this  equilibration  we  shall  now  ekhibit :  prct- 
mifiing,  that  they  are  founded  updH  the  hypothesis. of  the  pon- 
derating  matter  pressing  upon  the  voussoirs  in  the  vertical  direo- 
.tion,  and  that  we  here  pay  no  regard  to  any  small  pressuird  ia 
other  directions  which  may  be  occasioned  by  filling  up  the  span-^ 
drels  with  rubbles,  &c. 

200.  If  we  conceive  a  vault  Or  arch  in  equUibrio  to  jbe 
composed  of  a  series  of  very  small  hard  spheres,  of  polished 
.Surfaces,  touching  one  another,  and  the  centres  joined  by  r^tit 
lines,  being  in  fact  an  inverted  simple  catenary;  and  that,  me 
spheres  are  so  connected  that  they  cannot  yield  to  any  otb^ 
impulsion  than  that  of  gravity,  it  is  plain  the  equilibrium  will 
not  be  disturbed  by  such  inversion  of  the  curve;  no  part  of  the 
curve  will  be  thrust  outward  or  inward  by  other  parts,  bii|  &is 
whole  will  be  supported  if  tfie  feet  are  firmly  fixad:  fer^  moe 
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the.  situation  of  die  points  of  the  catenary  is  the  same^  and 
their  respective  inclinations  to  the  horizon^  whether  in  the 
original  or  inverted  position^  the  curve  being  in  both  instances 
in  a  vertical  plane^  and  the  action  of  gravity  the  same/  the  re- 
lative conditions  are  the  same,  and  therefore  the  arch  will  keep 
its  figure  unchanged  as  well  in  one  situation  as  the  other. 

Thus  also  when  arches  of  other  figures  are  supported,  it 
is,  as  Dr.  David  Gregory  justly  observed,  *^  because  in  their 
thickness  some  catenaria  is  included:"  as,  for  example,  if  a 
quantity  of  heavy  but  flexible  materials  fixed  only  at  the  points 
p,  p'  (fig.  12.  pi.  IX.),  when  left  to  the  sole  action  of  gravity, 
should  arrange  itself  into  the  shape  of  the  dotted  lines  padbp' 
in  a  vertical  plane ;  then,  if  the  whole  were  completely  inverted', 
the  points  p,  p',  being  still  fixed,  the  equilibrium  would  bt 
retained  notwithstanding  the  inversion  :  the  arch  with  the  mat- 
ter above  it  would  stand  as  in  the  upper  part  of  the  same 
figure ;  and  the  corresponding  parts  of  the  hanging  and  of  the 
standing  arch  would  be  similarly  situated  with  regard  to  the  forces 
from  which  the  equilibrium  is  derived.  Here,  too,  there  would 
be  no  point  of  contrary  flexure  in  the  intrados;  and  this  we 
suppose  throughout. 

201.  Hence  what  was  deduced  at  Cor.  8.  art.  191.  may  be 
transferred  to  the  present  case;  that  is,  the  zceight  pressing  upon 
any  point  c  will  be  reciprocally  as  the  radius  of  curvature  at 
that  point,  and  the  square  of  the  sine  of*  the  angle  made  by  the 
curve,  or  its  tangent,  and  the  vertical. 

If  therefore  a  weight,  as  a  wall  or  mass  of  masonry,  be  in- 
cumbent on  the  intrados  pvcp'  (fig.  12.)  in  a  vertical  plane,  and 
all  the  parts  be  kept  in  equilibrio,  then  the  height  ci  on  any 
point,  c,  is  reciprocally  as  the  radius  of  curvature,  and  cube  of 
the  sine  of  the  angle  in  zchich  the  vertical  cuts  the  curve  in  that 
point,  or  reciprocally  as  the  radius  of  curvature,  and  directly  as 
the  cube  of  the  secant  of  the  curvets  inclination  to  the  horizon^ 

For  the  weight  on  the  indefinitely  small  portion  of  the  curve 
ce  being  inversely  as  r  x  sin  *  dci,  or  R  x  sin  *  d'ci  (r  being  the 
radius  of  curvature  at  c),  and  the  weight  of  the  column  ceil,  as 
ic  •a;r  at=  ic  .  ce  •  sind'cinic  'sin  d'ci ;  because  ce  is  given: 

therefore  ic  •  sm  dci  oc  — :-^ — ,  and  ic  oc — r-ri —  oc --. 

202.  This  method  of  deducing  the  fundamental  theorem  of 
equilibrated  arches  from  inverted  catenaries  either  simple  or 
complex,  suggests  an  easy  popular  mode  of  ascertaining  the 
shape  of  a  duly  balanced  arch^  when  the  span,  height  and  shape 
of  the  roadway  are  given ;  a  method  which,  we  believe,  was  first 
practised  by  M.  de  la  Hire.  Let  it  be  proposed,  for  example^ 
to  determine  the  form  of  an  arch  which  ishall  have  the  span  pp'^ 
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and, the  height. ev  (£g.  12) and  which  shall  have^a  roadway  in 
the  position  adb  above  it.  Let  the  figure  padbp'  be  inverted 
as  represented  by  the  dotted  lines:  then  let  a  chain  of  suitable 
length  and  uniform  thickness  be  hung  at  the  points  p,  p^  so  that 
When  it  assumes  the  shape  of  the  simple  catenary  it  shall  hang 
a  little  below  the  lowest  point  v.  Divide  pp  into  20,  SO,  or 
more  equal  parts,  as  in  the  points  1,  2,  S,  &c.  and  let  vertical 
lines  through  the  points  1>  2,  3,  Scc.  intersect  the  curve  pvp'  in 
the  corresponding  points  1,  2,  3,  &c.  Then  take  pieces  of 
another  unifofm  chain  whose  links  are  tolerably  numerous,  and 
hang  on  at  the  points  1 » 2, 3,  Sic.  of  the  chain  suspended  from  p,p'. 
Cut  or  trim  these  pieces  of  chain  till  their  lower  ends  all  coin- 
cide with  the  inverted  roadway  adb  :  the  greater  lengths  which 
are  hung  oo  in  the  vicinity  of  p,p^  will  draw  down  that  part  of  the 
chain,  and  so  cause  the  part  which  hung  below  v,  to  rise  to  its 
assigned  position.  This  process  will  give  us  an  arch  of  equili- 
bration, but,  as  Dr.  Robison  remarks,  some  farther  modifi* 
cations  may  be  necessary  to  make  it  exactly  suit  the  specified 
purpose*  It  is  a  balanced  arch  for  a  bridge  which  is  so  loaded 
that  the  weight  of  the  arch  stones  is  to  the  weight  of  the  matter 
with  which  die  tiaunches  and  crown  are  loaded,  as  the  weight  of 
t6e  chain  pvp',  to  the  sum  of  the  weights  of  all  the  little  bits  of 
chain,  very  nearly.  But  this  proportion  b  not  known  before- 
hand; we  must,  dierefore,  proceed  thus :  Adapt  to  the  curve 
produced  in  this  way  a  thickness  of  the  voussoirs  as  great  as 
may  be  thought  sufficient  to  ensure  stability;  then  compute  the 
weight  of  the  voussoirs  and  the  weight  of  the  gravel,  stones, 
&c.  which  fill  up  the  haunches,  &c.  to  the  roadway.  If  the 
ratio  of  these  two  weights  be  the  same  with  that  of  the  cor- 
responding weights  of  chain,  we  may  rest  satisfied  with  the 
curve  now  found:  but  if  different,  it  may  easily  be  calculated 
how  much  must* be  added  to,  or  taken  from,  each  piece  of 
chain,  in  order  to  make  these  ratios  equal ;  and  thus  shall  we 
at  length  ascertain  with  sufficient  accuracy  the  shape  of  the 
curve  required,  which  ^ay  be  readily  transferred  from  the  ver- 
tical wall,  or  framing,  hear-wbieh  the  chains  were  suspended, 
to  any  other  situation. 

We  might  now  go  on  to  deduce  a  few  useful  propositions  in 
this  theory,  from  the  fundamental  formula  just  exhibited :  but 
as  it  may  be  more  satisfactory  to  some  persons  to  have  this 
theorem  deduced  independently  of  the  catenary,  we  shall  de- 
monstrate the  same  tiling,  from  the  consideration  that  the 
voussoirs  are  so  ttiany  frustums  of  wedges  whose  sides  are 
perpendicular  to  the  intrados,  each  of  which  being  urged  by 
its  mcumbent  weight,  endeavours  by  this  force  to  split  the 
arch. 
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203.PROiP.  The  force  of  a  voussoir  depending  on  the  magni-' 
tudeofthe  angle  formed  by  its  sides,  the  impelling force^  and  the 
resistance  to  be  overcome^  is  on  the  first  account  directly  as  the 
radius  of  curvature  of  the  arch  at  that  pointy  on  the  second  as 
the  square  of  the  sine  of  the  angle  included  between  the  tangent 
of  the  curve  at  the  given  point  and  the  vertical  passing  through 
that  point,  and  on  the  third,  as  the  sine  of  the  same  angle, 

1.  Let  EABfy  ^obf  be  two  similar  concentric  curves  (fig.  2. 
pi.  X.X  and  A  By  ab,  two  voussoirs  similarly  situated,  whose 
sides  perpendicular  to  the  curve  convelge  to  the  centre  c.  The 
forces  of  these  voussoirs,  considered  as  portions  of  wedges,  are 
inversely  as  the  sines  of  the  half  vertical  angles  (164>,  165. 
cor.  I .),  or,  because  each  wedge  occupies  an  equal  portion  of 
its  respective  arch,  directly  as  the  radii  of  curvature. 

2dly,  Let  hA  be  the  invariable  breadth  of  the  voussoirs  on 
the  arch  eabf,  eg  nh  the  incumbent  weight,  which,  since  oh  vi 
supposed  given,  is  as  the  breadth  hk^  or  as  the  sine  of  the  angle 
Ah  A ;  by  the  resolution  of  the  force  gH  into  two  Ah,  hk,  the 
latter  is  the  force  impelling  the  voussoir  to  split  the  arch, 
which,  since  gH  is  given,  varies  as  the  sine  of  HgK,  or  Ah^: 
wherefore,  the  force  impelling  the  voussoir  is  as  the  square  of 
the  sine  of  hnk. 

3dly,  The  wedge  impelled  in  a  direction  perpendicular jta 
the  curve  tends  to  split  the  arch,  and  therefore  to  move  one 
segment  about  the  fulcrum  e,  the  other  about  tlie  fulcrum^*. 
Hence  the  force  of  the  voussoir  acting  on  the  levers  uf,  He, 
being  as  either  of  the  perpendicularsyp,  e%  is  as  the  sine  of  the 
angle /cF  or  AhA. 

We  have  supposed  the  centre  of  curvature  of  the  arches  at 
the  points  a,  h.  Ah,  to  be  at  c  :  but  this  is  merely  to  prevent  the 
figure  from  being  too  complex,  and  makes  no  alteration  in  the 
nature  of  the  demonstration. 

Cob.  Hence,  if  the  height  of  the  wall  incumbent  on  any 
point  H  of  the  intrados  is  inversely  as  the  cube  of  the  sine  of 
hnk  into  radius  of  curvature  at  that  point,  or  directly  as  cube 
of  the  secant  of  the  angle  formed  by  Ah  and  the  horizon,  and 
inversely  as  the  radius  of  curvature,  all  the  voussoirs  will  tend 
to  split  the  arch  with  equal  forces,  and  will  be  in  perfect  equi-* 
librium  with  each  other. 

S04.  Prop.  Given  the  intrados,  to  find  the  corresponding 
extrados. 

In  fig.  12.  pi.  IX.  where  pyp^  is  the  intrados  and  adb  the 
required  extrados,  v  and  d  being  the  respective  vertices,  put 
A=Dy,  x=/irv  the  abscissa,  v=^c  the  ordinate  to  any  poiiit 
c,  a=:ci  the  requisite  altitude  at  that  point,  and  z=:the  arc 

.   l2 


148  STATICS.  .   [Booxl. 
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'  vc  :  then,  by  the  last  prop,  and  con  a  a ,  while,  by 

similar  triangles,  we  havei  :z::l  (radius :  — :-  =  sec  dfck; 
and  therefore  a  «  i'-r-Ry^  But  in  every  curve  whose  ordi- 
nate  is  referred  to  an  axis  the  radius  of  curvature  is  ^izz-r-m — rr- 

yx~xy 

(Simpson's  Fluxions,  vol.  I.  p,  74 ;  Dealtry's  Fluxions,  art.  102.) ; 

tvhence  a  a  ^^TI^"^ ,  or  a  =  c  •  ^  .f  ,  where  c  is  a  constant 

quantity,  the  value  of  which  may  be  determined  by  taking  the 
expression  for  the  given  line  a  at  the  vertex  of  the  curve. 

Example.  To  find  the  extrados  of  a  circular  arch.  Let  o  be 
the  centre  of  the  circle,  and  the  several  lines  in  fig.  3.  pi.  X.  being 
represented  as  above,  while  po=ov=ir;  then,  if  we  make 

y  invariable,  we  have  j?  =  r  —  \/(r«-v'),i  =  — r~— ^t  and  x  = 


«  ••  • •• 


Hence  ci,  or  a,  or  €•  ^  "     »    becomes   c  — r^- 


Or* 

=  /:! — ox". '  and  this  when  v  =  0,  or  at  the  vertex  where  A  =  a, 
gives  A  =  — ,  or  c  =  Ar:  and  consequently  th6  general  value  of 

CI,  or  a  =  r-i — :rr:,  bccomcs  a  =  A  •— r-  =:  DV  • rj-  =  A 

X  cube  sec.  of  elevation. 

Hence  this  simple  calculus :.  to  the  logarithm  of  a  add  thrice 
the  log.  sec.  of  elevation,  the  sum  rejecting  3  (in  the  index)  is 
the  log.  of  a. 

Hence  also  flows  a  neat  construction :  draw  the  vertical  cs 
intersecting  the  horizontal  diameter  in  s :  join  c  and  the  centre 
o,  and  on  og  let  fall  from  s  the  perpendicular  st  :  draw  xs 
parallel  to  po,  and  join  zo  :  make  Cfi=DV,and  parallel  to  zo 
draw  uxy  then  is  cjr=Gi.  For,  by  the  similar  triangles  we 
have 

CO :  cs  : :  cs :  CT  = 


cs  :'CT::cT:c;i  =  - 


CO. 

C8*  cs* 


CO* • C8  CO* 

and  DV  :  ci :  :  cu  :  ex  : :  cz  :  co  : : — rr:  co  : :  cs' :  co' : :  ok^ : 

CO' 

ov'. 

The  curve  »IA  runs  up  to  an  infinite  height  above  the  spring 
of  the  arch,  if  it  be  semicircular;  and  this  mupt  evidently  be 
the  case  with  every  curve  that  springs  at  right  anglea  to  the  ho- 
rizontal line.     But  for  a  moderate  distance  on  each  side  the 
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vertex  the  extrados  will  assume  a  shape  that  may  answer  to* 
lerably  well  for  a  roadway. 

SCHOLIUM.  . 

205.  When  the  intrados  is  elliptic  the  extrados  is  of  the  same 
kind  ad  for  the  circle :  but  when  the  longer  axe  is  horizontal  the 
ellipsis  may  take  a  straight  line  at  top  more  safely  than  the  circle, 
because  the  extrados  runs  out  farther  from  the  vertex,  before  it 
takes  its  rapid  rise.  In  the  cycloidal  arch  of  equilibration,  the 
extrado:5  resembles  that  of  the  circle  and  flat  ellipse;  approach- 
ing, however,  more  nearly  to  a  right  line  about  the  vertex,  and 
extending  farther  from  it  before  it  bends  upwards.  If  the  in- 
trados is  parabolic  the  extrados  is  an  equal  and  similar  curve,  at 
any  given  distance  from  the  intrados :  but  in  the  hyperbola  the 
extrados  approaches  continually  nearer  to  the  intrados.  Hence^ 
in  some  cases  it  may  be  quite  convenient  to  have  arches  seg- 
ments near  the  vertex  of  very  large  parabolas.  The  reader 
may  find  the  investigations  of  these  particulars  in  Dr.  Mutton's 
Principles  of  Bridges,  or  in  the  first  volume  of  his  "Tracts," 
lately  published  :  we  merely  glance  at  them  here. 

206.  Prop.  If  aeihb  (fig.  4.  pi.  X.)  he  the  extrados  and 
pvp'  the  intrados  of  an  equilibrated  arch,  and  if  any  number 
of  vertical  lines  ef,  dv,  ic,  ^c.  be  drawn  from  the  one  curvt  to 
the  other,  and  these  lines  he  divided  in  a  given  ratio  in  the 
points  a,  e,  d,  i,  b,  tlien  the  curve  drawn  through  these  points 
of  division  will  also  he  a  proper  extrados,  the  mass  contained 
between  it  and  the  intrados  being  dull/  baLnced,  as  well  as  that 
comprised  between  aedib  and  pvcp\ 

For,  since  the  whole  is  kept  in  equilibrio  by  the  vertical  pres- 
sures of  the  superincumbent  mass  on  the  intrados,  the  points 
p,  c,  V,  &c.  are  sustained  in  equilibrio  by  the.  pressures  of  the 
parts  EF,  DV,  i(\  8cc.  bearing  upon  them:  if,  therefore,  these 
lines  be  divided  in  e,  d,  i,  &c.  so  that  ep  :  eF  : :  dv  :  c?v  ::'ic  : 
ic,  &c.  all  in  the  same  constant  ratio,  then  acdib  being  cod- 
sidered  as  the  extrados,  the  arch  will  still  be  in  equilibrium ;  be- 
cause the  load  on  the  intrados  being  every  where  lessened  in  a 
constant  ratio,  its  tendency  to  break  the  arch  will  be  every 
where  in  a  constant  ratio  to  its  preceding  tendency  V>  cause  a 
rupture,  and  the  equilibrium  can  be  no  more  destroyed  in  the 
one  case  than  in  the  other.  And  the  same  kind  of  reasoning 
would  apply  if  aedib  were  above  aedib,  or  ]f  the  weight  and 
density  of  the  materials  between  the  extrados  and  intrados 
should  be  changed  throughout  in  any  constant  ratio. 

Cor.  Hence  we  may  in  many  cases  give  the  extrados  a 
pretty  regular  and  practicable  form,  by  diminishing  the  thick- 
pe^s  over  the  crown :  and  hence  app\^ar9  one  great  advantajjQ 
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of  iron  as  a  material  for  bridges,  since  its  requisite  thickness  at 
the  crown  is  vastly  less  than  that  of  stone. 

207.  Prop.  Having  given  the  extrados  of  an  equilibrated 
arch,  to  find  the  intrados. 

Let  ADB  (fig.  5.  pi.  X.)  be  the  extrados  proposed  to  which 
the  intrados  pvp'  is  to  be  adapted;  ov  being  the  common 
ftxis  of  both  curves :  from  c  and  c,  corresponding  points  equi* 
distant  from  the  axis,  draw  the  ordinates  ch,  CH.     Put  dv  (the 

thickness  of  tlie  arch  at  the  crown)  =  fl,  dA  =x,  vh=x,  the 
equal  ordinates  cA,  =  c H  ==y,  and  the  arch  v c  =  r.     Then,  by  the 

•  ••        •  ••  •  ••        •  •• 

general  form  (204^  cc  a  ^-.-rj^^-i^-TjJ^'  c,    where    c    is    a 

constant  quantity  found  by  taking  the  actual  value  of  cc  in  v 
the  vertex  of  the  curve.     But  it  is  manifest  that  cc=dv  +  vh 

*-DA=::a+x^x;  consequently  a +«2^~xs:c.-^^-^^  zi  ^   X 

« 

flux,  of -r-f    If,  then,  we  substitute  the  true  value  of  x  in  terms 

y 

of  y  (which  is  given  because  the  form  of  the  extrados  is  known), 
the  equations  thence  resulting  will  contain  onlyjr  and  y  witli 
their  first  and  second  fluxions,  ;iud  known  quantities ;  and  from 
this  the  real  relation  of  jt  and  y  must  be  struck  out  by  such 
means  as  seem  most  naturally  to  apply  to  any  proposed  in- 
stance. 

This,  however,  in  many  cases  will  be  a  matter  of  considerable 
difficulty :  we  shall  here,  therefore,  solely  trace  the  process  in 
the  most  useful  instance,  which,  happily,  admits  of  a  compa- 
ratively simple  investigation.  We  advert  to  the  case  in  which 
the  extrados  is  a  straight  horizontal  line,  which  shall  be  now 
considered. 

Retaining  the  same  notation,  we  have  pAz:xr;0,  and  con^ 

sequently  a  -\-x  =  -r-  x  flux,  of  -r-  f  Assume  }  n  — ,  whence 
u  s=  -T-,  and  -T-  X  flujf.  of  — r-  ;?j  -r—  that  is,  a  4- :c  zz 


y  '  y  y         x  /        .  i      ' 

and  of  course  aX'\-xq:zr.cuu\  takmg  the  fluents  of  this  we 

have  x*+2aar=CM%  and  M  =     /- ^»     JBut   because  ^  =; 

^itisal80  =  i^    /fli^=i    /-t:^^     The  fluent  of 

this  expression  is  j/  =  -•  c  X  hyp.  log.  (2J:*+€ajr4-2-v/(««+«a«), 
^qyi  ;ait  the  veriei^  where  iF  =  0^  we  have  y  =  ^  p  ;k  hyp, 


X 

u 
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log.  2a,  so  tbat  the  corrected  fluent  is 

y=^{cxh,p.log.i±^tv^f!±M.}      . 

We  have  yet  to  ascertain  the  constant  quantity  c,  in  order 
to  which  we  may  proceed  thus :  when  h  arrives  at  o  we  have 
X  ^vo  z=.  hy  and  yzzo^  ins;   substituting  these  in  the  last 

equation    it   becomes    A  =  \/  c  x  hyp.    log.  *'!'*''*'v  v*^"*"  *"^ 

and    consequently   v'cnA-r  hyp.  log.   s  +  a  +  i-v/I«T5S« 
Hence,  then,   we   at  length  obtain  this   general  value  of  y, 

that   is,  J/  =  A  X  hyp.  log.  °  "^  ^  •*•  v  C  «J^  •<■        ^   j^yp^   j^^^ 

a  +  *  +  VC^w  +  **) 
a 

Comparing  these  equations  with  equa.  (3)  art.  198.  it  will  be. 
seen  that  when  ^c=a,  the  intrados  pvp^  is  the  catenary, 
although  the  extrados  is  a  horizontal  right  line :  but  this  wiU 
require  an  immense  thickness  at  the  crown;  for  if  :r.=4(),.and 
y=  50,  we  shall  have  a  =36*88,  which  is  more  than  |  the  span 
of  the  arch,  and  more  than  i%  of  its  height. 

As  an  example  of  the  use  of  the  preceding  formula,  we  sub- 
join a  table  calculated  by  Dr.  Hutton,  for  an  arch  whose  span 
IS  100,  height  40,  and  thickness  at  the  crown  6:  which,  will 
answer  for  any  other  arch  whose  span,  height,  and  thicknes8| 
are  related  to  each  other  in  like  manner,  by  changing  all  the 
values  of  DH  and  ch  in  a  constant  ratio. 


HC 

0 

DH 

HC 

21 

DH 

10-381 

HC 

36 

DH 

21-774 

6-000 

% 

6035 

22 

10-858 

37 

22-948 

■%' 

6-144 

23 

11-368 

38 

24-190 

6  324 

24 

11-911 

39 

25-505 

8 

6-580 

^a 

12-489 

40 

26-894 

10 

6-914 

26 

13-106 

41 

28-364 

12 

7-330 

27 

13-761 

42 

29-919 

13 

7-571 

28 

14-457 

43 

31-563 

14 

7-834 

29 

15-196 

44 

33-299 

15 

8-120 

30 

15-980 

45 

35-135 

16 

8 -430 

31 

16-811 

46 

37-075 

17 

8-766 

32 

17'693 

47 

39-126 

18 

9-168 

33 

18-627 

48 

41-293 

19 

9-517 

34 

19-617 

49 

43-581 

20  1  9-934 

35 

20-665 

50 

46-000 
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208.  Prop.  To  determine  the  magnitude  of  the  piers,  or 
abutments,  .that  they  may  sustain  the  arch  in  equilibrio,  inde^ 
pendentlif  of  other  arches. 

In  order  to  give  a  solution  to  this  problem  we  must  assume 
some  particulars  as  having  been  determined  by  adequate  ex- 
periments and  admeasurement :  for  we  do  not  consider  the 
piers  as  prisms  standing  upon  their  bases  and  resisting  the  pres- 
sure of  the  arches,  though  upon  such  an  hypothesis  it  would 
be  easy  to  lay  down  rules  for  the  determination  of  the  centres 
of  gravity  both  of  the  arch  and  the  piers ;  but,  since  the  stones, 
&c.  of  the  wall  above  th^  voussoirs  are  bonded  in  with  those  of 
the  pier,  the  pier  will  by  these  means  become  augmented,  and 
the  weight  of  the  arch  diminished.  We,  therefore,  regard  the 
piers  as  extending  to  X\\e  joints  of  fracture  (art.  199')>  ^"^  that 
portion  of  the  arch  which  is  comprised  between  those  joints 
as  a  ponderating  body  resting  in  a  state  of  equilibrium  upon 
those  joints  as  upon  two  inclined  planes.  Let,  then,  fs,  f's' 
(fig.  1.  pi.  X.),  be  the  joints  of  fracture,  g  the  centre  of  gra- 
vity of  the  pier  arsFBp,  g  that  of  the  half  arch  defs,  and  let  so 
the  perpendicular  from  g  upon  fs  be  produced  till  it  meets  the 
horizontal  line  q^'q  in  i :  draw  gh  perpendicular  to  qq'  and  qA 
perpendicular  to  gi :  and  let  the  mass  of  the  semi-arch  desf 
be  represented  by  a,  that  of  the  pier  by  p,  and  the  force  of 
gravity  by  g :  the  weight  of  the  former  will  then  be  gA,  and  of 
the  latter  gp.  The  magnitude  of  the  pier  is  generally  com- 
puted on  the  supposition  that  the  pressure  of  the  arch  has  a  ten- 
dency to  make  the  pier  turn  upon  q  as  a  centre  or  fulcrum ; 
and  this  hypothesis  is  often  con|sistent  with  fact :  but  when  the 
height  CD  is  small  compared  with  the  span,  the  weight  of  the 
arch  has  a  strong  tendency  to  make  the  pier  slide  along  the  ho- 
rizontal line  PI ;  we  shall,  therefore,  state  the  conditions  of 
equilibrium  on  this  supposition  also.  First,  supposing  the  pier 
solely  capable  of  turning  upon  q  as  a  centre  of  rotation  :  then 
will  the  case  be  the  same  as  if  the  body  desf  whose  weight  is 
gA,  by  pressing  upon  the  face  es,  tended  to  move  the  mass 
fstqp  upon  tJie  fulcrum  q.  But  (art.  \b6.)  the  weight  gA  is 
to  its  pressure  upon  fs,  as  sine  of  angle  included  between  bd 

and  fs,  to  sine  of  angle  erq  ,  that  is  sin  i:rad.::gA:   ^^ 


sin  I. 


=  pressure  of  half  arch  upon  the  joint  of  fracture.  .  Now  g 
being  the  centre  of  gravity  of  the  half  arch,  the  pressure  it  oc- 
casions is  exerted  in  the  direction  gi :  and  g  being  the  centre 
of  gravity  of  the  pier,  the  force  resulting  from  its  weight  acts 
in  the  vertical  direction  gh;  therefore  in  the  case  of  equili* 
brium^  we  must^  by  the  nature  of  the  lever,  have;  pressure  oa 
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^A 


SF  X  qA  =  weight  of  pier  x  qh,  that  is,  -I 9^  =  gP  •  QH* 

9*11   A 

whence  we  readily  obtain 

/FN  A  Qh  . 

(1.)     .     .     .     •     — zz  ■   -■       •  Sin  I. 

^    ^  V  Oh 

This  equation  comprises  the  conditions  of  the  equiiibrium  of 
rotation  (art.  19.)  about  the  point  g;  and  we  may  find  by  its 
means  any  one  of  the  five  quantities  it  contains,  when  the  other 
four  are  given. 

When  the  arch  springs  vertically  from  rectangular  piers, 
whose  height  and  breadth  are'  h  and  b  respectively,  the  pre^ 
ceding  theorem  reduces  to 

(i.)     ....     HA  cot  I=r  SB+tHB*. 

In  the  second  case,  in  which  we  suppose  tlie  pier  may  slide 
along  in  the  horizontal  direction,  let  jf  be  a  force  which  is 
exerted  horizontally  in  opposition  to  the  motion  of  translation : 

the.n  /p  actincr  in  the  direction  \k  must  counterbalance-^^ 
acting  along  Ai.  Here  hi  being  to  i/c  as  radius  to  cos  i,  we 
shall  have,  rad  :  cos  i :  :-f —  : /p  ;  whence  grx  •     '°        =:  /p, 

'  8in  I.    •^      '  ^  cos  I.  *^    ' 

and  for  an  equation  including  the  conditions  of  the  equilibrium 
of  translation  we  have 

/rr  \                                 A           /        stn  1.  f     ^ 

(II.)      .      .      ,      .    =  -^^ =  -^—  tan  I. 

As  to  the  position  of  the  joints  of  rupture,  and  of  the  centres 
of  gravity  of  the  semi-arch  and  pier,  they  may  in  most  cases  be 
determined  with  tolerable  accuracy,  thus  :  having  drawn  on 
pasteboard  the  arch  and  proposed  pier,  upon  a  pretty  large 
scale,  and  described  the  voussoirs  of  the  arch,  of  the  intended 
thickness,  draw  from  the  middle  of  the  key  voussoir  a  tangent 
to  the  intrados,  and  produce  it  till  it  again  meets  the  middle  of 
a  voussoir,  as  at  f,  from  which  point  draw  fs  perpendicular  to 
the  intrados ;  it  will  be  nearly  the  position  of  a  joint  of  fractiire. 
JMext,  cut  the  pasteboard  through  at  the  several  outlines,  and 
find  by  some  of  the  methods  described  in  art.  106,  the  centres 
of  gravity  of  the  two  parts  desf,  stqpp.  With  regard  to  tlie 
ratio  of  a  to  p,  it  may  always  be  found  pretty  nearly,  either  by 
weighing  or  measuring  the  pieces  of  pasteboard  which  repre- 
sent them  ;  and  the  distances  q  h,  qA,  and  angle  i,  will  be 
ascertained  by  the  construction.  If,  when  these  values  of  a,  p, 
&c.  are  introduced  into  the  equations,  the  first  members  are 
less  than  the  second,  the  piers  will  be  large  enough  to  ensure 
the  equilibrium :  if  otherwise>  ^ome  of  these  particulars  must 
be  changed  until  that  takes  place. 
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This  mode  of  considering  the  subject  suggests^  that  to 
diminish  the  thrust  of  the  arch,  or  increase  the  stability  of  the 
pier,  the  commencement  of  the  flanks  ought  to  be  loaded;  and 
that  the  thickness  of  the  voussoirs  near  the  key  ought  to  be 
lessened  considerably :  in  short,  to  make  the  arch,  instead  of 
faaving  a  uniform  thickness  throughout  its  whole  extent,  to  be 
very  thick  at  its  origin,  and  at  the  key  to  be  no  thicker  than  is 
necessary  to  resist  the  pressure  of  the  flanks :  for  by  such  a  pro- 
cedure a  part  of  the  force  which  tends  to  move  the  pier  is 
tihrown  upon  that  which  resists  being  overturned,  and  the  latter 
will  gain  a  great  advantage  in  point  of  stability. 

208  At  Prop.  Given  the  thickness  at  the  crotm  of  an 
UTchy  the  relation  between  the  intrados  and  the  extradoSy  and  the 
height  of  a  rectangular  pier ;  to  find  the  height  of  the  pier,  and 
the  height  or  versed  sine,  cd^  oj  the  arch,  so  that  the  matenals 
employed  shall  be  a  minimum. 

A  general  solution  of  this  problem  is  not  a  matter  of  easy 
accomplishment.  But  the  principles  to  be  employed  may  be 
exemplified,  in  a  comparatively  simple  case.  Let  that  be 
jtaken,  then,  in  which  the  extrados  and  the  intrados  are  both  pata- 
jbolas.  The  quantity  which  is  required  to  be  a  minimum  will 
iie;  A  +  HB.    If  the  intradog  be  a  parabola  represented  by  the 

isquation  y^  =  — jr,and  the  extrados  another  parabola  defined 

in    like    manner    by  '^*   =  -i — j-^f  the  thickness  at  the 

Iprown  and  ^t  the  spring  being  t :  then  we  shall  have 

A  s=f  (6  +  0  («  f  0  -  T^ft  =  1^  («+6+0. 
The  equation  for  the  minimum,  therefore,  will  be 

Flux.  {^#(a+6+0  +  HB  ^  =  0. 

This  being  effected,  supposing  a  and  b  variable,  g^ves 

—  B  =  ■  „  '   a. 

Regarding  the  arch  as  si  wedge  without  friction  reposii:ig 
upon  the  imposts,  the  equation  for  the  equilibrium  of  rotation, 
IS,  as  we  have  just  seen, 

HA  cot  I  =  SB+iHB% 

^ 1/  tj 

Put  we  have  cot  i  =  -j-  =  -r^. 

Substituting,  therefore,  the  values  of^cot  i  and  a,  and  taking 
}fae  fluxions,  there  results 
fbtHa=^a{at+bt+t^)B+iitB(2a+b+t)a  +  3uB''a-{-6mB9. 

Substituting,  also,  in  this  equation  for  q  the  preceding  valuQ 
pfit^wefeav^  . 
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26fH=  ——(a+b  +  t)  +  4^B(2a+6  +  0  +  3HB*-4afBi 

and  this,  combined  with  the  equation  of  equilibrium;  will  give 
the  quantities  b  at  a. 

It  might;  perhaps,  be  imagined  that,  atteris  paribus,  there 
exists  a  height  a  which  will  ensure  a  minimum  for  b  ;  but  it  is 
not  so..     B  diminishes  as  a  augmepts. 

If  it  be  required  to  determine  the  dependance  of  the  thrust 
upon  the  variation  of  a,  and  to  ascertain  if  there  be  a  minimum^  . 
the  fluxion  of  a  cot  i  must  be  put  =  0.     In  the  same  example 

the  quantity  to  throw  into  fluxions  is  t^^0  +  ~37  +  "^y*  * 

/quantity  which  diminishes  in  proportion  as  a  increases^  ai^d 
which  has  for  a  limit  -^^bt ;  such  is  the  minimum  thrust,  whicli 
obtains  when  a  is  infinite. 

If  we  would  know  when  th^  tangential  thrust;  or  dui 
pressure  on  the  imposts,  is  a  minimum^  we  shall  then  have 

fluxion  of-r^  =  0;  or  (a  — \'=:  0;  or  fluxion  of^t  (a+^+0 


J 


—-—  =5  0 ;  from  which  there  will  be  found 


IIL     Of  Domes. 


209.  Def.  a  dome  or  cupola  is  a  roof  of  a  spherical, 
spheroidal;  or  conoidal  form;  resembling  a  bell;  or  an  inverted 
jcup.  It  is  a  species  of  ^rch;  or  vaulting,  the  erection  of  which| 
like  the  former,  is  a  scientific  art  depending  upou  the  principle^ 
of  equilibrium. 

The  most  ample  account  of  the  theory  of  domes  we  have  yet 
met  with  is  given  by  Dr.  Robisou;  in  the  Supplement  to  the 
Encyclopedia  Britannica;  an  abstract  of  which  will  be  here 
given;  chieHy  in  the  doctor's  own  Avords. 

P;bop.  To  determine  the  thickness  of  a  dome  vaulting  when^ 
the  curve  is  given,  or  the  curve  when  the  thickness  is  given. 

^*  Let  Bj6a  (fig.  7.  pi.  X.)  be  the  curve  which  produce^ 
the  dome  by  revolving  round  the  vertical  axis  a  p.  We  shal^ 
)9uppose  this  curve  to  be  drawn  through  the  middle  of  all  the 
arch-stoneS;  and  tbajt  the  coursing  or  horis^pntal  joints  are  every 
livhere  perpendicular  to  the  curve.  We  shall  suppose  (as  is 
always  the  case)  that  the  thickness  kL;  hI;  &c.  of  the  arch* 
stones  is  very  small,  in  comparison  with  the  dimensions  of  t)}Q 
arch.  If  we  consider  any  portion  uaA  of  the  dome,  it  is  plaini 
that  it  presses  on  the  course,  of  which  hl  is  an  archstonC;  i^  a 
directing  be  perpendicular  to  the  joint  m^  or  in  the  fl^ectioi) 
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of  the  next  superior  element  fib  of  the  curve.  As  we  proceed 
downwards,  course  after  course,  we  see  plainly  that  this  direc- 
tion must  change,  "because  the  weight  of  each  course  is  super- 
added to  that  of  the  portion  above  it,  to  complete  the  pressure  on 
the  course  below.  Through  b  draw  the  vertical  line  bcg,  meet- 
ing /Si,  produced  in  c.  We  may  take  be  to  express  the  pressure  of 
all  that  is  above  it,  propagated  in  this  direction  to  the  Joint  kl. 
We  may  also  suppose  the  weight  of  the  course  hl  united  in  b, 
and  acting  on  the  vertical.  Let  it  be  represented  by  6f.  If 
we  form  the  parallelogram  ipGC,  the  diagonal  ic  will  repre- 
sent the  direction  and  intensity  of  the  wljole  pressure  on  the 
joint  KL.  Thus  it  appears  that  this  pressure  is  continually 
changing  its  direction,  and  that  the  line,  which  will  always  coin- 
cide with  it,  must  be  a  curve  concave  downward.  If  this  be  pre- 
cisely the  curve  of  the  dome,  it  will  be  an  equilibrated  vault- 
ing ;  but  so  far  from  being  the  strongest  form,  it  is  the  weakest, 
and  it  is  the  limit  to  an  infinity  of  others,  which  are  all  stronger 
than  it.  This  will  appear  evident,  if  we  suppose  that  bo  does 
not  coincide  M'ith  the  curve  a6b,  but  passes  wiihont  it.  As  we 
suppose  the  arch-stones  to  be  exceedingly  thin  from  inside  to 
outside,  it  is  plain  that  this  dome  cannot  stand,  and  that  the 
weight  of  the  lipper  part  will  press  it  down,  and  spring  the 
vaulting  outwards  at  the  joint  kl.  But  let  us  suppose,  on  the 
other  hand,  that  bG  falls  within  the  curvilineal  element  6b. 
This  evidently  tends  to  push  the  arch-stone  ii]ward,  toward  the 
axis,  and  would  cause  it  to  slide  in,  since  the  Joints  are  sup- 
posed perfectly  smooth  and  slipping.  But  smce  this  takes 
place  equally  in  every  stone  of  this  course,  they  must  all  abut  on 
each  other  in  the  vertical  joints,  squeezing  them  firmly  to- 
jgether.  Therefore,  resolving  the  thrust  bG  into  two,  one  of 
which  is  perpendicular  to  the  joint  kl,  and  th^  other  parallel 
to  it,  we  see  that  this  last  thrust  is  withstood  by  the  vertical 
joints  all  around,  and  there  remains  only  the  thrust  in  the 
direction  of  the  curve.  Such  a  dome  must  therefore  be  firmer 
than  an  equilibrated  dome,  and  cannot  by",  so  easily  broken  by 
overloading  the  upper  part.  When  the  curve  is  concave  up- 
wards, as  in  the  lower  part  of  the  figure,  the  line  be  always 
falls  below  63,  and  the  point  c  below  b.  When  the  curve  is 
concave  dow-n wards,  as  in  the  upper  part  of  the  figUre,  l/c^ 
passes  above,  or  without  6b.  The  curvature  may  be  so 
abrupt,  that  even  i'c'  shall  pass  without  6'b',  and  the  point  o' 
is  above  b'.  It  is  also  evident  that  the  force  which  thus  binds 
the  stones  of  a  horizontal  course  together,  by  pushing  them 
towards  the  axis,  will  be  greater  in  flat  domes  ^an  in  those 
that  are  more  convex ;  that  it  will  be  still  greater  in  a  cone ; 
and  greater  still  in  a  curve  whose  conve}(ity  i^  tu/ned  inytfards , 
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for  in  this  last  case  the  line  be  will  deviate  most  remarkably 
from  the  curve.  Such  a  dome  will  stand  (having  polished 
joints)  if  the  curve  springs  from  the  base  with  any  elevation, 
however  small ;  nay,  since  the  friction  of  two  pieces  of  stone  is 
not  less  than  half  of  their  mutual  pressure,  such  a  dome  will 
stand,  although  the  tangent  to  the  curve  at  the  bottom  should 
be  horizontal,  provided  that  the  horizontal  thrust  be  double  the 
weight  of  the  dome,  which  may  easily  be  the  case  if  it  do  not 
rise  high. 

*'  Thus  we  see  that  the  stability  of  a  dome  depends  on  very 
different  principles  from  that  of  a  common  arch,  and  is  in 
general  much  greater.  It  differs  also  in  another  very  import- 
ant circumstance,  viz.  that  it  may  be  open  in  the  middle:  for 
the  uppermost  course,  by  tending  equally  in  every  part  to  slide 
in  towards  the  axis,  presses  all  together  in  the  vertical  joints, 
and  acts  on  the  next  course  like  the  key-stone  of  a  common 
arch.  Therefore  an  arch  of  equilibration,  which  is  the  weakest 
of  all,  may  be  open  in  the  middle,  and  carry  at  top  another 
building,  such  as  a  lantern,  if  its  weight  do  not  exceed  that  of 
the  circular  segment  of  the  dome  that  is  omitted.  A  greater 
load  than  this  would  indeed  break  the  dome,  by  causing  it  to 
spring  up  in  some  of  the  lower  courses ;  but  this  load  may  be 
increased  if  the  curve  is  flatter  than  the  curve  of  equilibration : 
and  any  load  whatever,  which  will  not  crush  the  stones  to 
powder,  may  be  set  on  a  truncate  cone,  or  on  a  dome  formed  by 
a  curve  that  is  convex  toward  the  axis ;  provided  always  that  the 
foundation  be  effectually  prevented  from  flying  out,  either  by  a 
hoop,  or  by  a  sufficient  mass  of  solid  pier  on  which  it  is  set." 

*'  We  have  seen  that  if  bo,  the  thrust  compounded  of  the 
thrust  Ac,  exerted  by  all  the  courses  above  hilk,  and  if  the 
force  ip,  or  the  weight  of  that  course,  be  every  where  coin- 
cident with  fefi,  the  element  of  the  curve,  we  shall  have  an 
equilibrated  dome ;  if  it  falls  within  it,  we  have  a  dome  which 
will  bear  a  greater  load ;  and  if  it  falls  without  it,  the  dome 
will  break  ^at  the  joint.  We  must  endeavour  to  get  analytical 
expressions  of  these  conditions.  Therefore  draw  the  ordinates 
bib"^  BDB^',  cdc^\  Let  the  tangents  at  b  and  b^^  meet  the  axis 
,in  M,  and  make  mo,  mp,  each  equal  to  be,  and  complete  the 
parallelogram  monp,  and  draw  OQ  perpendicular  to  the  axis, 
and  produce  br,  cutting  the  ordmates  in  £  and  e.  It  is  plain 
that  MN  is  to  MO  as  the  weight  of  the  arch  ha^  to  the  thrust 
be  which  it  exerts  on  the  joint  kl  (this  thrust  being  propagated 
through  the  course  of  hilk);  and  that  mq,  or  its  equal  be,  or 
9d,  may  represent  the  weight  of  the  half  ah. 

*'  Let  AD  be  called  x,  and  d  b  be  called  y.  Then  be  =2  x, 
and  ec  =iy  (because  be  is  in  the  direction  of  the  element  /36)« 
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It  is  also  plaid,  that  if  we  male  }  constant,  bc  \b  the  second 
fluxion  of  Xy  or  bc  =  ir^  and  be  and  be  may  be  considered  as 
equal,  and  taken  indiscriminately  for  x.  We  have  also  he  =s 
V^(ir*+i*).  Let  d  be  the  depth  or  thickness  hi  of  the  arch- 
stones.  Then,  d -v/C^+i*)  will  represent  the  trapezium  Ht; 
and  since  the  circumference  of  each  course  increases  in  the 
proportion  of  the  radius  y,  dy  v'(jr*+i*)  will  express   the 

whole  course.    If  J* be  taken  to  represent  the  sum  or  aggregate 

of  the  quantities  annexed  to  it,  the  formula  will  be  analogous 

to  the  fluent  of  a  fluxion,  and  J*  dy  •(x*4-i*)  will  represent 

the  whole  mass,  and  also  the  weight  of  the  vaulting,  down,  to 

the  joint  hi.   Therefore  we  have  this  proportion y*dfy  y/  (•'»*+/*) 

:  dy  \/(^*+i*)  =  be  :  ftp,  =  be  :  CG,  =  id  :  cg,  ==  x  :  cG. 

Therefore  co  =  ^^^tg" 

*'  If  the  curvature  of  the  dome  be  precisely  such  as  puts  it  in 
equilibrium,  but  without  any  mutuad  pressure  in  the  vertical 
joints,  this  value  of  oG  must  be  equal  to  CB,  or  to  m,  the 
point   c  coinciding   with   b.      This   condition   will    be    ex- 

pressed  by  the  equation  -^  ^-^    f^.     =  x,  or,  more  con- 

veniently,  by  y^^JJ^  =  y-     But  this  form    gives    only 

a  tottering  equilibrium,  independent  of  the  friction  of  the 
joints  and  the  cohesion  of  the  cement.  An  equilibrium,  ac- 
companied by  some  firm  stability,  produced  by  the  mutual 
pressure  of  the  vertical  joints,  may  be  expressed  by  the  formula 

^,     ',    :  '  >  — ,  or  by  ^:    ;,.,    Jn  =—  -i *  where  t  is  some 

fdyVii^-hy^)         x'  -^   rdyV(x^  +  i/^)  t^ 

variable  positive  quantity,  which  increases  when  x  increases. 
This  last  equation  will  also  express  the  equilibrated  dome,  lit 

he  a  constant  quantity,  because  in  this  case  —  is  =  o. 

^  Since  a  firm  stability  requires  that  p^lJljg^,J\  ^^^  ^ 

i greater  than  x,  and  cg  must  be  greater  than  cb;  Hence  we 
earn,  that  figures  of  too  great  curvature,  whose  sides  descend 
too  rapidly,  are  improper.     Also,  since  stability  requires  that 

we  have-^f^^^S-!^  greater  th^n  f  dy ^ i^x"  ^ y''\  we  lea^ 

that  the  upper  part  of  the  dome  must  not  be  made  very  heavy. 
This,  by  diminishing  the  proportion  of  bv  \xi  bc,  diminishoft 
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the  angle  cJc,  and  may  set  the  point  q  above  b,  M^hich  will  in- 
fallibly spring  the  dome  in  that  place.  We  see  here  also,  that 
the  algebraic  analysis  expresses  that  peculiarity  of  dome-vault- 
bg,  that  the  weight  of  the  upper  part  may  even  be  suppressed* 

'*  The   fluent   of  the    equation     ^y^C^+y*)     =  ±  +  J. 

is  most  easily  found.     It  is  l  /"^^^a/C^* +i*)=i=  ijt  +  Lf, 

where  l  is  the  hyperbolic  logarithm  of  the  quantity  annexed  to 
it.  If  we  consider  y  as  constant^  and  correct  the  fluent  so  as 
to  make  it  nothing  at  the  vertex^  it  may  be  expressed  thus, 

L  y  dy*/{x^  +  >*)  —  La  =  L^  —  Li  +  lA.  This  gives  us 
^^:^^  «  t  U,  and  therefore  r.±^^lt|!>  =  t  -f. 

"  This  last  equation  will  easily  give  us  the  depth  of  vault- 
ing,  or   thickness  d  of  the   arch,  when  the  curve  is  given* 

For  its  fluxion  is  ^(£1±*!1  =  ^£,  and  d  =    .f  rl  , 

which  is  all  expressed  in  known  quantities ;  for  we  may  put  in 
place  of  t  any  power  or  function  of  x  or  of  y,  and  thus  convert 
the  expression  into  another,  which  will  still  be  applicable  to  all 
sorts  of  curves. 

^'  Instead  of  the  second  member  4-  +  -r  we  might  employ 

~y  where  p  is  some  number  greater  than  unity.  This  will 
evidently  give  a  dome  having  stability;  because  the  original 
formula    J!"!    y.^'^'.^v  will  then  be  greater  than  jt.     This  will 

.  p— »  .. 

rive  d  =    ^^*  .-r — i^.     Each  of  these  forms  has  its  advantages 

v)iP^(*  +y*) 

when  applied  to  particular  cases.  Each  of  them  also  gives 
d=  when  the  curvature  is  such  as  is  in  precise  equili- 

brium. And,  lastly,  if  d  be  constant,  that  is,  if  the  vaulting  be 
of  uniform  tiiickuess,  we  obtain  the  form  of  the  curve,  because 
then  the  relation  of  i?  to  ;r  and  loy  is  giveh. 

"  The  chief  use  of  this  analysis  is  to  discover  what  curves 
are  improper  for  domes,  or  what  portions  of  given  curves  may 
be  employed  with  safety.  Domes  are  generally  built  for  orna- 
ment ;  and  we  see  tliat  there  is  great  room  for  indulging  our 
fancy  in  the  choice.  All  curves  which  are  concave  outwards 
will  give  domes  of  great  firmness:  they  are  also  beautiful.  The 
Gothic  dome,  whose  outline  is  an  undulated  curve,  may  be 
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made  abundantly  firm,  especially  if  the  upper  part  be  convex 
and  the  lower  concave  outw^ards. 

*^  The  chief  difficulty  in  the  case  of  this  analysis  arises  from 
the  necessity  of  expressing  the  weight  of  the  incumbent  part,  or 
y^rfyv'(i*-f^*).  This  requires  the  measurement  of  the  conoidal 
surface,  which,  in  most  cases,  can  be  had  only  by  approxima- 
tion by  njeans  of  infinite  serieses.  We  cannot  expect  that  the 
generality  of  practical  builders  are  familiar  with  this  branch  of 
mathematics,  and  therefore  will  not  engage  on  it  here;  but 
content  ourselves  with  giving  such  instances  as  can  be  under- 
stood by  such  as  have  that  moderate  mathematical  knowledge 
which  every  man  should  possess  who  takes  the  name  of  en- 
gineer. 

'^  The  suYface  of  any  circular  portion  of  a  sphere  is  very 
easily  had,  being  equal  to  the  circle  described  with  a  radius 
equal  to  the  chord  of  half  the  arch.     This  radius  is  evidently = 

"  In  order  to  discover  what  portion  of  a  hemisphere  may  be 
employed  (for  it  is  evident  we  cannot  employ  the  whole)  when 
the  thickness  ot*  the  vaulting  is  uniform,  we  may  recur  to  the 

equation  or  formula  ^J!t:^J^  ^  jdy  ^(^^  +^t).      Let    a 

* 

be  the  radius  of  the  hemisphere.  We  have  k  =  ,  "/^  ,,,  and 
5  = — -; — ^^-r— .     Substituting  these  values  in  the  formula,  we 

obtain  the  equation^ -/(a*  — y*)  "^f  J!^J_  ^y  W^e  easily  obtaio 

the  fluent  of  the  second  member  ^a^  —  a^^  («*  —  y*),  and  y  = 
oy/^  —  l-i-  \/^).  Therefore  if  the  radius  of  the  sphere  be 
1,  the  half  breadth  of  the  dome  must  not  exceed  v'C  —  5  +  \/^), 
or  0-786,  and  the  height  will  be  -618.  The  arch  from  the 
vertex  is  about  5 1°  49'.  Much  more  of  the  hemisphere  cannot 
stand,  even  though  aided  by  the  cement,  and  by  the  friction 
of  the  coursing  joints.  This  last  circumstance,  by  giving  con- 
nection to  the  upper  parts,  causes  the  whole  to  press  more  vier- 
tically  on  the  course  below,  and  thus  diminishes  the  outward 
thrust;  but  it  at  the  same  time  diminishes  the  mutual  abutment 
of  the  vertical  joints,  which  ^s  a  great  cause  of  firmness  in  the 
vaulting.  A  Gothic  dome,  of  which  the  upper  part  is  a  por- 
tion of  a  sphere  not  exceeding  45^  from  the  vertex,  and  the 
lower  part  is  concave  outwards,  will  be  very  strong,  and  not 
ungraceful. 

"  Persuaded  that  what  has  been  said  on  the  subject  cop- 
▼inces  the  reader  that  a  vaulting  perfectly  equilibrated  through- 
out is  by  no  means  the  best  form,  provided  that  the  base  i& 
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secured  from  jteparating,  we  think  it  unhecessilry  to  give  tbe 
investigation  of  that  form,  which  has  a  cbnsiderable  intricacy^ 
and  shall  merely  give  its  dimensions.  The  thickness  is  Supposed 
tmiform.  The  numbers  in  the  first  column  of  the  table  ex^ 
press  the  portion  of  the  axis  couilted  from  the  vertex,  and 
those  of  the  second  column  are  the  length  of  the  ordinates. 


J 

AD 

DB 

AD 

DB 

AD 

DB 

04 

100 

6104 

1080 

2990 

1560 

S^i 

200 

744 

1140 

3442 

1600 

11-4 

900 

904 

1200 

3972 

1640 

»6'6 

400 

1100 

1260 

4432 

1670 

52-4 

500 

1336 

1320 

4952 

1700 

91-4 

600 

1522 

1360 

5336 

1720 

146.S 

700 

1738 

1400 

5756 

1740 

223-4 

aoo 

1984 

1440 

6214 

1760 

326.6 

900 

2270 

1480 

6714 

1780 

475.4 

1000 

2602 

1520 

7260 

1800 

"  The  curve  formed  according  to  these  dimensions  will  not 
appear  very  graceful,  because  there  is  an  abrupt  change  in  its 
curvature  at  a  small  distance  from  its  vertex  ;  if,  however,  the 
middle  be  occupied  by  a  lantern  of  eqtlal  dr  of  smaller  weigl^' 
than  the  part  whose  place  it  supplies,  die  whole  will  be  elegant^ 
and  free  from  this  defect/' 

Professor  Robison  concludes  with  observing,  that  ''  The 
connexion  of  the  parts  arising  from  cement  and  from  friction 
has  a  great  ejBect  on  dome  vaulting.  In  the  same  way  as  ia 
common  arches  and  cylindrical  vaulting,  it  enables  an  overload 
OB  one  place  to  break  the  dome  in  a  distant  place.  But  the 
resistance  to  this  effect  is  much  greater  in  dome  vaulting,  be- 
cause it  operates  all  round  the  overloaded  part.  Hence  it 
happens  that  domes  are  much  less  shattered  by  partial  violence^ 
such  as  the  falling  of  a  bomb,  or  the  like.  Large  holes  may 
be  broken  in  them  without  much  affecting  the  rest;  but,  on 
the  other  hand,  it  greatly  diminishes  the  strength  which  should 
be  derived  from  die  mutual  pressure  in  the  vertical  joints^ 
Friction  prevents  the  sliding  in  of  the  arch-stones  which  pro? 
duces  this  mutual  pressure  in  the  vertical  joints,  except  in  the 
very  highest  courses,  and  even  there  it  greatly  diminishes  it» 
These  causes  make  a  great  change  in  the  form^  which  gives  the 
greatest  strength ;  and  as  their  laws  of  action  are  but  very  im-* 
perfecdy  miderstood  as  yet^  it  is  perhaps  impossible,  in  the  pre- 
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.feiit  stale  of  our  knowledge^  to  determine  thi<  form  with  toler- 
able precision*  We  see  plainly,  however,  that  it  aUo\i'«  a  greater 

.deviation  from  the  best  form  than  the  other  kind  of  vaulting; 

.and  domes  may  be  made  to  rise  perpendicular  to  the  horizon 

At  the  base,  although  of  no  great  thickness ;  a  thing  which  must 
not.be  attempted  in  a  plane  arch.  The  immeqse  addition  of 
strength  which  may  be  derived  from  hooping,  largely  compen- 
sates for  all  defects ;  and  there  is  hardly  any  bounds  to  the 
extent  to  which  a  very  thin  dome- vaulting  may  be  carried, 
when  it  is  hooped  or  framed  in  the  direction  of  the  horizontal 
courses.  The  roof  of  the  Halle  du  Bled  at  Paris  is  but  a  foot 
thick,  and  its  diameter  is  more  than  200,  yet  it  appears  to  have 
abundant  strength/'* 

*  They  who  wish  farther  to  pursue  this  interesting  class  of  investiga- 
tions, may  advantageously  turn  to  the  6rst  vol.  of  Dr.  Hutton*s  **  Tracts,** 
8vo.,  the  article  A  RGB  in  the  Pantologia,  the  instructive  article  Bhidge 
in  tht;  Edinburgh  EBcyclopsedia,  Bossut  **  Recherches  sur  FEqiiiHIir 
Vodies,'*  and  Ikrard*8  valqable  "  Stattquc  des  Voltes.*' 
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Introductory  Definitions  and  Remarks. 

210.  Dynamics  is  that  branch  of  Mechanics  which  has  for 
its  object  the  action  of  forces  on  solid  bodies,  when  the  result 
of  that  action  is  motion ;  and  in  which,  since  all  motion  oc-^ 
cupies  some  portion  of  time^  we  introduce  time  into  our  inves- 
tigations* This  department  of  science  presents  a  wide  and  varied 
field  of  discussion,  and,  when  vievt^ed  in  its  full  extent,  exhibits 
many  questions  of  considerable  difficulty  :  we  shall  not  attempt 
to  give  the  whole  of  these,  as  such  a  procedure  would  draw  us 
far  beyond  the  limits,  which  must  be  assigned  to  this  part  of  thf 
ifvork ;  but  shall  select  those  chiefly  which  appear  necessary  as 
a  preparation  to  the  knowledge  of  the  powers  and  effects  of 
machinery. 

^l\\  The  sum  of  the  material  particles  of  which  a  body  is  . 
composed,  is  what  we  denote  by  the  word  Masi.    This  mass 
depends  on  the  volume  of  the  body  and  that  which  we  call 
Density.    We  have  already  observed  (art.  10.)  that  density  is 
directly  as  the  quantity  of  matter,  and  inversely  as  the  magnitude 
of  the  body :  but  it  will  not  be  improper  to  deduce  conci$eIy 
the  general  theorem  which  comprises  this  relation.  To  this  end 
it  must  be  considered  that  as  all  bodies  are  penetratied  with  a 
great  number  of  void  spaces  or  pores,  their  quantity  of  matter 
is  not  proportional  to  their  volume ;  but  under  the  sanie  volume 
there  will  be  more  or  less  matter  as  the  particles  are  hearer  or 
-further  asunder;  and  we  say  that  a  body  has  a  greater  or  les« 
Density,  according  as  there  subsists  a  greater  or  less  proximity 
between  its  molecular.     Thus  we  say  a  body  ii^  more  dense  than 
another  wh^n  in  an  equal  volume  the  former  contains  more 
matter  than  the  latter :  we  say,  on  the  contrary,  that  it  is  less 
dense,  or  more  rcdre  (for  density  and  rarity  are  reciprocal  quali- 
ties) when  in  an  equal  volume  it  comprises  less  matter."   The 
density  serves,  therefore,  to  judge  of  the  number  of  material 
particles  when  the  volume  is  known :  thus,  we  may  regard  the 
density  as  representing  the  noinber  of  equsd  molecube  in  a  de- 
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leroiinate  volume;  as  when,  for  example,  we  say  that  gold  is  19 
times  denser  than  water,  we  wish  to  be  understood  that  gold 
contains  Id  times  the  number  of  particles  that  water  does  ia 
the  same  space. 

Since  we  represent  the  density  as  expressing  the  number  of 
moleculse  in  a  determinate  volume  which  we  assume  as  the  unit 
of  magnitude;  it  is  obvious  that  to  obtain  the  mass,  or  the  total 
xmmb^  of  moleculae,  of  any  body  of  which  the  magnitude  is 
known,  we  must  take  the  rectangle  of  the  density  and  magnitude. 
Tlius,  if  we  represent  generally  the  body  or  mass  by  b,  its 
volume  or  magnitude  by  m,  and  its  density  by  o,  we  'shall  have 
Bsud:  whence  it  will  be  easy  to  compare  the  masses,  die 
Ikiagnitudes,  and  the  densities  of  bodies. 

In  similar  bodies  the  masses  are  as  the  densities  and  cubes  of 
the  diameters,  or  depths,  or  lengths,  or  of  any  like  linear  di- 
mensions. Hence,  if  l  denote  the  lineal  dimensioD|  we  ireadily 
deduce  these  general  proportions : 

B  a  MD  a  dl'. 
M  a  —  oc  l'. 

D 

B  B  ' 

D  cc— a  -;-. 

B 

5S12*  P'orce  according  to  our  definition  (art.  17.)  is  that 
which  causes  a  change  in  the  state  of  a  body ;  or,  it  is  tfiat 
which  either  moves  or  tends  to  move  a  body :  forces,  as  we 
there  observed,  are  no  further  known  to  us  than  by  their  effects; 
it  is  only  therefore  by  the  effect  any  force  produces  that  we  can 
jneasure  it;  Now  the  effect  of  a  force  is  to  give  to  every  ma- 
terial particle  of  a  body  a  certain  velocity :  if,  therefore,  all  the 
parts  of  a  body  receive  the  same  velocity  (as  we  suppose  here), 
the  effect  of  die  moving  cause  has  for  its  measure  the  product 
of  the  velocity  into  the  number  of  moleculse  moved,  or  the 
product  of  the  velocity  and  mass :  ji  force  itscnfiire  ispropor^* 
tional  to  the  velocity  which  it  can  impress  on  a  known  mass,  and 
that  mass  conjointly. 

DsF.  Momentum,  or  Quantity  of  Motion,  is  the  rectangle 
of  the  mass  of  a  body  and  its  velocity. 

Consequently,  forces  are  measured  by  the  quantities  ofmo^ 
tinn  they  are  capable  of  producing. 

Thus,  if  F  denote  the  motive  or  moving  force,  b  the  bpdy 
moved,  and  v  the  velocity  imparted  to  it,  we  have  f  cc  bv« 

From  thifT^e  deduce  v  gc---- ,  and  B  0?  — ;  therefore,  1.  THe 
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uhciiy  of  a  lody  in  motion,  is  as  the  moving  forc$  directfy^ 
and  the  mass  inversely.  Sdiy,  The  body  or  mass  is  as  the  mov^ 
ingforce  directly,  and  the  velocity  inversely. 

If  now,  two  bodies  be  represented  by  b,  and  8,  the  forces  by 
which  they  are  moved  by  f,  andy^,  and  the  velocities  imparted 
to  them  by  v  and  v,  we  havey  oc  bv,  andy  a  bv.  Let  b  b0 
supposed  equal  to  b,  then  will  f  oc  y,  and/  a  v :  hence,  wheU' 
the  masses  are  equal,  the  moving  forces  are  as  the  velocities. 
^gain,  supposing  v=z7,  we  have  pas  andy*  a.  b  :  therefore, 
men  the  •velocities  <LTe  equal,  the  moving  forces  are  as  the 
masses.  Lastly,  making  f  zzf  we  have  ^  oc  b,  and  ^  a  6 : 
consequently,  when  the  moving  forces  are  equal,  the  velocities 
a/e  in  the  inverse  ratio  of  the  masses, 

213.  The  several  deductions  in  the  preceding  article  depend, 
manifestly,  upon  our  having  assumed  a  just  measure  of  moving 
force:  we  say,  that  forces  are  measured  by  the  quantities  of 
motion  they  are  capable  of  producing,  and  that  these  quantities 
of  motion  are  proportional  to  the  products  of  the  masses  and 
their  velocities.  It  follows,  therefore,  that  when  these  producti 
are  equal,  the  quantities  of  motion,  or  the  equivalent  forces,  are 
equal :  but  equal  forces  acting  in  opposite  directions  produce 
au  equilibrium  (art.  35.) ;  so  th^t  if  bodies  which  move  with 
equal  quantities  of  motion  (according  to  our  definition)  in  op- 
posite directions,  are  in  equilibrio  after  they  meet,  such  a  fact 
being  proved  will  at  the  same  time  evince  the  truth  of  the  fore^ 
going  deductions.  In  order,  then,  to  shew  the  truth  of  this 
principle,  we  extract  a  paragraph  from  M*  L^aplace's  Exposp* 
iion  du  Systeme  du  Monde.     L.  III.  Ch.  3.     < 

^  The  most  simple  case  of  the  equilibrium  of  many  bodies, 
is  that  of  two  physical  points  which  rencounter  with  velocities 
^qual  and  directly  contrary.  Their  mutual  impenetrability^ 
Aat  property  of  matter  in  virtue  of  which  two  bodies  cannot 
occupy  the  same  place  at  the  same  instant,  evidently  annihilates 
then*  velocities,  and  reduces  them  to  the  state  of  rest.  Bdt,  if 
^  bodifs  of  different  masses  strike  each  other  with  opposite 
t^^locities,zmat  is  the  relation  of  the  velocities  to  the  masses  «/• 
^hecase  of  equilibrium  f  To  resolve  this  problem,  imagine  a 
system  Qi  contiguous  physical  points,  ranged  on  the  same  right 
line,  and  animated  with  ^  common  velocity  in  the  directioo^  ot 
^Ut  line ;  conceive,  in  like  manner,  a  second  system  of  conti- 
guous material  points,  disposed  on  the  same  right  line,  and  ai& 
P^ted  with  a  common  velocity  and  contrary  to  the  preceding, 
iQ  such  a  manner  that  the  two  systemsi  striking  mutually  shall 
^c  in  equilibrio.  It  is  obvious  that  if  the  first  System  w^ere 
composed  of  only  one  material  point,  each  point  of  the  second 
*y^tem  would  extinguish  in  the  point  struck  a  part  of  its  velocity 
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equal  to  the  velocity  of  the  system ;  the  velocity  of  the  point 
struck  ought  therefore  in  the  ca^e  of  equilibrium  to  be  equal  to' 
the  product  of  the  velocity  of  the  second  system  by  the  number 
of  its  points,  artd  we  may  substitute  for  the  first  system  one  point 
singly  incited  to  a  velocity  equal  to  this  product.     We  may  like- 
wise substitute  for  the  second  system  a  material  point  animated 
with  a  velocity  equal  to  the  product  of  the  first  system  by  the 
number  of  its  pomts.     Thus,  instead  of  these  two  systems  we 
have  two  points  which  bring  themselves  to  an  equilibrium  by 
striking  with  contrary  velocities,  of  which  the  one  will  be  the  pro- 
duct of  the  velocity  of  the  first  system  by  the  number  of  its  pomts^ 
and  the  other  will  be  the  product  of  the  velocity  of  the  points  of 
the  second  system,  by  their  number :  these  products,  therefore, 
must  be  equal  in  the  case  of  equilibrium/* — -"  This  product  of 
the  mass  by  the  velocity  we  name  quantity  of  motion ;  it  is  this 
also  which  we  mean  by  the  force  of'  bodies :  for  the  equilibriuin 
of  two  bodies  or  of  two  systems  of  material  points  which  strike 
each  other  in  contrary  directions,  the  quantities  of  nvotion.  Or 
the  forces  opposed,  must  ba  equal,  and  of  consequence  the  vel(K 
cities  must  be  reciprocals  to  the  masses." 

214.  We  must  not  omit  observing,  that  about  a  century  ngp 
there  was  a  warm  dispute  among  the  mathematicians,  in  ordei^ 
to  determine  whether  we  ought  to  consider  the  force  of  bodies 
in  motion  proportional  to  the  velocity  or  to  the  square  of  the 
velocity  :  it  is  easy,  from  what  has  preceded,  to  reduce  this 
question  to  a  simple  enunciation  which  will  remove  all  diffi- 
culty.   The  word ybrce  denoting  any  cause  of  which  the  nature 
is  unknown,  and  of  which  the  effects  are  the  only  things  we  can 
measure,  it  is  evident  that  by  the  term  measure  of  force,  we  can 
only  mean  that  of  its  effects  :  now  the  effects  may  be  consider- 
ed under  different  aspects,  each  comporting  with  a  species  of 
measure  particular  and  conformable  to  its  nature.     If  we  con-^ 
sider  the  effect  of  the  force  as  consisting  in  the  destruction  of  ^ 
certain  sum  of  obstacles  or  of  quantities  of  motion,  this  sura 
must,  as  above  shewn,  be  expressed  by  Bv  +  ir+Sic.  that  is,  it 
is  proportional  to  the  velocity  simply.     But  if  we  consider  the 
efiect  of  the  force,  not  with  relation  to  the  sum  of  the  obstacles^ 
but  to  their  number,  this  numbef  will  depend  upon  the  space 
passed  ever,  that  is;  upon  the  time  and  the  velocity  at  each  in- 
stant, and  as  will  appear  further  on,  will  be  represented  by  J  Br-, 
or  willbe  proportional  to  the  square  ot  the  velocity  when  all 
theobstacles'are  equal,  as  when  equal  solicitations  of  gravity 
furnish  ^nstunt  obstacles  to  a  rising  body.     The  sarnie  may  bp 
represeutefd  rather  differently,  thus  :  let  a  certain  force  (f,  such 
for  instance  as  would  propel  a  body  b  with  a  velocity  u,  he  can 
pallt^  by  its  instautaueous  action  of  raising  a  mass  m  whps^ 
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wifight  is  w  to  a  certain  height  h  ;  and  let  g  denote  the  forcrf 

«f  gravity,  while  t  is  an  evanescent  element  of  time.  Then 
that  whieh  has  been  employed  to  raise  w  to  tlie  height  ii  will 
he  equivalent  to  wh,  this  being  the  effect  produced.  But  rt 
being  a  space  run  over,  may  be  expressed  by  the  product  of  a 
velocity  y  and  a  time  t  ;  and>  on  the  other  hand,  we  have  w 

zzgM,  =:  —^^  where  pf/  is  manifestly  the  velocity  v^  which 

would  be  generated  by  gravity  in  the  element  of  time  t*  ^  Con* 

sequently,  wh  =  — r— X  VTr:vv'k[  -r-  =  w*m-7— ,     u    being 

t  t  t  ■ 

fee  mean  proportional  between  the  velocities  v  and  y^  i^jif^A 

'  since  t  and  t  are  homogeneous  quantities,  we  shall  have  wm  ite 
Mtt%  the  original  force  being  thus  resolved  into  the  prodticff  (5f 
a  mass  by  the  square  of  a  velocity,  conformably  to  the  notion 
attached  by  most  foreigners  to  the  term  vis  viva.  This  forc^ 
ia,  notwithstanding,  measured  by  the  product  bit  above :  so 
tfiat  the  warm  discussions  on  the  question  wiiether  the  forces  cpf 
boifies  in  motion  ought  to  be  estimated  by  the  product  of  a  mass 
into  its  velocity,  or  by  the  product  of  the  mass  into  the  square  of 

^  its  velocity,  are  reduced  to  a  dispute  about  words.  Provided 
we  always  reason  conformably  to  either  definition  once  adopted^ 
th^  adc^ytion  being  regulated  by  the  nature  of  the  incKvidusil 
enquiry,  the  conclusions  will  always  be  the  same;  the  different 
ineasures  being  reducible  to  the  same  origin.  ^ 

> 

*  Tbe  following: observations  of  an  able  writer  deserve  the  aMention  of 
the  student :  **  There  is  a  consideration^  which,  if  we  mistake  not,  both 
in  science  and  in  art,  will  very  much  decide  to  what  me^isure  of  force  th« 
mechanist  must  have  recourse.  The  nature  of  the  propositions  on  wliich 
those  measures  are  founded,  must  be  consulted ;  from  whence  it  will 
appear  whether  the  one  or  the  other  is  most  easily  applicable  to  a  given 
case.  / 

"  The  first  method  of  measuring  the  force  of  percussion,  is  founded  on 
this  principle,  that  if  the  pressure  or  accelerating  force,  that  acts  uniformly 
during  any  interval  of  time,  be  multipliec)  into  that  time,  and  if  the  sum 
of  all  the  products  so  formed  be  taken,  that  sum  will  be  proportional  to 
the  simple  power  of  tbe  velocity  cojpniunicated.  fjow,  this  theorem,  in 
order  that  it  may  be  used  readily;  requires  that  the  relation  between  tlie 
forces  and  the  time  should  be  known  ;  or,  in  other  words,  that  we  should 
be  able  readily  to  express  the  fofce  in  terms  of  the  time,  or  the  time  in 
terms  of  tlie  force  j  in  either  pase,  the  determination  of  the  velocity  is  re- 
duced to  a  problem  in  the  summation  of  series,  or  in  the  quadrature  (»f 
curves,  more  or  less  difRcult  as  the  relation  between  the  tiuie  and  the  force 
is  more  or  less  coinpHpated. 

*'  Again,  the  second  method  of  finding  the  velocity  communicated  by 
the  successive  impulses  of  an  accelerating  force,  is  by  multiplying  carli 
force  into  the  length  of  the  line  over  which  the  body  has  n)(>vt'tl  whik, 
that  force  .acted  oo  it  ^  and  the  sum  of  all  these  products  will  \>c  }>ru|)v);s 
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tional  to  the  square  of  the  velocitr,  and^  of  coarse,  the  square  rpot  of  th^ 
said  suniy  to  the  velocity  itself. 

'*  Now  it  is  obvious,  that  in  order  to  apply  this  theorem  to  any  case,  we 
Viust  be  able  to  express  the  forces  in  terms  of  the  distances  at  which  they 
act;  for  then  ^he  sum  of  the  products  described  in  the  theorem  lyiU  either 
be  found  by  the  summation  ot  series,  or  the  quadrature  of  curves ;  so  that 
the  thing  wanted  will  be  determined^  •  The  circumstance,  therefore, 
which  distinguishes  the  one  of  these  kinds  of  dynamical  problems  front 
the  other^  \s,  whether  the  forces  that  produce  the  motion  can  h^  most  easily 
expressed  in  terms  qfthe  timp  reckoned  from  a  given  instant,  or  in  tfrms  if 
the  distance  reckoned  from  a  given  point.  Instances  of  both  cases  are  easy 
.to  be  ffiven.  Suppose  it  required  to  determine  the  velocity  of  a  body  acce? 
ierated  or  retarded  by  the  action  Of  a  constant  force,  as  heavy  bodies  are  in 
their  descent  or  asoen^  at  the  surface  of  the  efirth  i-^ln  this  pase^  either  of 
the  two  methods  may  be  employed  indifferently.  The  force  being  g^ven, 
if.it  be  multiplied  into  the  time  dtTTJng  which  it  acts,  the  product  will  be 
pirA^rtional  to  the  velocity,  according  to  the  first  proposition.  And  in 
the  same  way,  if  the  given  force  be  mnlttplied  into  the  distance  pataed 
jover,  the  square  root  pf  the  product  will  be  proportiopa)  to  tjie  yfslocit?  ;  . 
fifii  thus,  in  either  way,  may  the  velocity,  wi^h  nearly  equal  facility,  of 
determined.  It  must  ne  determir^ed  in  both  ways  to  make  the  invest!^- 
tion  complete ;  and  it  is  a  matter  of  indiflbrence  with  which  we  begin. 

"-  But  it  is  not  so  if  the  accelerating  force  is  variable,  and  expressed  W- 
aome  function  of  the  distance  from  a  given  point,  (as  gravitatipn  really  m- 
when  we  take  in  a  considerable  range) :  the  first  step  in  th^  inquiry  niiia( 
be  made  by  help  pf  the  second  proposition,  that  is,  by  multiplying  the  force 
into  the  fluxion  of  the  distance  from  the  said  point,  and  making  the  fluent 
j( which  will  easily  be  found)  equal  to  the  square  of  the  velocity.  The  re^ 
Jocity  being  thus  expressed  in  terms  of  the  distance,  the  time  requityd  for 
moving  over  a  given  distance  will  neyt  bp  found.  It  i^  in  thia  wjiyth^t 
!!^fewton  has  resolved  the  very  prpblem  here  proposed,  in  the  99th  proposi* 
tion  of  the  first  bool^  of  the  l^rincipia.  It  is  tfierefore  according  as  the  date^ 
in  any  problem  furnish  means  for  integrating  one  or  other  of  the  formula^ 
derived  from  the  propositions  above  mentioned,  that  the  one  or  the  othef 
ffiust  be  employed  in  the  solution  of  that  problefp.*'  (J^disthirxh  lUaip^^ 
I^L  xii.  J).  127,) 


\ 
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CHAPTER  I 


On  Mothrif  tmiform  and  variable^ 

915*  The  motion  of  a  physical  point,  or  of  a  body,  is  uniform 
(art.  15.)^hen  it  moves  always  in  the  same  manner,  or  when 
it  passes  over  equal  spaces  in  any  equal  intervals  of  time  what- 
frver.  This  motion,  the  most  simple  of  all,  and  the  most  easy 
to  conceive,  probably  exists  in  no  part  of  nature,  but  is  only  a 
pune  abstraction  of  the  mindt  it  is,  notwithstanding,  impoit" 
ant  to  consider  it,  because  ipotions,  were  it  not  for  obstructions/ 
would  in  g.eueral  be  uniform  (art*  21.),  and  because  it  conduces 
greatly  to  the  analysis  of  all  other  motions. 

That  affection  of  motion  which  we  call  velocity  being  mea- 
lorsd  by  the  apace  unifcurmly  described  in  a  given  time  (art.  15.) 
i«w  fiict  9  measure  of  motion  itself,  and  is  that  which  cha? 
racterises  each  species  of  uniform  motion :  it  is  customary  in 
mathemalica)  discussions  to  fix  upon  a  small  perio4  of  time,  a 
tecopd,  for  example,  as  a  unit,  and  to  call  the  velocity  of  a 
moving  hsidy  at  any  instant  the  space  which  the  body  would 
describe  uniformly  during  a  unit  of  time. 

Hence  it  follows,  that  in  the  uniform  motion  of  a  body,  the 
spaces  run  over  are  proportiqnal  to  the  times  employed.  For  if 
it  describe  v  feet  in  one  second,  it  will  describe  2v  feet  in  two 
seconds,  ^v  feet  in  three  seconds,  and  tv  feet  in  t  seconds,  t 
being  any  number  \^ole  or  fractional.  This  beiog  granted,  wo 
may  now  state  a  proposition  from  which  the  whole  doctrine  of 
uniform  motions  will  readily  flow, 

216.  Prop*  When  bodies  have  different  uniform  motions,  the 

^pacesdescribedareproportionaltothetimesandvelocitiesjointly. 

Let  v  and  v  be  the  velocities  of  the  two  bodies  b  and  6,  t 

and  t  the  times  of  their  iQQtions,  s  and  s  the  spaces  described, 

likewise  let  s^  be  the  space  described  by  b  in  the  time  t  : 

Thien  s:/  ::\  :v 
s^  :s:  :T:t 
And,  coinp.  s:s::t\  :tv.    That  is  s  oc  tv. 
Cor.  ] .  The  velocity  is  as  the  space  divided  by  the  t^me:  for 

the  preceding  expression  gives  v  oc  — •     Or,  since  the  same 

^iU  hold  in  any  corresponding  indefinitely  n^inute  portions  of 

the  spa^e  gud  time,  we  sji^ll  have  v  =  ^, 
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CoE.  2.  The  ^velocities  of  two  bodies  moving  uni/ormly  are 
directly  as  the  space*  and  inversely  as  the  times:  for  we  have 

9  S 

y  :v  ::  — :  — . 

T         I 

Con.  S.  In  eqMal  times  the  velocities  are prfiporiional  to  the 
spaces  run  over:  for  t=^,  gWes  r  :v:  :  ms. 

Cor.  4.  If  the  velocities  ate  eq^ual^  the  spaces  passed  over 
are  proportional  to  the  times :  for  v  =:  v,  gives  s^  =s  iV,  or  s  :' 
5  : :  T  :  /. 

GoR.  5.  If  the  spaces  passed  oper  are  equal,  the  vtlocitits  are 
reciprocally  as  the  times :  for  when  s  =:  s,  we  iiave  v  :v  :  :jt' 

•   i   •    •    /    •    I* 

Cor.  6.  Since  the  areas  of  rectangles  are  in  the  ratio  com- 
pounded of  the  ratios  of  their  sides,  if  the  bases  represent  thd* 
velocities  of  two  motions,  and  altitudes  the  times,  the  areaff 
u'ill  represent  the  spaces  described. 

Cor.  7.  Since  it  has  been  shewn  that  the  forces  which  give 
Inotion  to  bodies  are  proportional  to  their  quantities  of  motion, 
tod  these  to  the  rectangles  of  the  masses  and  velocities  (art. 
212.)9  that  isy  F  a  Q  a  Bv ;  we  may,  by  combining  tiiiswich  the' 
present  proposition,  have  the  following  fomsttte  of  relation  of 
the  six  quantities,  force  F,  momentam  or  quantity  of  motion 
O,  mass  or  quantity  of  matter  B,  time  t,  space  s,  and  velocity" 
V ;  the  forces  being  supposed  instantaneous  or  impulsive,  atlv 
tite  nodtionb  uaiform : 

F  oc  ^  «  BY  a  -^. 
Q  oc  F  oc  BY  a 

F  Q  FT  QT 

Ba  —  oc  —  a — oc . 

V  V  s  • 

S  B8  BS 

T  OC  —  a  — -  OC  — -. 
V  F  Q. 

TF  !•« 

S  tC  TY  a   OC  — . 

B  B 

S  F  Q 

V  a  -  a    -  a  —. 

T  B  B 


SCHOLIUM. 

217.  We  have  before  ssad  that  we  know  nothing  more  of 
forces  than  by  their  effects  in  moving  bodies :  M'e  call  those 
equal  forces,  however  different  they  may  be  in  their  nature, 
vhich  give  to  bodies  equal  momenta,  Or  which,  when- the  l>octtea 
are  equal,  give  to  them  equal  velocities ;  and  we  say  that  forces 
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aire  greater  or  less,  when  they  give  to  bodies  greater  or  less  rao- 
menta,  or  when  they  impress  upon  equal  bodies  greater  or  less 
velocities.  Therefore,  when  diflFerent  forces  act  upon  equal 
bodies,  fAe^brces  are^  capteris  paribus,  proporf/owa/  to  the  velo* 
cities  imparted:  the  velocity,  then,  being  proportional  to  the 
force,  these  two  quantities  may  be  represented  the  one.  by  the 
other,  and  all  which  we  have  established  in  Chap  L  of  the  fihH 
Book  on  the  composition  and  resolution  of  forces  may  be  ap- 
plied to  the  composition  and  resolution  of  velocities.  Hence 
It  might  seem  unnecessary  to  give  here  the  demonstration  of  th^ 
most  extensive  proposition,  as  it  relates  to  velocities  and  direct 
tions ;  but,  since  it  may  be  proved  satisfactorily  in  small  com- 
pass, and  admits  of  two  or  three  useful  deductions,  we  are  ua- 
willing  to  omit  it. 

Prop.  The  simultaneous  action  of  two  impulsive  forces  p, 
p',  on  a  body  A,  which  would  impress  upon  it  separately  the  ve- 
locities  V,  v',  in  the  directions  ac,  ac',  will  cawse  that  body  to 
move  uniformly  over  the  diagonal  of  the  parallelogram  whose 
^es  are  in  the  directions  of  those  forces. 

Imagine  that  the  body  a  (fig.  6.  pi.  X.)  is  placed  on  a  plane 
Acc'  which  moves  uniformly  in  the  direction  ac'  with  such  a 
velocity  as  in  each  unit  of  tim6  will  carry  it  over  a  space  equal 
to  the  Ifaie  Ac':  it  is  certain  that  this  body,  considered  with  re- 
lation to  the  plane  on  which  it  is  placed,  has  no  motion ;  yet  if 
a  spectator  fixed  immoveably  out  of  that  plane  observe  the 
body  A,  he  will  attribute '  to  it  a  motion  equal  and  parallel  to 
that  of  the  plane.    Now,  if  we  conceive  that  any  impulsive  force 
whatever,  p,  acts  upon  the  body  a  in  the  direction  pac,  and 
impresses  upon  it  such  a  velocity  that  in  a  unit  of  time  it  would 
pass  over  a  space  equal  to  ac,  there  can  be  no  doubt  that  if 
the  body  were  acted  upon  by  this  force  only  it  would  be  found 
at  the  point  c  at  the  termination  of  the  unit  of  time.     B|it 
sincCy  in  consequence  of  the  motion  of  the  plane,  the  line  AC 
advances  towards  (/b  by  a  motion  uniform  and  parallel,  so  that 
it  would  really  coincide  with  c'b  at  the  end  of  a  unit  of  time, 
it  is  obvious  that  the  point  c  will  then  coincide  with  the  point 
B,  and  that,  of  consequence,  the  body  a  which  partakes  of  the 
motion  of  the  plane  ought  to  be  found  in  b  at  the  end  of  the 
first  unit  of  time.     We  may  prove,  in  like  manner,  that  at  the 
end  of  any  part  or  multiple  whatever,  t,  of  this  unit,  the  body 
A,  animated  with  the  same  velocity  Ac,  ought  to  run  over  a 
proportional  space  AC  in  rx  A  c,  while  the  common  motion  con- 
strains the  line  Ac  to  pass  parallel  to  itself  over  a  distance  A(/ 
=:tXac'.     This  line  coincides,  therefore,  with  cfb,  aiid  con- 
jBcquently  b  is  the  place  of  the  body  A  at  the  end  of  the  time  t. 
And  it  is  manifest  that  all  the  points  b,  h,  that  may  be  do- 


lit  DYNAMICS.  [Book  II; 

termlned  by  the  same  reasoning,  are  found  on  the  same  diagonal 
AB,  since  ac  :cb::  AC  :cb.  The  body  a,  therefore,  actually 
describes  the  diagonal  ab.  But,  besides  this,  its  motion  along 
this  line  must  be  uniform :  for  a&  :  ab  : :  Ac :  AC  : :  t  x  AC ; 
AC : :  T  :  1 ;  that  is  to  say,  a  &  is  to  ab  as  the  time  employed  in 
passing  through  Ab  to  that  occupied  in  passing  over  ab.  Con* 
sequently  the  motion  of  the  body  A  along  the  diagonal  AB  is 
uniform.  Since  a  body  at  rest  on  a  moveable  plane  has  the 
same  motion  as  the  plane,  it  is  clear  that  if  the  plane  were  ajt 
rest,  bi?t  that  the  body  moved  uniformly  according  to  the  right 
line  p'ac^  with  the  velocity  ac'  equal  to  that  which,  would  be 
impressed  upon  it  by  the  force  p',  and  received  at  the  point  A 
from  the  force  p  a  velocity  AC  in  the  direction  pac,  it  would 
describe^  uniformly  the  diagonal  ab  of  a  parallelogram  formed 
upon  tlfe  slides  ac,  Ac',  which  represent  the  velocities  of  the 
body  in  those  respective  directions^  while  the  diagonal  ab  re- 
presents its  new  velocity,     q.  e.  D. 

2  lis.  We  may  likewise  shew  that,  if  a  body  be  acted  on  by  two 
similar  variable  forces  (for  the  same  time)  whose  directions  and 
magnitudes  are  expressed  by  the  adjacent  sides  ofaparallelo-' 
gram  concurring  in  the  boay,  it  will  describe  the  diagonal  of 
the  parallelogram. 

Let  the  forces  act  by  impulses,  at  the  beginning  of  equal  par- 
ticles of  time,  and  let  Ac',  c'c',  cV,  and  ac,  cc,  cc,  be  the  rela- 
,tive  magnitudes  of  corresponding  impulses.  Then,  by  the  ac- 
tion of  the  two  first  impulses  the  body  will,  by  the  preceding 
^rticle,  describe  the  diagonal  a6;  and  by  the  next  two  the 
diagonal  &b,  of  the  parallelogram  ddf  whose  sides  bd^,  bd,  are 
equal  and  parallel  to  the  representatives  of  those  new  impulses; 
but  the  forces  are  similar,  therefore  the  parallelograms  cc ,  drf*, 
are  similar;  and,  having  parallel  sides  and  a  common  point  b, 
they  exist  about  the  same  diagonal  AB.  The  same  may  bei 
shewn  for  a  third  pair  of  impulses :  and  so  on,  ad  libitum.  Let 
now  the  particles  of  time  be  evanescent  and  the  forces  incessant| 
and  the  same  demonstration  will  obtain. 

Cob.  If  the  forces  by  vyhich  the  body  is  urged  in  the  direc- 
tions AC,  Ac',  be  not  similar,  it  will  move  in  some  curve  line, 
M'hose  nature  will  depend  on  the  relation  of  the  forces.  Of  this 
many  instances  will  occur  as  we  proceed. 

219.  There  remains  another  general  theorem^  which  it  will 
not  be  amiss  to  exhibit  in  thb  place;  viz.  If  a  number  of 
bodies  be  moving  in  any  manner  whatever,  and  an  equal  force 
act  on  each  particle  of  matter,  in  the  same  or  parallel  direct- 
tionsy  their  relative  motions  will  not  be  affected. 

ITie  motion  of  any  body  a  (fig.  8.  pi.  X.)  with  respect  to  aq- 
othii^r  moving  body  B;  is  compounded  of  the  r^^l  modou  of  4 
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and  the  opposite  to  the  real  motion  of  b  :  for^  let  A  move  uni- 
formly  from  A  to  c^  while  b  moves  uniformly  from  b  to  d  ;  draw 
A£  equal  and  parallel  to  bo^  join  ab,  ec,  dc,  and  ed.  The 
motion  of  a  >vith  regard  to  B  consists  in  its  change  of  position 
and  distance.  If  while  a  hac}  described  ae,  b  described  bd^ 
there  would  be  no  change  of  relative  place  or  distance :  but  a,  is 
now  at  c,  and  do  is  its  new  direction  and  distance :  therefore, 
the  relative  (art.  12.)  or  apparent  motion  of  a  is  eg.  Let  the 
parallelogram  acfs  be  completed :  then  it  is  evident  that  the 
motion  £C  is  compounded  of  ep^  which  is  equal  and  parallel  to 
AC,  the  real  motion  of  A ;  and  of  ea,  the  equal  and  opposite 
to  BD,  the  real  motion  of  b. 

Now,  let  the  motions  of  a  and  b  sustain  the  same  change ;  let 
the  equal  and  parallel  motions  AG,  bh^  be  compounded  with 
the  motions  ac  and  bd:  or,  suppose  forces  to  act  at  once  on 
A  and  B,  in  the  parallel  directions  ao,  bh,  and  with  equal  in- 
tensities :  on  either  supposition  the  resulting  mojions  will  be  ac^, 
bd',  the  diagonals  of  the  parallelograms  agc/c,  and  bhd'd. 
Then,  constructing  the  figure  as  before,  we  see  that  the  relative 
motion  is  s'c',  and  that  it  is  equivalent  to  eg  both  with  respect 
to  magnitude  and  direction. 

Here  we  may  again  remark  the  constant  analogy  between  the 
composition  of  motions  and  that  of  forces.  In  the  former  the 
relative  motions  of  things  are  not  changed,  whatever  common 
motion  be  compounded  with  them  all :  and  in  the  latter  the 
relative  motions  and  actions  are  not  changed  by  any  external 
force,  however  considerable,  when  equally  exerted  on  all  the 
moleculae  in  parallel  directions. 

By  means  of  this  it  is  that  we  account  for  the  circumstance 
«f  the  evolutions  of  a  fleet  in  a  uniform  current  being  the  same, 
"with  relation  to  the  several  ships,  and  produced  by  the  same 
fiaeans,  as  in  still  water :  also,  that  the  motions  and  operations 
in  a  ship,  sailing  smoothly  and  regularly  alopg,  are  performed 
in  the  same  manner  as  though  the  vessel  were  at  rest :  and  again, 
universally,  of  all  bodies  included  in  a  given  space  (for  instance, 
those  on  the  surface  of  the  earth,)  their  motions  amongst  them- 
selves will  be  the  same,  their  congress  the  same,  the  force  of  their 
percussion  the  same,  and  all  their  mutual  operations,  whether 
the  space  they  occupy  is  at  rest,  or  whether  it  moves  in  a  tra- 
jectory compounded  of  the  diurnal  and  annual  motions  about 
the  centre  or  the  solar  system;  or  lastly,  whether  these  are  com- 
bined with  a  motion  about  some  far  more  distant  centre  of  force  *, 

*  Those  who  arc  dcsgrous  of  pursuing  further  the  theory  of  apparent 
«fid  relative  motions*  particularly  as  it  regards  the  phenomena  of  the 
wotiomof  the  planets,  arc  referred  to  Chap.  IX.  of  my  Trcaiise  on  Aitro- 
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220..  Prop.  Given  the  velocities  v,  v',  mth  which  two  bodies 
move  in  the  same  line  and  towards  the  same  point,  and  the  di^ 
stance  s^  of  one  from  the  other  at  the  commencement  of  their 
motion,  to  find  the  time  and  place  of  their  rencounter. 

If  any  point  a  be  assumed  as  a  fixed  point  in  a  line^ 
from  which  we  would  estimate  any  distances  upon  that  line 
through  which  a  body  passes ;  then,  if  /  be  the  distance  from 
this  fixed  point  to  tlie  point  where  a  body  commences  its  mo- 
tion, or,  as  we  may  call  it,  the  initial  space,  the  general  equa- 
tion for  uniform  motions  will  become, s  =/+  t'v';  let  this  be 
the  equation  for  the  body  which  commences  its  motion  at  the 
distance  sf  before  the  other  body;  let  also  sns+Tv,  tie  the 
equation  for  that  other  body,  in  which  we  have  5  =  0,  and  con- 
sequently s  =:  TV.  Here  the  spaces  being  both  estimated  from 
tlie  same  point  A,  and  the  times  of  moving  being  equal,  we  havft 
s  =:  $',  and  t  =  i^:  we  have  therefore 

(I.)  .  .  t  .  T=rT'=- — T-,  and  s  rss'r:— ^%-. 

These  equations  manifestl^r  solve  the  problem. 

221.  Prop.  Let  it  be  proposed  to  find  at  what  time  the  two 
moving  bodies  mil  he  at  any  given  distance  vfrom  each  other. 

In  this  case  it  will  be  necessary  to  have  s  —  s'n  dtv,  where 
we  put  the  double  sign  it,,  because  the ^  bodies  may  be  at  the 
distance  d  from  each  other  either  before  or  after  their  ren- 
counter :  that  is,  we  may  either  have  s  >  s',  or  s  <r  s'.  Now 
from  this  equation  of  condition  conjointly  with  the  preceding 
enes  we  obtain  the  following : 

-T»  V  ^^^  ^  «'±1>  y  V/±Vj> 

(11.)  .   *T=^-^^^,.  ..  s:i=V.-^^--^,  .  ..8^=——-. 

222.  Prop.  Having  t!bo  bodies  moving  uniformly  in  the  pe- 
rimeter of  any  complete  curve,  to  find  their  points  of  rencounter. 

Supposing  the  curve  to  be  rectified,  it  is  obvious  that  the 
^solution  to  this  problem  will  be  comprised  in  the  equations  I. 
art.  220.  But  besides  the  point  of  meeting  which  may  be 
found  thus,  the  bodies  may  have  several  others,  since  they  may 
continue  to  run  along  the  curve  and  pass  again  and  again  over 
the  same  points,  and  in  the  course  of  this  motion  have  many  dif- 
ferent points  of  meeting :  now,  in  this  state,  the  first  point  of  ren- 
counter is  taken  as  a  new  point  of  departure,  and  we  may  coa- 
sider  the  two  bodies  as  distant  from  each  other  the  whole  pe- 
rimeter p  of  the  curve.  Here  p  will  obviously  correspond  widi 
y  in  equa.  I.  above,  and  the  instant  of  the  second  rencounter 

will  be  distant  from  thsit  of  the  first  an  interval  T^  = 


v-y 
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we  have,  therefore,  estiinatiDg  the  time  from  the  origin  of  ihe 
motion  to  that  of  the  second  rencounter,  t  = 7  + 


▼—v'         V— v' 


*----^.  Reasoning  in  the  same  manner,  for  the  third  rencounter 
ve  ahall  have  t:=s— ^,;  and  in  general  the  rath  rencounter  Will 
happen  at  the  end  of  a  time  t  =  *^       ,  ^. 


V  — v 


In  like  manner  we  obtain  an  equation  for  the  time  employed 
bj  the  second  body  in  reaching  the  wth  point  of  rencounter ; 
and,  comparing  the  two  equations,  we  find 

(in.)  ....  8  =  v.  ii^^^li, ....  s'=iii^-^> 

'  V-V         '  V— V 

If  several  bodies  move  uniformly  over  the  same  cun'e,  we 
kave  similar  equations  for^ach  of  them,  which  must  be  com- 
j)ared  two  by  two;  and  the  71th  rencounter  of  the  first  and  third 
j^ody  will  be  given  by  the  equation 

V  — V 

Thus,  to  find  the  point  where  three  bodies  will  meet,  it  is 
Jiecessary  to  make  this  valu^  of  t  equal  to  the  farmer,  which 
furnishes  Hiis  equation 

V  — v"  V— v'   '  J/+n— 1  ""v  — v' 

The  problem  in  this  case  obviously  becomes  indeterminate : 
but  as  the  values  of  n  and  n^  must  be  whole  numbers,  th^ 
number  of  solutions  is  less  considerable  than  might  at  first  be 
supposed.  The  matter,  however,  need  not  be  pursued  in  this 
place.  • 

223.  To  give  an  example  of  the  use  of  some  of  these  equ»* 
tions:  Suppose  thai  we  have  a  clock  shewing  the  hoursy  minutes^ 
and  seconds:  we  may  conceive  the  extremities  of  the  three 
liands  a^  three'  inoveable  points  moving  over  the  same  circum-^ 
Terence ;  the  determination  ofthe  rencounter  two  and  two,  or 
of  all  three  of  the  hands,  will  not  be  attended  with  any  difficulty. 
•For  putting  V,  V,  v",  the  respective  velocities  of  the  second, 
minute,  and  hour  hands ;  taking  also  the  minute  for  the  unit  of 
time,  and  the  perimeter  for  the  unit  of  space,  we  thence  have 
jp  =c  1,  V  =  1,  v'  =  ^»^,  v'''  =  yijs\  a^d  the  preceding  formula 
give 

.    For  the  ren-  /  second  and  minute  havids    T  3= j*""""     . 

•punter  2  an.d>                                                   720<:3*   V-n 
4.pf  the  .  .  ,   V  hour  and  second  hands       t  =  ^ =77:^  — . 
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Rencounter  Cg„^^^^_^^     720(.»+n'-i) 

of    all    three  ^—^-35 =  —^715 * 

Jiands  .  .  .  .    ^ 

If  therefore  we  put  for  /  and  «"  their  values,  which  are  the 
distances  of  the  hands  at  the  commencement  of  the  time,  we 
flhall  resolve  the  problem  completely,  if  we  satisfy  these  equa- 
tions by  means  of  any  whole  numbers  n,  u\  whatever. 

II.  On  Motions  uniformly  varied. 

224.  A  body  which  has  received  only  a  single  impulslofi 
will,  according  to  the  first  law  pf  motion,  persevere  in  its  mo-: 
tion  with  the  same  velocity  and  in  the  same  direction  it  had  at 
the  first  instant :  but  if  it  receives  a  new  impulsion,  either  in 
the  same  direction  or  in  a  direction  contrary  to  the  first,  it  will 
then  move  m  ith  a  velocity  equal  to  either  the  sum  or  the  dif- 
'ference  of  the  two  velocities  which  it  received  successively. 
If,  therefore,  we  conceive  that  at  successive  intervals  of  time 
the  body  receives  new  impressions,  either  in  the  same  or  con- 
trary directions,  it  will  be  transferred  to  diiferent  parts  of  space 
M'ith  a  varied  or  unequable  motion;  its  velocity  will  be  different 
at  the  commencement  of  each  interval  of  time.  In  variable 
motions  tlie  velocity  undergoing  repeated  changes,  it  is  usual  to 
estimate  it  at  any  time  whatever  by  the  space  it  is  capable  of 
passing  over  during  a  unit  of  time,  if  its  motion  for  that  interval 
continued  the  same  as  at  the  instant  where  we  would  consider 
the  velocity.  Or  in  variable  motions,  the  velocity  of  a  body  at 
any  determinate  instant  is  the  space  which  it  would  run  over  in 
every  unit  of  time,  if  at  that  instant  the  action  of  the  pow^ 
ceased,  and  the  motion  became  uniform. 

Defs.  We  call  in  general  any  force  which  acts  on  a  body  so 
as  to  make  it  vary  its  motion  an  accelerating  force:  when,  in 
equal  intervals  of  time,  it  acts  equably,  or  the  velocity  under- 
goes equal  mutations,  we  call  it  a  constant  or  uniform  acce-- 
lerating  force^  or  a  constant  retarding  force^  according  as  it 
tends  to  augment  or  diminii>h  the  actual  velocity  of  the  moving 
body. 

When  a  single  body  is  acted  upon  by  a  constant  force,  there 
are  four  quantities  which  become  the  objects  of  mechanical  coi;ih 
sideratiou,  viz.  the  space  described,  the  time  of  description,  the 
velocity  acquired,  and  the  force  which  produces  it ;  any  three 
of  which  being  given,  the  other  may  be  ascertained.  But 
when  different  ibrces  act  upon  bodies  of  different  masses,  these 
are  two  additional  quantities  for  consideration,  making  la  tbd 
whole  9ix  kinds  of  magnitudes  which  affect  the  discussion. 
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225,  Prop.  The  velocities  generated  in  equal  bodies  by  the 
action  of  constant  forces  are  in  the  compound  ratio  of'  the 
forces  and  times  of  acting. 

For,  when  the  times  are  the  same  the  velocities  generated 
each  instant  are  as  the  forces  of  acceleration,  and  consequently 
the  velocities  generated  at  the  end  of  equal  times  are  as  those 
forces;  and  if  the  forces  are  the  same  the  velocities  generated 
are  as  the  times  wherein  the  forces  act;  because,  when  the 
force  is  given  equal  velocities  are  generated  in  equal  times,  and 
consequently  the  whole  velocities  acquired  are  as  the  times 
wherein  the  given  force  acts :  wherefore,  both  times  and  ac- 
celerating forces  being  different,  the  velocities  generated  will 
be  as  the  forces  and  times  of  action,  jointly. 

Cor.  1.  The  momenta  generated  in  unequal  bodies  are  also 
conjointly  as  the  forces  and  their  times  of  action.  This  is  evi- 
dent,  because  momenta  in  unequal  bodies  may  be  substituted 
for  proportional  velocities  in  equal  bodies,  throughout  the 
whole  reasonin":. 

Cor.  2.  The  momenta  lost  or  destroyed  in  any  times  are 
likewise  conjointly  as  the  retarding  forces  and  their  times  of 
action.  For,  whatever  momenta  any  force  generates  in  a  given 
time  would  an  equal  force  destroy  in  an  equal  time,  by  acting 
in  a  contrary  direction. 

And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  either  conspire  with,  or  oppose,  the  motions  of 
bodies. 

Cor.  3.  The  velocities  generated  or  destroyed  in  any  times 
are  directly  as  the  forces  and  timeSy  and  reciprocally  ai  the 
bodies  or  masses.  For,  since  the  compound  ratios  of  the  bodies 
and  their  velocities  are  as  those  of  the  forces  and  times,  the  ve- 
locities are  as  the  forces  and  times  divided  by  the  bodies. 

226.  Prop.  In  motions  uniformly  accelerated^  zvhen  the 
force  and  body  are  given^  the  space  described  during  a  certain 
time  is  the  half  of  that  which  the  body,  moving  uniformly  zoitk 
the  last  acquired  velocity  y  would  describe  iti  an  equal  time. 

Since  the  velocities  are  as  the  times  of  description,  when  the 
body  and  force  are  given,  the  velocities  which  a  givtai  body  is 
found  to  have  successively  for  the  duration  of  each  consecutive 
interval  form  an  arithmetical  progression,  g,  2g,  3g,  &c,  of 
which  the  last  term  is  gt  or  v,  the  number  of  terms  being  t, 
that  IS  to  say,  being  marked  by  the  number  of  solicitations  of 
the  accelerating  force.  And  since  each  of  the  velocities  is 
nothing  else  than  the  space  which  the  body  would  deacribe 
uniformly  during  the  corresponding  interval,  the  total  space 
described  duiing  the  time  t  will  therefore  be  the  sum  of  the 
terms  of  this  arimmetical  progression ;  which,  because  g  and  v 

VOL.  I.  N 
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are  the  extremes  and  t  the  number  of  terms,  niall  be  expressed-. 
by  It  (^-{-v).  Or  if  5  be  the  total  space  described  by  the  body, 
then  will  5=  it  (g+v).  Conceive  now  that  the  accelerating 
force  acts  (as  by  hyp.)  without  intermission^  or,  which  comes 
to  the  same,  imagine  that  the  time  t  is  divided  into  an  indefinite 
number  of  infinitely  small  parts,  or  instants,  and  that  at  the 
beginning  of  each  instant  the  accelerating  force  gives  an  im- 
pulsion to  the  body.  Then  g  being  infinitely  minute  in  rela- 
tion to  r,  which  is  the  velocity  acquired  during  the  indefinite 
number  of  instants  denoted  by  ty  must  be  omitted  in  the  equa- 
tion 6'  =  It  (g+v),  which  will  become  simply  s  =  Jfr,  the 
space  actually  described. 

This  granted,  imagine  that  at  the  end  of  the  time  t  the  ac- 
celerating force  ceases  to  act;  then,  by  the  first  axiom,  the 
body  wiU  persevere  in  its  motion  with  the  velocity  v  it  has  ac- 
quired :  bat  in  uniform  motions  the  spaces  described  are  as  the 
times  and  velocities  jointly  (art.  216.),  therefore  the  body 
moving  with  the  velocity  v,  during  the  time  t,  will  describe  a 
space  s'^tv;  which  is  evidently  double  the  space  \tv  described 
by  the  body  in  an  equal  time,  by  the  constant  action  of  the  ac- 
celerating force.     Q.E.D. 

227.  Prop.  The  spaces  described  by  a  body  uniformly  ac^ 
celerated  are  as  the  squ/xres  of  the  times. 

Since  the  velocities  acquired  increase  as  the  time  expired,  if 
f  be  the  velocity  at  the  end  of  one  second,  then  the  velocity 
acquired  after  a  number  t  of  seconds  will  be  ^t;  thus  we  have 
V  =  (pt.  The  equation  s  zz  |vf,  found  in  the  preceding  article^ 
becomes  therefore  s  =:  ift*.  If,  in  like  manner,  we  represent 
another  space  by  s,  which  is  described  by  uniform  acceleration 
during  the  time  T,  we  shall  have  s  n  jf  T*.  Hence  we  see  that 
s:  s  ::  \(pt^ :  |f  T*  : :  ^* :  t*.     q.  e.  d.   , 

Coii.  1.  Because  the  velocities  acquired  are  as  the  times, 
we  have  also  the  spaces  described  as  the  squares  of  the  veloci^ 
ties. 

Cor.  2.  Therefore  either  the  velocities  or  the  tinted  are  as 
the  square  roots  (fthe  spaces  dcscribedfrom  the  commencemetU 
of  the  motion. 

Cor.  3.  All  that  has  been  shewn  here  applies  equally  to 
motions  uniformly  retarded;  provided  that  by  the  times  we 
mean  those  which  are  to-  elapse  before  the  extinction  of  thp 
velocity,  and  by  the  spaces  those  which  remain  to  be  described 
until  the  body  is  brought  to  rest.  Similar  propositions  have, 
therefore,  been  applied  to  the  motions  of  balls  resisted  by 
banks  of  Earths,  blocks  of  wood,  8cc.  See  Dr,  Hut  ton's  Select 
ErerciseSy  and  Atwood  on  Motion.  ^ 

CoR.  4.  The  velocity  f  which  will  be  acquired  at  th€  end  q/* 
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a  second  is  that  which  the  accelerating  force  clan  generate  in  a 
second  chosen  as  a  unit  of  time;  it  is  therefore  a  measure  of  the 
accelerating  force,  and  may  of  course  be  safely  substituted  for 
that  force  in  any  of  our  subsequent  investigations, 

SCHOLIUM. 

228.  We  may  now  exhibit  general  theorems  for  resolving  all 
problems  relating  to  motions  uniformly  accelerated  or  retarded. 
In  order  to  this,  put  B  n  any  body  or  mass,  f  =  the  force  act- 
ing constantly  upon  it,  t  =  the  time  of  its  action,  t  =  the  ve- 
locity generated  (or  lost)  in  the  time  t,  s  =  the  whole  space 
described,  q  =  the  momentum  or  quantity  of  motion,  at  the 
end  (or  beginning)  of  the  time :  then  the  fundamental  relations 
are  s  a  tv,  q  a  Bv,  q  a  ft,  from  which  are  the  propositions 
and  corollaries  just  laid  down,  we  have — 

Q  FT  5T  ft'         pt^         C«  q*   ^  F8 

▼         V  s  s  es         rs        rxv       ▼• 

BS  Ft  ft'v 

oaBva  FT  a  —  a — a a  v'BFsa  v^bftt. 

*  T  V  • 

ft  BV  QT  ftS     _     ft*  hf*  Bf 

Fa— a  —  ex -^^  ex -^  ex  ~  cc  —  a— r- 

T  T  8  T*V  BTV  8^  T* 

S  FT  ft  OS  Ft  ft«  /  Ft  /f*8T 

va — a  —  a-^a-~-a  —  a-^a    / — a    /— r- 

T  B  B  FT*  ft  BFT  ^       B  ^      ft« 

ft'  ftT  FT*V  _    OV  Q*  ft«T  BV* 

saTTa  — a-^^a —  a-^=— a —  a^-oc  — 

B  B  ft  F  BF  F*T  F 

8  ft  BT  BS  /   BS  /  ftS  ft* 

When  any  quantities  are  given,  or  their  relations  to  some  fixed 
quantities;  of  the  same  kind  known,  they  are  to  be  left  out  in 
the  general  theorems :  thus,  if  the  body  be  proportional  to  th^ 

V*  p 

force,  we  shall  have  s  a  TV  a  ft*  a  -t#  where  f*  r:  —. 

Hence,  in  general,  when  the  circumstances  produced  by  the 
operation  of  any  kind  of  accelerating  or  retarding  force,  as  that 
of  gravity,  are  computed  or  otherwise  ascertained,  the  ana^ 
logous  circumstances  produced  by  any  other  constant  force  may 
be  readily  inferred,  even  without  these  formulae ;  it  will  simply 
be  requisite,  to  compute  the  eflfects  of  gravity  by  the  theorems 
in  art.  227,  applied  to  some  decisive  experiment ;  and  then,  by 
some  equally  decisive  experiment  assign  the  relation  of  the 
other  accelerating  force  to  that  of  gravity,  and  take  all  the  other 
eircumstances  in  the  same  ratio.  Instances  of  this  may  be 
seen  in  arts.  267,  $66,  369, 8cc. 

229.  .As  it  is  sometimes  necessary  to  consider  the  effect  of 
accelerating  forces  upon  bodies  already  in  motion,  it  will  be 
worth  whil^  to  deduce  a  general  formula  for  that  purpose.    To 

M  !2 
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this  end  let  g  represent,  as  in  art.  225.,  the  velocity  due  to  the 
acceleration  during  each  unit  of  time,  gt  will  then  be  the 
total  velocity  acquired  at  the  end  of  the  time  t:  then,  if  we 
^denote  by  v  the  velocity  which  the  body  has  at  the  commence- 
mtnt  of  the  time,  and  by  v  the  velocity  at  the  end  of  the  time  t^ 

we  have  yziv-{-gt.     But  v=:-t->  both  m  uniform  and  va- 

riable  motions,  the  force  or  corresponding  velocity  being  sup- 
posed constant  for  the  indefinitely  small  time  t.    Therefore 

-r  r:  t;  +  g^;  and  taking  the  correct  fluents,  we  have 

(IV.)    sziis  +  vt  +  igf: 
Here  the  constant  quantity  s  evidently  represents  the  initial 
space,  viz.  the  distance  between  the  point  of  departure  and  that 
in  relation  to  which  we  consider  the  several  positions  of  the 
moving  body :  for  ^  =  0,  gives  s  =  «. 

230.  The  general  equatioi^  given  in  the  last  article  may  be 
readily  constructed :  for  it  is  plain,  from  the  theory  of  conic 
sections,  that  its  locus  is  a  common  parabola.  For,  changing 
s  into  JP  +  «,  and  t  into  y  +  ft,  we  have 

x  +  a  =  ^+vy  +  vb  +  lg(y^  hf 
Then,  determining  the  constant  quantities  a  and  &,  by  the 
equations 

t?  +  ig  =  0,  and  a  =  «  +  t?6  -|-  JgJ* 

We  thence  find  i  =  — — ,  a^=^s — --  and  the  equation  (IV.) 

in  the  last  article  will  become  y^  =  -;-  :r,  which  is  an  equation 

to  a  parabola  whose  parameter  is  — . 

Now  the  nature  of  the  motion  being  supposed  given,  and 
the  constant  quantities,  «,  t),  g,  being  known,  if  ae  (fig.  1.  pi. 
Xr.)  is  the  line  passed  over  by  the  moveable  body,  and  we 
take  AB  =s  5,  the  initial  space  b  will  be  the  point  of  departure. 
Here  it  results  from  the  preceding  values  of  a  and  ft,  that  if  we 

make  ca  =  —  — ,  ci>  =  5— -tt-*  and  then  construct  on  df  as  ait 

axis  a  parabola  "Dwrnmly  whose  vertex  is  i),  and  parameter 

— ,  it  will  be  the  curve  required ;  or  that  in  which  the  ordinates 

AP,  Kpy  &c.  will  represent  the  times,  and  the  corresponding 
abscissas  pm,  fmy  &c.  the  spaces. 

If  we  draw  a  tangent  br  to  the  point  B  of  the  parabola,  it 
will  form  with  at  an  angle  rbn,  of  which  the  tangeiit  will 
be  ±=  V.  Moreover,  if  we  set  off  from  any  point  p  in  at,  the 
axis  of  the  times,  two  consecutive  seconds,  or  units  of  lime. 
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pp,  pp\  and  draw  to  the  corresponding  points  m,  m,  of  the 
locus,  the  tangents  Mr,  m/,  we  shall  have  nrizv  ■'- 14' ,  n'r* ^=iV 
-J-g  (^+  1),  and  consequently  n^/'-nriz.g.  Or,  we  may  find 
the  length  of  g  by  another  method :  for,  since  p  m  n  s  4-  f  ^  + 
\gt^j  and  pm:=is\-  v{t  -^l)  +  Jg  (^  4-  1)%  tlierefore  wiw  =  t^-i- 
g^  +  i? ;  but  7ir  =  V'i'gt,  whence  mr  =  |g,  and  2mr  =  g» 

Cor.  When  51=0,  a  coincides  with  b  :  and  when  1^  =  0,  a 
coincides  with  d,  and  RxV  vanishes. 

III.  Variable  Motions  in  general. 

231.  When  a  moving  body  is  subjected  to  the  energy  of  a 
force  which  acts  on  it  without  interruption,  but  in  a  different 
manner  at  each  instant,  the  motion  is  called  in  general,  variable 
motion.  We  have  instances  of  variable  motions  in  the  unbend- 
ing of  springs :  although  the  velocity  continues  to  be  augmented, 
yet  the  degrees  by  which  the  augmentatif)n  proceeds  are  di- 
minishing. It  is  the  same  with  regard  to  the  degrees  by  which 
the  motion  of  a  ship  arrives  at  uniformity :  the  action  of  the 
wind  on  tlie  sails  diminishes  in  proportion  as  the  vessel  acquires 
great<T  vc!t  .:i  ;,  because  the  action  of  the  wind  varies  as  the  dif- 
ference !  * ;  ve.  n  its  velocity  and  that  of  the  sail  on  which  it  acts. 

Tiie  vli  .oieiit  natures  of  constant  and  variable  accelerating 
forces,  and  their  corresponding  motions,  have  been  illustrated  by 
Dr.  liiitton  in  the  following  manner.  "  Let' two  weights,  w, 
zc,  be  connected  by  a  thread  passing  over  a  pulley  at  a,  b,  or 
c  (figs.  2,  3,  4,  pi.  XI.);  and  let  the  weiirht  w  descend  per- 
pendicularly down,  while  it  draws  the  smaller  weight  w  up  the 
line  AD,  or  bk,  or  cf,  the  first  being  a  straight  inclnied  plane^ 
and  the  other  two  curves,  the  one  convex,  and  the  other  con- 
cave to  the  perpendicular.  Then  the  sjnall  weight  w  will 
always  make  some  certain  resistance  to  t^  free  descent  of  the 
large  weight  w,  and  that  resistance  will  be  coustanly  the  same 
in  every  part  of  the  plane  ad,  the  difficulty  to  draw  it  up 
being  t!ie  same  in  every  point  of  it,  because  every  part  of  it  has 
the  same  inclination  to  the  horizon,  or  to  the  perpendicular; 
and  consequently  the  accessions  to  the  velocity  of  the  descending 
weight  w  will  be  always  equal  in  equal  times;  that  is,  in  this 
case  w  descends  by  a  uniformly  accelerating  force.  But  in  the 
two  curves  be,  of,  the  resistance  or  opposition  of  the  small 
weight  r*'  will  be  cop.stimtly  altering  as  it  is  drawn  up  the 
curves,  because  every  part  of  them  has  a  different  inclination 
to  the  horizon,  or  to  the  perpendicular :  in  the  former  curv6 
the  direction  becomes  more  and  more  upright,  or  nearer  per- 
pendicular, as  the  small  weight  w  ascends,  and  the  opposition 
^t  makes  to  (he  descent  Of  w  becomes  more  and  more,  and 
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consequently  the  accessions  to  the  velocity  of  w  will  be  always 
less  and  less  in  equal  times;  that  is,  w  descends  by  a  de- 
creasing accelerating  force ;  but  in  the  latter  curve  CF,  as  n? 
ascends,  the  direction  of  the  curve  becomes  less  and  less  upright, 
and  the  opposition  it  makes  to  the  descent  of  w  becomes 
always  less  and  less ;  and  consequently  the  accessions  to  the 
velocity  of  w  will  be  always  more  and  more  in  equal  times ; 
that  is,  w  descends  by  an  increasing  accelerating  force.  So 
that  although  the  velocity  continually  increases  in  all  these 
cases,  yet  whilst  it  increases  in  a  constant  ratio  to  the  time>  of 
motion,  in  the  plane  Ap ;  the  velocity  increases  in  a  less  ratio 
than  the  time  it  ascended  up  be,  and  in  a  greater  ratio  than  the 
time  increases  in  the  other  curve  cf.*'  HuttoiCs  Math,  Diet. 
art.  Acceleration. 

The  principles  necessary  for  the  determination  of  the  circum- 
stances of  variable  motions  are  easily  deducible  from  what  has 
been  done  with  respect  to  uniform  motions,  and  those  which 
are  uniformly  accelerated  or  retarded,  as  will  be  seen  in  the 
next  proposition* 

232.  Prop.  To  find  the  fundamental  equations  which  apply 
to  variable  motions. 

In  whatever  manner  any  motion  is  varied,  if  we  consider  it 
with  relation  to  evanescent  instants,  we  may  conceive  its  ve- 
locity to  be  invariable  during  any  such  indefinitely  minute 
interval.  But  when  the  motion  is  luiiform  the  velocity  is 
expressed  by  the  quotient  of  the  space  Sy  described  during  the 

interval  of  time  t,  divided  by  that  time  (216.) :    Therefore, 

• 
when  the  velocity  is  only  uiliform  for  the  evanescent  instant  t, 

the  velocity  must  be  expressed  by  the  indefinitely  small  space  *, 
described  during  this  instant,  divided  by  the  instant  itself.  We 
have,  therefore, 

(I.)  . .  .tJ  =  i.or5  =  i;^ 

The  equation  t)  =  ^^  (art.  227.)  which  expresses  the  relation 
of  the  velocities  to  the  times,  in  motions  uniformly  accelerated^ 

gives  ^  =:  — ;  that  is,  to  say,  when  the  accelerating  force, 

or,  rather  the  quantity  p  by  which  it  is  measured  (227.  cor.  4.), 
is  constant,  it  has  for  its  expression  the  quotient  of  the  velocity 
f ,  which  it  generates  during  a  certain  time  t^  divided  by  that 
time :  therefore,  if  the  accelerating  force  p  acts  diiFerently  at 
each  instant,  we  imagine  it  to  be  constant  only  for  the  evane- 

scent  mstant  ^,  in  which  it  would  generate  th^  velocity  v^  and 
consequently, 
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(II.)  .  .  .  f  —  — ,  or  z;  =pL 

t 

In  the  equation  v  •=.  ^t  we  understand  f  to  denote  the 
velocity  that  the  accelerating  force  generates  in  the  moving 
body  during  a  determinate  unit  of  time,  as  a  second,  by  an 

action  continued  and  always  equal.  In  the  equation  vzzft, 
we  ought  to  understand  the  same  thing.  But  it  is  necessary  to 
observe,  that  the  accelerating  force  being  supposed  variable,  the 
quantity  p  which  represents  the  velocity 'which  it  would  be 
capable  of  generating  if  it  acted  as  a  constant  accelerating - 
force  during  a  second  is  different  for  every  instant  of  its  mo- 
tion. Thus  we  easily  conceive  that  when  the  accelerating  force 
becomes  smaller,  the  velocity  which  it  will  be  capable  of  ge- 
nerating in  a  second,  by  its  action  repeated  uniformly  during 
each  instant  of  this  second,  must  be  smaller,  and  vice  versd. 

The  two  preceding  equations  readily  furnish  a  third,  which 
may  often  be  advantageously  adopted :   for,  from   the  equa* 

$  =  vt,  we  deduce  ^  =:  — :  substituting  this  value  of  f  in  the 

V 

equation  vzzft,  we  readily  find 

•  VV 

(HI.)  .  .  fS  =  rV,  or  f  =  -::— 

s 

Again   employing  the  same  equations,  since  v  =:  pt,  and 

vt  =:  s,    we    have    by   multiplication    vtv  zn  pts ;    whence. 

Striking  out ^,  there  remains  vv  =  fs*  But  vv  ^  Hvv)', 
consequently, 

(IV.)   fs-i{wy. 

In  the  reasoning  by  which  we  found  the  equations  vs:  pt, 
we  have  considered  the  velocity  as  increasing.  If,  therefore, 
cases  arise  in  which  the  velocity  diminishes,  its  fluxion  will  be- 

come  negative,  and  the  equations  vzzpt,  and  pszzvv,  m  order 
to  accommodate  them  to  all  cases  which  may  arise,  must  be 

•  •  *  • 

written  with  the  double  sign :  viz.  ±  r  ==  f  ^,  and  fs  =  ±  vr,  the 
superior  sign  obtaining  when  the  motion  is  accelerated,  and  the 
lowef  one  when  it  is  retarded; 

The    equation     s  sc  vt,    or  t>  =  4-,    being    fluxed    gives 


i  =  (i)-:  * 


if  this  value  be  substituted  for  v  4n  the  equation 
ft=i  ±.v,  it  will  becomip 
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,(V.)....?f=±(jj- 


And  this  equation  most  be  employed  when  t  is  supposed 
variable :  but  if  we  imagine,  as  it  is  often  right  to  do,  that  t 

is  constant,  we  have  ^^  =  ±i-;  wherefore 

t 


.    (VI.)  .  .  .  ?^'=  ±  5,  or  f  =  -. 

SCHOLIUM. 

233.  According  to  whatever  law  the  motions  of  bodies  may 
be  varied,  we  may  construct  curves  as  loci  of  the  equations 
which  comprise  the  relations  of  the  times  and  spaces :  but 
since  there  will  be  as  many  kinds  of  curves  as  there  may  arise 
equations  comprising  the  law  of  the  variations,  it  will  be  im- 
possible to  attend  to  them  minutely  here.  All,  therefore,  that 
Avill  be  remarked  in  this  place  is,  that  when  the  motion  is 
accelerated,  the  corresponding  curve  will  present  its  convexity 
to  the  axis  of  the  \ime;  while,  if  the  motion  is  retarded,  the 
concavity  of  the  curve  will  be  presented  to  that  axis ;  and  if 
in  any  instant  whatever  the  motion  becomes  uniform,  the 
curve  will  then  degenerate  into  a  right  line,  which  will  be  a 
tangent  to  that  point  of  the  curve  which  corresponds  with  the 
instant  of  time  in  which  the  uniformity  of  the  motion  com- 
mences, f 

234.  As  the  formula  fn-.-  is  of  the  utmost  importance  in 

the  theory  of  varied  motions,  and  as  tlie  manner  in  which  we 
have  deduced  it  above  has  been  sometimes  objected  to ;  we 
shall  here  present  a  more  rigorous  demonstration  of- the  same, 
which  was  first  given  by  the  celebrated  D'Alembert,  and  is  de- 
duced from  the  known  theory  of  curves. 

Let  AP,  Ap',  &c.  represent  the  times,  and  pm,  p'm'',  &c. 
the  spaces  described  (tig.  6.  pi.  XL):  call  ap,  t,  pm,  s;  and 
imagine  the  three  ordinates   pm,  p'm',  p'^'m'^,  to  be  infinitely 

near  to  each  other;  make  t  constant,  or  pp'  zz  vf^\  and  p'm' 

=  s.     This  done,  it  is  evident  that  km'=  5  will  be  passed  over 

in  the  time  pp'r:  ty  and  that  qm''i=  s,  will  be  run  over  in  the 

time  p'p'^'z:  t :  now  there  are  two  hypotheses  respecting  the 

acceleration  which  has  place  in  the  spaces  s,  s,  which  we  ought 
to  distinguish  witli  great  care.     1.  The  augmentatioii  of  the 
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velocity  which  obtains  in  tl^ese  spaces  may  be  gradually  acquired 

during  the  instant  t,  viz.  the  motion  may  be  continually  acce- 
lerated from  p  to  p',and  from  p^to  ^^\  2(ily,  The  augmentatiop 
of  the  velocity  which  takes  place  in  the  space  km  may  be  given 
it  all  at  once  in  m',  in  such  a  manner  that  km  will  be  described 
by  a  uniform  motion ;  in  like  manner,  the  augmentation  which 
obtains  in  om''^  may  be  reckoned  to  be  acquired  all  at  orice  in 
u^\  so  that  OM^''  be  described  by  a  uniform  motion,  &c.  In 
this  second  hypothesis,  the  motion  is  made  as  it  were  by  small 

leaps,  which  take  place  at  the  end  of  each  instant  t^  the  motion 
retaining  its  uniformity  during  that  instant 

The  effect  produced  at  the  termination  of  t  is  the  same  on 
either  hypothesis :    the   effect  consisting  in  running  over  the 

spaces  s,  s,  &c.  But  it  is  not  the  same  with  regard  to  what 
takes  place  during  the  existence  of  each  instant  j  for,  according 
to  the  one  or  the  other  hypothesis  the  elements  mm',  m'm^', 
&c.  are  different.  lu  the  tirst,  where  the  acceleration  of  the 
motion  is  conceived  to  be  always  taking  place  throughout  the 

instant  ^,  the  corresponding  element  of  the  curve  is  a  real 
curve  MgM'',  m'wm''',  &c.  diflerent  from  the  cords  mm''  m^'m^'',  &c* 
In  the  second,  the  motion  being  considered  as  uniform  during 

the  instant  t,  the  elements  MgM^,  M^nM^\  &c.  become  recti- 
linear, and  differ  not  from  the  cords  mm'',  m'm'"',  &c.  Let  m 
first  sheV^  what  results  from  the  former  case. 

Draw  to  the  point  m'  of  the  curve   the  rigorous   tangent 
m''k,  then  will  the  space  qr  be  that  which  the  body  would 

run  over  during  the  instant  ^,  if  the  velocity  acquired  at  the 
point  m'  were  continued  uniformly;  the  space  rm''''  will  be 
that  run  over  in  virtue  of  the  acceleration  which  obtains  be- 
tween p''  and  F^%  and  the  space  nr  will  be  that  passed  over,  in 
consequence  during  the  time  p'd;  we  will  examine  the  re- 
lation which  exists  between  nr  and  m'^r  with  regard  to  the 
times  p'rf,  pV^  The  arc  m'm^',  being  infinitely  small,  may 
be  considered  as  appertaining  to  any  curve  whatever,  and  of 
consequence  to  a  parabola;  where,  by  the  property  of  this 
curve,  m'r  being  a  tangent,  we  have  the  proportion  iir: 
m'''r  :  :  p'rf*  :  pV^^;  for,  by  Button's  Conies,.  Prop.  ix. 
Parab.  nr  :  u^^r  :  :  mV  :  m''r*,  and  it  is  obvious  that  m'/^  : 
M^R*  ;  :  p''rf*  :  pV*.  Therefore  tiie  spaces  wr,  m'^r,  are  as  the 
squares  of  the  times  P''d,  ?''?'''',  employed  in  describing  them ; 

therefore  during  the  instant  p'p"  zi  t,  the  motion  is  uniformly 

accelerated.     Whence  we  have  m'^r  =  *^*,  ^  being  a  constant- 


V 


\ 
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^nanlHy  during  the  instant  pV^;  but  it  is  different  in  the  suc- 
ceeding instants. 

If  we  prolong  the  cord  mm'  to  x,  we  have  qxzz  km' =  5, 

•     •     .. 

and  xm^'^qm''— QX=ts  — s=5;  but,  by  a  well-known  ge- 
neral property  of  curves,  xM"r:2M''R  (see  Emerson  on  Curve 

lines,   book  ii.  pr.  2.),    therefore  m''r  =  --  ;     and,     sub- 

Mtating   this,  in  the  equation  m''r  =  ^^*,  we  have  f  =  -^• 

This  expression  denotes  that  the  space  which  will  be  described 
in  a  unit  of  time,  in  virtue  of  the  uniform  acceleration  which 

has  place  durmg  the  instant  t^  is  equal  to  -r-  Thus  we  see, 

on  the  first  hypothesis,  the  means  of  measuring  the  acceleration 
at  each  instant. 

In  the  second  hypothesis  the  motion  being  uniform  during 
Ae  instant  pp',  and  the  element  of  the  curve  MgM'  coincid- 
ing with  the  side  mm'  of  the  inscribed  polygon,  if  the  body 
conUnues  to  be  moved  with  the  velocity  acquired  in  m',  the 
qpace  which  it  will  describe  during  the  following  iusttant  will  be 
ffx,  since,  in  this  case,  the  tangent  ought  to  be  tlie  prolong- 
ation of  the  infinitely  little  side  mm'.  Hence  it  folio n\s,  that 
the  space  passed  over  during  the  instant  p'p"  in  vnt;ue  of 
Ae  acceleration  which   has  place  at  the   point  m,  is   xm", 

which,  as  we  have  seen,  is  ::^  ^m"r  =  s  =  2*^*.  If  we 
make  2*  =  p,  we  have,  for  the  measure  of  the  acceleration, 

the  equation  ^  =  -4->  f>  expressing  here  the  double  of  the  space 

which  would  6e.  run  over  in  a  unit  of  time,  in  virtue  of  the 
acceleration  of  the  first  hypothesis.  Now  the  double  of  that 
qiface  is  precisely  the  velocity  acquired  by  a  like  acceleration 
(art.  226) ;  therefore  <p  expresses'  the  velocity  that  the  moving 
body  would  acquire  in  a  unit  of  time,  if  the  motion  continued 
to  be  uniformly  accelerated  by  the  quantity  with  which  it  was 
aogmented  during  the  instant  p'p''  in  the  hypothesis  of  the 
iigorous  ciurve ;  dierefore,  the  formulas  obtained  by  the  two 
methods  are  identical. 

We  see,  therefore,  that  whether,  supposing  the  curve  rigor-p 

ens,  the  accekration  is  measured  by  -r-,  pr,  supposing  it  poly^ 
gonal,  il  is  measoi;ed  by-^;  either  of  these  measures  is'iiidifv 
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ferent,  provided  that  we  always  estimate  by  the  same  the  dif- 
ferent effects  which  we  would  compare.  The  space  described 
by  the  moving  body  is  the  same  on  either  hypothesis,  that  is  to 
say,  qm"  during  the  instant  p'p";  only  in  the  first  QR  is  run 
over  in  virtue  of  the  motion  previously  acquired,  and  rm"  in 
virtue  of  the  acceleration;  while  in  the  second  these  are  qx 
and  xm".  It  is,  otherwise,  easy  to  assign  a  direct  reason  why 
the  elementary  space  run  over,  in  the  hypothesis  of  the  poly- 
gonal curve,  is  the  double  of  that  described  on  the  supposition 
that  the  curve  is  rigorous:  namely  this; — in  the  first  case  the 
body  acquires  all  at  once  the  increment  of  its  velocity,  while  it 
is  obtamed  in  the  second  by  a  uniform  acceleration;  it  ought^ 

therefore,  during  the  same  time  ty  to  describe  a  double  space. 

235.  Having  now  deduced  the  chief  formulae  in  variable  mo- 
tions,  it  remains  for  us  to  present  an  example  or  two  of  their 
use  and  application. 

I.  Suppose  that  a  material  point,  or  very  small  globe,  placed 
at  A  (fig.  7.  pi.  XI.)  is  solicited  by  two  forces;  the  one  tend- 
ing to  make  it  move  from  a  towards  b,  with  a  motion  uni- 
formly varied;  the  other  tending,  on  the  contrary,  to  push  it 
back  from  a  towards  d:  the  circumstances  of  the  motion  of 
the  globule  are  required,  on  the  supposition  that  the  repulsive 
power  impresses  upon  it  an  acceleratuig  force  varying  inversely 
as  the  distance  from  the  point  b.  Let  ab  ==  fl,  an  =  s  =:  the 
space  passed  over  at  the  end  of  the  time  t;  the  accelerating 
force  which  arises  from  the  repulsion  from  a  towards  d  will 

be  n  — ,  m  being  a  constant  quantity  depending  upon  the  law 

according  to  which  the  repulsive  force  acts.  Lastly,  let  g  == 
the  constant  accelerating  force  which  arises  from  the  impulsion 
of  the  moving  point  from  A  towards  d.  The  force  accele- 
rating the  motion  which  we  consider  as  being  the  difference  of 
these  two  forces,  we  have  by  tlie  equation  (232.  VI.)  which  gives 

To  find  the  fluent  of  this  equation,  we  must  multiply  by  s, 

whence  will  arise  4-  X  (  •^\»:^wz=.  — gs;    and  conse- 

t        \tJ         .*'*'* 

quently,  by  a  well-known  form,  Jv*  =  wh«l  '(a+s)  — gs  +  c. 
Where,  since  at  the  point  A  we  have  v  r:  0,  and  5  =  0,  we  con- 
clude ^at  c  =:  —  wiH'L  •  a.    Therefore 

V  =:  ±  V'(2mH'L  •  ^^  —  2gs). 

This  equation  determines  the  velocity  that  the  moving  body 
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bas  when  it  has  run  over  the  space  $:  here  if  we  put  for  v  its 

value  -r  (art.  232.  i.)  and  find  the  corresponding  fluent,  we  shall 
t  '  ' 

obtain  the  time  t  in  terms  of  the  space:  but  this  is  sometimes 
attended  with  considerable  difficulty. 

The  problem  just  resolved  finds  its  application  in  a  case 
which  we  shall  now  state:  if  a  heavy  body,  as  a  piston,  is 
forced  into  a  cylinder  or  vertical  tube  bp,  opeii  only  at  the 
extremity  D,  which  the  piston  cloj^ely  Ills,  and  if  ihe  part  ab  is 
fall  of  a  compressed  elastic  fluid,  or  of  an  expansive  vapour; 
then,  not  considering  the  friction  of  the  piston  against  the  bides 
of  die  tube,  it  is  obvious  that  this  piston  will  be  subjected  to 
the  action  of  gravity  which  tends  to  make  it  descend  and  im- 
presses a  constant  accelerating  force  g,  and  at  the  same  time  to 
the  repulsive  force  of  the  elastic  fluid :  but  this  fluid  having  less 
spring  as  it  is  less  compressed,  viz.  as  the  piston  is  farther 
distant  from  tiie  extremity  b,  the  accelerating  force  ihence 
arising  varies  inversely  as  the  distance  of  the  moveable  piston 
from  the  bottom  of  the  tube. 

We  have  an  example  of  this  species  of  motion  in  the  balls 
of  guns,  and  pieces  of  cannon,  driven  by  the  inflammation  of 
tibe  powder:  this  produces  instantaneously  a  ureat  quantity  of 
an  aeriform  fluid,  of  which  the  repulsive  ibrce  is  inversely  as  tlie 
space  in  which  it  is  contained.  VV^e  here  neglect  the  consider- 
ation of  the  weight  of  the  ball,  since  it  has  but  little  efiVct 
upon  the  velocity  up  to  the  mouth  of  the  piece,  the  weight  be- 
ing nothing  in  theory  when  the  axis  of  the  piece  is  hor  zoutal. 
We  therefore  make  g  n  0,  or,  which  amouiits  to  the  same,  we 
consider  at  the  commencement  of  the  calculation  the  accelerat- 


ing force  as  =  — - :  consequently, 

Making  s  to  equal  the  distance  of  the  point  a  from  the  orifice, 
this  equation  gives  us  the  velocity  with  which  the  ball  issue3 
from  the  piece. 

If  the  weight  of  the  powder,  and  of  the  ball,  be  taken  into 
the  computation,  it  will  of  course  become  more  intricate:  the 
general  principle,  however,  is  still  the  same.  These  particulars^ 
with  other  minutiae  aflecting  tbe  investigation,  are  considered 
by  Dr.  Hutton,  in  an  excellent  solution  which  may  be  seen  iix 
the  ^d  volume  of  his  8vo.  Tracts. 

236.  II,  Let  there  be  at  D  (fig.  7.)  a  material  point,  or  glo- 
bule, solicited  by  an  accelerating  force  varying  inversely  as  the 
square  of  the  distance  of  the  moveable  from  the  point  B ,  it  i§ 
required  to  find  the  equation  of  its  motion. 
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Put  BD  =  fly  DN  =  5  =  the  space  passed  over  at  the  end  of 
the  time  t:  when  the  globule  has   arrived  at  n,  its  distance 

from  B  will  be  a  —  s,  and  the  acceleratiii'j:  force  is   ; -,  m 

being  again  a  constant  quantity  which  depends  upon  the  nature 
of  this  force;  viz.  its  niaguitude  at  a  unit  of  distance  from  the 
centre  of  attraction.  Here,  then,  we  have  from  the  equation 
at  232.  vi. 

^     i  m 


Multiplying,  as  before,  by  s,  we  obtain  A-   x   ( -r  j    =  vv    ^ 
^    ;  whence  v^  = 1-  c.     Supposing  that  at  the  ori- 


gin  D  the  globule  were  not  animated  with  any  velocity,  we 
should  have  at  the  same  time  s  n  0,  and  t?z=0;    therefore 

c  zz .     Substituting  this,  and  reducing,  we  have 


—  X       / . 


Now,  to  obtain  from  this  equation  of  the  relations  between; 
V  and  s  that  which  obtains  between  s  and  t,  we  must  substitute 

—  for  v:  then  taking  the   reciprocal  of  the  expression,  mul- 

tiplying  by  s,  and  the  quantity  affected  with   the  radical  by 
a  —  $y  we  have  /  =     /—  x  — ^^^ —  s,  where  the  last  factor 

is  equivalent  to  ■  ^^"^  ■  s  +  Aa  x     ,    *  The  first  term 

has  for  its  fluent  \/(«s  — 5^):  that  of  the  second  is  found  by 
transforming  s  into  \a  —  z\  it  is  then  \a  x  arc  I  cos  =  ~^  : 
consequently 

t  =     /-^  X  I  V{as  "'  s^)  +  la.  arc  (cos  =  ^!^^^> 

This  requires  no  correction,  because  s  ought  to  be  nothing  at 
the  same  time  that  t  is. 

The  preceding  values  of  v  and  t  resolve  the  problem  pro- 
posed in  the  most  general  manner,  comprising  all  the  particular 
circumstances  of  the  motion:  we  remark,  for  example,  that 

i  =  a,  gives  t;  =  co  ,  and  t  =  /—  x  J  air,  where  ?r  is  the  cir- 
cumference of  the  circle  whose  diameter  is  unity:  the  first  of 
these  expressions  indicates  that  the  velocity  of  the  moving  point 


\ 
\ 
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is  infinite  at  tlie  centre  of  attraction;^  which  is  natural  to  con- 
ceive, because  the  force  is  so  much  the  more  intense  as  the 
moveable  is  nearer  the  centre.  ITie  second  expression  is  pro- 
portional to  a  \/  a,  or  a^'y  whence  it  follows,  that  the  times 
employed  by  two  bodies  in  descending  from  repose  to  the  centre 
of  attraction  are  respectively  as  the  square  roots  of  the  cubes  of 
the  heights  fallen  from. 

In  the  case  where  bodies  fall  by  their  own  gravity  towards 
the  earth,  the  attracting  body  being  considered  as  a  point  with 
regard  to  the  distance  s,  we  shall  have  m  =  32^  (art.  242.)  and 

^  = -785398  a-v/-* 

237.  in.  It  is  required  to  determine  the  circumstances  of 
velocity,  time,  and  space,  with  relation  to  a  body,  which  moves 
from  quiescence  in  consequence  of  an  attracting  force  which 
varies  directly  as  the  distance  from  the  centre  of  force. 

Let  the  point  from  which  the  body  commences  its  motion  be 
V  (fig.  5.  pi.  XI.X  JWK^  let  PC  =  a,  its  distance  from  c  the  centre 
of  force;  let  t?  =  the  velocity  at  any  variable  distance  AC  =  5, 
and  at  any  distance  d  from  c  let  f  be  the  force  compared  with 
that  unit  of  force  whose  representative  is  m.  Then,  by  the  na- 
ture of  the  problem,  it  will  be  d:s  ::f:  —-,  the  force  at  the 

distance  s,  compared  with  unity,  or  ~-  will  be  that  force  with 

respect  to  the  measure  m,  corresponding  with  f  in  our  equa- 
tion 232.  iii.  Hence,  since  v  increases  as  s  decreases,  we 
shull  have 


mfs  • 

VV  =z ^  *. 

a 


This  equation  gives  us  i;*  =  —  —  5*  +  c.  -Here  when  t?  =  0, 
s  =s  a,  and  0  =  ~  ^  «^  +  c ;  therefore  c  ==  ~  a*;  and,  con- 

sequently  X?*  =  -;j-  x  (a*  -  5*),  and  i>  =     J -^   X    •(a*  —  s*). 

Hence  then,  if  with  centre  c  and  radius  cp,  the  quadrant  pdb 
be  described,  and  at  the  point  A  whose  distance  from  c  is  =5, 
the  ordinate  ad  be  drawn,   because  ad  =  \/(co*  —  CA*)  = 

■^.     So  that  the  velocity 

corresponding  to  any  space  pa  moved  over,  is  as  the  sine. 
ad  of  the  circle  answering  to  the  versed  sine  pa,  the  radius 
being  pc. 

In  order  to  find  ^,    we  must  adopt  the  equation   (1)  or 

/u  =  —  s,  whence  arises  f  =  —  —  =  ^;;nF  X  vTSHZ^*  Now, 
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•  *  * 

if  X  ?=  arc  PD,  we  have  z  :  ^  s ::  a  :  V(a^  —  s*);   therefore 

—-^H —  =  L,  and  consequently  t  =  -1     /— r  :  the  fluent  of 

this  expression  is  f  =  —    /--  =  —     /--  ;   which  wants  no 

correction,  because  when  f  =  0,  2:  =  0.  So  that,  while  the 
velocity  at  any  point  a  is  as  the  corresponding  sine  ad,  the 
time  of  descent  to  that  point  is  as  the  arc  pd.     When  a  arrives 

PDB        id  id 

at  c  we  have  t  =  -^  /^  =  lit  /^,  for  the  time  of  fall- 
ing to  the  centre.  Hence,  from  whatever  altitude  cp  the  Bodj 
begins  to  fall  towards  the  centre,  its  whole  time  of  descent  will 

PDB 

be  the  same, being  in  all  cases  1=  Jir  =  1*570796,  a  constant 

quantity. 

Cor,  If  a  body  be  acted  upon  by  a  force  which  is  every 
where  as  the  distance  from  c,  the  time  of  its  descent  to  that 
centre  from  any  point  p  is  to  the  time  in  which  it  would  de- 
scend through  that  same  space,  if  impelled  by  half  the  first  force 
uniformly  continued,  as  the  circumference  of  a  circle  to  four 
diameters.  For,  on  the  first  supposition  the  time  is  as  the  qua- 
drantal  arc  pb  ;  and  on  the  latter  the  time  is  as  2pc;  and  pb  : 
2pc  ::  circumf.:  8pc  or  4  diameters. 

238.  On  the  supposition  that  the  earth  were  a  homogeneous 
sphere,  the  force  of  attraction  to  which  any  body  below  its 
surface  would  be  subjected  varies  as  the  distance  from  the 
centre:  if,  therefore,  a  perforation  were  made  in  a  right  line 
from  the  surface  to  the  centre,  the  circumstances  of  a  body 
falling  from  the  surface  will  be  determined  from  the  preceding 
investigation.  In  this  case  d,  the  distance  at  which  the  effects 
of  the  force  are  known  would  be  =:  20935200  feet,  and  y  the 
effect  of  gravity  compared  with  unity,  or  ttj/",  compared  with 
the  assumed  measure  m,  would  be  represented  by  32f  feet,  the 
velocity  acquired  by  a  falling  body  after  one  second.     Hence,' 

when  the  body  has  fallen  to  c,  we  shall  have  v  n  cb  4/  -j- 
=  d  \ /^  :=^  ^mfd  =r  f  5950  feet,  or  4*9 148  miles  per  second, 

for  its  velocity  there:  and  t  =  1-570796  \/ ^f  =   i26iy  =: 

SI'^It  >  for  the  time  of  falling  to  the  centre. 

239.  We  close  the  subject  of  variable  motions  v  ith  observing 
that  if  the  velocity  v  be  as  any  power  n  of  s  the  space  de- 
scribed, the  time  may  be  found  by  the  method  of  fluxions  ^  for. 
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since  v  is  as  5",  and  t  as  -i,  it  will  also  be  as  -JL  ;  consequently 


1  — n 


t  f=  YI^i  +  ^y  ^^^  correctioH.     The  application,  of  this  theo-/ 

rem  to  any  cases  which  the  student  wishes  to  pursue  must  be 
left  to  his  own  industry.  It  has  been  our  object  to  exhibit 
here  only  two  or  three  of  the  most  useful  examples,  to  shew  the 
utility  of  the  doctrine  of  variabhi  forces :  it  is  now  time  to  ad- 
vert to  other  topics. 
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CHAPTER  II. 


On  the  Descent  and  Ascent  of  Heavy  Bodies,  in  ver- 
tical Lines;  the  Motion  of  Projectiles s  Descents 
along  inclined  Planes,  and  Curves;  the  Vibrations  qf 
Pendulums,  S^c. 

240.  Ths  motion  of  heavy  bodies  at  or  near  the  surface  oC 
the  earth  occupies  an  extensive  portion  of  the  theory  of  me- 
chanics ;  and  its  numerous  applications  to  the  various  purposed 
of  life  renders  it  highly  worthy  the  attention  of  the  student* 
At  the  beginning  of  Chap.  III.  of  our  first  Book  we  made  a 
few  such  observations  on  the  nature  of  gravity  as  were  requi- 
site in  discussing  the  subject  of  the  centre  of  inertia :  in  additioa 
to  what  was  there  stated,  we  present  a  remark  or  two,  moriQ 
immediately  connected  with  the  business  before  us.  Gravity 
being  that  force  which  solicits  all  bodies  to  descend  in  vertical 
lines,  or  those  which  are  perpendicular  to  the  surface  of  the 
earth,  it  would  follow  that,  if  that,  surface^  as  composed  oi 
land  and  sea,  were  perfectly  spherical,  the  directions  of  gra- 
vity would  all  concur  at  its  centre.  The  earth,  however,  is 
not  perfectly  spherical ;  yet  is  its  variation  from  that  shape  lo 
trilling,  that  with  respect  to  the  objects  we  now  mean  to  Cbtl- 
sider,  it  need  not  be  regai;ded.  We  observed  in  art.  106,  that^^ 
in  most  mechanical  enquiries,  the  directions  of  gravity  ma^b^ 
considered  as  parallel :  that  it  may  be  seen  to  what  extent  this* 
remark  may  be  applied,  let  it  be  considered  that  a  circle  whoSd 
radius  is  20935^00  feet  (art.  238.)  will  have  more  than  6Qpb 
feet  for  the  measure  of  a  minute  of  a  degree,  and  upwaitHfTof 
100  feet  for  that  of  a  second ;  so  that  the  directions  of  gravi^ 
at  two  places  on  the  earth's  surface,  a  mile  asunder,  mll'noi 
vary  one  minute Jrom  parallelism. 

As  to  the  magnitude  of  the  gravitating  force^  strictly  speaking, 
it  is  different  at  different  distances  from  the  equator,  and  at  dii^ 
ferent  dbtances  from  the  centre  of  the  earth :  but  the  quantities 
of  tjhese  differences,  90  far  as.  they  depend  upon. the  variety 
pf  situation  on  the  earth's  surface,  are  vety  small,  (28^)  %Da 
need  not  yet  be  attended  to ;  and  the  differences  resulting  frism 
different  distances  fr^m  the  centre^of  the  earth  will  not  be  aeo'- 
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tible  in  any  cases  wc  sball  have  to  consider  here  with  regard  Co 
filling  bodies.  Thus,  if  two  bodies  were  situated,  die  one  a€ 
die  surface  of  the  earth,  and  the  other  at  a  mile  above  it,  die 
difference  in  the  attractions  to  which  they  would  be  subjected 
would  be  tig66^-d965%  or  7991  compared  with  3965*,  or 
nearly  one  part  in  2000  of  the  whole  attraction :  so  that  as  a 
mile  is  greater  than  any  altitude,  or  any  depth  from  the  surface^ 
with  regard  to  which  we  shall  have  to  trace  the  effects  of  falU 
ing  or  rising  bodies,  we  may  consider  the  force  of  gravity  ai 
constant.  We  consider  therefore  diis  force  as  acting  inces- 
ijSntly,  and  acting  equally  at  each  instant  upon  every  particle 
of  matter.  Now  it  is  clear  that,  if  every  particle  of  a  body  re- 
ceive the  same  velocity,  the  aggregate  of  the  body  will  move 
with  the  same  velocity  as  would  have  been  impressed  upon  a 
single  molecule :  consequently  the  velocity  which  gravity  im 
prases  upon  any  mass  whatever  does  not  depend  upon  the  mag^ 
nitude  of  that  mass.;  but  is  the  same  with  respect  to  the  snuul- 
cst  mass  as  the  greatest.  It  is  true,  we  do  not,  when  bodies 
of  cKiierent  masses  and  densities  descend  throu^  die  air,  ob« 
aerve  theio  all  to  fall  from  the  same  heights  in  equal  times ; 
but  this  is  occasioned  by  the  resistance  of  the  medium,  and 
when  that  is  taken  away,  as  in  th^  receiver  of  an  air-pump,  the 
mbit  dense  and  the  most  rare  bodies  fall  through  equal  spaces 
in  ieqpal  times.  These  premises  being  admitted,  we  may  readily 
estajbilish  the  ensuing  proposition. 

S4i'  Pjiop.  The  chief  properties  of  motion  delivered  in 
Urts],  22Q...£30,  with  respect  to  constant  forces^  hqve  place  in 
ikf  motions  of  bodies  descending  freely  tn  consequence  of  the 
OQfion  of  gravity, 

Tnis  is  evident  from  the  preceding  remarks^  granting  the 
assumption  that  gravity  is  a  constant  rorpe :  for  it  is  no  more 
^an  saying  that  the  laws  which  are  shewn  to  obtain  widi  rer 

Srd  to  constant  forces  in  general,  apply  directly  to  any  indivi* 
al  constant  force  pressed. 

Or,  if  we  adopt  Uie  umversaUy  received  hypothesis,  that  die 
|i;i;avitatiag  fgrce  towards  tl^e  earm  varies  inversely  as  the  square 
•f  the  distance  from  its^  centre,  we  may  deduce  the  truth  of 
this  pr<^osition  from  what  was  done  in  art*  ^S6.  in  relation  to 
that  species  of  vawble  motion*    Retaining  the  notatioii  of 

diat  krticle,  we  have  ^"=^1—  X    /tij^  *"^  ^  =    /j^  X 

^s^^  s :  vk  wbich  equations,  in  order  that  they  may  apply  to 

die  ease  of  heavy  bodies  falling  at  or  near  die  surface  of  the 
eanh,  we  suppose  a  to  represent  die  nfim  of  die  eardi,  anil 


tihftt' f^.-tbe  space- dMcribed^  i^.iodefioitely  small  MmpannLlikli 
€1 ;.  tbe  first  eqjimJtion  then  becomes  v  =  — r-,  and  consequienc^ 

lj[  it  =t  ;j7^ .     Now.  if  g  be  the  value^or  repreaentative,,  cf  ^ 

aceel^ating  force  at  the  distance  a  from  the  centre  of  the  eaitft^ 
webai^e  m  :g  : :  e^  :  I,  whence  m^ga^.  This  valjie  of  m pdl 
for  k  in  the  last  given  expression  for  t>  makes  it  become  •  s^s 

•3^:  hen€ee==-;i^x/-3i^«-^  and  con* 

sequMtly.  Bcsiig^i  Thieivalue  of  s  agrees  exactly  with  dmt  af 
9irtk^9&t  the  general) representative  f  of  the  accelerating  forc» 
in  that  expression  being  here  supplied  by  g,  the  particular  ra^ 
pnstentative  of  the  fonce  of  gravity  at  the  earth's  surfiice. 
Goniitjr  niay>  therefore^  be  regarded'  as  ii|>pressing  on  falHiq; 
bodies^  ii  constant-  aocderating  foroe^  and  the  propositiod'  m 
true. 

94fli  We  n^ust  now  ascertain  the  real  value  of  g^  the  mea* 
sure. of  the  force.of  gmvity  on  the  earth's  surface :  this^  as  wa 
ha¥ia  already  remarked,  varies  at  different  distances  froin  th# 
earth'A  equator;  but  it  will  be  sufliciait  at  present  if  we  de« 
tenrnne  it  for  some  one  place,  London,  for  example.     Now, 
itia  found  by  means  of  accurate  experiments  with  the  pendii* 
lum  (art.  211.),  and  by  other  means  which  need  not  here  ba 
damnbed)  that  a  heavy  body-  in  the  latitude  of  London  folla^ 
Oflvlgr  16.  ^.  feet  in  th^  first  second  of  time  from  its  qmesceiit 
atata,:  and  has .  then  (art.  926.)  acquired  a  velocity  which,  U^ 
uniformly  continued;  would  carry  it  over  twice  16 -j^,  or  39^ 
feet  in  the  next  second;  but  the  action  of  gravity  upon  tiha 
body  continuing,  the  motion  will  be  such  that  at  the  end  of 
the  next  second  of  time  the  body  will  altogether  have  passed 
over  2%  or  four  times  16  ^C  feet  (art  227.)»  that  is,  tl4^  feet; 
and  will  have  acquired  a  velocity  (art;  225.)  of  twice  32  i,  or 
64  -j-  feet  per  second :  and  in  a  similar  manner  will  the  force  of* 
eravity  operate  in  the  succeeding  seconds ;  so  that 
If  the  times  in  seconds  be  1,        2,        3,        4,        &c« 

The  vel.  acq.  in  feet  will  be  32|,  644-,  96),  128|.,  &c. 
The  spaces  in  the  whole  times  16^,  64f,  1441-,  257^,  S(c« 
"llie  spaces  for  each  second  16^^,  4S|.,  80^,  LIStI^,  Scc* 
''jRCDi^ '  then,  the  action  of  gravity  continues  to  change  the  state 
of  llie-body :  at-  the«nd  of  the  first  second  from  quiescence  it 
had^i^tessed  upon4t.  a  velocity  which,  if  continued  uniformly, 
waiild> oarry-it tbrough  32-^  feet  in  the  next  second:  but  the 
aolicitations  of  gravity  being  still  exerted  on  the  body^  it  ac« 
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tually  describes  48^  feet,  and  acquires  a  velocity  of  64^  feet ; 
at  the  end  of  the  third  second  it  has  ac^uir^d  a  velocity  of  96i ; 
and  at  the  end  of  the  fourth  a  velocity  of  ItSy  feet.  Now 
1S8|.-96J  =  96  J -64|  =  64^-32^  =  32^,  is  the  invariable 
difference  of  the  determinations  to  motion  at  the  end  of  each 
successive  second  of  time  :  consequently  32-^  feet,  being  a  con- 
stant quantity  naturally  arising  from  the  free  motions  occasioned 
by  gravity,  is  a  just  indication  and  proper  measure  of  its  con- 
stant intensity  upon  bodies  subjected  to  its  operation ;  that  is, 
f,  in  our  theorems,  is=324  feet.  The  space  passed  over  in  the 
rst  second  may,  it  is  true,  be  used,  because  it  is  the  half  of  32|^, 
and  because  halves  have  the  proportion  of  the  wholes :  but  it 
shoidd  not  be  forgotten  th]it  this  is  only  half  the  true  measure 
of  gravitating  force. 

243.  H^nce,  if  bodies  simply  fall  from  a  quiescent  state,  not 
being  projected  downwards  by  any  additions  force,  the  veloci- 
ties acquired  will  be  as  the  times,  and  the  whole  spaces  describ-^ 
ed  as  the  squares  of  either ;  in  such  manner,  that 
.  Ifthe  times  be  asthe  Nos.         1,  2,  3,    4,    5,    6,  &c. 
The  velocities  acq.  will  be,  as    2,  4,  6,    8,  10,  12,  Sec* 
The  whole  spaces,  as  1,  4,  9,  16,  25,  36,  8cc.^ 

The  space  for  each  time,  as        1,  3,  5,    7,     9,  11,  8cc. 
Their  constant  differences,  2,  2,  2,    2,    2,       &e. 

The  laitter  ans\vering  to  32^,  the  value  of  g.  And  if,  yjfhfle 
this  value  of  g  is  retained,  we  put  v  for  the  velocity  acquired 
at  the  end  of  any  time  /,  and  s  for  the  space  described  from 
quiescence  during  that  time,,  we  shall,  by  comparing  the  latter 
equations  in  art.  241.  with  the  general  formula  ia  art.  228.^ 
have  the  following  general  equations  for  the  free  descent  of 
heavy  bodies ;  viz. 
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To  these  ^eocems  reference  must  be  made  in  ^1  cases  where 
great  accuracy  b  required  ;  but  in  many  practical  instances  the 
fraction  ^  may  be  dropped,  and  the  computation  much  facill-. 
tated  by  taking  g^52,  feet:  the  theorems  may  then  take  ^h 
form : 
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244.  Defs.  The  ?ieight  due  to  a  given  velocity  is  the  height 
from  which  a  body  must  fall  freely  to  acquire  that  velocity; 
and  the  velocity  due  to  a  given  height  is  me  velocity  which  a 
body  will  have  acquired  after  descending  freely  through  that 
height. 

ft  will  now  be  easy  to  solve  the  common  questions  relating 
to  the  descent  of  heavy  bodies.  Thus,  if  it  were  required  to 
find  the  velocity  due  to  a  given  height  400  feet,  and  the  ttm« 
of  falling  through  it;  we  should  have  v=8\/5=:8  x20=:160 

feet :  and  f =-— -=  -30" =5  seconds,  the  tinie  of  descent. 

245.  But  if  the  body,  instead  of  falling  from  quiescence  b^ 
impelled  vertically  with  any  initial  velocity  v,  we  shall  then  have 
the  equation  IV.  art.  229.  for  that  comprehending  the  circum- 
stances of  its  motion,  in  which,  if  we  reckon  the  initial  space 
=0,  we  shall  have 

s= v(+ J^f*,  or  5=v#  -  Jg/* 
according  as  the  velocity  is  impressed  downwards  or  upwards,, 
s  being  estimated  in  the  direction  of  that  velocity.  In  the 
second  case  we  have  vzzv—gt,  as  is  evident,  because  the 
velocity  impressed  by  gravity  downwards  is  gt  at  the  end  of 
the  time  /•  From  this  expression  it  appears  that  the  body  con- 
tinues to  rise  so  long  as  V  exceeds  gt ;  and  at  the  point  where 
vizgt  the  body  will  have  attained  its  greatest  elevation^ :  lastly, 
when  V  becomes  less  than  gt,  v  will  be  negative;  that  b,  the 
body  is  descending  again,  because  the  initial  velocity  has  been 

extinguished  by  gravity.     The  maximum  of  elevation  b  ^-o^-f 

and  the  time  employed  to  attain  it  is  — •     The  body  will 

descend  from  the  state  of  rest  at  its  greatest  height  according 
to  the  preceding  laws,  and  the  equation  of  its  motion  will  be 
s=^igt^,  estimating  the  spaces  downwards.     At  the  end  of  the 

time  t  = the  body  will  have  run  over  the  space  -r — ;    dius 

o  S 

it  will  employ  to  re-descend  to  the  point  of  departure  the  same 
extent  of  time  as  it  took  to  mount  to  its  greatest  height ;  and 
,fimdlyj  at  the  termination  of  its  fall  it  will  have  acquired  the 
veloci^  V  of  projection. 
Hence  we  see. 
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1  St  That  a  heavy  body  dirotiti  upi«ratd^  verdcally  with  aby 
irdocity  will  lose  equal  vdocities  in  equal  times. 

2d.  That  the  heights  to  which  bodies  projected  upwards 
mil  rise,  before  their  motions  are  estinguishedy  are  as  the 
squares  of  the  initial  velocities,  or  as  the  squares  of  the  times. 

3dly.  That  those  heights  are  the  halves  of  the  spaces  which 
they  would  ttnifomily  d^cribe^ia  Che  tame  time,  with  the  Utial 
Ydooities. 

4dily.  If  a  body  be  projected  upwards  with  the  velodty  it 
acquired  in  any  time  by  descendiiig  fneely,  it -will  lose  aU  'its 
velocity  in  an  equal  time ;  it  will  ascend  to,  the  height  from 
indience  it  fell,  and  will  d^cribe  equal  spaces  in  etpial  times 
loth  ill  rising  and  falling,  but  in  ad  inverse  oider;  it  will  idso 
Iwve  equal  velocities  at  any  one  and  the  same  pcnnt  of  dm  Eae 
described^  boA  to  ascendii^  and  deKcendiug. 

We  may,  Uierefore,  find  to  what  -elevation  a  body  throws 
vertically  has  arisen,  when  we  know  the  time<Aapsed  betiveen 
Ae  commencement  of  its  motion  and  its  return  o  th«  pMit 
from  which  it  was  projected.  For  example,  a  body  t^rtwm 
vertically  upM'ards  returns  ^t  the  end  of  IH  seconds ;  «  theW^• 
fore  occupied  9'  in  asceudii  g ;  con^nt-ntly  5— I'i*— iSxSlti: 
1£96  feet  nearl}  the  height  to  which  it  ascended;  ami  vaaSfilS 
d2x  9=288  feet  per  second,  the  initial  velo€it>. 

So,  a^ain,  it  M'iil  be  easy  from  the  same  princif^s,  lt6 
tell,  when  a  body  is  projected  vertically  u|'W  ardti  with  «  giPvett 
velocity  and  continues  to  be  operated  upon  t'redy  by  the  force 
of  gravit  \  for  a  given  time,  whether  it  be  above  ^w  below  the 
point  ot  iTojection  at  the  inid  of  ^at  time.  1.  Suppose  (he 
ttirtial  velocity  to  be  50  feet  jier  seccynd,  and  the  tmie  "feiur 
seconds.  Then  rt — igt^^^OO^^SI^-zz  — ,57f ;  cimscquenSSy, 
«t  the  end  of  the  proposed  tmie  the  ha&j  wMdd  be  6^  fcet 
'bebfw  \he  pomt  from  which  it  was  projected.  ;2.  But  if  ttie 
time  had  been  S  seconds,  we  should  have  had 

V/- Jg/*=200-  1  |.4|i:55i; 
where,  suice  v/  is  ihe  greatest;  the  difference  shows  Ae  h^ght 
at  which  the  body  is  above  the  point  of  projection  at  die  end 
of  Ae  given  time. 

Lastly :  Suppose  that  at  the  same  moment  m  body  biegit|dl  to 
faU  from  qmescence  from  the  point  t>  (fig.  7.  pi.  XI.)^  aMMher 
body  is  projected  upwards  from  b  with  ihe  telociiy  due  to  the 
height  B€ ;  it  is  required  to  find  the  point  n  at  which  the  two 
bodies  would  meet.  Let  CB  h^  denoted  by  o,  t>B  by  nf,  and  i>!l 
by  X.    Then  will  CD=:a- c^,  and  cn  ^a - d+x.    Time'bf  ^ 

icending  through  dn=:    / — .    Time  -of  Mcending  i 
BN(=:timedowncB«-timedowiici9)=:^   / — —    /- 
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Tkeic^  by  iteMtart  of  die  problem,  matt  be  e^ttil;  diat  ii, 

and  a^d+x^a+x-^Qi^ax. 
Whence  i^ax:ssd,  m\x:=:  -j-^ 

SCHOLIUM. 

S46.The  equation  expressing  the  conditions  of  falling  bodies 
haft  for  its  locus  the  common  parabola ;  being  in  foct  the  same 
as  the  locus  for  constant  forces,  the  construction  of  which  We 
have  already  explained  in  art,  230. 

The  true  theory  of  falling  and  rising  bodies  was  first  given  % 
GalileOy  who  may,  indeed,  be  looked  upon  as  the  father  of  the 
science  of  Dynamics :  his  discoveries  on  these  topics  were  pub- 
lished in  a  work  entitled  Dialoghi  delle  Scienze  nuove,  Sec. 
printed  for  the  first  time,  at  Leyden,  in  16S7.  His  mVthod  of 
investigation  (excepting  Uiat  he  represents  the  spaces  d^sdribed 
by  the  motions  of  bodies  to  be  areas,  which  is  ratlier  uunatural) 
IS  very  elegant :  and  as  he  deduces  the  laws  of  their  motions 
from  two  theorems  only,  we  shall,  for  the  satisfaction  of  the 
student,  insert  dieku  here. 

Thbor.  I.  The  time  in  which  any  space  is  passed  over  by  a 
moving  body,  with  a  motion  uniformly  accelerated/rbm  resists 
^Ual  to  the  time  in  which  the  same  space  xwuld  be  passed  ok^ 

gthe  same  moveable,  carried  with  a  uniform  velocity  which  is 
Ifth^  greatest  and  tUtimate  velocity  of  the  former  uniformly 
accelerated  motion. 

Let  the  lin€^  ab  (fig.  8.  pi.  XI.)  represent  the  time  in  which 
tl|e  space  eb  is  described  by  a  moveable^  with  a  uuifor^y 
accelerated  motion  from  quiescence  at  c,  and  let  the  velocity 
acquired  at  the;  end  b  of  the  time  ab  be  represented  by  the  liiie 
XBy  drawn  at  pleasure  to  ab.  and  join  ae.  Divide  ab  into  any 
•umber  of  equal  parts,  and  tnrough  the  points  of  division  diraw 
as  many  lines  panulel  to  bb  ;  these  will  represent  the  increasing 
dq;rees  of  vdocity  after  the  first  instant  a.  Bisect  be:  in.F^ 
and  draw  fg,  ag,  parallel  to  ba  and  bf  respecUveiy  r  ihen  will 
the  parallelogram  AOf  b  be  equal  to  the  triangle  alb,  aud  ma 
aides  of,  ae,  bisect  each  other  in  i.  For  if  the  puraiieis  in  ^a 
triangle  ^bb  be  extended  to  gf,  the  aggregate  of  all  those  in 
thA  quadrilateral  will  be  equal  to  the^  aggregate  of  those  in  the 
triangle  aib  »  dtose  in  tho  triai^le  isk  being  equal  to  those  iu 
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«Ai,  and  tbope  in  the  trapezoid  aifb  being. pommon.  'Now, 
since  all  and  each  of  the  instants  of  the  time  ab  answer  to  all 
and  each  of  the  points  of  the  line  ab,  and  since  parallels  drawn 
from  these  points  comprehended  in  the  triangle'AEB  represent 
the  increasing  degrees  of  augmented  velocity,  while  the  parallels 
comprised  within  the  parallelogram  represent  in  like  manner  as 
many  degrees  of  equable  velocity,  it  appears  that  as  many  mo- 
menta or  effects  of  velocity*  were  produced  in  the  accelerated 
motion  according  to  the  increasing  parallels  of  the  triangle 
A£B,  as  in  the  uniform  motion  according  to  the  parallels  of 
the  quadrilateral  gb:  the  deficiency  in  the  first  half  of  th^  mo- 
tion^ represented  by  the  triangle  agi,  being  made  up  by  the 
supernumerary  triangle  ieb  in  the  latter  half  of  the  time.  It  is 
manifest,  therefore,  that  those  spaces  will  be  equal  which  will 
be  passed  over  in  the  same  time  by  two  moveables,  one  of 
which  moves  with'  a  velocity  uniformly  accelerateci  from  rest, 
but  the  other  with  an  equable  motion  according  to  a  velocity 
which  is  half  the  greatest  velocity  of  the  accelerated  motion. 

Th£OB.  II.  Jf  a  moveable  body  descend  from  rest  with  a 
uniformly  accelerated  motion,  the  spaces  it  passes  over  in  any 
times  whatsoever  are  to  each  other  as  the  squares  of  tho^e 
times. 

Let  the  line  ab  (fig.  9.  pi.  XI.)  represent  an  interval  of  time 
from  any:fir8t  instant  a,  in,  which  take  any  two  times  ad  and 
ae;  and  let  hi  be  a  line  in  which  the  moveable  descends  from 
rest  at  the  point  h  with  a  uniformly  accelerated  motion ;  the 
space  HL  being  passed  over  in  the  first  time  ad,  and  the  space 
HM  in  the  time  ae:  then  is  the  space  hm  to  the  space  HL 
in  the  duplicate  proportion  of  the  time  ae  to  the  time  ad, 
Draw  the  line  AC,  making  any  angle  with  ab,  and  from  the 
points  D  and  e  draw  the  parallels  do,  £p;  the  former  repre- 
senting the  velocity  acquired  at  the  end  of  the  time  ab,  and 
the  latter  the  velocity  acquired  at  the  etid  of  the  time  ae: 
then,  it  is  manifest,  from  the  last  theorem,  that  the  spaces  mh 
and  LH  are  the  same  which  with  equable  motions  whose  velo-. 
cities  would  be  as  the  halves  of  fe,  and  od,  would  be  passed 
over  in  the  times  ea  and  da.  Now  it  has  been  demonstrated 
{art.  216.)  that  of  bodies  carried  with  an  equable  motion  the 
spaces  passed  over  are  in  proportion  to  each  other  in  the  ratio 
compounded  of  that  of  the  velocities  and  that  of  the  times:  bnt 
here  the  ratio  of  the  velocities  is  the  same  as  thai  of  the  times 
(for  that  proportion  which  the  half  of  fe  has  to  the  half  of  oi), 
the  same  nas  pe  to  od,  and  th^  saiDe  has  ae  to  ad),  therefore 
|he  spaces  are  in  a  duplicate  ratio  of  the  times,  or  hm  :  HL  : ; 
aj5;*:ad\  .    .?     ^    ... 
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Hence  it  is  manifest  that  the  ratio  of  the  spaces  is  likewise 
the  duplicate  of  the  ratio  of  the  ultimate  velocities ;  that  is, 
HM  :hl  ::  pe*:  od*. 

Cor.  1.  Hence^  if  there  were  how  many  soever  equal  times 
taken  snccessively  from  the  first  instilnt  of  motion,  as,  for  ex- 
ample^  ad,  de,  ef^  fg,  in  which  are  passed  over  the  spaces  hl^ 
LM^  AtN»  Ni ;  those  spaces  will  be  to  one  another  as  the  uneven 
numbers,  viz.  1^  3,5,1:  for  this  is  the  ratio  of  the  excesses  of 
the  I  squares  of  die  lines  exceeding  one  another  equally,  the  ex« 
cess  of  which  lines  is  equal  to  the  least  of  them :  whilst,  there- 
fore, the  velocities  are  increased  according  to  the simple  series 
of  numbers  in  equal  times,  the  spaces  run  thiough  in  the  same 
times  increase  according  to  the  series  of  the  uneven  numbers^ 

Cor.  2.  Hence  again,  it  is  inferred,  that,  if  from  the  begin- 
ning of  the  motion  any  two  spaces  are  taken,  passed  through  in 
any  times,  those  times  shall  be  to  each  other  as  either  of  the 
said  spaces  is  to  a  mean  proportional  between  them. 

247.  Galileo  likewise  shows  that  the  same  laws  of  accelera- 
tion obtain  in  the  motion  of  bodies  along  inclined  planes;  and 
he  illustrates  the  conformity  of  his  theory  with  nature  by  a 
relation  of  some  of  his  experiments.  "  We  took,'^  says  he, 
'^  a  prism  of  wood  about  twelve  yards  long,  half  a  yard  wide, 
and  about  three  inches  thick ;  in  which  thickness  we  made  a 
very  straight  groove  a  little  more  than  an  inch  wide,  and  to 
render  it  very  soipotb  and  sleek  we  glued  within  it  a  piece  of 
vellum  polisfied  as  much  as  possible.  In  this  groove  we  let  fall 
a  ball  made  of  the  hardest  brass,  round,  and  well  polished. 
Then,  elevating  one  end  of  this  prism  at  pleasure  a  yard  or  t;wo 
above  the  plane  of  the  horizon,  we  let  die  ball  descend  along 
the  groove,  observing  in  the  manner  I  shall  tell  you  presently 
the  time  spent  in  its  fall  from  top  to  bottom* 

"  We  repeated  this  often,  in  order  to  be  certain  of  the  quan- 
tity of  time  spent  in  the  descent;  and  in  these  times  we  never 
found  any  difference  worth  mentioning,  not  even  the  tenth 
part  of  a  second:  this  being  thoroughly  established,  we  let 
the  same  ball  descend  but  a  fourth  part  of  the  length  of  the 
groove,  and  measuring  the  time  of  the  descent  we  found  it  to  be 
exactly  the  half  of  tbe  other:  and  then  making  trial  of  the  othet 

I>artSj  by  comparing  the  time  of  its  descent  through  the  whole 
engdi  with  the  times  in  which  it  ran  through  },  |,  ^,  or,  in  a 
wordy  with  the  time  of  its  running  throng  any  part  of  its 
length,  by  experiments  nearly  a  hundred  times  repeated,  we 
always  found  the  spaces  run  through  to  be  to  one  another  as 
the  squares  of  the  times;  and  this  in  all  inclinations  of  the 
plane,  t •  e.  of  the  groove  in  which  the  ball  was  made  to  de- 
scend.   We  also  observed  the  times  of  the  descents  along  djf- 
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ferent  inclmattons  to  retain  the  same  proportion  to  one  anodier 
which  we  shall  find  demonstrated  and  assigned  to  them. 

**  Now,  as  to  the  measuring  of  time,  we  hung  on  high  a  laige 
vessel  of  water,  which,  by  a  very  small  hole  through  the  bottom, 
emitted  a  small  thread  of  water,  which  was  received  by  a  small 
cup,  all  the  time  tlie  ball  was  falling  through  the  several  parts 
of  the  groove:  dien  the  small  portions  of  water  thus  collected 
were  weighed  every  time  in  a  very  exact  pair  of  scales,  and  tiie 
differences  and  proportions  of  the  weight  exhibited  to  us  the 
differences  and  proportions  of  the  thnes,  and  diat,  as  I  said 
before,  so  accurately,  that  those  trials  often  repeated  never 
differed  any  thing  worth  speaking  of.''    Dial,  IIL 

IL  On  the  Motion  of  Projectiles,  in  Vacrio. 

£48*  It  is  not  our  intention  to  enter  at  ail  largely  into  the 
subject  of  gunnery :  but  merely  to  present  a  brief  view  6f  the 
theory  of  the  motion  of  bodi^  any  way  prelected  from  tlie  Bur« 
iace  of  the  earth  in  an  unresisting  medium,  and  then  to  add  a 
few  remarks  on  the  disparity  between  dib  theory  and  the  cir- 
cumstances  attending  bodies  actuaHy  projected  into  the  attaio- 
sphere.  In  our  discussions  on  this  subject  we  shall  pay  no  Re- 
gard to  the  motions  of  the  earth,  nor  to  the  variation  either  in 
the  direction  or  magnitude  of  the  force  of  gravity:  for  we  are  to 
determine  the  padi  of  the  projectile  with  respect  to  die  surface 
of  the  earth ;  and  the  force  of  gravity  upon  an]^  body  that  can 
be  projected  by  human  contrivances  is  at  all  times  so  neady 
equal  and  in  parallel  directions  (art.  240.)  that  it  ¥roid!d  be  a 
useless  refinement  to  attend  to  the  deviations  from  equality  and 
parallelism.  When  bodies  are  projected  either  directly  \i/pwck^ 
or  directly  downwards  the  circumstancer  of  their  motion  ntey 
be  ascertained  by  means  of  the  theolems  in  art.  245.  We  shaU 
now  consider  the  circumstances  resultii%  from  their  being  pix>- 
jected  <^bliquely;  observing  diat  the  tiieorems  wie  sliall  deauce 
are  only  so  far  of  consequence  as  that  they  shew  wbiit  would 
be  the  nature  of  the  motion  of  balU  and  shl&Ui  fired  itom. 
pieces  of  ordnance,  jn  free  space. 

249.  Pndp;  I%e  lint  described  by  a  heavy  bd^  ihhmk  in 
einy  direction  not  pjsrpendicutar  to  ine  horit'oH  Is  a  odtirabokti 

Xiet  tile  body  be  projected  frotn  the  point  b  in  me  dhi^ction 
BH  (fig.  11.  pi.  XI.)  with  the  velocity  it  would  have  aci^tdM 
by  fdling  frohi  A  to  b,  theti  Will  the  continud  action  of  gM^j 
cause  the  body  to  be  cdiitinually  deflected  ifironi  tiie  lihts  ^*fl 
to  describe  a  curve  ISae  concave  towards  the  homoi.  IrO" 
duce  AB  iboth  ^^zfn  ks  to  k  and  t  ;  and  throush  iaa  two  Mibti 
V  and  G  bf  the  ccATts  diTaw  fi,  oi,  parallel  to  MB,  mi  yCj 
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(m,  paLtnSkl  to  AB  llie  direction  of  gttLvipf.  Now  it  feUoITi 
froin  the  composition  of  motioiis,  tluit  die  body  wH  kriive  M 
the  point  y  of  the  curve  in  the  same  time  tliat  it  wotild  hkVe 
described  the  right  line  bg  by  the  aniform  prcjectile  motion 
aloae^  or  the  vertical  bk  by  the  force  t>f  gravity  alone ;  and  M 
like  manner  the  body  will  have  arrived  at  6  in  such  thne  as  H 
would  have  uniformly  described  the  line  Btt  with  the  original 
vdbcity  at  b,  or  the  vertical  bk  by  fadling  freely.  Bat  the 
tnotion  along  bh  bein^  uniform,  we  have  nc  :  BH  :  :  t  ^mc 
t  •  BH  <ihe  letted  t  denoting  the  time  of  describing  bc,  bh,  Sec.) 
: :  #  •  BB :  ^  •  BK  :  and,  because  the  motion  along  bk  is  ulu* 
fornaly  accel^tited,  we  have  bb  :  bk  : :  ^^ .  be  :  ^ .  bk  : :  BC*. 
:  BH* :  :  rt^  :  KG^  Therefore,  the  curve  bvg  is  isuch  that 
die  abscissae  bb,  bk,  are  as  the  squares  of  the  corresponding 
ordinates  ev,  kg;  or  that  the  parts  vc,  gh,  of  the  paralld 
lines  are  as  the  squares  Bc,  bh  of  the  intercepted  parts  of  the 
line  BH :  and  consequently  the  curve  is  a  patabola  to  which  8C 
is  a  tangent. 

C6B.  1.  7%e  horizontal  line  Ki^d  drawn  through  the  point 
A  is  the  directrix  of  the  parabola:  for,  let  ^e  be  taken  ss  ab. 
Then  /  •  be  =:  f  •  ab;  but  bc  is  described  in  the  same  time 
with  tlie  velocity  acquired  by  falling  through  ab;  therefore 
(arts.  226.  242.)  bc  =  2ab,  and  £v=2be:  and  hence  Bv^ 
=^.4b£'  =  4x be X ba  =  BE  X 4BA  t  s6  that  4a B  is  the  para- 
meter of  the  parabola  bvg,  and  consequently  ad<2  is  the  direc- 
trix, because  ab  is  one-fourth  of  the  parameter  of  the  diameter 

BK. 

CCb.  ^.  T*he  limes  of  describing  the  different  portions  BV, 
T6,  oftht  curve,  are  as  the  corresponding  parts  bc,  ch^  of  the 
tangent  at  b,  or  the  intercepted  parts  ad,  d^,  of  the  directrix. 
For  t  'Bvizt  *  BC,  and  ^  •  vg  =  ^  •  ch,  by  the  demon,  of  the 
prop,  anci  because  nd  cuts  the  three  parallels  bt,  VC,  gh,  bc  if 
to  CH,  as  a  d  to  vd, 

CoR.  S    l^he  velocity  estimated  horizontally  is  uniform* 

Cor.  4  The  velocity  of  the  projectile  at  any  point  c-^qffhe 
curae,  estimated  in  the  direction  of  the  tangent  to  the  parabola 
at  that  pointy  is  as  the  secant  of' the  angle  contained  between 
that  tangent  and  the  horizon.  For  the  motion  in  \he  horizontal 
direction  Ad  is  uniform ;  and  Ad  is  to  lis  as  radius  to  the  cose- 
cant of  hgt,  or  secant  of  the  angle  included  between  the  hd- 
ikoD  and  or. 

Cor.  5.  The  velocity  at  thi  point  o  in  the  direction  r^  l> 

^tttt/  to  that  uhkh  a  htavy  ^y  wtuld  acquire  iy  faltini 

freely  ffom  th^  directfix  through  i^    For,  let  the  points  a,/, 

be  e<)ttMiaftaDft  frtiib  a  And  4,  but  mdiftlditiitdy  bear  them,  ttid 

drl^  lil6ttBl#eilfe  ^iffg;  tMceite  these lo  aip|Hrdiidi  tbti'tr^ 
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AB,  dOy  and  ultimately  to  coincide  \vith  them ;  then  will  b6  be 
ultimately  to  SG  as  the  velocity  in  the  curve  at  b  to  the  velocity 
at  G.  But  BO  :  Gg :  :  BH  :  TO  : :  vel.  at  B  :  vel.  at  g;  and,  by 
the  nature  of  the  parabola  bh^  :  tg^  : :  ab  :  cfo  :  also  AB  is  to 
do  as  the  square  ojf  the  velocity  acquired  by  falling  through 
AB  to  the  square  of  the  velocity  acquired  by  failing  through 
dG  (art.  227.  cor.  1.):  but  the  velocity  in  bh  or  in  the  point  b 
of  the  parabola  is  =:  the  velocity  acquired  by  falling  dirough 
AB  (by  hyp.);  therefore  the  velocity  in  tg,  or  in  the  point  G  of 
the  curve^  is  =  the  velocity  acquired  by  falling  through  dG. 

Cor.  6.  The  velocity  in  the  vertical  direction  at  any  point  g 
of  the  curve  is  to  the  original  projectile  velocity  at  b  as  ^hg 
to  BH.  For  the  times  in  bh  and  hg  being  equal^  and  the  ve- 
locity acquired  by  falling  freely  through  HG  being  such  as 
would  carry  the  body  uniformly  over  £hg  in  an  equal  time ;  we^ 
have  (art.  216.  cor.  3.)  BH  to  2hg^  as  the  projectile  velocity  at 
B  to  the  vertical  velocity  at  g. 

250.  Defs.  The  height  due  to  the  original  velocity  of  the 
projectile^  as  ab  (fig.  11.)  or  ca  (fig.  12.)^  is  called  the  Impetus. 
In  our  general  theorems  it  will  be  denoted  by  i. 

The  dbtance  ab  (fig.  12.)  between  the  point  of  projection 
and  the  point  where  the  body  falis^  measured  on  the  plane  ab> 
is  called  the  Amplitude^  Random^  or  Range :  it  will  be  repre- 
sented by  B. 

Some  authors  restrict  the  word  Amplitude  to  the  range  on  a 
horizontal  plane. 

The  angle  dab  made  by  the  axis  of  the  gun,  or  the  tangent 
to  the  curve  at  A,  and  the  direction  of  the  object  at  b,  is  called 
the  angle  of  Elevation  above  the  plane  ab:  it  will  be  denoted 
by  E. 

The  angle  dbA  included  between  the  vertical  db  (passing 
through  the  object)  and  the  plane  ab,  is  called  its  angle  of  po- 
sition: we  represent  it  by  p. 

The  angle  zAD  made  by  the  vertical  za  (passing  through 
the  point  of  projection)  and  the  direction  of  the  piece,  is  called 
the  zenith  distance:  it  will  be  denoted  by  z. 

251.  Prop.  To  give  a  general  view  of  the  relative  situation 
and  properties  of  such  lines  as  are  most  useful  in  considering 
the  motions  of  projectiles. — 

Let  a  body  be  projected  from  b  (fig.  IS.  pi.  XI.)  in  any  di- 
rection bc  with  Uie  velocity  acquired  by  falling  througli  ab: 
this  body  by  art.  249.  will  describe  a  parabola  bypm.  Produce 
ab  both  ways  till  oa  z=  ab  =  bk  ;  and  with  centres  a,  B,  and 
radius  ab,  describe  the  semicircle,  onB,  ahk:  then  with  axis 
^B  and  semiaxis  gb  =:  ab  =:  ad,  describe  the  semi-ellipse  abb; 
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and,  with  focus  b^' vertex  a^  diameter  ab^  and  tangent  ad,  pa- 
rallel to  the  horizon,  draw  the  semiparabbla  aps.  This  done, 
we  observe 

I.  Ute.  horizontal  line  adl  is  the  directrix  of  every  parabola 
which  tan  be  described  by  a  body  pry ected  from  b  with  the  ve-^ 
locity  acquired  by  falling  through  ab.  This'is  evident  from  the 
foregoins  proposition,  and  the  usual  definitions  of  the  directrix; 

II.  I%e  semicircle  ahk  is  the  locus  of  all  the  foci  of  these  pa^ 
Tobolas'.  For  BA,^he  distance  of  a  point  b  of  any  parabola  from 
the  directrix  ad,  is  equal  to  bp,  its  distance  from  the  focus  f  of 
that  parabola:  consequently,  the  foci  of  all  the  parabolas 
'which  pass  through  b,  and  have  ad  for  their  directrix,  must  be 
in  the  circumference  of  the  circle  whose  centre  is  b  and  radius 

AB. 

III.  TjTbc,  the  line  of  direction,  cut  the  upper  semicircle  in 
c,  and  the  vertical  cf  be  drawn  intersecting  the  lower  semicircle 
in  F,  then  is  f  thefocus-  of  the  parabola,  which  is  described  by 
the  body  whose  impetus  is  ab,  and  initial  direction  bc.  For,  if 
^c,  bf,  be  joined,  then  is  acfb  evidently  a  ihombu/»,  and  die 
angle  abf  is  bisected  by  bc  :  consequently  the  focus  is  some-^ 
^^here  upon  the  line  bf.  But  it  is  also  upon  the  circumfer- 
ence of  AHK ;  and  must,  therefore,  be  at  f  the  point  where 
they  intersect. 

When  c  is  in  the  superior  quadrant  of  odb,  f  is  in  the  su- 
;(>erior  quadrant  of  afk  :  and  when  c  is  in  the  inferior  quadrant 
of  ODB,  as  when  bc  is  the  initial  direction,  then  the  focusy*of. 
tihe  corresponding  parabola  bvm  is  in  the  inferior  quadrant  of 


IV.  The  semiellipse  abb  is  the  locus  of  the  vertices  ofall.the 
j:^arabolas,andthe  vertexyofuny  one  ofthemBYVM  is  in  the  point 

^sphere  this  ellipse  intersects  the  vertical  of.  For,  let  this  ver- 
tical intersect  the  horizontal  lines  ad,  ge,  bn,  in  d,  A,  K :  then, 
it  is  manifest  that  Ai9=|N9=:NA,  and  that  Ay=:|9c=iNF; 
therefore,  xft— Xv= J  (nA  —  nf),  or  flvn  Jflp;  consequently  flv=:  J 
^p,  and  v  is  the  vertex  of  the  parabola* 

The. vertex  is  at  v  or  t,  in  the  upper  or  lower  quadrant  of 
%he  ellipse,  according  as  the  focus  is. in  the  upper  or  lower  qua- 
^irant  of  the  semicircle  ahk. 

V.  If  from  the  point  of  projection  b  the  line  bfp  be  drawn 

through  the  focus  of  any  one  of  the  parabolas,  as  of  bym,  cut" 

^ing  the  parabola  aps  in  p,  then  will  the  curve  bvm  touch  the 

ourve  APS  in  p.    For,  if  we  draw  p^z  parallel  to  ab,  cutting  the 

directrix  oz  of  the  parabola  aps  in  z,  and  the  directrix  ad  of  the 

parabola  bvm  in  },  then  will  fb  =  pz,  by  the  nature  of  the  pa- 

Tabola :  but  bf  =:  ba  =  ao  =z  Jz ;  therefore,  pb  —  bf =pz  —  iz, 

or  PF  =:  ?S^  and  the  point,  p  is  in  the  parabola  bvm.    And  since 


\ 
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th#  tfltngeotir  to  both  partbobaiii  f  biae^  the uig}^ »B,  A(qii 
coincide;  conffequently.  the  two  p^rabolns^  havii^  9  eommoii 
tangent  in  p,  touch  each  odier  at  that  point 

Cor.  All  the  parabolat  wJUeb  can  be  described  bjr  n  body 
projeoied  from  B,  with  the  velocity  acquired  by  felU^ig  from.  J» 
to  B,  will  touch  die  concavity  of  the  parabola  act^  and  lie 
wholly  within  it. 

VI.  p  /s  the  mp$i  duianifmit  (fthe  line^n  wkkh  mh  if^ra^* 
by  a  body  proiectedjrom  m  mtn  the  mhcity/dwn  to  the^keigi^ 
AB«  For^  if  the  direction  be  more  ekvatedthan  Bc,  th^  fbW9 
of  the  parabola  which  the  body,  would*  describe  will  lie  between 
I  and  A,  and  the  parabola  will  touch  afs  in  some  point  he* 
twe^ii^A  and  P;  ao  that,  being  wholly  .widiin  the  parabola.  AP^ 
it  must  interj^eci  the  line  BP  in  som^  point  nearer  to  B  than  Fia» 
If^on  the  contraiy^  the  direction;  bleaa  elevated  dian  bc,  the 
parabola  de^ribed  by  the  projectile  will  touch  APS  in  aomi 
point  belo.w  p,  and.  will,  therefore,  cut  bp  in  some  point  notrso^ 
far  distant  from  B  as  p. 

VII.  JThcfmrabola  aps  is  the  hcus  ofthezreatat  r^if^fBt.oiii 
anypf^iues  bp^»  bs,  Sfc.  (md  no  point  fying  mtkoui  thisparahojUk 
cnn  be  struck  wkUe  the  initial  velocity  remains  unchangedt 

YUl  To  producer  the  greatest  nange  on  any  plane  »,.tk^ 
line  of  direction  6C  must  pisect  the  angle  obp  formed  by  tkgi 
plane  and  the  vertical:  for  in  this  case  the  parabola  deacribed 
by  the  bod^-  touches  AP8,in  P,  and  its  focus  is  in  the  Una  bi^ 
consequendv  the  tangent  bc  bisects  the  angle  oBP. 

CoK.  On  a  horizontal  plane  the  greatest  range  t$  mgdewhem 
the  elevation  is  45*  or  half  a  right  angle.  And  that  greatmt 
range  is  4  ^tmes  the  height  of  the  parabola  which  produces, it. 
Because,  theparameter  is  4  times  ine  distance  from  the  focus  t^, 
the  vertex. 

IX  ji  point:  u  in  any.piane  bs,  lying,  between  b  and  a,  mojfi 
be  struck  with  two-  direction^nc  and  bo  ;  and  these  directiona 
are  equidistant  from  the  direction  Bt  which  gives  the  greaieeti 
^  random  on  that  plane.  For,  with  centre  m  and  radius  Mb.(te 
nearest  distance  to  the  directrix.)  let  a  cirole  Li^*be  described f 
it  will  manifesdy  either  touch  or  cut  the  circle  AHK  in.tiv« 
points  p  andy*,  which  are  the  foci  of  two  panbolas  BVMy  Bsai^ 
having  ibe  directrix  al,  and  diameter  abk.  Here  the  intersee- 
tioiv.  ofvtfat  circle  ODB  with  the  verticals  Pdy/c,  determine  thai 
directions  BC^  bc,  of  the- tangents.  Now,  draw  At  pandleLte 
Bs,  aiid  join  t»^  ( c.  vf;  theais  ob/s|obs,  and  Bi^  the  duictJBl 
which  I  roduces  the  greatest  range  on  the  plajie  B<:  but jg/§ 
beuig  a  choid  ot  the  circles  described  about,  the  oentrea  mMmi^ 
M,  is^peipendiculai  to.BM;  as  is  likewise  cc  to. Af;  and  smh 
c^ssaroh^^;  and tbeieforestbe  angle CB^^oiingle^^cBlr.' 
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Cob.  On  a  horizontal  plane,  the  ranges  are  equal  at  bugles 
of  direction  equidistant  from  45^;  as  at  4Q*  and60%  35*  and 
€5%  8cc.  the  inxpetus  being  given. 

X«  Every  velodtff  of  frqfectian  has  a  corresponding  set  of 
paraboloMf  with  th^  direcHom  and  ranges^  andj  cfeteris  pa* 
ribui^  th^  ranges  on  any  plane  art-  as  the  squares  of  the  initial 
velocities  For,  every  magnitude  of  velocity  has  an  impetus 
AB  cootisponding  to  it :  and,  as  the  height  due  to  any  velocity 
incueases  or  dijmuiishes  in  the  duplicate  ratio  of  that  velocity,  it 
isr  obvious  that  aU  the  ranges  with  a  given  direction  will  vary  in 
die  same  ratio. 

258.  Prop.  To  exhibit  the  relations  between  all  the  ciV" 
cumstances  of  velocity,  elevation,  position,  range,  greatest 
height,  and  ttme. 

Suppose  a  ball  or  shell  protected  from  A  (fig.  12.  pL  XI.) 
with  the  velocity  due  to  the  height  CA,  in  order  to  strike  the 
Hiark  B  situated  in  the  given  line  ab^  Make  A2  =s  4ACy  and 
draw  B  D  parallel  to  it,  or  perpendicular  to  the  horizon.  On 
zAc  describe  a  circular  segment  zAn  contamiug  an  angle  zda 
s  Z  DBA,  and  draw  Ai^to  thjs  intersection  of  this  circle  with 
BB :  then  will  a  body  projected  from  a,  in  the  direction  ad^ 
wilfc.  the  velocity  due  to  the  height  CA,  strike  the  object  b. 
Por,  produce  ca  downwards  till,  bf  drawn  parallel  to  da 
meets  it  in  f  ;  and  join  zd:  then,  it  is  manifest  from  the  con* 
stmclion  that  the  aqgles  adz  and  DBA  are  equal,  as  likewise 
A9U>  aiid  BAB;  that  AB  touches  the  circle  in  a,  and  that  the 
triapgl^  z^j>j  ABif,  are  similar. 

Hence  nil :  da  ; :  da  :  AZ 

And  DA^ZIBB*  AS 

Consequently  bf^  ==  af  •  az  r:  af  •  4ac  : 
rrherefore  a  parabola  which  has  ap  for  a  diameter,  and  AZ  its 
iMurameter,  mtuI  pass,  through  b,  and  this  parabola  will  be  the 
path  of  the  projectile. 

B|it  when  bd  cuts  the  circle  zda,  it  cutfi  in  two  points  d,  d; 
9o  that  there,  are  two  directions  which  will  solve  the  pr^blenou 
If  b^d^  only  toficb.  the  circle  in  o'  there  is  but  one  direction, 
^m1  ab^  is  the  maximum  range  with  this  velocity.  If  the  ver- 
tical duough  B  dbes'  not  meet  the  circle^  ihe  problem  is  im- 
possible; the  initial  velocity  bemg  too  small.  When  bV 
toaches  the  circle,  die  two  directions  ad',  A<f,  coalesce  into 

one,  producing  the  greatest  range,  and  bisecting  the  an^e  Bab; 

aad.  die  other' two  directions  ad,  Ad,  producmo  the  same. 

ranffe  A b,  are  equidistant  from  ad';  agreeably  io  LNos.  viii«;iB^ 

of  me  preceding  article. 
No«r^to  deduce  the  relations  acquired,  let  us  coufioe  oor  at- 

teatioii  to  the  direction  ad  in  die  figure ;  where  irt  see 
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That  AZ :'  AD  :  :  sin  Adz  :  8in  Azf> : :  siii'dba  :  sin  dab  ': :  sia  »  :  tin  ■ 

AD  :  DB  :  :  sin  DBA  :. sin  dab  ::•••• •••.•••••  sin  it :  sin  B 

DB  :  AB  :^  sin  dab  :  sin  ADB  : : • sin  e  :  sinz 

Therefore  cbnp.  az  :  a^  : :  sin  *p  •  sin  b  :  sin  'i  •  sin  :^  :  ;  sin  *?  :  sm  b  •  tin  z. 

Or  4i :  R  ; :  sin^p  :  sin  e  •  sin  z,  . 
\(rfaence  4i  •  sin  e  •  sin  z  :r  r  •  sin  *p. 
This  equation  obviously  comprises  the  relations  of  e,  i^  f,  k, 
and  z.  • 

Let  us  next  determine  the  time  of  flight ;  which  is  equal  to 
the  time  of  describing  ad  uniformly^  or  of  falling  through  db. 
NoWy  since  ab  :  db  :  :  sin  adb  :  sin  dab  :  sin  z  : :  sin  e,  we 

have  DB  =  — -. — — ,     Here  db  is  equal  to  9  in  the  general 


sm  z- 

a  •  sin  s 
sin  z 

R  •  sin  E 


equation  «=Jg^  (art.  243.):  therefore — : =  ig^l    and 

consequently  ^  =     /. 

V  ig ' »»»  « 
Lastly,  to  find  the  greatest  height  (h)  of  the  projectile  above- 
the  plane;  draw  from  q  the  middle  point  of  ab,  the  line 
QTt  parallel  to  Bod:  then,  by  a  well  known  property  of  the 
parabola,  QPnPT,  or  qt  =  2qp  ;  and  by  similar  triai^les 
AQ  :  QT  : :  ab  (  =  2aq)  :  bd  =  2qt  =  4eP  =  4h,  ^  But  ab  : 
BD  : :  sin  z  :  sin  £  : :  r  :  4h ;  consequently  4h  •  sin  zssR ^fSkkE, 

J  R  •  sin  E 

and  H  =  —T-: • 

4  sin  z 

Let  us  now  take  from  the  general  equations,  art.  245.  the 
value  of  t;  =  v/  2gs,  from  which,  because  s  =  i  in  the  present 
case,  and  t;  =  v,  we  shall  have  v  =  y/^gi ;  and  comparing  tfiis 
with  the  preceding  equations  in  this  article,  we  may  throw  to- 
gether the  general  theorems  relating  to  projectiles,  thus: 

Projectiles^  on  Obliqtie  Planes. 

sin  £  sin  z    *    sin  e  sin  z      ^ ^  sin  z      ^  4  sin  z 

sm^F  igsm^p  2  sins  sips 

/^  /       ^a  I  tfsinp  2sinp     -, 

^     ®  ^  2  sin  K  sin  z         .2  sin  b        ,^  sm  B  ^  *^ 

__  SsinB       /2i   __   gsinB      _^       /gsinER  /2h 
""^  —     sin  P  ^  T  ""    gsinp^"^^    gsinz    ^^  g' 

jjnE^      ^    sin»E  sin*B    ^g^  ,^   . 

^"^  4»iaz  sin»?  Zgsmfr      """^^^    ' 

^  -"^ sin  B  sinz^  ""  %  8 sin  "b  ^         sin  *E^^ 

And  from  many  of  these  the  angle  of  elevation  may  readil|y  b« 
found*. 

•  The  case  in  which  the  plane  on  which  the  ball  hXh  doet  not  pass 
through  the  poiat  of.  projection,  though  not  considered  above,  is  very  «a^ 
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26S.  When  the  plane  ab  is  horizontal,  the  aiigl^  DBA  ?:  p 
:=:  90®,  and  its  sine  radius ;  also  angle  zad  =  z,  becomes  = 
comp*  E;  therefore,  since  sin  e  cos  E  =  2sin  2b,  sih*  En 
2  vers  sin  2e,  and  sin-7-cos=:tan,  the  preceding^  theorems  will 
assume  the  following  shape  when  applied  to 

Projectiles,  on  Horizontal  Planes.' 

R=4i  sioE  cose  =  2i*sin  2E  =  .?i!i^  v»=  -^^  =  -i^. 

g  2uuiK         tans 

T=2sinE   /^=    /!!Ll!!Ll  =  i^i^v  =  2  7?^. 
H  =5  ^tan  £R  =  I  sm  *e  =  — ^Z ^  =  iS'^  * 

8  sin  2x        itg        16  ven  sin  2c  sia  *jb        2  vers  sin  2jb 

And  from  many  of  these,  again,  the  angle  of  elevation  may 
soon  be  found.  Here  too,  as  in  the  mstance  of  falling  bodies, 
g  may  be  taken  =  32,  without  leading  to  any  important  error. 

CoR.  1.  In  horizontal  ranges,  if  e=45%  we  have  Rr:4H  = 
2i:  consequently,  the  maximum  range  on  a  horizontal  plane 
is  equal  to  double  the  impetus,  or  to  four  times  the  greatest 
height  of  the  projectile  above  the  plane ;  the  impetus  being,  in 
that  case,  double  the  greatest  height.    Vide  No.  viii.  art.  250, 

CoR..2.  When  Er:;45**,  its  sine  is  ==  v^j-j  therefore  T=? 

^V^—ssriV^^i  nearly=*35356\/i  nearly. 

constructed.    Let  b  be  the  point  from  which  the  hall  is  projected,  cb  the 
inif)etns  (the  figure  may  be  readily  coneeivcd  and  drawn),  gh  the  piane> 
whether  horizontal  or  inclined  (and  not  passing  through  b)  od  which  tho 
hall  is  to  fall,  and  b£>  the  direction  in  which  it  is  projected  from  b.  Draw 
BF  making  the  angle  dbf  =  obc,  and  upon  it  take  bf  =  BC  ;  then  is  f 
evidently  the  focus  of  the  parabolic  trajectory  of  the  ball.    Draw  from  f  a 
line  PI  to  meet  GH  perpendicularly  in  i,  and  produce  it  .till- ^=  if. 
Through  c  draw  or  an  indefinite  perpendieulir  to  bc,  it  will  be  the  direc- 
trix of  the  parabola.     Produce  if  upwards  to  meet  the- directrix  in  s  3  and 
on  CR  set  off  from  E  towards  r,  ek  a  mean  proportional  between  bf  and 
J^.    From  K  let  fall  kp  perpencficularly  to  or,  it  will  meet  gm,  in  p,  the 
point  where  the  parabolic  curve  will  intersect  that  line>  as  required.    For, 
oecaose  by  construe,  ek^sief  •  iBf,  it.  follows  that  ek  is  a  tangent  and  ]|fa 
secant  to  the  circle  that  passes  through  the  points  k>  f,/:  conseqiiiently^ 
since  fp,  and/p,  are  equal,  it  follows  that  both  gh  and  k?  pass  urrough 
the  centra  of  the  circle ;.  and  thence  that  p  is  that  centre,  that  kp  =  pp, 
and  p  a  point  in  the  parabola.    The  fonMilv  that  are  deducible  from  this 
cimstttiction,  simple  as  it  is,  are  rather  too^'oomplex  ior  insertion  in  the 
pKseat  note  i  thtMtgh-  the  computation  reqoisiteibr  any  paititular  example 
may  be  readily  enough  drawn  frpm  the  diagram. 

VOL.  I.  '     P  • 
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*<*  l^j^y  if  given  in  feet>  and  b  = 

CiMti'  »A*"  "•  ^  *2^- -044194  V. 

43*  ••*  ^'^       .    L'  tad  the  former  corollary  may  be  use^ 

Theenp'^^'^^  ^^Cling  *«  fi^^es  of  his  shells  to  proper 

f  I  to  the  ^^^^^uf^yjiit'^  ^^^^  *^  ^^  ^^^y  •"•^"^  *®y  ^®°*^ 


/(^  /i^  ''^urjiiH  the  elevation  i$  75*  Me  horizontal  range  is 
^^  ike  impetus^    For  15°  and  75®  are  equidistant  from 
^       { tiierefof^  the  ranges  at  those  elevations  are  equal. 
r  ****  6.  I**  o*^y  cases,  where  in  appearance  a  body  has  not 
'^ed  any  impulsion,  but  is  abandoned  to  the  sole  action  of 
'^^tv  the  body,  notwithstanding,  describes  a  parabola  like 
'^roicctile.    This,  for  example,  is  the  case  with  a  body  let  fall 
^^  the  top  of  a  ship's  mast  when  the  vessel  is  in  motion.     If 
notice  the  point  on  the  deck  where  the  body  falls,  we  shall 
ggi)  it  no  farther  distant  from  the  mast  than  it  would  have 
\^n  had  it  fallen  from  the  top  when  the  ship  was  at  anchor ; 
«o  that  with  regard  to  the  mast  the  body  has  described  a  right 
line  parallel  to  it :  but  with  respect  to  a  spectator  situated  at 
i^fit  out  of  the  vessel,  it  has  really  described  a  parabola,  ab- 
iftracting,  as  in  the  case  of  projectiles,  from  the  resistance  of  the 
air.    For,  when  the  body  is  abandoned  to  the  action  of  gravity, 
it  has  the  same  velocity  as  the  vessel  has,  since  they  were  pre- 
viously moving  on  together :  its  actual  motion  is,  therefore,  the 
same  as  though  the  vessel  were  immoveable,  and  the  body  were 
projected  horizontally  with  a  velocity  e^ual  to  that  with  which 
the  vessel  moves,  and  in  the  same  direction. 

Other  corollaries  which  flow  naturally  frdm  the  preceding 
propositions  and  theorems  may  be  deduced  by  the  student  at 
his  leisure. 

On  the  Ricochet. 
254t.  Def*  The  Ricochet  is  a  motion  by  which  a  projectile, 
after  having  struck  any  obstacle  whatever,  is  so  reflected  as  to 
recommence  a  motion  similar  to  that  which  it  had  at  first.  The 
word  signifies  duck-and-drake,  or  rebounding ;  because  when  a 
ball  has  this  motion  it  goes  bounding  along,  striking  the  ground 
several  times,  like  the  bounding  of  a  flat  stone  along  the  surface 
of  water,  when  thrown  almost  horizontally.  In  Ricochet  firing 
the^ball  is  projected  with  small  charges,  and  at  elevations  gene- 
rally between  3  and  1  degrees.  What  little  we  ahall  advance 
fm  this  species  of  projectile  motion  will  be  chiefly  illustrative. 
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I*  T%e  les^  the  angle  of  elevation  at  ^vhich  the  ball  is  project-* 
ed^  the  more  (cateris paribus)  is  it  in  the  state  for  the  ricochet: 
for  then  the  force  of  projection  being  exercised  more  entirely 
in  the  horizontal  direction,  will  take  much  more  time  before  it 
is  extinguished  by  the  resistance  of  the  air  and  other  obstacles. 
If  the  projectile  were  entirely  vend  of  elasticity,  and  the  surface 
on  which  it  falls  were  horizontal,  and  inflexible,  there  would 
then  be  no  ricochet:  because,  the  velocity  of  the  projectile  Vi^hen 
it  arrives  at  c  (fig.  1.  pi.  XIL)  according  to  any  direction  MO, 
may  be  decomposed  into  two  others :  of  which  the  one  qc 
perpendicular  to  the  surface  will  be  simply  destroyed  without 
any  restitution,  the  body  having  no  springiness ;  while  the  other 
velocity  Pc  subsists  alone,  (abstracting  from  friction  and  the 
air's  resistance),  and  the  body,  instead  of  bounding,  will  slide 
along  cz. 

IL  But  if  there  should  be  an  eminence  cb  (fig.  2.  pL  XII.) 
at  the  point  c  where  the  body  strikes  the  surface,  the  motion 
according  to  MC  will  then  be  decomposed  into  a  motion  qc 
perpendicular  to  the  surface  ck  of  this  obstacle,  and  another 
PC  in  the  direction  of  that  surface,  by  which  the  moveable  will 
advance  in  the  direction  pe,  and  may  describe  after  quitting 
the  poiut  £  a  new  curve  of  the  same  nature  with  that  which  it 
would  describe  if  it  were  projected  from  the  gun  at  S  with  the 
same  velocity ;  and  this  in  such  manner,  that  after  it  is  elevated 
to  a  certain  point  it  may  again  descend  and  strike  the  earth  in 
a  new  point  i,  where  it  may  recommence  a  similar  motion  if  the 
circumstances  are  similar :  and  so  on, 

III.  If  the  obstacle  is  flexible  or  moveable,  as  the  earth,  water, 
tec.  there  may  be  a  ricochet  even  when  the  surface  is  perfectly 
horizontal.  For  the  moveable  tends  by  its  vertical  velocity  QC 
(fig.  3.  pi.  XII.)  to  plunge  itself  more  or  less,  according  to  the 
nature  oH  the  obstacle ;  while  with  the  velocity  represented  by 
TO  it  ploughs  its  way,  and  forms  a  furrow  of  which  the  depth 
continues  to  increase  till  the  vertical  velocity  QC  is  extin* 
guished.  Then,  by  virtue  of  the  velocity  remaining  in  the  ho« 
rizontal  direction,  it  thrusts  before  it  the  matter  which  opposes 
it,  and  becomes  gradually  turned  towards  the  side  where  it  has 
the  least  resistance :  thus,  in  its  return  from  its  greatest  depth, 
the  cavity  of  the  furrow  operates,  with  respect  to  the  body,  in 
the  same  manner  as  the  obstacle  cs  (fig.  2.)  in  the  preceding 
case.  Now  as  the  facility  of  the  escape  from  the  earth  or  other 
obstacle  is  the  greater  {cat.  par.)  as  the  total  depth  of  the 
furrow  is  less,  and  as  this  depth  depends  on  the  veirtical  ve- 
locity iic,  which  will  be  always  smaller  as  the  angle  mcp  is 
smaller,  or  fis  the  angle  of  projection  is  smaller,  we  see  how  the 
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facility  of  the  ricochet  deplsnds  upon  the  angle  of  projection 
being  small. 

IV.  'The  ricochet  likewise  depends  much  upon  the  figure  of 
the  projectile.  If  we  want,  for  example,  a  ricochet  on  the  water, 
and  the  projectile  were  globular ;  in  order  to  this  the  ▼elocitj 
Mc  must  be  such  that  the  vertical  velocity  qc  may  be  entirely 
consumed  before  the  vertical  diameter  of  the  sphere  is  com- 
pletely immersed :  for,  if  once  it  is  covered  with  water,  the  re- 
sistance of  the  fluid  wUl  act  equally  on  all  sides  the  direction  of 
the  projectile,  in  such  a  manner  that  it  can  only  be  turned  in 
consequence  of  the  action  of  gravity,  which  will,  therefore,  be 
^  direct  impediment  to  the  ricochet. 

V.  As  the  plunging  can  only  be  made  successively  or  gra* 
dually,  it  is  manifest  that  during  the  time  in  which  it  is  going 
on  the  centre  of  the  ball  will  describe  a  curve  line ;  for  the 
direction  in  which  the  resistance  is  made  changes  continually. 
If,  for  example,  when  the  centre  c  (fig.  10.  pi.  XI.),  aftef 
having  described  any  track  whsrtever  pc,  tends  to  move  accord^ 
ing  to  the  prolongation  ci  of  its  actual  direction,  we  conceive 
two  tangents  br,  ds,  parallel  to  that  direction ;  it  is  evident 
that  only  the  part  bvl  is  subjected  to  the  resistance ;  and  that, 
the  body  being  spherical,  the  resultant  CK  of  all  the  resistances 
offered  to  the  different  points  of  the  surface  bvl  has  a  direc- 
tion which  tends  to  elevate  the  body  above  ci ;  in  such  manneir 
that  ciEK  may  be  the  parallelogram  of  forces,  and  c£  will  be 
the  path  the  body  will  take,  instead  of  ci,  abstracting  from  the 
effect  of  gravity. 

VI.  Lastly,  if  both  the  projectile  and  the  obstacle  are  flexible, 
or  both  springy,  these  circumstances  will  still  further  contri- 
bute to  the  facility  of  the  ricochet.  To  take  a  very  simple  in- 
stance— Suppose  that  the  projectile  only  is  flexible,  and  that  it-is 
perfectly  elastic,  or  restores  itself  with  a  force  equal  to  that  of 
compression ;  still  abstracting  from  the  consideration  of  gravity. 
At  the  instant  in  which  the  body  moving  in  the  direction!  ac 
(fig*  4.  pi.  XII.)  touches  the  surface,  its  velocity  is  resolved  into 
a  horizontal  velocity  qc,  which  subsists  always  the  same  (dis- 
regarding friction),  and  the  resistance  of  the  medium  in  which 
the  body  moves :  but  the  vertical  velocity  pc  tends  graduaify 
to  compress  the  body  itself,  becoming  gradually  extinguished, 
while  thiat  represent^  by  qc  subsists  unchianged;  ^o  diat  it  la 
clear  that  the  centre  c  approaches  the  plane  hz  by  degrees, 
which  are  continually  diminishii^,  while  the  degrees  by  which 
it  advances  parallel  to  diat  plane  remain  constant :  if,  therefore, 
we  conceive  at  every  instant  a  parallelogram  of  forces  ccm^ 
structed,  of  which  the  horizontolt  aide  is  to  the  vertical  side^'ils 
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the  horifontal  velocity  to  that  which  remains  in  tbe  vertical 
direction,  the  diagonal  of  this  parallelogram,  which  will  iodi-? 
cate  for  each  instant  the  route  of  the  centre  c,  will  be  differ* 
ently  situated,  so  that  the  centre  will  approach  to  zh  by  de*- 
scribing  a  curv^  line  cr  during  the  time  of  the  compression; 
when  the  compression  ceases  the  centre  c  will  move  for  an  inr 
staiit  on  a  tangent  parallel  to  hz  ;  after  which  the  elastic  force 
of  the  body  counteracting  that  of  compression  restores  to  the 
body  gradually  the  velocity  by  which  it  moves  from  the  plan^ 
in  the  inverse  order  of  the  degrees  by  which  it  approached  th^ 
plane ;  and  so  causes  its  centre  to  describe  the  second  branch 
Ro  of  the  curve^  equal  and  similar  to  CR.  Finally,  when  it 
haa  arrived  at  the  point  o,  whose  distance  from  the  plane  h:^ 
is  equal  to  the  radius  oi,  it  will  move  on  according  to  the 
tangent  ot  situated  in  the  same  manner  as  ac.  Hence,  then, 
the  oblique  stroke  of  an  elastic  body  upon  an  inflexible  and  im- 
moveable plane  is  made  (abstracting  from  gravity)  in  such  maur 
ner  that  the  angle  of  reflexion  is  equal  to  the  angle  of  incidence, 
these  two  angles  being  measured  by  those  contained  between 
the  horizontal  plane  and  the  tangents  at  the  extremities  C  and 
o  of  the  curve  described  by  the  centre  during  the  compression 
and  the  restitution  of  the  spring ;  and  this  curve  is  always  th^ 
smaller  as  the  compression  and  restitution  approach  the  mor^ 
nearly  to  being  instantaneous. 

VIL  if  we  pay  regard  to  gravity,  and  bd  is  the  line  accord- 
ing to  which  the  body  is  projected,  it  will  describe  the  portion 
BC  of  the  parabola  whose  tangent  is  bd  just  when  the  body 
touches  the  plane ;  and  when  the  compresHon^  &c.  has  ceased 
and  the  centre  arrives  at  o,  it  will  describe  anpther  portion  so 
of  a  parabola,  equal  to  the  former,  and  similarly  situated*. 

VIII.  Friction  likewise  contributes  to  the  facility  of  th^ 
Ricochet;  because  it  gives  to  the  moveable  a  rotation  which 
euables  it  to  surmount  more  easily  the  different  obstacles  it 
meets  with.  Such  are  the  causes  and  the  principal  circum- 
stances of  the  ricochet :  we  have  attended  to  them  rather  mi- 
nutely, though  popularly,  because  the  principles  here  applied 
may  often  be  directed  by  the  student  to  other  motions  which 
frequently  occur. 

SCHOLIUM. 

255.  'Xhe  theory  of  the  motion  of  projectiles  just  exhibiteii 
depends  upon  three  suppositions,  all  of  which  are  inaccurate. 
1st  That  the  force  of  gravity  is  the  same  in  every  point  of  the 
curve.  2dly.  That  it  acts  in  parallel  lines.  3dly.  That  the 
body  moves  in  a  non-resisting  medium.  Of  these  supposition^, 
however,  the  two  first,  as  we  observed  in  art.  248.  produce  no 
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error  which  deserves  notice :  but  the  third  is  9  aoorce  of  con-* 
siderable  difference  between  this  theory  and  experimentSy  par« 
ticularly  when  the  initial  velocity  of  the  projectile  is^reat.  The 
resistance  of  the  air  is  variable^  according  to  the  different  veto* 
cities  and  magnitudes  of  the  projectiles :  on  this  account  the 
trajectory  of  the  projectile  is  not  m  parabola,  nor  any  knoMi) 
and  regular  curve ;  its  vertex  is  not  in  die  middlei  but  more 
remote  from  the  point  of  projection  than  from  the  other  extre- 
mity; and  the  part  of  the  trajectory  through  which  the  body 
descends  is  less  curved  than  that  tfirough  which  it  ascends. 
These  circumstances  are  very  perceptible  to  the  sight  in  the 
motion  of  stones,  arrows,  balls,  and  shells ;  and  even  in  a  jet 
of  water  or  mercury  we  may  trace  the  same  particulars,  unless 
the  velocity  be  small,  when  the  path  nearly  coincides  with  a 
•parabola.  Besides  this,  a  body  projected  with  any  consider^ 
able  velocity  is  not  only  deflected  from  a  parabolic  path  in  a 
vertical  direction,  but  is  made  to  deviate  laterally,  wd  change 
the  plane  of  motion :  in  some  experiments  indeed  diis  deviation 
has  been  equal  to  -I  or  {•  of  the  actual  range.  Such  material 
discrepances  between  the  theory  and  practice  have  induced 
several  philosophers,  at  different  times,  to  institute  courses  of 
experiments,  ro  order  to  improve  the  theory  by  a  comparison 
witii  their  results:  tiie  most  extensive  and  important  of  these 
are  the  experiments  by  Me9srs.  Robins,  Thompson,  and  Dr. 
Hutton ;  for  accounts  of  them  the  reader  may  advantageously 
consult  Robins's  Gunnery,  or  Brown's  Translation  of  Euler's 
Gunnery,  Phil.  Trans,  for  1778  and  1781,  sind  Button's  Tracts, 
Pr.  Hutton  has,  likewise,  touched  upon  this  subject  in  the 
second  volume  of  his  Course  of  Mathematics;  and  as  what  he 
Jias  there  given  contains  much  practical  information  in  a  small 
compass,  we  shall  extract  an  art|cl^  pr  two,  as  peci^liarW  appro"? 
priate  to  the  subject  before  us. 

256.  '*  Before  the  propositions  can  be  applied  in  resolving 
the  several  cases  in  the  practice  of  gunnery,  it  is  necessary  that 
some  niore  data  be  laid  down,  as  derived  from  good  experiments 
made  with  balls  or  shells  discharged  from  cannon  or  mortars, 
by  gunpowder,  under  different  circumstances.  For  without 
these  those  theorems  can  be  pF  very  little  use  in  real  practice, 
on  account  of  the  imperfections  and  irregularities  in  the  firing 
of  gunpowder,  and  the  expulsion  of  balls  frpm  guns,  but  more 
especially  on  account  of  the  enormous  resistance  of  the  air  to  all 
projectiles  that  are  made  with  any  considerable  velocities,  A9 
to  the  cases  in  which  projectiles  move  with  small  velocitks,  or 
such  as  do  not  exceed  200,  or  300,  or  400  feet  per  second,  they 
ma^  be  re^olved^tolerabl^  ne^r  the  ^uth  bv  the  p^rabp}ic  tiieory 
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laid  down  above.  But  in  cases  of  great  projectile  velociues  it 
is  quite  inadequate,  without  the  help  of  several  data  drawn  from 
many  and  good  experiments.  For  so  great  is  the  effect  of  the 
resistance  of  the  air  to  projectiles  of  considerable  velocity,  that 
some  of  those  which  in  the  air  range  only  between  2  and  3  miles 
at  the  most  would  in  vacuo  range  about  ten  times  as  far,  or 
between  20  and  30  miles. 

''  The  effects  of  this  resistance  are  also  various,  according 
to  the  velocity,  the  diameter,  and  the  weight  of  the  projectile. 
So  that  the  experiments  made  with  one  size  of  ball  or  shell  will 
not  serve  for  another  size,  though  the  velocity  should  be  the 
same;  nor  will  the  experiments  with  one  velocity  serve  far 
oUier  velocities,  though  the  ball  be  the  same.  And  therefore 
it  is.  plain  that,  to  form  rules  for  practical  gunnery,  we  ought 
to  have  good  experiments  made  with  each  size  of  mortar,  and 
with  every  variety  of  charge,  from  the  least  to  the  greatest 
And. not  only  so,  but  these  ought  also  to  be  repeated  at  many 
different  angles  of  elevation,  namely,  for  every  single  degree  be- 
tween 30^  and  60^  elevation,  and  at  intervals  of  5"*  above  60*  and 
below  30^  from  the  vertical  direction  to  point-blank.  By  such 
a  course  of  experiments  it  virill  be  found  that  the  greatest  range, 
instead  of  being  constantly  that  for  an  elevation  of  4s6%  as  in  the 
parabolic  theory,  vnll  be  at  all  intermediate  degrees  between 
45*  and  30^,  being  more  or  less  both  according  to  the  velocity 
'  and  the  weight  of  the  projectile;  the  smaller  velocities  and  larger 
shells  ranging  fartliest  when  projected  almost  at  an  elevaticm 
of  45* ;  wl41e  the  greatest  velocities,  especially  with  the  smaller 
diells,  range  farthest  with  an  elevation  of  about  30^. 
•  257.  ^-  There  have,  at  dmerent  times,  been  made  certain 
Ismail  parts  of  such  a  coqrse  of  experiments  as  is  hinted  at  above. 
Such  as  the  experiments  or  practice  carried  on  in  the  year  1 773, 
on  Woolwich  Common ;  in  which  all  the  sizes  of  mortars  were 
"Used,  and  a  variety  of  small  charges  of  powder.  But  the>  were 
all  at  the  elevation  of  45° ;  and  consequently  these  are  defective 
in  the  higher  charges,  and  in  all  the  other  angles  of  elevation. 

^  Other  experiments  were  also  carried  on  in  the  same  place 
in  the  years  1784  and  1786,  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  one  only  charge  of 
powder,  and  that  but  a  small  one  too :  so  that  dll  those  nearly 
agree  with  the  parabolic  theory.  Other  experiments  have  also 
been  earned  on  with  the  ballistic  pendulum,  at  different  times ; 
'from  which  have  been  obtained  some  of  the  laws  for  the  quan- 
tity of  powder,  the  weight  and  velocity  of  the  ball,  the  length  of 
^  gtin,  ^c.  Namely,  that  the  velocity  of  the  ball  varies  as  the 
square  root  of  the  charge  directly,  and  as  the  square  root  of  the 
freight  pf  \^^\\  reciprocally!  and  diat  some  rounds  being  fif(^4 
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^ith  a  medium  length  of  o^e-pounder  gun,  at  15*  and  45^  eW 
nation,  and  with  2,  4, 8,  and  12  ounces  of  powder,  gave  nearly 
the  velocities,  ranges,  and  times  of  flight,  as  they  are  here  set 
tlown  in  the  following  Table. 


" 

Powder, 

Elevation 
of  gun. 

Velocity 
oftmll. 

Range. 

Time  of 
flight* 

oz. 

feet. 

feet. 

2 

15^ 

860 

4100 

9// 

4 

15 

1230 

5100 

12 

8 

15 

1640 

6000 

14J 

12 

15 

1680 

6700 

15} 

2 

45 

860 

5100 

21 

/ 

■ 

"  But  as  we  are  not  yet  provided  with  a  sufficient  number 
and  variety  of  experiments  on  which  to  establish  true  rules  for 
practical  gunnery,  independent  of  the  parabolic  theory,  we 
must  content  ourselves  with  the  data  of  some  one  certain  experi** 
mented  range  and  time  of  flight  at  a  given  angle  of  elevation ; 
and  then  by  help  of  these  and  the  rules  of  the  parabolic  theory^ 
determine  jthe  like  circumstances  for  other  el^sitions  that  are 
not  greatly  different  from  the  former." 

A  copious  and  most  interesting  account  of  the  whole  of  Dr* 
Hutton'9  experiments,  may  now  be  seen  in  the  2d  and  3d  vols* 
of  his  Bvo  Tracts,  recently  published.  From  these  we  venture 
to  extract,  farther,  the  following  sununary  of  important  deduc- 
tions. 

**  1.  From  a  general  inspection  of  this  second  course  of  these 
experiments  it  appears,  that  all  the  deductions  and  observations 
made  on  the  former  course,  are  here  corroborated  and  strength* 
ened,  respecting  the  velocities  and  weights  of  the  balls,  and 
charges  of  powder,  &c.  It  further  appears  also,  that  the  vei- 
locity  of  the  ball  increases  with  the  increase  of  charge  only  to 
a  certain  point,  which  is  peculiar  to  each  gun,  where  it  is  great- 
est; and  that  by  further  increasing  the  charge,  the  velocity 
gradually  diminishes,  till  the  bore  is  quite  full  of  powder.  That 
this  charge  for  the  greatest  velocity  is  greater  as  the  gun  is 
longer,  but  yet  not  greater  in  so  high  a  proportion  as  the  length 
of  the  gun  is;  so  that  the  part  of  the  bore  filled  with  powder^ 
bears  a  less  proportion  to  the  whole  bore  in  the  long  gmh 
ihpn  it  does  in  the  shorter  ones ;  tiie  |>art  wbiph  is  filled  bieiM^ 
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indeed  nearly  io  tke  inverse  ratio  of  the  square  root  of  die 
empty  part, 

'^  2.  It  appears  that  the  velocity,  with  equal  charges^  always 
increases  as  the  gun  is  longer;  though  the  increase  in  velocity 
is  but  very  small  in  comparison  to  the  increase  in  length ;  th^ 
velocities  being  in  a  ratio  somewhat  less  than  that  of  the  square 
roots  of  the  length  of  the  bore,  but  greater  thau  that  of  the 
cube  roots  of  the  same,  and  is  indeed  nearly  ip.  the  middlfe 
ratio  between  the  two. 

,  '^  3.  It  appears,  from  the  table  of  ranges,  that  the  range  itk- 
creases  in  a  much  lower  ratio  than  the  velocity,  the  gun  an4 
elevation  being  the  same.  And  when  this  is  compared  witb 
the  proportion  of  the  velocity  and  length  of  gun  in  the  last 
paragraph,  it  is  evident  that  we  gain  extremely  little  in  the 
range  by  a  great  increase  in  the  length  of  the  gun,  with  the 
same  charge  of  powder.  In  fact,  the  range  is  nearly  as  the  Sth 
root  of  the  length  of  the  bore ;  which  is  so  small  an  increa9Q, 
as  to  amount  only  to  about  a  7th  part  more  range  for  a  double 
length  of  gun. — From  the  same  table  it  also  appears,  that  the 
tim^  of  the  bairs  flight  is  nearly  as  the  range;  the  gun  and 
elevation  being  the  same*  * 

**  4.  It  has  been  fou|[id,  by  these  experimentf,  that  no  differr 
ence  is  caused  in  the  velocity,  or  range,  by  varying  the  weight 
of  the  gun,  nor  by  the  use  of  wads,  nor  by  different  degreei  of 
ramming,  nor  by  firing  the  charge  of  powder  in  different  partt 
of  it.  But  that  a  very  great  difference  in  the  velocity  arisen 
from  a  small  degree  in  the  windag43 :  indeed  with '  the  usual 
established  windage  only,  viz.  about  ^  of  the  calibre,  i^o  lesp 
than  between  -f-  and  ^  c^  the  powder  escapes  and  is.lo^t:  and 
as  the.  balls  are  often  smaller  than  the  regulated  size,  it  fre- 
quently happens  that  half  the  powder  is  lost  by  unnecessary 
windage.*' 

The  valuable  work  from  which  the  above  quotation  is  taken 
will  tend  more  than  siny  other  which  has  yet  s^ppeared  to  pro- 
mote the  true  theory  of  gunnery.  Yet,  it  must  be  acknow- 
ledged, that  Dr.  Uutton's  experiments  and  investigations, 
e;xcellent  as  they  are,  tend  by  no  means  so  conqipletely  a»  might 
be  wished  to  the  determination  of  die  actual  path  of  a  military 
projectile.  But  it  is  hoped  that  much  additional  light  will  be 
thrown  upon  this  important  branch  of  enquiry,  in  the  course 
of  the  new  experiments  on  gunnery  recently  deviled,  and  now 
carrying  on  at  Woolwich. 
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IIL  Desctnts  on  Inclined  Planes^  and  Curve  Surfaces. 

S58.  Prop.  Thrforce  vphich  accelerates  or  retards  the  mo^ 
tion  of  a  body  upon  an  inciined  plane  is  to  the  force  ofgravitt/, 
as  the  height  of  the  plane  tp  its  length,  or  as  the  sine  of  tnt 
plants  elevation  to  radius. 

Let  Ap  (6g.  5.  pi.  XII.)  be  the  plane,  of  which  the  height 
ii  BDy  and  the  length  ad  ;  and  let  o  be  the  place  of  a  body 
upon  the  plane.  From  c  draw  the  vertical  CG  to  represent  g 
the  accelerating  or  retarding  force  of  gravity,  according  as  the 
body  is  supposed  to  be  moving  downwards  or  upwards,  and 
complete]  tne  parallelogram  ce<|f:  now  the  force  cc  may 
obviously  be  resolved  into  the  two  cf,  ce,  of  which  the  former 
being  in  the  direction  perpendicular  to  the  plane  is  extinguished 
by  its  react^n,  but  the  latter  being  parallel  to  the  plane  has  its 
entire  effect,  and  is  that  which  either  directly  co-operates  with 
or  opposes  the  motion  of  the  body  along  the  plane.  But  the 
triang(e8  Ap^,  gce,  are  similar,  the  sides  of  the  latter  being  re- 
spectively perpendicular  to  the  sides  of  the  former :  therefore, 
GC  :cs  : :  DA  :  db  : :  rad  :  sin  dab.  And,  if  we  suppose  the 
body  at  any  other  point  c^,  the  resolution  of  the  forces  will 
again  furnish  the  same  result.  Whence  the  proposition  is 
manifest. 

Cor.  1.  Since  the  accelerating  or  retarding  force,  on  the 
titoie  plane,  is  in  a  given  ratio  to  that  of  gravity,  which  is  a 
uiyform  force,  it  also  is  a  uniform  force. 

Cor.  2.  Hence  the  laws  before  laid  down  for  accelerated 
and  retarded  motions  hold  good  tor  those  on  inclined  planes : 
thus,  in  descending  along  the  same  plane,  or  planes  equally 
inclined,  the  velocities  acquired  ere  as  tlie  spaces  descended 
from  quiescence ;  the  spaces  descended  are  as  the  squares  of 
the  velocities,  or  as  the  squares  of  the  tipies ;  and,  if  a  body  be 
thrown  up  an  inclined  plane,  with  the  velocity  it  acquired  in 
descending,  it  will  lose  all  its  motion,  and  will  ascend  to  the 
height  from  which  it  descended  in  an  equal  time,  arid  will  re-p 
pass  any  point  of  the  plane  with  the  same  velocity  as  it  passed 
it  in  descending. 

CoR.  3.  If  h  represent  the  height  and  /  the  length  of  the 
plane,  the  accelerating  or  retarding  force  will  be  represented  by 

*Y  g  9  oi*!  if  the  angle  dab  be  denoted  by  e,  that  fpri:^  will  be 

represented  by  g  sin  e.  Hence  if  we  substitute  this  for  g,  in 
the  values  of  s  and  t;,  in  art.  243.  they  will  become  5=8in  e 
\^fi,  and  v^g  sin  et=i  Vi^gs  sin  e) :  and  the  equations  for  t 
will  undergo  similar  moditications.  These  will  enable  us  \<^ 
deduce  some  useful  theorems  as  further  corollaries^ 
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Cor.  4.  If  two  bodies  descend  from  the  highui  point  d  of 
the  plane  at  the  same  instant ^  one  descending  along  the  plane 
DA,  the  other  through  the  vertical  db,  their  contemporeoas  posi'* 
tions  c  and  i  will  always  be  shewn  by  the  intersections  of  a  kne 
as  CI  with  the  tzco  planes^  this  line  being  constantly  perpendi^ 
cular  to  DA.  This  will  appear  by  compaiiQg  the  equation  s 
ci  \g  sin  et^yfot  the  motion  down  the  plane,  with  the  correspond* 
ing  equation ^=:ig^'  expressing  the  vertical  motion :  for,  if  wa 

divide  one  of  these  equations  by  the  other>  we  have  -^es  ^Ttf* 

which  because  t^t^^  gives  sn^^^sin  e\  whence  «^ :  s  : :  1  :  sin  e, 
that  is,  Di :  DC :  :  rad  ;  sin  dab,  which  indicates  that  di  is  the 
hypothenuse  of  a  right*angled  triangle,  whose  angl^  x  is  equal 
to  the  elevatiop  of  the  plane* 

Cor.  5.  Jfthe  diameter  of  a  circle  be  perpendicular  to  the 
horizon,  and  chords  be  drawn  from  either  extremity,  the  times 
qf  descent  down  all  the  chords  will  be  equal,  and  each  equal  to 
the  time  of  free  descent  through  the  vertical  diameter.  Thus 
in  fig.  6.  pi.  XU*  the  angle  at  q  being  a  right  angle,  the  time 
of  running  through  AG  on  the  inclined  plane  is  (by  the  preced- 
ing coroi.)  equal  to  the  time  of  falling  through  AB ;  and,  since 
D  and  £  are  right  angles,  the  same  will  be  tri^e  of  die  descents 
through  A  I),  and  ae  :  also,  if  a  I  be  drawn  parallel  to  CB,  the 
Mme  of  descent  through  ai  will,  in  like  manner,  be  equal  to  that 
through  ab;  and  because  a i^scb,  and  have  equal  ekvauons, 
they  will  be  described  in  equal  times:  and  the  same  may  be 
shewn  of  db,  eb,  Sec 

Cor.  6.  ^^  from  any  point  a  in  a  vertical  plane,  any  num* 
foer  of  lines  Aq,  ap,  AB,  af,  ag,  &c  be  drawn  in  that  plane, 
and  bodies  be  let  fall  from  quiescence  at  a  along  these  lines, 
then  at  the  end  of  any  equal  times  whatever  these  bodies  will 
all  be  found  in  the  circumference  of  a  circle  passing  through  A 
(fig.  7.  pi.  l^II.)  llius,  when  the  body  falling  vertically  is  at 
s,  the  others  will  be  at  C;  D>  f,  g,  respectively :  asain,  when 
this  bo^y  is  9t  e,  the  others  will  be  at  c,  d^f  g,  in  me  circum- 
ference of  a  circle  touching  the  former  in  a  ;  and,  when  this 
body  is  at  3,  the  others  will  be  at  (:^,  d%J\  g^,  in  a  third  circle 
touching  the  other  two  in  A :  and  sp  on.  AU  which  is  manifest 
from  Cor.  5. 

Cor.  7*  Apd  if  the  lines  diverging  from  a  are  not  confined 
to  one  plaoey  but  directed  all  around,  then  bodies  descending 
along  these  lines  w^  at  every  separate  in^tunt  of  time  be  all 
found  ill  the  surface  of  son^e  one  of  a  series  of  spheres,  which 
touch  one  anothfer  in  the  superior  point  a» 

Cor*  8.  If  any  line  ch  (hg.  5.  pi.  XII.)  be  draum  parallel  to 
th  horizon^  andif  tug  bodies  move  from  quiescence  at  l>,  the  one 
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along  the  inclined  pidne  da,  the  other  through  the  vertical ^b, 
the  velocity  acquired  by  the  one  at  c  will  be  equal  to  that  ac^ 
quired  by  the  other  at  H ;  those  velocities  bezrig  estimated  by 
the  directions  of  their  respective  motions.  For  the  equation 
comprising  the  conditions  of  velocity  of  the  body  moving  along 
DA  is  v=  V^(2gs  sin  e)  (Cor.  SOy  and  the  corresponding  equa-» 
lion  for  the  vertical  descent  is  t/=s  iv/(2g/).  But  in  the  pre- 
sent instance,  v^s^xf,  therefore  ^gs  sin  e  =  ^gs\  or  s  sin  e  =: 
/;  consequently  /  :  s  :  :  sin  6  :  1,  that  is,  dh  :  do  :  sin  dab  : 
rad.  • 

Hence  ch  is  parallel  to  the  horizontal  line  AB. 
.  Cor.  9,  Hence,  since  the  same  might  be  shewn  of  the  cor-* 
responding  point  d  of  any  other  plane  ad,  if  several  bodies  are. 
hi  fall  from  one  point  d,  without  any  impulsion,  and  run  over 
different  planes,  they  will  all  have  acquired  the  same  velocity 
when  they  arrive  at  any  horizontal  plane. 

Cob.  10.  If  two  or  more  bodies  have  equal  velocities  at  any 
equal  altitudes  c,  h,  c',  their  velocities  will  be  equal  at  all  other 
equal  altitudes,  a,  b,  A^ 

Cor.  11.  Hence,  also,  the  velocities  acquired  by  descending 
down  any  planes  are  as  the  square  roots,  of  their  heights  db. 
Thus>  the  velocity  at  a,  being  the  same  as  the  velocity  at  B,  is  as 

Cor,  12.  The  time  of  descent,  along  da  is  to  the  time  of 
descent  through  the  vaiical  bb  as  da  to  db.  Here  DAr:^, 
DB  ris^,  and  the  equations,  are  s  zz  igsin  e/%and  sfi=^gt'^', 
whence,  if  we  convert  these  into  an  analogy,  we  have  t^i  f^  :  : 

". —  :  s' : :  -: —  :  DB.     But,  in'the  triande  dab, =  sine; 

therefore,  t* :  t'^ :  :  da*  :  db%  or  /:/'::  da  :  db. 

Cor.  13.  As  the  above  proportion  obtains  whatever  is  the 
inclination  of  the  plane,  it  results,  that  the  times  employed  in 
passing  over  various  inclined  planes  of  the  same  height  are  re- 
qtectively  as  the  lengths  of  fhe  planes. 

259.  Prop.  If  a  body  descend  along  any  number  of  contigu- 
ous planes,  it  will  ultimately  acquire  the  same  velocity  as  would 
have  been  acquired  by  falljng  perpendicularly  through  tlie  height 
of  the  system;  supposing  no  velocity  lost  on  passing  from  one 
plane  to  another. 

Let  AB,  BC,  CD,  (fig.  8.  pi.  XII.)  be  the  contiguous  planes : 
produce  dc,  cb,  the  two  lower  till  they  meet  af  parallel  to  the 
horizon  in  f  and  b  respectively.  Then,  by  Cor.  9.  of  the  pre- 
ceding, prop.,  the  Velocity  at  b  is  the  same  whetlier  the  body 
diescend  through  ab  or  bb  :  and  thei^fore  the  velocity  at  c  wiU 
be  the  same  whether  the  body  fall  through  abc  or  £C,  which  is 
^tis(K  by  the  same  corpl.  >equal  to  the  velocity^  acquired  by  fait* 
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log  tkroagh  fc.  Consequently  the  velocity  will  be  the  saihe  atr 
p,  on  this  fajrpothesis,  whether  the  body  passed  over  the  system. 
ABCD^  or  through  the  single  plane  fD;  or,  lastly,  through  tb«. 
vertical  fg. 

Cor.  Hence,  comparing  this  prop,  with  corol.  2.  and  1  i.  of 
the  preceding,  it  follows  that  the  velocities  acquired  in  falling, 
down  any  systems  of  planes  are  as  the  square  roots  of  their  ver- 
tical altitudes ;  and  that>  if  the  body  be  projected  from  d  up  the 
planes  with  the  velocity  acquired,  it  will  ascend  through  this  or 
any  other  system  of  planes  (no  part  of  which  is  reclining)  io^ 
tlie  same  perpendicular  height  from  d. 

200,  Prop.  WTien  a  body  moves  over  a  system  of  planes,  the 
velocity  lost  in  passing  from  any  plane  to  the  succeeding  one  is 
to  the  velocity  it  had  then  acquired^  as  the  versed  sine  of  the 
angle  made  by  the  planes  to  radius. 

Conceive  that  the  body  after  moving  over  the  plane  ab  (fig.  9.) 
has  such  a  velocity  as  would  carry  it  over  the  space  bf  in  the 
next  second,  or  unit  of  time,  if  the  motion  were  not  obstructed : 
from  F  draw  the  line  fd  perpendicular  to  the  second  plane  bc^ 
and  complete  the  parailefogram  de,  then  will  the  velocity  Bs 
be  resolvable  into  the  two  be,  bd  ;  of  which  the  former  is  evi^ 
dently  destroyed  by  the  resistance  of  the  plane,  and  of  conse^ 
quence  the  velocity  bf  will  be  reduced  to  the  velocity  bd  on 
the  plane  bc.  Now,  with  centre  b  and  radius  bf  describe  di« 
arc  Fi,  so  shall  disbf—  BD=:the  velodty  lost  at  tiie  angle  B  ; 
and  it  is  obvious  that  di  :  bf  :  :  vers,  sin  pbf  :  rad.  As  in  the 
proposition. 

SCHOLIUM. 

261.  When  a  body  falls  freely  by  the  continual  solicitation 
of  gravity,  every  particle  in  it  is  equally  accelerated,  or  every 
particle  descends  towards  the  horizon  with  the  same  velocity, 
and,  therefore,  no  rotation  will  be  given  to  the  body.  The 
same  may  be  •  said  when  a  body  descends  along  a  perfectly 
suiooth  inclined  plane,  if  that  part  of  the  force  which  is  i»  a 
direction  perpendicular  to  the  plane  be  supported  ;  that  is,  if 
a  perpendicular  to  the  plane  drawn  from  the  centre  of  gravity 
of  the  body  pierce  the  plane  in  a  point  which  is  in  contact  with 
tlie  body.  But  if  this  part  of  the  force  be  not  sustained  by  the 
plane,  the  body  will  partly  roll  and  partly  slide,  till  this  force 
is  sustained;  and  Aen  the  body  will  slide  wholly.  When  the 
lateral  motion  is  entirely  prevented  by  the  adhesion  of  the  plane, 
the  body  will  keep  at  rest  if  th^  vertical  from  its  centre  of  gra- 
vity fall  ^thin  it$  base ;  but  if  }t  fall  below  that  baie  the  bocly 
.will  roll.^    If  the  adhesion  1>c  not  sufficient  to  prevent  all  lateral 
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motkNiy  the  tx>dy  vrill  partly  roll  and  partly  slide.  In  all  these 
cases  die  space  described^  die  time  of  motion,  fcc«  mi^t  be 
ascertained  by  means  of  other  principles;  the  principal,  &g«  bf 
which  fvill  be  explained  in  the  chapter  on  Rotation  (art.  S15.). 

262.  Pnof.  Thetimesofdesaibing  two  systems  of  inclined 
planes  A  BCD,  abed  (tig.  8.  pi.  XII.),  whose  number,  ifwtina^ 
tionsy  and  ratio  of  their  lengths,  are  the  same,  are  to  each  other 
as  the  square  roots  of  the  lengths  of  the  systems* 

Because  the  planes  are  equally  inclined  to  the  direction  of 
die  force,  the  dme  of  running  through  ab  is  to  that  through  ah 
m^  v^AB  to  t^ab.  (art.  25^.  cor.  1  ij  And  if  bodies  fall  down 
XCy  eCj  then  will  time  in  eg  :  time  in  ec  : :  Vec  i  ^^ecix  v^ab 
:  ^ab\  also,  time  in  eb  :  time  in  e6  : :  v^bb  :  Veb  :  :  v^ab  : 
ss/ab ;  therefore,  time  in  ec  :  time  in  ec  :  :  time  in  eb  :  time  in 
eb ;  and  hence,  the  remainder,  or  time  in  bc  :  remainder,  or  time 
in  ic  :  :^  v^ab  :  ^/ob,  by  £uc.  V.  19.  And  since  (by  hyp.)  no 
motion  is  lost  in  passing  from  one  plane  to  another,  the  times 
of  passing  over  bc,  and  be,  are  the  same,  whether  theHSodies 
begin  to  move  at  a  and  a,  or  at  b  and  e :  so  that  when  the  bodies 
descend  along  abc,  aU,  it  will  be  time  in  bc  :  time  in  ^c  :  : 
V^ab  :  t^ab.  in  the  same  manner  it  may  be  shewn  that  time 
in  CD :  time  mcdi:  ^  ab:  y/ab.  Hence,  time  in  ab  :  time  in 
ab  : :  time  in  bc  :  time  in  Ac  :  :  time  in  cd  :  time  in  cd\  and 
consequendy  the  time  in  AB+  bc  +  cd  :  time  in  ah'\^bc-\'Cd  :  : 
daoein  ab  :  time  mab  x  i  v'ab  :  t^/ab  ;  :  v^(AB-f  bc+cd)  : 
V'(a6+6c+cd). 

CoR.  1.  If  the  lengths  of  the  planes,  and  their  angles  of  in« 
clination  abe,  bcf,  be  diminished  indefinitely,  the  limits,  to 
which  these  systems  approximate,  are  similar  curves,  similarly 
posited,  m  which  (as  will  be  seen  in  the  next  prop.)  no  velocity 
IS  lost ;  hence  the  whole  times  of  descent  through  these  curves 
mil  be  as  the  square  roots  of  their  lengths. 

CoR.  2.  The  times  of  descents  along  similar  circular  arcs, 
similarly  situated,  are  as  the  square  roots  of  the  arcs,  or  as  the 
square  roots  of  the  radii  of  their  respective  circles. 

S63.  Prop.  If  a  body  fall  from  quiescence ^down  a  curve 
surface  which  is  perfectly  smooth,  the  velocity  acquired  is  equal 
to  that  which  would  be  acquired  in  falling  through  the  same 
perpendicular  he^ht. 

For,  by  art.  260.  when  a  body  passes  from  one  plane  AB  (fig. 
9.)  to  another  bc,  the  whole  velocity :  the  velocity  lost  :  : 
radius  :  versed  sine  of  dbf.  Consequendy,  when  the  angle  fbd 
is  diminished  sine  timite,  the  velocity  lost  is  diminished  sine 
Umite:  and  if  the  lengths  of  the  planes  as  well  as  their  angles 
of  inclinations  be  indefinitely  diminished,  the  system  approxi- 
mates to  a  curve  as  its  limit,  in  which  there  is  no  velocity  lost : 


CiiAP.  II.]  Descents  09^  Cinul^T  Arcs.  2SS 

wherefore,  the  wbofe  velocity  acquired  will  be  equd  to  that 
whicfava  bodjf  would  acquire  in  fidlmg  dirough  the  same  Terti^ 
cal  altitude.    Art  ^59. 

Or,  if  we  apply  the  iluxional  method  to  the  known  propertiea 
of  (mrves  in  general,  the  same  thing  may  be  shewn  thus.  Sup* 
pose  the  body  moves  from  quiescence  at  c,  (iBg.  10.  pL  XII.) 
and  tliat  at  the  end  of  the  time  t  the  constant  action  of  gravity 
has  brought  it  to  the  point  m,  in  the  same  vertical  plane  tax. 
On  the  horizontal  axis  ax  let  apssx,  and  on  the  vertical  at 
let  A  B = A,  the  right  ordinate  to  the  point  M,  that  is,  pii  s=  y,  and 
the  space  described  CM=< ;  then  will  the  velocity  of  the  move* 


• 


able  in  tlie  directipn  of  the  element  of  the  curve  at  m  be  ~V-« 

Gravity  acting  upon  the  body  at  m  in  the  direction  MP,  its  fore* 
must  be  decomposed  into  two  others,  the  one  perpendicular  to 
the  surface  in  m  will  be  annihilated  by  its  reaction,  the  other 
will  be  in  the  direction  of  the  tangent  at  m  :  and  as  the  cosine 

of  the  angle  which  this  tangent  makes  with  ax  is  -4*  or  rathet 
•«  -r ,  since  s  increases  as  y  decreases,  the  component  of  the 
gravitating  force  in  the  direction  of  the  tangent  will  be  — g  -^  ; 
thus  we  have  -?•  ==  —  j?-?-*     From  this  we  find  --i?  =— £/,  or 

«v  =  — g;y,  because  v  =9  '   (art.  232.  L)*    Taking  the  fluent 

we  have  Jx;*=:  — gy+c.  Now,  at  the  point  c,  t^=rO,  and  v=^f 
therefore  c=gA,  and  consequently  v*=2gA  —  ^y=2g  (A— j^) 
s:2gx  BN.  Whence  it  follows,  since  bn  berets  in  art  243. 
that  the  body  has  in  m  the  same  velocity  in  the  direction  of  the 
tangent  that  it  would  have  had  at  K  after  falling  freely  through 
BN.  Thus  also  it  appears  that  the  theorem  exhibited  in  cor. 
9.  art.  268.  is  only  a  particular  case  of  the  principle  just 
deduced. 

Cob.  I.  If  a  body  be  projected  up  a  curve  (having  no  point 
of  contrary  flexure)  the  perpendicular  height  to  which  it  will 
rise  is  equal  to  that  through  which  it  must  fall  to  acquire  the 
velocity  of  projection.  For  the  body  will  always  have  its 
asc^dmg  motion  retarded  by  a  force  \diose  intensity  is  equal 
to  diat  which  would  accelerate  the  motion  when  descending. 

Cor.  2.  If  Mzm  (fig.  10.  pi.  XII.)  be  a  curve,  whote 
lowest  point  is  z,  and  the  parts  mz,  zm,  equal  and  similar;^ 
body  by  falling  through  Hz  will  acquire  such  a  velocity  as^will 


224  DYNAMICS-  [BookIL 

CHtryt  it  torn :  and,  flince  the  velocities  at  all  equal  altitudes  in  die 
descent  and  ascent  are  equal,  the  whole  time  of  the  ascent  will 
be  equal  to  that  of  the  descent. 

Cor.  3*  The  circumstances  of  the  last  corollary  mil  obtain 
in  like  manner,  if  the  body  be  retained  in  the  curve  by  a  string 
which  .is  in  every  point  perpendicular  to  it :  for  the  string  in 
that  case  will  sustain  the  part  of  the  weight  which  in  the  former 
is  sustained  by  the  curve. 

264/.  Prop.  The  velocities  acquired  in  descending  through 
different  arcs  'of  the  same  circle  are  as  the  chords  of  the  arcs, 
the  tangent  to  the  loweat  point  of  each  arc  being  horizontaL 

Let  a  body  fall  through  the  arc  ad  (fig.  1 1.  pi.  Xll.),  it  will 
(art.  263.)  have  the  same  velocity  at  the  point  D  as  if  it  had 
fallen  through  the  vertical  fd,  af  being  horizontal :  and  a  body 
falling  dirough  the  arc  bo  will,  for  the  same  reason^  have  a 
velocity  at  d  equal  to  that  which  would  have  been  acquired  by 
falling  freely  through  J£o;  Now  if  bodies  fall  successively 
from  rest  at  f  and  £,  the  velocities  acquired  on  arriying  at  ti 
will  be  (art.  243.)  as  v^OF  and  v^db.  But,  by  a  weU-known 
property  of  the  circle,  \/df  :  \/de  :  :  ad  :  bd;  and  conse- 
quently the  velocities  acquired  by  falling  through  'any  arcs 
ABD,  BD,  of'  the  chcle  terminating  in  d  the  lower  extremity 
of  the  vertical  diameter,  are  as  the  corresponding  chords  ad, 

BD. 

Cob*  I.  If  we  would  give  to  a  body  on  arriving  at  d  a  velo- 
city double,  triple,  Sec.  the  velocity  it  has  at  D,  after  falling 
through  the  arc  bd,  we  have  only  to  set  ofi^  from  d  the  chord 
DA  double,  triple,  8cc.  the  chord  bd,  and  abd  will  be  the  arc, 
after  falling  through  which  the  body  will  have  the  required 
velocity. 

Cor.  2.  If  we  wish  the  body  on  arriving  at  d  to  have  any 
proposed  velocity,  five  feet  per  second,  for  exaniple :  then  find 
by  the  proper  theorem  (art.  243.)  the  heights  due  to  that  velo- 
city ;  and  having  taken  on  the  vertical  CD  a  line  df  equal  to 
this  height,  from  a  point  c  above  f  attach  a  thread  of  the 
length  DC  to  the  body,  and  draw  it  aside  from  the  vertical  till 
it  cut  the  horizontal  line  af  in  .A  ;  from  this  place  let  the  body 
fall,  and  it  will  have  at  d  the  proposed  velocity. 

£65-  Prop.  The  accelerating  force  of  a  body,  gravitating  in 
a  circular  uresis  to  its  absolute  weight,  as  the  sine  of  its  aneu- 
tar  distamefrom  the  lowest  point  of  the  circle,  is  to  the  radius. 

.Let  M  (fig.  ]2.  pi.  XII.)  be  the  body  descending  along,  the 
arc  MA,  whose  lowest  point  is  a  and  centre  c:  let  me  h%  the 
sin^  of  the  arc  ma,  and  let  mt  be  a  tangent  to  the  circle  it  u, 
meeting  the  vertical  ak  produced  in  t*    Then  will  the  aiccele- 
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:aiitiiig  force  of  th^  body  at  m  be  the  same  as  if  it  were  placed 

-on  the  tangent  mt^  considered  as  an  inclined  plane ;  and  will^ 

^therefore,  be  to  its  absolute  weight  as  et  to  Ml:*  (art.  S5S.) ;  or, 

liecause  of  the  similar  triangles  MEt^  cem^  as  km  to  cm ^  or,  as 

the  sine  of  the  arc  AM  (the  measure  of  the  angular  distance 

mca)  is  to  radius. 

Cor.  1.  In  the  same  circle  the  accelerating  force  is  every 
where  as  the  sine  of  the  arc  ma  ;  but  because  the  3ine  and  arc 
approximate  to  the  ratio  of  equality  while  the  arc  decreases, 
the  ratio  of  the  sines  to  each  otlier  will  approximate  to^  and  be 
^timately  equal  to,  the  ratio  of  their  corresponding  arcs  to  each 
other.  Therefore,  ultimately,  the  accelerating  force  is  as  the 
arc  MA,  the  distance  of  the  booy  from  the  lowest  point  a,  mea- 
sured along  the  circle  in  which  the  body  moves. 

Cor.  2.  Hence  the  times  of  descent  down  unequal  arcs  MA, 
OA,  approximate  to  equality,  while  those  arcs  decrease  in  infi- 
-nitum,  and  ultimately  those  times  will  be  equal.  For,  xmetk 
the  accelerating  force  varies  as  the  distances  (art.  2J70  the 
times  of  descent  will  be  equal  from  whatever  place  the  body 
1>egins  to  descend. 

266.  Prop.  Things  being  as  in  the  last  proposition,  draw 

yiA  the  chord  of  the  arc  moa  ;  then  the  accelerating  force  of 

^he  body  upon  the  arc  at  m  will  be  to  the  accelerating  force 

<fthe  body  placed  any  zvhereupon  the  chord  ma  ultimately  a$ 

^to  1. 

For,  draw  the  diameter  acA,  join  am,  cm,  let  a^  be  a  tangent 
to  the  circle  at  A,  and  mt  a  tangent  to  the  circle  at  m,  those 
tangents  meeting  at  t.  Then,  considering  the  chord  ma  and 
tangent  m^  as  inclined  planes  whose  altitudes  are  equal,  the 
aiGcelerating  force  on  the  plane  m^  (equal  to  that  on  the  arc  at 

m)  19  to  the  accelerating  force  on  the  plane  ma,  as  — p  to-jjj-, 

<>r  as  MA  to  M^;  or,  by  reason  of  the  similar  triangles  MAif, 
^icrc,  as  Ma  to  mc,  that  is,  ultimately,  as  521  is  to  J . 
.    Cor.  The  time  of  descent  through  the  arc  moa  is  to  the  time 
<f  descent  through  the  chord  ma  ultimately  hs. 3-1^  15^3  to  4, 
<)r  as  the  tircumterence  of  a  circle  is  to  four  diameters.    For, 
ultimately,  the  length  of  the  arc  and  chord  are  equal,  and  ult^- 
jnately  the  accelerating  force  of  the  body  on  the  arc  is  every 
-where  as  its  distance  from  the  lowest  point  a  (art.  0,65,  cor.  1 .) ; 
"but  the  accelerating  force  of  the  body  on  the  chord  is  uniform, 
and  equal  to  half  the  first  force  on  the  arc  at  m  by  the  prdp. ; 
therefore,  (art.  SST.  cor.)  the  time  of  the  descent  through  the 
arc  is  to  the  time  of  descent  through  the  chord  as  the  circum- 
ference is  to  foar  diameters. 

Cor.  2.  Supposing  the  periphery  of  a  circle  to  coincide  with 
the  perimeter  of  a  polygon  whose  sides  are  increased  in  nvTmber, 

VOL.  I.  Q 
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and  diminished  in  magnitude  in  infinitum,  and  that  the  least 
possible  arc  of  a  circle  coincides  accurately  with  its  chord 
(which  is  the  language  of  indivisibles),  it  would  follow  that  the 
time  of  a  body's  descent  in  such  aa  arc  would  be  eqiHtl  to  the 
time  of  descent  down  the  chord  i  and  such  is  the  conclusion  of 
Dn  Keill  in  his  xvth  Lecture,  and  before  him  of  M.  Parent. 
But  it  appears,  from  the  preceding  corollary^  that  in  fact  these 
times  are  so  far  from  being  equal,  as  KeiQ  and  Parent  maintain, 
that  the  time  of  descent  down  the  arc  is  less  than  that  down 
the  chord  nearly  in  the  ratio  of  5  to  4.     And  from  the  method 
of  prime  and  ultimate  ratios  applied  to  this  case,  it  is  evident,. 
,  that  while  the  arc  and  chord  approximate  to  equality,  the  times 
of  descending  along  them  do  not  approximate:  for,  by  the 
doctrine  of  limits,  urn  part  of  a  curve,  how  small  soever,  can 
ever  be  safely  taken  for  its  chord ;  but  even  whea  they  so  far 
approach  each  othefthat  their  lengths  may  be  considered  as 
equal,  the  curve  still  remains  a  curve;  its  inclination  is^ different 
from  that  of  the  chord ;  the  accelerating  force  along  the  curve 
perpetually  varies,  and  that  in  proportion  to  the  distance  of  die 
body  from  the  lowest  point,  while  the  accelerating  force  along 
the  chord  remains  constant ;  and  therefore  the  times  of  describ- 
ing these  spaces  are  unequal,  even  supposing  the  lengths^  could 
be  the  same. 

Principle  of  M,  ly^lembert. 

267.  Before  we  entirely  quit  the  subject  of  motions  along  in- 
clined planes,  we  shall  briefly  notice  a  general  principle  which 
M.  D'Alembert  first  presented  in  his  Vynamique,  pa.  73,  and 
which  is  mentioned  here  because  we  mean  to  shew  its  applica- 
tion to  a  part  of  the  subject  now  under  discussion ;  not  meaning 
to  follow  it  universally.     His  proposition  is  this : 

Prop.  "  In  whatever  manner  several  bodies  change  theif 
actual  motions,  if  we  conceive  that  the  motion  which  each  body 
would  have  in  the  succeeding  instant,  if  it  were  quite  free,  is- 
decomposed  into  two  others,  of  which  one  is  the  motion  which  it 
really  takes  in  consequence  of  their  mutual  actions,  the  second 
nrnst  be  su^h,  that  if  each  body  were  impelled  by  this  force  alone 
(that  is,  by  the  force  which  imuld  produce  this  second  motion), 
all  the  bodies  would  remain  in  equilibrioJ^ 

This  is  evident:  for  if  these  second  constituent  force  are  not 
such  as  would  put  the  system  in  equilibrio,  the  other  consti- 
tuent motions  coidd  not  be  those  which  the  bodies  really  take  in 
consequence  of  their  mutual  action,  but  would  be  changed  bj 
the  first. 

The  use  of  this  proposition  will  appear  froiB  the  following 
exaipples.  .   . 
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L  Let  there  be  three  bodies  b,  b',  b^',  and  let  the  forces  f) 
T^,  F^',  act  upon  theuiy  so  as  to  give  them  the  velocities,  Vy  v\  t?",* 
in  any  directions  whatever,  producing  the  quantities  of  motion 
BV,  B^v\  B^'V,  which  we  may  call  f,  f',  f'',  because  the  momenta 
are  the  proper  measures  of  the  mo\^ing  forces.  Let  us  farther 
suppose  tliafby  striking  each  other,  or  being  any  way  connected 
with  each  other,  they  cannot  take  these  motions  f,  f',  f'',  but 
really  take  the  motions  f,  f%  f^>  It  is  obvious  that  we  misiy 
consider  the  motion  f  impressed  upon  the  body  b  to  be  com* 
posed  of  the  motion  f  which  it  really  takes,  and  of  another 
motion  p.  In  like  manner  f'  may  be  resolved  into  f  which  it 
actually  takes,  and  another  (f'\  and  again  f"  into  f^'  and  a". 
The  motions  will  be  the  same  whether  b  be  acted  upon  with 
the  force  f,  or  the  constituent  forces  y  ai^d  ^;  whether  b'  be 
acted  upon  by  f',  or  by /*'  and  ^';  and  b''  by  the  force  f",  or 
Ae  component  forces^  and  f ''.  Now,  by  the  supposition,  the 
bodies  actually  take  the  moXxon^fyfyf^'i  therefore  the  motions 
9y  ^9  9"}  niust  be  such  as  will  not  derange  the  motions y,y'y': 
that  is  to  say,  if  the  bodies  had  only  the  motions  ^,  ^',  (p'\  ini- 
pressed  upon  them  they  would  destroy  each  other,  and  the 
system  would  remain  at  rest. 

II.  Mot%(yns  upon  double  inclined  planes.  Let  Ac,  CB(fig.  7* 
pi.  VI.),  represent  two  inclined  planes  of  equal  altitudes,  set 
back  lo  back  at  dg,  the  angles  of  elevation  being  dac  =  e,  and 
BBC =6'';  and  let  the  two  weights  w,  w'  united  by  a  thread  wcw' 
passing  over  the  pulley  C,  act  the  ohe  upon  the  other.  Then, 
calling  Wy  w^,  their  masses,  or  their  weights,  let  us  determime  th«^ 
circumstances  of  their  motion. 

At  the  end  of  the  time  t,  w  will  have  a  velocity  Vy  and  gravity 

would  impress  upon  it  in  the  instant  t  following  a  new  velocity 
=  g  sin  ei  (art.  258.  cor.  3.),  provided  the. weight  w  were  thcu 

entirely  free:  but  by  the  disposition  of  the  system,  v  will  be  the 
velocity  which  obtains  in  reality.  Then  estimating  the  spaces 
in  the  direction  cw,  as  the  body  w'  moves  widi  an  equal  velocity 
but  in  a  contrary  sense,  it  is  obvious  that  the  decomposition 

may  be  made  as  follows.  At  the  end  of  the  time  i  +  t* 
we  have  for  the  velocity  impressed  upon 

^„  .      .     ,        fv+'». ...effective  veldcity from  cJtoitards  A. 

W o  +  g8iDe<,  where<  .    . 

(^  g  sin  rt — c .  • . .  velocity  destroyed. 

^_,  ,     /  \  —  V— J. , . .  effective  velocity  from  c  towards  B. 

W....  — v-i-fuiie'/|Wliere<  .  .•  ,  ,  ^ 

(  f  -f  g  sin  e^t . . . .  velocity  destroyed. 

If,  therefore,  gravity  impresses,  during  the  time  t^  upon  tbfi 

masses  ap,  or ,  the  respective  velociGes  g  sih  e^ — v^  and  g  sin  e'l  +  Vy 

Q  2 
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the  tyattm  will  h%  in  equilibrio.  The  quantities  of  motion  being 
therefore  equal,  we  have 

Whence  we  deduce  for  the  effective  accelerating  force 

Thus  it  appears  that  the  motion  is  uniformly  varied :  and  we 
readily  find 

(II.)...  »  =  — __ — gt. 

(HIO . . .  «= — j;^:^^ — .  igt". 

S]|ch  are  the  equations  from  which  the  conditions  of  the  motion 
are  determined.  If  the  t^vo  planes  are  vertical,  then  is  e=e^=  Jir ; 
l>y  means  of  which  we  may  find  the  values  that  are  applicable  in 
u#  subsequent  example. 

III.  motion  on  the  fixed  pulley.  The  weights  p  and  w  are 
iputed  by  the  thread  paabw  running  over  the  pulley  a  (fig.  2. 
pi.  VI.) ;  the  force  of  gravity  g  which  solicits  them  cannot  pro- 
duce its  dntire  effect,  because  its  action  upon  the  body  vzzw 
counteracts  its  effect  upon  the  other  body  yfxzxf.    M  the  end 

of  the  time  t+t,  the  velocity  of  w,  in  the  direction  from  A  to  p, 

vrin  be  t^+x;,  instead  of  v+gt,  which  it  would  have  had  if  the 

weight  had  become  free  at  the  end  of  the  time  t:  thus  g  It— t? 
will  be  the  velocity  destroyed.  In  like  manner,  n/  having  the 
same  velocity  but    in  a  contrary  direction,  will  have  the 

velocity —  (t?+x>)  instead  of  —  («+g^),  which  it  would  have 
had,  if  at  the  end  of  the  time  t  the  connection  of  the  two.  bodies 

ceased;  so  that  gt+v  will  be  the  velocity  destroyed.  Then,  a$ 
in  the  preceding  example,  making  the  momenta  equal,  we  find 
for  the  effective  accelerating  force 

This  being  an  expression  for  a  constant  accelerating  force,  we 
conclude,  as  in  the  former  instance,  that  the  motion  is  unifomily 
Varied,  and  tiiat  the  circumstances  of  motion  and  of  velocity 
ay  be  found  by  the  equations 

^^  V  to— 1«/  >.-.\  to— «/  -• 

In  this  investigation  we  have  neglected  the  inertia^of  the 
string  and  the  pulle;r. 


w 
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From  formulae  similai*  to  these  Mr.  Atwood  deduced  (in  hLi 
▼aluable  treatise  on  the  Motion  of  Bodies)  an  ingenious  mediod 
of  verifying  the  received  theorems  relative  to  the  effects  of  gra- 
vity on  felling  and  rising  bodies.  He  contrived  a  machinci  in 
which  two  weights  as  w  and  ts/  in  our  theorems,  or  p  and  w  in 
the  figure  last  referred  to,  are  connected  by  a  thread  which  runs 
over  a  fixed  pulley  A:  the  last  given  theorems  for  f,  s,  and  v, 
shew  that  by  varying  the  weights  tx)  ts/,  we  may  change  the  value 

of  the  fraction -7>  and  thus  reduce  the  accelerating  force, 

and  its  consequent  velocity  and  space  in  a  given  time,  in  such  a 
ratio  with  respect  to  those  arising  from  gravity,  that  they  shall 
become  easily  measurable,  and  the  theory  verified.  Mr.  Atwood's 
apparatus  has  its  several  parts  so  adapted  as  to  be  susceptible 
of  great  precbion:  but  as  this  is  not  the  place  to  enter  into 
detail,  the  reader  may  turn  to  the  article  Atwoodh  Machine  in 
the  second  volume,  where  a  more  full  account  is  given  of  its 
nature  and  use. 

In  finding  the  equations  (2.)  (3.)  above,  we  supposed  that 
each  body  began  to  move  from  quiescence  at  a  point  taken  for 
the  origin  of  the  spaces  denoted  by  s.  But  suppose  this  is  not 
the  case,  and  that  we  inipress  upon  w  an  initial  velocity  of  t 
carrying  it  downward.  This  velocity  must  be  parted  betweea 
the  two  masses  w^  w\  according  to  the  same  law  as  if  o)  struck 
the  body  fsf  at  rest  widi  the  velocity  v :  thus,  the  velocity  commoB 

to  the  two  weights  would  be  — -j  .    We  have  this  value  for 

the  velocity  at  the  end  of  the  time  t  =  0;  therefore 

Prom  this  we  readily  obtain  s  in  terms  of  t:  and  the  time  may 
be  determined  by  the  equation  wyzz(w  —  VEf)gt. 

IV.  Motion  on  the  Axis  in  Peritrochio.  Let  the  weight  p 
(fig.  4.  pL  V.)  be  denoted  by  w,  and  the  weight  W  by  fsf;  to  de- 
termine the  circumstances  of  the  motion.  Let  the  radius  of 
the  wheel =R,  that  of  the  axle  =r :  the  velocity  of  w  at  the  end 

of  the  time  t  will  he  v+v,  instead  of  v+gt,  ^s  in  the  former 
cases;  that  of  f$'  will  manifestly  be  to  that  of  w  in  die  ratia 

of  n  to  r;  it  will,  therefore,  be  —  —C«?+i>  instead  of  being  -*  — 

*  •  •  •  M 

(v+gt)  :  the  velocities  lost  are  therefore  gt-^  v,md^ v. 

Then^  making  the  momenta  equal  with  respect  to  the  axe  %f, 
we  find  ^     . 
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CoQsequeotly  the  motion  is  uniformly  accelerated  in  this  case 
likewise.  So  that  we  readily  deduce  the  equations  f  Jt  the  motion 
of  a?  or  p. 

And  the  velocity  and  space,  with  respect  to  zsf,  will  be 

Thus  much  is  here  offered  on  the  application  of  M.  D'Alem- 
bert's  principle :  the  further  use  of  some  of  these  theorems  will 
appear,  when  we  treat  of  the  maximum  of  machines  in  motion^ 
Chap.VL* 

IV.  On  the  Simple  Pendulum,  the  Cycloidal  Pendulum^ 
and  the  Curve  of  Swiftest  Descent 

268.  We  have  already  seen  (art.  263.  cor.  2.)  that  a  heavy 
body  after  having  descended  through  an  arc  mz  (fig.  10.pl.  XII.) 
of  any  curve  tzm,  will,  abstracting  from  the  effects  of  friction 
and  the  air's  resistance,  mount  up  the  opposite  branch  zm  till  it 
arrives  at  the  point  m,  whose  distance  frdm  the  horizontal  line 
AX  is  equal  to  mp,  the  distance  of  the  point  m  from  the  same; 
and  that  the  time  of  describing  zm  will  be  equal  to  that  of 
describing  mz.  Having  at  the  point  m  lost  all  its  motion,'  it 
will  begin  to  descend  again  through  mz,  and  at  z -will  have 
acquired  a  velocity  such  as  will  cause  it  to  rise  to  the  point  m 
where  its  motion  tirst  commenced,  where  again  it  will  be  ii|  a 
state  of  (quiescence ;  and  from  this  it  will  move  a  second  time 
through  Mzm,  and  back  again  through  mzu;  and  so  on  cointi- 
nually.  Such  will  be  the  motions  whether  the  body  rui^  over  a 
curve  surface,  in  consequence  of  the  joint  effects  of  gravity  and 
the  reaction  of  the  surface ;  or  whether  it  be  made  to  , Ascribe 
the  curve  in  consequence  of  being  fastened  to  a  string  cm 
(fig.  12.)  whose  centre  c  is  fixed.  If  we  consider  the  thread  cm 
as  inextensible,  and  Svithout  weight, 'and  the  body  at  m  as  a 
p(»nt  with  respect  to  the  length  of. the  thread,  then  is  the 
system  known  by  the  name  of  the  Simple  Pendulum,  The 
motion  of  such  a  pendulum  -  in  one  direction  from  a  state  of 
rest,  till  it  begins  to  return  in  an  opposite  direction  is  called 
a  vibration  or  an  oscillatioh ;  and  the  time  employed  in  such 
motion  the  time  qf  vibration^  or  of  an  oscillation.  Thus,  if 
the  pendulum  move  from  quiescence  at  m,  the  time  it  oc- 
cupies in  passing  through  the  arc  MAm  is  the  time  of  vibra- 

•  Analogous  to  this  is  the  principle  proposed  by  Mr.  Bazley,  in  Ley- 
bourn's  Repository,  No.  Q.  N,S,',  DOth  beiog,  indeed,  immediate  and 
obvious  consequences  of  Newton's  dd  law  of  motion. 
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tion;  and  this,  it  is  manifest,  is  double  the  time  employed  in 
passing  over  ma.  This  being  admitted  it  would  be  easy  to 
apply  some  of  the  theorems  in  arts.  264. . .  266.  to  the  vibra- 
tions of  pendulums  in  circular  arcs ;  as  they  >¥Ould  then  assume 
the  form  below. 

I.  If  a  pendulum  vibrate  in  the  arc  of  a  circle,  the  velocity 
of  the  ball,  at  its  lowest  point,  will  be  as  the  chord  of  the  arc 
which  it  describes  in  its  descent.  ^ 

II.  The  force  which  accelerates  a  pendulum  is  to  the  force 
of  gravity,  as  the  sine  of  its  angular  distance  from  the  lowest 
point  to  radius. 

III.  The  times  of  vibrations  in  very  small  circular  arcs  are 
very  nearly  equal. 

IV.  The  time  of  vibration  in  an  indefinitely  small  circular 
arc  is  to  the  time  in  which  a  body  would  fall  dirough  half  the 
length  of  the  pendulum,  as  the  periphery  of  a  circle  to  its  dia- 
meter. 

V«  The  time  of  vibration  is  as  the  square  root  of  the  length 
of  the  pendulum;  the  force  of  gravity  remaining  the  same. 

And  from  these  the  whole  doctrine  of  pendulnms  vibrating 
in  circular  arcs  might  readily  be  deduced.  But,  as  the  suppo- 
sition that  vibrations  in  small  arcs  of  equal  circles  are  all  per- 
formed in  equal  times  is  not  quite  correct,  it  may  be  better  to 
draw  the  chief  properties  of  pendulums  from  a  distinct  investi- 
gation, by  means  of  which  we  may  also  determine  the^agnitude 
of'the  error  which  can  occur  in  vibrations  through  any  assigned 
aire.    This  may  be  accomplished  thus.  ' 

269.  Prop.  To  determine  the  time  of  vibration  ofapendif' 
lum  in  any  circular  arc. 

Let  M Am  (fig.  1 2.  pi.  XII.)  be  the  proposed  arc ;  and  let  the 
radius  or  length  of  the  pendulum  cm  =  /,  AB  =  6,  Ap  =  ^,po 
=  y,  the  variable  arc  ^  s,  the  accelerating  force  or  force  of 
gravity  ac  ^,  and  the  velocity  due  to  the  height  £p,  or  (art. 
26S.)  the  velocity  acquired  by  falling  through  mo,  put  =  v  = 

V'p^  (ft  —  Of)]  (art.  243).     Now  it  is  known,  that  t?  =  4  (wrt. 

232.  I.J;  and  comparing  these  two  values  of  v  we  find  t  ss 

y        ' — -.    But  the  known  property  of  the  circle  gives  for 

the  value  of  the  element  of  the  curve  s  =:  -^tIt r,  which  is 

V(jUx  —  sexy 

taken  negatively,  because  the  arc  s  diminishes  as  the  time  aug- 
ments :  this  value  of  i^introduced  into  the  preceding  equation 

transforms  it  to  t  =  vKafc.r)'!'9f(>.*)l  =  7^)  ^  7E«K«-)3 
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being  expanded  by  the  binomial  theorem. 

To  ol^in  the  time  of  descent  from  m  to  a,  we  must  find  the 
fluent  of  each  term  in  the  series,  in  such  manner  that  they  may 
vanish  when  a:  =  6.  Now  we  see  at  once,  that  the  variable  factor 

of  all  the  terms  of  this  series  will  be  of  the  form —'y  that 

is  to  say,  these  factors  will  be  -j;,^^^,  -^-^^,  -^^y  &c. 

Whence  it  appears  that,  taking  tt  to  1,  the  ratio  of  the  circum- 
ference of  a  circle  to  its  diameter,  the  fluents  of  each  of  the 

terms,  taken  between  a:  =  fc,  and  x  =s  0,  are  t,  ir  •  — ,  *  •  -—-j 

^ '  0.4.6  '  ^'     Substituting  these  values  in  that  of  t,  it  will 
fcecome 

*W  T*^  +  -^  '  ir+iM^  •  ii^  +  2M?:65  •  8S"+&<^-) 

This,  therefore,  is  the  time  employed  by  the  body  in  de- 
scending from  M  to  A:  but  with  the  velocity  acquired  at  A 
the  body  would  proceed  aloilg  the  equal  branch  Am  of  the 
eurve,  and  would  have  all  its  velocity  extinguished  at  m,  after 
€  time  from  a  equal  to  the  time  of  descent  from  m  to  a:  c&d- 
sequently,  the  time  of  a  complete  oisdllatioa  will  be  double  the 
forq^er;  diat  is, 

^      ""Jj  ^  (^  +   2?  "21  +  2T45  •  4?  +  2M^.  •  8?   +  8^V 

The  relation  7*  ^"^  ~^  expresses  the  versed  sine  of  an  arc  of 

the  sa^e  angular  value  as  am,  having  unity  for  its  radius.    And 
fts  the  versed  sioe^  of  small  angles  are  exceedingly  minute^  the 

aenes  1  +  _ .  ^  +  j— .  _  +  gjrc.  ^jj  c<Miverge  very  rapidly. 
So  that  in  almost  every  case  the  two  first  tierms  will  suffice,  or 
t  nearly  =  «■  /""^|l  +  g7|*  therefore  the  times  of  vibra- 
tions in  different  arcs  are  as  8/  H^  i,  or  as  8  times  the  radius  + 
the  versed  sine  of  the  arc.  Or,  when  the  arc  is  very  small,  all 
the.  ternis  but  the  first  m^y  be  neglected,  and  we  shall  have  for 
the  duration  of  the  oscillation, 
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The  quantity  b  does  not  enter  into  this  value  of  t :  con$e* 
quently  when  the  vibrations  are  made  through  very  small  arcs, 
their  duration  may  be  considered  as  not  depending  on  the  mag«r 
nitude  of  the  arc ;  and  the  oscillations  may  be  regarded  as  iso- 
chronal. 

270.  To  determine  the  numerical  error  which  may  be  com- 
mitted,  by  assuming  the  isochronism  of  vibrations  in  small  arcs, 
let  us  suppose  tlie  arc  ma  =  5*^;  the  length  of  the  oscillation  of  a 

second  pendulum  would  be  expressed  by  l^^  it  y/  —  or  /  =  ^ 

on  the  supposition  of  the  arc  being  extremely  small.  The  versed 

sine  of  5°  is  -0038053  =  y :  and  -^  •  -5^-  =  -0004757.  As  to  the 

third  term,  it  is  less  than  '0000001.  We  have  therefore  fpr  the 
time  employed  by  the  pendulum  in  moving  through  an  arc  of 
twice  5°,  I  -|-  (I  X  •0004757);  and  the  time  of  oscillatinjg 
through  an  arc  of  10^  differs  not  from  an  oscillation  in  an  infi- 
nitely small  arc  mojre  than  *0O04757*  This  multiplied  into 
86400,  the  seconds  in  24  hours,  gives  nearly  41-^  seconds.  So 
that  a  pendulum  of  the  same  length  as  that  which  vibrates  in 
seconds,  through  infinitely  small  arcs,  would  lose  about  41'  per 
day,  if  it  described  arcs  of  5^  on  each  side  the  vertical  CA.  If 
the  arcs  described  on  each  side  of  the  vertical  were  only  1^,  of 
which  the  versed  sine  is  *000 15Sd,  it  would  be  found  by  a  simi- 
lar process  that  the  daily  retardation  would  be  about  If.  And 
for  a  half  degree  on  each  side  it  would  be  about  -f-  of  a  second. 
Or,  if  D  denote  the  degrees  the  pendulum  describes  on  each 
side  of  the  vertical,  the  time  it  would  be  retarded  in  a  second 

would  be  nearly  expressed  by  rrrrr^  and  consequently  tlie  time 

lost  in  24  hours  would  be  24  x  60  x  60  X  j^j^  =  |D*  nearly. 

In  like  manner  the  time  lost  in  24  hours  by  describing  ^degrees 
on  each  side  of  the  vertical  would  be  •§.  S^  nearly.  Conse- 
quently, if  a  second  pendulum  keeps  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day  by  vibrating  in  the 
other  will  be-|-  (d*  —  S^).  Thus,  for  example,  if  a  second  pen- 
dulum measure  true  time,  in  an  arc  of  3^  on  each  side  of  the 
vertical,  it  will  lose  1  If  seconds  per  day  by  vibrating  through 
4*  on  each  side,  and  nearly  45  seconds  per  day  by  describing  6* 
on  each  side. 

Thus  then  it  appears  that  the  vibrations  in  very  small  cir- 
cular arcs  may  be  regarded  as  sensibly  isochronal :  and  when- 
ever great  accuracy  is  required^  the  necessary  correction  may 
be  easily  applied,  as  above.  Keasoning  by  analogy,  we  see 
also  that  the  oscillations  in  very  small  arcs  of  any  curve  what- 
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ever  are  always  sensibly  isochronal;  because  an  arc  of  any 

curve  will,  for  a  small  space,  coincide  with  its  circle  of  curva- 

l 
tare.     The  equation  t  zzit  \/ —  will  furnish  some  Qther  im- 

portaht  consequences,  which  we  shall  now  proceed  to  deduce. 
271. 1.  The  durations  of  the  vibrations  of  pendulums  are  rr- 
*pectively  as  the  square  roots  of  their  length.    For,  let  /,  Vy  be 
the  lengths  of  the  pendulums,  t^  t'j  the  times  of  vibration ;  tiien^ 

we  have  t  =  ns/^^  and  t'rz  its/ — ;  consequently, 

t :  f  : :  ir^/ — :  Tr\/ —  :  :  \/l:  \/V. 

II.  The  time  of  an  oscillation  is  to  the  time  in  which  a  heavy 
body  would  fall  through  half  the  length  of  the  pendulum,  as 
the  periphery  of  a  circle  to  its  diameter.    For  in  the  former 

case  the  time  is  denoted  by  ^  =«•  \/  — ;  and  in  the  latter  the  the- 
orem  /=  \/-^  (art.  243.)  when  accommodated  to  the  present 

purpose  will  be  ^'  =:  ^ — .     Consequently  ^  :  /^ :  :  «f :  1* 

III.  If  two  pendulums  of  different  lengths  are  solicited  by 
different  gravitating  forces^  the  times  of  oscillations  are  as  tKe 
square  roots  of  the  lengths  of  the  pendulums  4i^ectly,  and  the 
square  roots  of  the  quantities  expressing  the  gravitating  forces 

inversely.    For  t'zzit*/ — ,  and  tf^  y/ — ,  give  t\1fi\  y/ —  : 

To  T 

Jl  V.  The  lengths  of  two  pendulums  are  respectively  in  the  in- 
verse ratio  of  the  squares  of  the  number  of  oscillations  made  in 
the  same  time.  In  the  time  x  let  the  pendulum  make  n  oscilla- 
tions, then  is  —  =:  the  time  of  one  oscillation  :  consequently 

^= — ^ztJ-^ — ,  and/=-4rr»     In  like  manner,  if  I'  be  the 

length  of  another  pendulum,  n'  its  number  of  oscillations  in  the 
same  time  t,  the  forcejof  gravity  <p  being  supposed  the  same 
(as  is  always  assumed  unless  otherwise  expressed);  we  shall 

have  /'  =  -^.     Whence  Z  :  /' :  :  4  : 4  :  :  n'* :  w*. 


,V«  •       ""^"^^i-  .  ^    '  '  rC^  '  li^ 


By  means  of  this  theorem,  the  length  of  the  seconds  pendu- 
lum may  be  readily  ascertained  experimentally :  for,  if  we  take 
a  pendulum  of  any  determinate  length  V,  and  count  the  num- 
ber of  vibrations  n'  Mrhich  it  makes  in  a  given  time,  half  an 
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hour^  for  example^.or  1800  seconds^  then  will  the  length  I  of  the 
seconds  pendulum  be  found  by  this  analogy,  (1800)*:  n'*  :  :  i' 
:  /.  By  this  method,  among  others,  has  the  length  of  the 
seconds  pendulum  in  the  latitude  of  London  been  foundr:394 
inches.  It  must  be  rec6llected  though,  that  the  length  is  not 
the  same  at  all  parts  of  the  earth's  surface ;  the  difference  aris- 
ing from  the  inequality  of  distance  from  the  centre,  and  th^ 
consequent  variations  in  the  centrifugal  force  (art.  286). 

Another  good  method  of  ascertaining  the  length  of  a  pen- 
dulum to  vibrate  in  a  certain  time  is  that  which  was  first  pro- 
posed by  Mr.  Hattoriy  and  afterwards  executed  by  Mr.  White- 
hurst.  It  consists  in  the  application  of  a  moveable  point  of 
suspension  to  the  same  pendulum ;  which  thus  gives  the  abso- 
lute effects  of  two  pendulums,  the  difference  of  whose  lengths 
is  known,  being  the  interval  between  the  points  of  suspension  in 
the  two  cases :  and  the  ratio  of  their  lengths  is  also  known 
from  observing  the  number  of  vibrations  performed  in  a  given 
time.  Whence,  there  being  two  equations  and  two  unknown 
quantities,  the  actual  lengths  of  the  pendulums  themselves  are 
easily  deduced.  Thus,  we  shall  have  til  \i  n'^ :  «*,  and  /—  i'=;rf, 
the  measured  distance  between  the  points  of  suspension :  con- 
sequently 1=  ;pg^  and  i'=;j^. 

V.  If  a  clock  keep  true  time  very  nearly^  the  variation  in  the 
length  of  the  pendulum  necessary  to  correct  the  error  will  be 
equal  to  ttsnce  the  product  of  the  length  of  the  pendulum  and 
the  error  in  time  divided  by  the  time  of  observatiori  in  whif:h 
that  error  is  accumulated. 

Let  the  time  of  observation  be=:T,  the  time  gained  or  lost  by 
the  pendulum  =:^',  the  length  of  the.  pendulum =/,  and  the  space 
which  the  pendulum  must  be  lengthened  or  shortened=:X :  then 
we  have  /  :  Z±A  :  :  (t±0*  •  T* ;  and  from  this  is  found  a= 

lt(±  2t— O  . 

— 7 — •—.     Neglecting  t\  which  is  very  small  with  respect  to 

2t,  the  equation  becomes  A  zz ;  which  is  the  same  as  the 

rule. 

Cor.  If  the  pendulum  be  one  that  should  beat  seconds,  and 
If  the  daily  variation  be  given  in  minutes,  and  n  be  the  number 
of  threads  in  an  inch  of  the  screw  which  rabes  and  depresses 

the  bob  of  the  pendulum,  then  A=:^-^~^  ^  •05434«^'  = 

^\n^'  nearly,  for  the  number  of  threads  which  the  bob  must 
ne  raised  or  lowered,  to  make  the  pendulum  vibrate  truly. 

VI.  The  length  of  a  seconds  pendulum  being  known  in  any 
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place,  the  space  through  which  a  heavy  body  would  fall  freely 
in  the  same  time  and  place  may  be  readily  found.    Thu9,  for 

London^  the  equation  t-ri'iAj — ^  becomes  Izzir  V — ^,  whdDc* 

we  have  f  =  ir*/  =  **  X  39^  =  386- 14  inches  =  Z%^  feet  nearly, 
the  appropriate  measure  of  the  force  of  gravity;  corresponding 
with  the  assumed  value  of  g  in  art  342.  Andhalf  this,  or  X^-^ 
feet;  is  the  space  descended  by  a  heavy  body  in  the  first  second 
from  quiescence. 

Or  the  same  conclusion  may  be  obtained  rather  differently 

from  No.  II.  of  the  present  article :  for  tt  :  1  :  :  r  :  —  the  time 

in  which  a  heavy  body  would  ?all  through  a  vertical  line  of 

19^  inches,  and  by  the  laws  of  falling  bodies  the  spaces  de- 

•      '  •  1 

scribed  are  as  the  squares  of  the  times ;  therefore  p ;  1' : :  19^ 

•  19^^  •  ir*=  193*07  inches  =:  16^^^  feet  nearly,  the  same  as 
before. 

It  is  obvious  also^  that  by  the  reverse  of  this  method  we  may 
find  the  length  of  a  seconds  pendulum,  having  given  the  space 
fallen  through  by  a  heavy  body  in  Ae  first  second  of  time  from 
quiescence.  And  thus  the  theory  and  experiments  mutually 
assist  each  other,  in  determining  data  of  such  importance  as 
thei§^,  in  many  other  branches  of  science. 

972.  Dbfs.  If  the  circumference  of  a  circle  be  rolled  along 
a  right  line,  until  any  point  o  of  that  circumference  which  was 
in  contact  widi  the  line  come  in  contact  with  it  again,  that  point 
o  will  describe  a  curve  called  a  cycloid.  The  line  on  which 
the  circle  rolls  is  the  base  of  the  cycloid;  and  the  diameter  of 
that  circle  which  is  perpendicular  to  the  base  when  the  circle 
touches  its  middle  point,  is  the  axis  of  the  cycloid. 

The  circle  which  rolls  along  the  right  line  is  called  the  ge- 
nerating  circle. 

Cor.  The  base  of  the  cycloid  is  equal  to  the  circumference 
of  the  generating  circle. 

273.  Prop.  If  a  line  ofb  be  drawn  from  any  point  o  in  the 
cyeJoidy  parallel  to  its  base,  and  meet  the  generating  circle  d§^ 
scribed  upon  the  axis  in  f,  the  circular  arc  rev  is  equal  to  the 
tight  line  of. 

iLet  the  generating  circle  touch  the  base  in  d  (fig.  1.  pi. 
Xm.)  when  the  generating  point  is  at  o.  de  perpendicular 
to  AC  and  equal  to  cv  is  the  diameter  of  the  circle  dob.  Draw 
the  chords  oe,  F'v.  Then,  since  de^cVi  and  PG^CB^  the 
remainder  G^  =:  bv:   consequently  0G;=:  V^(DG*Gf )  ==  Fi  ii^ 
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V(CB*Bv).  Add  FG  to  each  of  these  equals^  then  will  OP:^ 
GB.  Also  OB  =  v^(ed  •  eg)  =r  vp  i=  -\/(vG  •  Vb)  ;  therefore 
arc  Bto  r:  arc  vep :  and  since  every  point  in  onjy  has  been  sue* 
cessively  in  contact  with  ad,  while  the  point  o  moved  from  A 
to  its  present  position,  o»d  =:  ad,  and  eod  :=  ac  :  hence  £io= 
DC;  and  consequently  veF=:Eio=::DC=:QB=:oF. 

CoR.  Because  of  is  always  equal  to  the  arc  vep  or  Eto,  their 
cotemporary  increments  or  decrements  are  equal ;  that  is,  the 
initial  motions  of  the  point  o  which  traces  out  the  cycloidal 
arc,  the  one  parallel  to  the  base  ac,  the  other  in  the  direction 
of  the  circle  or  its  tangent  at  o,  are  equal  to  each  other. 

£74.  Pbop.  If  an  ordinate  ob  be  drawn  (fig.  1.  pi.  XIII.) 
from  amf  point  o  of  the  cycloidal  are,  intersecting  the  circle 
CFV  in  F,  then  will  the  tangent  oe  of  the  tycloid  be  parallel  to 
the  chord  fv  of  the  generating  circle* 

Draw  the  tangent  t^  to  tne  circle  doe  in  o^  and  product 
BO,  ix>,  to  b  and  d ;  then  are  the  initial  motions  of  the  point  o 
in  the  directions  o^,  og,  and  equal  to  each  other,  by  corol.  to 
the  foregoing  proposition.  And  if  the  parallelogram  of  motion^ 
be  constructed  upon  the  equal  sides  coinciding  with  o^,  oG,  its 
diagonal  will,  by  the  composition  of  motion,  be  in  the  direction 
of  the  tangent :  therefore,  die  contiguous  ndes  of  the  parallelo- 
gram being  equal,  it  will  be  either  a  rhombus  or  a  square,  and 
its  diagonal  will  bisect  the  angle  /og;  that  is,  oe  the  tangent  in 
o  will  bisect  the  angle  ^oG,  or  make  ^oezzeog.  But  godztodt, 
because  og  and  td  are  parallel ;  and  odt  =  tod,  because  the 
tangents  to,  td  are  equal ;  also  tod  =:  tod^  being  vertical  or 
opposite  angles;  therefore  Gojyzitod.  Then  adding  equals  to 
equals,  dog+  goe  =:  do^+^OE,  or  Joe  =:  doe  ;  consequently 
OB  is  at  right  angles  to  d^,  and  meets  the  diameter  de  in  its 
extremity  e.  Again,  cd  is  equal  and  parallel  to  fo,  therefore 
DO  is  equal  and  parallel  to  cf  ;  and  hence,  since  dob  =  CBv^a 
r^ht  angle,  6£  is  parallel  to  ft. 

Cob.  1.  Since  do  is  perpendicular  to  oB,  the  tangent  to  the 
cycloid  at  o,  it  coincides  in  direction  with  the  radius  of  curva- 
ture at  o. 

Cob.  2.  A  tangent  to  the  cycloid  at  the  vertex  v  is  perpen- 
dicular to  the  axis  tc,  and  parallel  to  the  base  ac. 

The  method  of  determining  the  tangent  to  the  cycloid  by  die 
composition  of  motion  was  first  given  by  Roberval,  in  his 
*'  Observations  on  the  Composition  of  Motion,  and  on  the  Tan^ 
gents  of  Curve  liries,'*  published  in  the  Memoirs  of  the  Aca- 
demy of  Sciences,  l(i66.  The  same  method  is 'again  appKed 
to  ^e  case  of  cycloids  and  epicycloids,  by  Mr.  West,  in  his 
Mathematics,  published  in  1762.     Afterwards  6y  Dir.  Parkin- 
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son^  in  his  Mechanics,  published  in  1785.    And  again  by  Mr* 
Ludlam,  in  his  ^Essays,  17&7.     Neither  of  the^e  gentlemen 
seem  aware  that  their  method,  is  the  same  in  principle  as  'Ro-    ^ 
bervaPs. 

275.  Prop.  The  involute  of  a  semicycloid  Aou  (fig.  13.  pK^ 
XII.)  is  an  equal  semicycloid  upv  in  an  opposite  direction,  ^Aew 
extremity  of  the  base  of  the  latter  being  in  contact  with  the  ver-* 
tex  ofthejormer. 

From  any  point  o  draw  ob  parallel  to  AC,  cutting  the  gene- 
rating circle  in  f,  and  join  fu.  Draw  op  a  tangent  to  th^ 
cycloid  in  o,  and  at  e,  the  point  where  it  cuts  the  line  uw 
drawn  from  u  parallel  to  cA,  let  fall  ed  perpendicular  to  uw, 
and  equal  to  cu.  On  ed  as  a  diameter  describe  a  circle  inter- 
secting the  tangent  op  in  some  point  p.  Then  (art.  274'.)  OB 
is  equal  and  parallel  to  Fu ;  and  (art.  278.)  of  is  equal  to  the 
arc  Feu.  The  circles  cfu,  dpe  are  equal,  as  are  likewise  the 
angles  fue  and  uep  ;  the  chords  fu,  bp,  therefore,  are  equal,, 
and  cut  off  equal  arches.  Because  ofus  is  a  parallelogram, 
UE  is  equal  to  fo,  or  equal  to  Feu,  or  equal  to  eiip.  But  if  the 
circle  epd  had  been  placed  on  the  line  uw  at  u,  and  had  rolled 
from  u  to  I,,  the  arch  disengaged  would  have  been  equal  to  us, 
and  di^  point  which  was  in  contact  with  u  would  now  be  in  P, 
in  a  periphery  of  a  semicycloid  upv,  equal  to  aou,  having  the 
line  UN  equal  and  parallel  to  Ac  for  its  base,  and  nv  equal  and 
parallel  to  cu  for  its  axis :  and  since  the  same  may  be  shewn  to* 
obtain  with  respect  to  any  other  point  in  aou,  the  cycloid  upv 
is  the  involute  of  aou,  as  in  the  proposition. 

Cor.  1.  The  arch  ou  of  the  cycloid  is  equal  to  twice  the 
corresponding  chord  fu  of  the  generating  circle:  for  this  arcb 
is  equal  to  the  evolved  line  OEP :  and  it  has  been  shewn  that 
0£=:£p;  consequently  op=:ou=:2oe=2fu. 

Cor.  2..  The  arch  of  a  semicycloid  is  equal  to  twice  the 
diameter  of  its  generating  circle ;  and  the  whole  cycloidal  aiK:h> 
equal  to  four  times  the  diameter  of  the  generating  circle. 

Cor.  S.  The  description  of  the  cycloid  upv  by  the  evolution, 
of  the  cycloid  aou  furnishes  a  simple  method  of  determining 
the  area  of  any  cycloid.  For  since  op  is  always  parallel  to  fu, 
the  former  op  will  sweep  over  the  whole  space  aoupv,  whilie 
UF  sweeps  over  the  whole  surface  of  the  semicircle  ufc  ;  and 
since  op  is  always  double  the  simultaneous  uf,  the  space  aoupv 
will  be  quadruple  the  semicircle  ufc.  Also,  the  space  describ- 
ed by  0£  in  any  instant  is  manifestly  one-fourth  of  the  space 
described  in  the  same  interval  by  the  double  line  op ;  there- 
fore, the -space  Aoun  is  equal  to  the  semicircle  ufc:  each  of 
ihem  is  one-third  of  the  area  nupv,  or  its^  eq^ual  Aoyc  ; 
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and    the   space   acfuoa  is    two-thirds  of  the  semicycloid 

AOUC. 

Qdr.  4.  From  this  proposition  it  will  be  easy  to  make  a  pen- 

'  dutum  oscillate  in  a  given  cycloid,  as  € vw,  whose  base  is  pa-^ 

^irallel  to  the  horizon.     Thus,  produce  the  axis  vn  till  VA  n 

ajlTN ;  through  a  draw  a  line  AC  parallel  to  uw,  and  =  Juw  \ 

Wi  AC  as  a  semi-base  with  axis  cu  describe  a  semicycloid  Aou ; 

and  in  like  manner  describe  another  semicycloid  aw  turned  the 

contrary  way:  then  a  string  whose  length  is  aou  or  AV,  being 

fixed  by  one  end  at  A,  and  in  its  motion  coming  gradually  into 

contact  with  one  or  other  of  the  cycloidal  cheeks  aou,  aw^  will 

describe  the  cycloid  uvw  by  its  other  extremity. 

276.  Prop.  To  find  the  time  of  a  pendulum's  oscillation^  in 
the  arc  of  a  cycloid. 

Let  uvw  (fig.  13.  pi.  XII.)  be  the  cycloid  in  which  the  body 
is  to  •scillate :  then  by  the  preceding  prop,  and  corols.  tn  = 
NA,  and  aou  =  awskav  =  Juvw.  The  accelerating  force  in 
any  point  t  of  the  curve  is  the  same  as  if  the  body  were  placed 
upon  the  tangent  rt :  and  by  the  nature  of  the  inclined  plane, 
the  force  of  gravity :  force  in  direction  Tt  :  :Tt :  tg  :  :  qy  : 
VH  (by  sin.  triangles)  :  :  vn  :  VQ. .  In  like  manner,  taking  any 
other  point  s  in  the  curve,  the  force  of  gravity:  force  in  the' 
curve  :  :  VR  :  vi  :  :  vn  :  VR.  Consequently  the  accelerating 
force  of  a  body  placed  on  different  points  T,  s,  of  the  curve, 
vdries  as  the  corresponding  chords  VQ,  vr,  of  the  generating 
circle,  or  as  the  portions  VT,  vs,  of  the  curve,  measuring  from 
the  vertex  :  these  portions  vt,  vs,  being  the  doubles  of  the  co|r- 
responding  chords  VQ,  VR,  by  cor.  1.  of  the  last  article.  This 
problem,  therefore,  is  analogous  to  that  discussed  in  arts.  2S7* 
238.  respecting  a  body  which  is  attracted  bj  a  force  which 
Taries  directly  as  the  distance  from  the  lowest  point  v:  conse- 
quendy,  in  this  case  as  well  as  that,  the  times  of  descent  freto 
any  points  on  the  arc  where  the  body  begins  to  move  from  qui* 
eacence  to  the  lowest  point  v  are  equal ;  and,  as  equal  forces 
acting  in  opposite  directions  will  destroy  equal  quantities  of 
motion  in  equal  times,  the  times  of  ascent  from  v  along  the 
fkjSker  Ibranch  of  the  curve  will  all  be  equal*  likewise :  hence  the 
times  of  oscillation  in  a  cycloid,  whether  through  greater  or  less 
arches,  are  equal. 

The  expression  if  •—  in  art.  237.  when  adapted  to  the 
present  case  becomes  i* -/  ^rj-,  /  being  equal  to  WTV  or  Av ; 

6 

Ihb  denote»  the  time  of  descent  through  half  the  cycloid :  hence, 
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in  the  cAse  of  vibration^  f:=,it  »/■;—'  for  the  time  of  oscillation  in 

a  pendulum  whose  radius  of  curvature  at  its  vertex  is  equal  io  ^*  ^ 
This  expression  agrees  with  that  given  in  art.  269.  for  pendu- 
lams  vibrating  in  very  small  circular  arcs ;  consequently,  the  xij^ 
diief  inferences  made  from  that  equation  will  equally  apply  t^lfe; 
the  cycloidal  pendulum.  W' 

Cob.  The  time  of  descent  through  wv  is  to  the  time  of  de- 
scent through  8V  (after  having  passed  ofver  ws)  as  the  semi- 
circumference  NKV  to  the  arc  ngv.  For,  on  the  radius  av 
describe  the  quadrant  Awz,  make  vk  =  2VR,  and  draw  kl  pa- 
rallel to  uw.|  ThW  is  4^vR :  ^vn  :  :  2vB  :  2vii : :  vk  :  va.  But 
TK  is  the  sine  of  the  arc  lz  to  the  radius  va,  and  |yR  is  the  sine 
of  half  the  arc  vqr  to  the  radius  ivN;  consequently  lz  and4vQR 
are  similar  portions  of  their  respective  circumferences ;  and 
therefore  since  the  radii  of  the  two  circles  are  as  4  to  1,  the  arc 
LZ  equal  2rqv.  Now,  av  being  equal  to.wsv,  and  vk=2vr=: 
VTS,  and  the  times  of  descent  through  AV,  Kv,  b«ing  as  the  arcs 
ALz,  LZ  (art.  237.)  we  shall  have,  time  in  wsv  :  time  in  sv  :  : 
ALZ  :  LZ  :  :  2nrv  :  2rqv  : :  nrv  :  rqv. 

Cob.  !i.  The  time  of  describing  any  arc  vTS  after  having 
fallen  through  upv,  is  to  the  time  of  describing  upv  a^the  arc 
VQB  to  the  semicircular  arc  vbn.  This  is  evident,  because  the 
time  of  describing  vs  after  passing  over  upv  is  manifestly 
the  same  as  the  time  of  describing  sy,  after  ha,ving  run  through 
ws. 

The  isochronism  of  vibrations  in  cycloidal  arcs  is  demonstrate  . 
ed  upon  the  supposition  that  the  whole  mass  of  the  pendulum  is 
concentrated  in  a  point :  a  supposition  which  cannot  actually 
take  place  in  any  vibrating  body  ;  and  when  the  pendulum  is  of 
finite  magnitude  there  is  no  point  given  in  position  which  de- 
termines the  length  of  the  pendulum ;  for^  that  which  is  called 
the  centre  of  oscillation  will  not  occupy  the  same  place  in  the 
given  body  when  describing  different  parts  of  the  track  it  XnoveBi 
through,  but  will  be  continually  moved  in  respect  of  the  pen- 
dulum itself  during  its  vibration.  This  circumstance  has  pre- 
vented any  general  determination  of  the  time  of  vibration  in  a 
cycloidal  arc  except  in  the  imaginary  case  here  considered  :  the 
property  of  isochronism,  however,  obtaining  here,  has  occasion- 
ed die  name  of  Tautochrones  to  be  applied  to  cycloids. 

Many  other  reasons  have  induced  the  artists  to  abandon  the 
use  of  the  cycloidal  pendulum,  although  it  was  commonly 
adopted  for  some  time  after  its  first  invention  by  Hnygens. 
'^The  principal  are,  the  difficulty  wjth  which  the  metallic  cheeks 
are  beiit  into  the  true  cycloidil  form;  the  improbability  of  their 
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long  retaining  it>  supposing  it  onc^  given;  and  the  changes  of 
ttrhich  the  pendulum  is  susceptible  in  consequence  of  the  ex* 
passion  and  contraction  by  heat  and  cold.  These  sources  of 
V  error  are  such  as  the  peculiar  property  of  the  cycloid  cannot 
^  obviate  :  and,  as  the  variations  from  isochronism  in  very  small 
^dEircular  arcs  are  very  trifling  and  readily  computed^  the  cycloidai 
^pendulum  is  now  wholly  disused  in  practice* 

Curve  qf  Swiftest  Jbescent 

27t.  At  first  view  it  itiight  be  imagined  that  as  a  right  line  is 
the  shortest  path  from  one  point  to  another^  so  it  should  be  the 
line  of  quickest  descent  from  one  point  to  another  not  situated 
in  the  same  horizontal  line:  but  it  has  been  already  seen  (art* 266. 
cor.)  tlSiX  the  times  of  descent  through  arcs  of  circles  in  certain 
positions  are  less  than  the  times  of  running  down  the  chords. 
And  there  do^s  not  appear  any  reason  why  other  curves  mi^ 
not  be  found  dirough  which  bodies  shall  pass  from  one  to  the 
other  of  two  given  points  in  less  time  than  they  would  pass  in 
circular  arcs.  The  general  prpblem  was  first  proposed  in  1697^ 
by  John  Bernoulli,  under  the  title  of  the  Brachystochronon^  or 
'^  that  curve  along  the  concave  side  of  which  if  a  heavy  body 
descend  it  will  pass  in  the  least  time  possible  from  one  point  to 
another,  the  two  points  not  being  in  the  same  vertical  line/' 
The  problem  was  truly  answered  the  same  year  by  Leibnitz, 
Newton,  L'Hospital,  and  James  Bernoulli.  The  problem  has 
been  reconsidered  more  recently  by  Venturi,  who,  besides  arriv- 
ing at 'the  same  conclusions  as  the  original  investigators^  has 
determined  that  there  is  a  minimum  of  time  of  descent  even  in  a 
circular  arc:  for  an  arc  of  a  circle  which  does  not  exceed  60 
degrees  is  a  curve  of  speedier  descent  than  any  other  curve  which 
can  be  drawn  within  the  same  arc;  and  the  arc  of  90  degrees 
is  a  curve  of  speedier  descent  than  any  other  curve  which  can 
be  drawn  without  the  saifte  arc.  And  many  other  theorems 
might  be  found,  particularlv  if  we  were  to  assume  different 
hypotheses  of  gravity:  but  all  we  shall  attempt  h^re  is  to  give 
the  solution  of  the  problem  upon  the  common  supposition  of 
gravity  being  a  constant  force  acting  in  parallel  lines  *• 

Prop.  To  determine  the  curve  along  which  a  body^  solicited 
by  gravity  y  will  pass  from  one  given  point  a  to  another  point  b, 
not  in  the  same  vertical  line,  in  the  shortest  time  possibU.^ 

Let  AC  (fig.  2.  pi.  XIII.)  be  parallel  and  be  perpendicular 

•  For  n>orc  concemiog  these  and  kindred  enquiviesj  sec  Woodbouse's 
Treatise  on  Isoperimetrical  Problems. 
VOL.  I.  B 
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* 
1 

to  ihe  horizon^  intersecting  each  other  in  e,  and  let  rM  be  any 
ordinate  to  the  curve  parallel  to  eb.  Let  ap^x,  PM==,y; 
AM=z;  then  the  velocity  at  m  will  (arts.  243.  26S.)  be  «K<* 

pressed  by  v^,  and  consequently  the  fluxion  of  the  time  of  ^ 

idesicent  through  am  will  be  truly  defined  by-ror  its  equaly      Xj^ 

(jcx  +ii)i.  Here,  therefore,  the  fluent  of  j^"* X  (Jcx^ry)^  * 
is  to  be  a  minimum  when  that  of  x  obtains  a  given  value  AE» 
Whence  we  must  have  y  xx(xx+yy\'''^  ^  a  constant 
quantity;  which,  in  order  that  the  terms  may  be  homologous^ 
tnay  be  denoted  by  a"  ,  or-V«   Then  a^x  zzy^x  (xx+yj)^ ; 

tlierefore  ;r=-.|^rr::7-^^,;  and  «=  ^ix'-^f)^  ^  ,,?■  .  ; 

^{a-y)      V{ay^yy  v  \       --  /        ^{a—y}  r 

i        

consequently 2;= 2a  —  2a  •  ^/a^y.  Hence  when  v=^>  Z'=:2a ; 
that  is,  if  these  values.of  y  and  z  be  represented  by  cv  and  the 
arch  VMA,  the  latter  will  be  double  the  former;  which,  as  we 
have  shewn  (art.  275.  cor.  2.),  is  a  property  of  the  cycloid  whos« 
Vertex  is  v,  and  diameter  of  its  generating  circle  cv. 

When  the  point  b  falls  on  the  other  side  the  vertex  with 
respect  to  a,  as  it  must  do  when  eb  is  less  with  respect  to  ab 
than  vc  to  AC,  or  than  the  diameter  of  a  circle  to  half  its  cir- 
'cumference,  the  process  will  be  the  same,  and  it  will  terminate 
in  a  similar  conclusion.  The  cycloid  therefore  is  the  curve 
required. 

Cor.  1.  If  the  celerity  be  supposed  as  any  function  f  of  the 
quantity  y,  the  problem  may  be  resolved  in  the  same  manner ; 

m  that  case,  the  equation  of  the  curve  will  be = — . 


,  Cob*  £•  From  the  above  investigation  a  very  simple  con- 
struction may  be  deduced.  Thus,  a  and  p  (fig.  3»  pLXIlI.) 
being  the  given  points:  through  a  draw  the  horizontal  line  ab> 
mi  p^rt  of  which  as  a  base  describe  any  inverted  cycloid  Apb; 
join  a,  p,  by  the  line  ap  cutting  the  curve  hpb  in  pjjoinpb, 
and  parallel  to  it  draw  pb  meeting  ab  in  b  :  so  shall  ab  be  the 
base  of  the  inverted  cycloid  avb,  through  which  the  body  will 
'  pass  from  A  to  p  in  the  shortest  time  possible.  This  con- 
struction is  founded  upon  the  property  that  cycloids  are  similar 
curves,  having  only  one  constant  quantity  entering  their  equa- 
tion, namely,  the  diameter  of  the  generating  circle.  We  see, 
iJso,  that  for  any  two  given  points  a,  p,  there  can  be  only  one 
cycloid  which  will^answer  the  conditions  of  the  problem  of  the 
bi^chystochronon.  * 
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It  should  be  Remarked,  that  this  simple  construction  was 
first  given  by  Newton  in  the  Philosophical  Transactions, 
No.  224. 

278.  Prop.  Ifxv^  be  the  line  of  swiftest  passage  from  A  to 
p  (fig.  4.  pi.  XIII.),  dnd  AP  the  right  line  joining  the  points  a 
'"^fand  p ;  then,  if^^  be  drawn  perpendicular  to  the  curve  in  p,  and 
as  let  fall  perpendicularly/  from  the  point  a  upon  Ps,  the  time 
in  which  a  body  drawn  by  gravity' describes  the  right  line  ap,  is 
to  the  time  in  zohich  itzcould  pass  from  a  to  f  along  the  curve 
.    AW,  as  AF  to  AS. 

TTirough  p  draw  pn  parallel  to  the  axis  of  the  cycloid,  and 
PT  parallel  to  the  base  b a;  meeting  the  axis  in  h,  and  a  circle 
described  on  the  diameter  cv  in  f  and  o.,  and  lastly,  meeting  the 
cycloid  in  t.  Draw  the  chord  cf,  which  (art.  274.)  will  be 
parallel  to  ps.  Whence  pm=fc,  and  mc  =  pf=  (art.  273.)  fv  : 
and  consequently  AM  =  cavF.  By  art.  276.  the  time  in  arc 
atv  :  time  in  cv  : :  semicircumference  :  diameter;  and  by  art. 
276.  cor.  2.  the  time  of  describing  vp  (after  having  passed  over 
Av)  :  time  in  atv  : :  vf  :  vqc.  Therefore  time  in  avp  ;  time 
in  cv  : :  arc  cgvF  :  diam.  cv.  But,  time  in  cv  :  time  in  np  or 
CH  : :  cv  :  cf  ;  therefore,  by  equality,  time  in  a  vp  :  time  in  np  : : 
arc  CQVF  :  chord  cf':  :  am  :  mp.  -Again,  time  of  fall  through 
NP  :  time  in  right  line  ap  :  :  np  :  ap;  therefore,  the  ratio  of  the 
time  along  avp  to  the  time  in  ap  is  composed  of  the  ratios  of 
AM  to  MP,  and  of  np  to  ap;  that  is,  time  along  avp  :  time  in 
AP: :  AM  •  np:  mp«pa.  But  am  •np  =  mp«  as,  each  being  the 
dout)le  of  the  triangle  amp.  Consequently,  the  time  in  which 
a  body  falling  from  rest  runs  through  the  curve  of  the  cycloid 
AVP,  is  to  the  time  in  which  it  would  pa$s't)ver  the  right  line  ap, 
as  MP  •  AS  to  MP  •  pa,  or  as  as  to  ap.  And  in  the  same  manner 
(mutat.  mutan.)  the  demonstration  proceeds  when  the  point  pis 
between  a  and  v.  ' 
,  Cor.  I,  Since  ap  the  hypothenuse  of  the  right-angled  triangle 
ASP  is  always  greater  than  a»,  the  time  of  descent  through  the 
right  line  ap  is  always  greater  than  the  time  of  passing  through 
the  arc  ap.  • 

Cob.  2.  When  p  coincides  with  v,  ps  and  as  coincide  with 
vc  and  ac  respectively;  and  then,  time  in  arc  av  to  time  itk 
chord  AV,  as,|ir  to  \/(l+J«^),  or  as  1-5708  to  1-8621  nearly. 
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CHAPTER  III. 


On  Central  Forces, 

279.  Since  a  body,  when  once  put  into  motion^  will  (art.  3h)y 
unless  prevented  by  obstacles,  persevere  in  that  state  with  the 
same  velocity  and  the  same  direction,  it  follows  that  a  body  can- 
not describe  a  curve  line  unless  it  is  subjected  to  the  action  of 
a  constant  force,  or  meets  with  obstacles  after  obstacles  which 
change  at  every  instant  the  direction  of  its  motion.  If  the  force 
which  acts  on  a  moving  body  according  to  any  direction  dif- 
ferent from  that  in  which  it  is  moving,  act  at  finite  intervals  of 
time,  and  communicate  at  each  interval  a  determinate  velocity, 
the  body  will  describe  a  polygon.  But  if  the  body  have  re- 
ceived at  first  a  finite  velocity,  and  the  force  which  deflects  it 
from  its  path  act  continually  or  without  interruption,  the  body 
will  then  describe  a  curve  line :  such  is  the  effect  of  the  con- 
stant solicitation  of  gravity;  and  such  al^o  that  of  the  resistance 
of  fluids.  / 

A  body  which  is  moving  in  a  curvilinear  track  may  be  con- 
sidered>  at  any  instant  whatever,  as  if  it  were  moving  along  the 
tangent  of  that  point  of  the  curve  at  which  it  is  found;  and  if  the 
force  which  deflects  the  body  at  any  instant  ceases  to  act,  the 
body  will  persevere  in  its  motionaccording  to  the  direction  of 
that  tangent. 

Defs.  1.  The  centre  of  attraction  or  of  force  is  the  point 
towards  which  any  body  is  solicited  or  impelled. 

2.  Deflecting  fo7xe  is  the  force  which  tends  to  bend  the  course 
^f  a  Ibody  at  every  instant. 

S.  Centripetal  force  is  the  force  which  tends  constantly  tb  so- 
licit or  to  impel  a  body  towards  a  certain  fixed  point  or  centre. 

4.  Centrifugal  force  is  that  by  vdiich  it  wotdd  recede  from . 
such  centre,  werejt  not  prevented  by  the  centripetal  force. 

5.  These  two  forces  are  called  jointly  Central  Forces. 

Cor.  The  centrifugal  and  centripetal  forces,  being  cor- 
relatives in  circular  mcnions,  may  be  represented  by  the  same 
line. 

6»  Projectile  force  is  that  with  which  the  body  would  run 
out  in  a  tangent  to  its  padi^  if  there  were  no  centripetal  force  to 
prevent  it. 
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Cor.  The  centripetal  and  projectile  forces  are  heterogeneous, 
and  cannot  be  compared.  For  the  action  of  the  one  is  inces- 
sant,  but  that  of  the  other  is  impulsive. 

7.  The  path  described  bj  a  body  acted  upon  by  a  centripetid 
force  is  often  called  its  tryectofy,  or  its  orbiL 

8.  Radius  vector  is  a  line  drawn  from  the  centre  to  which 
the  force  is  referred,  or  in  which  it  is  supposed  to  act,  to  any 
point  in  the  trajectory  wherein  the  body  is  found. 

9.  Angular  velocity  is  the  velocity  with  which  the  angle  is 
described  which  is  contained  between  any  two  positions  of  the 
radius  vector;  it  is  measured  by  an  arc  of  a  circle  whose  radius 
is  a  unit  of  distance,  and  comprehended  between  two  positions 
of  the  radius  vector  at  the  interval  of  a  unit  of  time. 

10.  When  a  body  moves  round  a  centre  in  an  orbit  or  trajec- 
tory which  returns  into  itself,  the  time  employed  by  the  body 
after  passing  a  certain  point  before  it  returns  to  that  point  again 
is  called  the  periodical  time. 

280.  Prop.  If  from  two  points  a  andv,  equally  remote  from 
the  centre  of  attraction  c  (fig.  5.  pi.  XIII.)  two  bodies  ijiove 
with  equal  velocitiesy  the  one  alongtheright  line  ac,  the  other  in 
u  curve  line  dbq,  their  velocities  at  all  equal  distancesfrom  the 
centre  will  he  equal. 

Let  DK  in  the  tangent  of  the  curve  at  the  point  d  be  the 
space  which  would  be  described  in  an  evanescent  portion  of 
time  vnth  the  velocity  at  d,  fg  the  arc  of  a  circle  whose  centre  is 
c,  and  GK  its  tangent;  and  while  af  would  be  described  with 
the  velocity  at  a,  let  fh  be  added  to  it  by  the  attractive  force. 
Draw  the  arc  hi^  and  il  a  tangent  to  it  at  i,  meeting  dk  pro- 
duced in  L  :  draw  also  kb  parallel  to  dc,  and  lb  perpendicular 
to  liL.  Then,  dg  :  dk  :  :  gi  :  klj  :  kl  :  k]B,  by  similar 
triangles ;  therefore  oi :  KB  : :  dg^  :  dk^;  and  consequently  kr' 
will  be  the  space  described  by'^lbe  attractive  force,  wl)ile  dk 
would  be  described  with  tlie  velocit}'  at  d;  for  tlie  force  may  be 
considered  as  Uniform  duri^ig  the  descHption  of  the  evanescent 
increments,  and  the  spaces  described  by  the. action  of  a  uniform 
force  are  as  the  squares  of  the  times  (art.  227.)  Hence,  the 
resultant  will  be  Tin,  which  is  ultimately  equal  to  dl  ;  and  the 
whole  velocity  will  be  increased  in  the  ratio  of  dl  to  dk,  or  of 
D|  to  DG^  or  of  AH  to  AF :  consequently,  since  h,  i,  and  l,  are 
ultimately  equi-distant  from  c,  the  velocities  in  ea  and  ed  are 
always  equally  increased  at  equal  distances,  and  will,  therefore, 
always  remain  equal  at  equal  distauces. 

CoR.  The  same  thing  may  in  similar  circumstances  be  shewn 
to  obtain  with  respect  to  the  velocities  in  £C,  tod  any  other 
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curve  e'dq';  and  consequently  it  will  hold  with^regard  to  the 
two  curves :  therefore,  generally,  two  or  more  bodies  beins  at^ 
traded  toward  a  given  centre  with  equal  forces  at  equal  disr 
tances,  if  their  velocities  be  once  equal  at  equal  distances j  they 
will  remain  aluays  equal  at  equal  distances,  whatever  be  their 
directions. 

28 1 .  Prop.  A  body  revolving  in  an  orbit ,  by  the  joint  ejects 
of  a  projectile  and  a  certtripetal  force,  describes  by  its  radius 
vector  equal  areas  in  equal  times,  and  in  unequal  times  areas 
proportional  to  the  times. 

Let  ABCD,  &c  (fig.  7.  pi.  XIIL)  be  part  of  an  orbit  described 
by  a  bodj,  which  is  solicited  by  a  centripetal  force  towards  the 
point  p.  If  the  projectile- force  alone  acted,  the  body  would 
move  uniformly  in  a  right  line  as  av  :  but  if  the  centripetal 
force  be  supposed  to  act  by  separate  impulses  or  solicitations, 
as  at  B,  c,  D,  &c.  when  the  body  receives  the  impulse  at  b  it 
will  be  drawn  dut  of  its  course  towards  p,  and  (art.  217.)  wil^ 
describe  the  diagonal  bc  in  the  same  time  as .  t^he  projectile 
force  alone  would  have  made  it  describe  BC.  After  equal 
intervals  similar  effects  will  take  place  at  c,  d^  &c.  Since  ab^ 
bc,  8cc.  are  the  lines  described  in  equal  times  by  the  body,  the 
areas  described  in  equal  ^imes  by  the  radius  vector  will  be  AfB, 
B^c,  &c.  -Now  AB,  bc,  expressing  spaces  passed  over  by  a 
uniform  motion,  are  equal  bases  of  the  triangles  a^b,  Bfc, 
which  being  terminated  by  the  same  point  f,  have  likewise 
equal  altitudes,  aud  are  therefore  equal.  .  And  because  the  body 
at  B  i^  by  the  joint  action  of  the  projectile  jEind  centripetal  forces 
carried  forwards  in  the  diagonal  bc  of  the  parallelogram  Gc, 
the  opposite  sides  gb,  cc,  are  parallel,  and  cc  is  pargllel  to  b^» 
But  Bp  is  the  common  base  of  the  two  triangles  b^c,  b^c  ;  and 
these  triangles  are  between,  the  same  parallels;  therefore  they, 
are  equal.  Consequently  a^b,  which  has  been  proved  equal 
to  Bpc,  is  likewise  equal  to  b^c;  that  is,  the  areas  described  in 
equal  times  are  eqaul.  And,  by  composition,  any  sums  of  these, 
areas  are  to  each  other  as  the  times  in  which  they  are  described; 
that  is,  the  areas  are  universal^  as  the  times* 

Let  the  number  of  these  triangles  be  augmented,  and  their 
breadths  diminished  indefinitely,  the  centripetal  force  being 
now  supposed  to  act  continually:  then  will  the  ultimate  peri- 
meter ABCD,  &c.  be  a  curve  line,  which  is  always  concave  to-, 
wards  9  the  centre  of  force;  and,  the  above  reasoning  being, 
still  applicable  to  those  triangles  whose  breadths  are  indefinitely, 
diminished,  the  areas  will  be  as  the  times. 

It  does  not  necessarily,  follow,  Uiat  the  centripetal  force. 
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should  cause  the  body  always  to  approach  the  centre  of  force ;' 
it  may  contioue  to  recede  from  it^  notwithstanding  its  being 
drawn  by  a  force  residing  there :  but  this  property  must  always 
belong  to  its  motion^  that  the  trajectory  which  it  describes  be 
concave  towards  the  centre  of  force. 

Cor.  i .  The  plane  in  which  the  trajectory  lies  passes  through 
the  centre  of  force.  For  the  diagonal  bc  of  the  parallelogram. 
CG  is  in  the  same  plane  as  its  sides;  therefore  bc,  Bf,  are  in  the 
same  plane :  in  tlie  same  manner  Bd,  cd,  cf^  are  in  one  plancy 
being  the  same  as  the  former;  and  so  on. 

CoR.  2.  The  projectile  velocity  of  a  body  revolving  in  a  curve 
about  an  immoveable  centre  of  force,  is  reciprocally  as  the  perm 
pendicular  let  foil  from  that  centre  upon  the  tangent  to  that 
point  of  the  orbit  where  the  body  is  when  its  velocity  is  estimated^ 
For  the  area  of  any  of  the  triangles  a^b,  b^C;  being  constant, 
the  base  which  represents  the  velocity  is  reciprocally  as  the 
j>erpendicular  demitted  upon  it  from  f . 

Cou.  3.  The  angular  velocity  at  the  centre  of  force  is  ffr-. 
ijprocally  as  the  square  of  the  body*  s  distance  from  that  centre. 
For,  if  the  small  triangles  ?cd,  ^ba  (fig.  8.pl.  XIIF.)  are  equal, 
they  are  described  in  equal  times:  and  2  area  c^Dn^c  •  eg  ; 
-also2  area^BAzr^B'BP;  therefore  ^c«cq=^b«b  P.  But,  angle 
€^D :  angle  a^b  : :  eg  :  cj'  : :  ^c 'Co  :  ^c  •  cj  : :  f b  •  bp  : f c  •  cq  : : 
area  ^ba  :  :  area  fcq  : :  ^b*  :  (fc^  or  ^c*. 

Cor.  4.  If  AB,  BC,  and  de,  EF(tig.  7.)^  the  arcs. described  in 
equal  times,  be  completed  into  the  parallelograms  Ad,  t)F,  the 
centripetal  forces  at  b  and  e  will  be  to  each  other  in  the  ulti- 
mate ratio  of  the  diagonals  bo,  ez,  when  those  arcs  are  inde- 
finitely* diminished.  For  the  motions  of  the  body  bg,  ef,  are 
compounded  of  the  motions  bc,  bg,  apd  e/)  ez;  but  bo 
and  EZ  are  equal  lo  cc  and  e/*,  which,  as  appears  from  this 
proposition,  are  generated  by  the  impulses  of  the  centripetal 
force  in  b  and  e,  and  are  therefore  proportional  to  those  im- 
pulses. 

Cor.  5.  Tke forces  with  which  bodies  are  drawn  into  cijtrvili-' 
near  orbits  are  to  each  other  as  double  the  versed  sines  4ob,|ze, 
of  the  indefinitely  sinall  arcs  abc,  dev, described  in  equal  times; 
and  these  versed  sinef  converge  to  the  centre  (p,  and  bisect  the 
xhprds  when  those  arcs  are  diminished  indefinitely :  for  such 
versed  sines  are  half  the  diagonals  of  parallelograms ;  bg,  Ez, 
being  bisected  by  the  diagonals  ac,  fd. 

Cob.  6.  Conversely,  tfthe  radius  vector  of  a  body  describe 
areas  proportional  to  the  times  about  any  point  <f,  it  is  urged  to- 
wards  that  point  by  the  centripetal  force.  For  if  f  be  not  tjie 
4:^ntre  of  force,  let  it  be  some  other  point,  as  s :  then,  by  thie 
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prop,  the  body  will  so  move  that  itM  radius  vector  will  describe 
also  areas  proportional  to  the  times,  about  the  centre  s ;  which  is 
impossible;  for  it  is  manifest  a  body  cannot  universally  describe 
areas  proportional  to  the  times  about  two  different  centres  inutbe 
same  plane. 

282.  Prop,  To^etermine  the  ratio  of  forces  by  which  bodies 
tending  to  the  centres  of  given  circles  are  made  to  revolve  in 
their  peripheries. 

Let  AMfl  (fig.  12.  pi.  XII»)  be  the  circle  in  which  one  of  the 
bodies  moves  round  the  centre  df  force  c,  and  jet  the  indefi* 
nitely  little  arch  Aobe  the  distance  it  moves  over  in  agiveq 
or  constant  particle  of  time;  then,  cor.  5.  of  the  preceding  prop* 
the  centripetal  force  at  o  will  be  measured  by  twice  av.  And 
by  the  nature  of  the  circle,  the  chord  and  arc  Ao  will  be  ultiv 
mately  equal  in  length;  whence  Ao^^ Aa  f  Ap^Ac  *  2Ap ;  con- 
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sequently,  2Ap  =  — '    And  the  same  may  be  shewn  with  re^ 

spect  to  the  motion  in  any  other  circle.  So  that,  if  %,  and  r, 
denote  the  radii  of  two  circles,  f,  and/*,  the  respective  central 
forces,  V  and  i:;,  the  velocities  with  which  the  bodies  move  in  their 

peripheries,  we  shall  bavepr/::^  :  ^;  therefore,  the  forces  arfi 

as  the  squares  of  the  velocities  directly,  md  a$  the  radii  iti^ 
versely. 

Cor,  1,  In  a  circle  the  velocity  is  uniform,  if  the  centte  of 
force  coincide  with  the  centre  of  the  circle,     for  the  radius 
which  is  the  perpendicular  to  the  tangent  (cor.  S*  art.  jSSlO  i^  ^ 
constant  quantity. 

Cor.  2*  Because  f  ;  /: ;  -^  :  — ,  it  follows  that 

v:v::  j^  iRv:  \/  rf,  and 

Con.  3.  Comparing  the  analogy  v  j  p : :  V%F :  •//,  with  the 

expressions  oc  -5-  in  uniformly  accelerated  motions,  it  follows 

that  the  velocity  is  every  whfire  eqtial  to  that  which  a  body 
would  acquire  in  falling  by  thfi  same  uniform  forde  through 
half  the  radius. 

CoR.  4.  If  the  ratio  of  the  periodic  times  be  denoted  by  that 

of  p  to  p,  then  Jhe  ratio  of  the  velocities  being  as r—to  — ,  Mp 
iShjEm  have  by  equality  i/RF:  Vrfw-^i-j-y  whence  also 
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^  •/:•'■;?  27-.  and 

Cob.  5.  A  few  other  properties  of  circular  motion  iinder 
it^fFerent  hypotheses  may  be  thrown  together ;  thus. 

If  p  ;  |i :  :  1  :  1,  then  f  :  y :  :  r  :  n  ' 

If  V*  :  V* : :  r  :  R,  then  f  :/ ;  ?  r*  :  r*  ;  :  y* :  v*. 

also  p  :  p  :  ;  R^ :  r', 
Jf  ff  :/:  :  1  :  1,  then  v  :p  :  ;  •r  :  y^r.  ' 

If  V  :  1?  : :  r  :  r^  then  F  :/  :  :  r^ :  r'  ; :  t*  ?  v^^ 
Cor.  6.  If  the  measure  of  the  force^  or  the  velocity  which 
would  be  UDiformly  generated  in  a  unit  of  time,  be  expounded 
by  any  power  r"  of  die  radius  AC  (fig.  1?.  pi.  XIL),  then  the 
/distance  through  which^  body  would  freely  descend  in  the  same 
time  by  the  constant  operation  of  that  force  will  (art.  243.)  be 
expressed  by  ir .  Henc^,  since  the  distances  descended  by 
nieans  of  the  same  force  uniformly  continued  are  as  the  squares 
of  the  tjimes,  it  is  evident  if  the  time  of  moving  through  ao  be 
.denoted  by  t,  that  the  distance  Ap  descended  in  that  time  will 

fee  denoted  by  ~  x  yr' :  so  that  we  shall  havc^  ao=  \/(2Ap'Ac) 

:=  -y  X  r""»~ ;  which  being  the  distance  described  by  the  re- 
<v dying  body  in  the  time  t,  it  follows  that  the  space  passed  over 

n+  1 

in  the  given  time  1,  will  be  equal  to  r""^' 

Cor.  7.  Hence,  to  find  the  periodic  time  we  have  ^""9":  «.  x 

2r  (the  whole  periphery) :  :1:  2«r-rr"~r'  rrgTr""^,  the  true  mea- 
sure of  the  periodic  tim^^ 

Cob,  8.  Hence  also  it  follows  that  if  «  be  expounded  by 
J,  0,—  1,-2,— 3  successively,  the  velocity  corresponding  wi|l 

be  as  r,  r%  J,  r"  ,  and  r""   ;  and  the  time  of  revolution  as 

\)  r  y  Ty  r%  and  r*,  respectively, 

SCHOLIUM. 

283.  J^Tom  the  preceding  proposition  and  its  corollaries  the 
velocity  .and  .periodic  time  of  a  body  revolving  in  a  ^circle,  at  any 
given  distance  from  the  earth's  centre,  by  means  of  its  own 
gravity,  may  be  deduced.  Thus,  let  the  radius  of  the  earth 
(=21Q0QQOO  feet,  nearly)  be  denoted  by  r,  and  the  space 
through  Y^hich  a  heavy  body  falls  at  the  surface  (==167^  feet) 
Jjiy  ig,  the  force  of  g^vifcy  at  the  surface  beinj;  denoted  by  g; 
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then  will  the  velocity  per  second  in  a  circle  at  the  surface 
(cor.  2.)  be=  Vgr= 26000  feet  nearly ;  and  the  time  of  revo- 

lotion  =  '7F=  n  w    /  — =5075  seconds.     Let  r  be  put  for 

the  radius  of  any  other  circle  described  by  a  projectile  about 
the  earth's  centre :  then,  because  the  force  of  gravitation  above 
the  surface  varies  inversely  as  the  square  of  the  distance^  wc 

have,  by  cor.  8.  r"^*:  R~*  :  :  26000  feet  (velocity  per  second 
at  the  surface) :  26000  \/—f  the  velocity  in  the  circle  whose 

radius  is  R.     Andr  :  R^  :  :  5075'  (the  periodic  time  at  the 

surface)  :  5075  V'-j-,  the  periodic  time  in  the  circle  whose 

radius  is  R.  '. 

For  example^  if  R  be  assumed  equal  to  60r,  the  distance  of 
the  moon  from  the  earth,  the  expression  for  the  velocity  will 
become  3356 1  feet  per  second ;  and  that  for  the  periodic  time 
M'ill  become  2360035'  or  27  -nr  days,  nearly. 

284.  Thus  also  the  ratio  of  the  forces  of  gravitation  of  the 
moon  towards  the  sun  and  the  earth  may  be  estimated.  For 
365|-  days  being  the  periodic  time  of  the  earth  and  moon  about 
the  sun,  and  27-3  days  the  periodic  time  of  the  moon  about 
the  earth ;  also  60  being  the  distance  of  the  moon  from  the 
earth  in  terms  of  the  earth's  radius,  and  23920  her  mean  di- 
stance from  the  sun  in  the  same  measure,  we  have,  by  cor,  4. 

3S920  60  ^      ^         nz        1  1        *u  -L   •      \l1_  > 

sSsIiii  •  =  grS^  •  •  ^  =/•  •  2|  :  1  nearly ;  that  is,  the  moons 
gravitation  towards  the  sun  is  to  her  gravitation  towards  the 
earth  as  2|  to  1  nearly. 

285.  Again,  from  the  same  principles  the  centrifugal  force 
of  a  body  at  the  equator  arising  from  the  rotation  of  the  eartb 
is  derived.  For  the  proposition  and  corollaries  apply  to  centri- 
fugal forces  as  well  as  centripetal  ones ;  the  terms,  as  before 
observed,  being  correlatives  (when  those  two  alone  keep  the 
body  in  its  orbit).  And  we  have  just  found  (art.  283.)  that  the 
time  of  revolution  is  5075'  when  the  ceptrifugal  force  becomes 
equal  to  the  gravity ;  also  (cor.  4.)  it  appears  that  the  forces  in 
circles  having  the  same  radii  are  reciprocally  as  the  squares  of 
the  periodic  times :  hence,  therefore,  since  the  earth's  rotation 
is  performed  in  23*.  56  .  or  8fil€0'.,  we  have  86160* :  507a*:  :' 
the  force  of  gravity :  the  centrifugal  force  of  a  body  at  the 
equator  arising  from  the  earth's  rotation  : :  1 :  ^It  nearly.  *  **  ' 

286.  Since  the  time  of  revolution  of  a  body  under  the  equa- 
tor B(^(f]g.  6.  pL  XIII.),  and  in  any  parallel  of  latitude  bq, 


Chap.  lit]  Circular  Afotian.  251 

is  equ^ly  the  centrifugal  forces  (cor.  5.)  are  as  the  distances  CE, 
AB,'/rom  the^axis  of  motion,  or,  as  radius  cb,  to  the  cosine  ab 
of  the  latitude.  But  in  any  latitude,  as  at  b,  the  centrifugal  force 
is  not  (as  under  the  equator)  opposite  to  the  whole  gravity,  but 
only  a  part  of  it,  which  also  is  to  the  whole  as  the  cosine  of  the 
latitude  to  radius:  For,  produce  ab  the  directiolf  of  the  cen- 
trifugal force  to  Dj  and  cb  the  direction  of  gravity,  till  it  meet  a 
perpendicular  let  fall  upon  it  from  d  at  f  ;  then  bd  represent- 
ing the  whole  centrifugal  force  at  b,  bp  will  represent  that  part 
of  it  which  is  directly  opposed  to  gravity;  but  bd  :  bf  : :  bc  : 
ab  :  :  rad  :  cos  be.  Therefore,  combining  these  two  ratios,  it 
follows,  that  the  diminution  of  gravity  at  the  surface  of  the 
earth  arising  from  the  centrifugal  force  varies  as  the  square 
of  the  cosine  of  the  latitude. 

The  law  just  stated  for  the  diminution  of  gravity  is  on  the 
supposition  of  the  earth's  sphericity ;  but  as  the  polar  axis  of 
the  earth  is  rather  shorter  than  the  equatorial,  the  former  being 
to  the  latter  nearly  as  319  to  320,  or  what  is  technically  deno- 
minated the  compression  being  about -^4^;  and  as,  moreover, 
the  density  of  the  earth  is  different  at  different  distances  from 
its  centre ;  the  preceding  theorem  is  not  exact.  It  would,  how- 
ever, take  us  too  far  from  the  immediate  subject  of  this  chapter, 
were  we  to  tra^e  all  the  minutiae  here.  Let  it  suffice  if  there 
be  added  a  theorem  or  two  for  the  relations  of  gravity  at  differ- 
ent latitudes.  In  order  to  which,  let  y  the  gravity  under  the 
fsquator,  G  that  at  either  pole,  g  that  under  any  latitude  A ;  then 
^r:(l  -}-. 005 2848  sin  *A)  y ;  and  therefore  G=:  1.00528487.  Or, 
if  ^  denote  the  gravity  at  45^,  then  for  any  latitude  A,  we  shall 
have  g=^g'  ( 1  —  -002837  cos  2A).  And  the  absolute  length  of 
the  centesimal  second's  pendulum  expressed  in  metres 

=  .739575+0-0040942  sin  ^A.* 

287.  But  now  to  determine  more  universally  the  ratio  of  the 
force  of  a  body  revolving  in  any  given  circle  to  its  gravity;  we 

have  already  given  it  a/ — ,  for  the  periodic  time  at  the  sur- 
face of  the  earth,  when  the  gravity  and  centrifugal  force  are 
equal :  if,  therefore,  the  time  of  revolution  in  any  circle  whose 
radius  is  f  feet  be  denoted  by  t  seconds,  it  will  follow,  from  cor. 

4.of  the  prop,  that  -77^ :  -^-  :  :  gravity  of  body :  its  centrif. 
(force  in  that  circle ;  which  is  as  unity  to — —-,  or  as  I  ta  I«2274 


*  See Connaissance des  Terns,  an  I8I6.  p;  332. 
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X  ^  very  nearly.    Thus^  if  the  length  of  a  aling  by  wbich  a 

stone  is  whirled  about  be  2  feet»  and  the  time  of  revolution 
half  a  second^  the  force  by  which  the  stone  endeavours  to  fly 

off  will  be  to  its  weight  as  1*2274  x-^  to  1,  or  as  9-8192  to 

unity. 

The  circumference  of  the  circle  whose  radius  is  g  being  ^itg, 

and  /  the  periodic  time,  the  velocity  in  the  circle  will  be-—- ; 

and  if  this  be  put  for  v  in  the  general  expression  vss  V^^  (art. 

243.)  we  shall  have-^=  \/(!2gs\  whence  ^s=— ^  the  space 

a  heavy  body  must  descend  freely  to  acquire  the  velocity  in  the 

circle ;  but  it  is  manifest  that  g  :•  ^f   : :  1  '—4-,  the  preceding 

expression  for  the  centrifugal  force ;  so  that  our  theorem  agrees 
with  the  comprehensive  one  first  given  by  the  Marquis  de  THo^ 
pital,  vk^m^jy  find  from  what  height  the  body  must  have  f alien 
to  acquire  the  velocity  in  the  circle ;  then,  as  the  radius  of  the 
circle  to  double  that  height,  so  is  the  weight  of  the  body  to  its 
centrifugal  force. 

288.  From  the  general  proportion  in  the  preceding  article, 
the  centrifugal  force  and  periodic  time  of  a  pendulum  describe 
ing  a  conical  surface  may  readily  be  found.  Thus,  let  CA  (fig. 
9.  pi.  XIII.)  the  length  of  the  pendulum,  be  denoted  by  /;  cs, 
the  altitude  of  the  cone,  by  a ;  the  semidiameter  as  of  the  base' 
by  g,  and  the  periodic  time  by  t :  then,  because  the  body  is  re- 
tained in  the  circle  by  three  different  forces,  viz.  the  centrifugal 

force  — -~,  in  the  direction  SA,  the  force  of  gravity,  ol*  the 

weight,  1,  in  a  direction  parallel  to  cs,  and  the  force  of  the 
thread  ac,  compounded  of  the  two  former ;  it  follows  that  cs 
:  CAOT  asa  :  b  :  :  weight  of  body  at  a  :  force  upon  the  thread 

at  a;  also,  as  1  : — r*  •>  cs  :  sa:  :a:  g.  Whence  gt^=4ai^, 
and  t=:2'Jf  A  /  "■  =  l«10784v'«.    Consequently,  the  periodic 

time  varies  as  the  square  root  of  the  altitude  of  the  conic  pendu^ 
lumj  let  the  radius  of  its  base  be  what  it  may.  Or,  comparing 
this  theorem  with  that  in  art.  271. 1,  it  appears  that  the  semipe-^ 
riodic  time  in  the  cone  is  equal  to  the  time  of  oscilfatian  of  a 
simple  pendulum  whose  length  is  the  altitude  of  the  cone. 

Because  Igt^  or  its  equal  2«7r%  represents  the  space  a  heavy 
body  will  descend  by  its  own  gravity  in  ^  seconds  (art.  243.) ;  and 
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because  1* :  ir* : :  2/i :  2flfir*= Jg-/* ;  it  hence  appears,  that  as  the 
square  of  the  diameter  of  any  circle  is  to  the  sqtuire  of  its  pein- 
phery,  so  is  twice  the  altitude  of  the  cone  to  the  distance  a 
heavy  body  wiUjreely  descend  in  the  time  of  a  complete  gyra^. 
tion  of  the  conical  pendulum. 

Hence  also,  if  cs  be  to  ca  as  a  square  inscribed  in  a  circle  to 
the  square  of  its  circumference,  or  if  the  angle  CAs  be  nearly 
2^  53'  ^,  the  periodic  time  of  the  pendulum  will  be  equal  to  the 
time  of  free  descent  through  c  s  * . 

289.  Prop.  To  determine  the  hm  of  centripetalforce  tendn 
ing  to  a  given  point  c,  by  which  a  body  may  describe  a  given 
curve  APQ. 

Draw  PT  a  tangent  to  the  curve  at  any  point  P  (fig.  10.  pi. 

XIII.},  and  from  c,  the  proposed  centre  of  force,  demit  the 

perpendicular  ct  :  let  po,  the  radius  of  curvature  at  the  point  p, 

Jbe  denoted  by  b,  the  distance  or  radius  vector  cp  by  f,  and  the 

^  When  a  body  is  made  to  describe  a  circle  by  being  fixed  to  one  ex« 
tremity  of  a  string  (or  of  an  inflexible  bar)«  while  the  other  extremity  is 
attached  to  an  immoveable  point,  or  by  moving  along  the  concave  super* 
ficies  of  a  polished  sphere  or  cylinder ;  m  both  cases,  whatever  be  the  pro. 
pdttion  in  which  the  centrifugal  force  is  increased  by  increasing  the  velocity 
of  the  projection,  the  reaction  of  the  string  or  of  the  surface  will  always  be 
increased  m  the  same  proportion,  so  that  the  body  will  describe  the  same 
circle  with  different  degrees  of  velocity.  But  when  the  centripetal  force 
and  the  distance  from  tne  centre  are  given,  the  velocity  is  given  (art.  282. 
cor.  3.)>  being  that  which  would  be  acquired  by  falling  down  half  the 
dbtance.  i  If,  therefore,  the  velocity  be  increased  whilst  the  centripetal 
force  continues  the  same,  the  centrifugal  force  being  increased  in  the  du- 
"plicate  ratio  of  the  velocity,  it  will  be  greater  than  the  centripetal ;  there- 
fore in  the  time  that  the  body  would  have  described  any  distance  M.T  ia 
the  tangent  (fig.  12.  pi.  XU.)  it  will  be  drawn  to  a  greater  distance  than  a 
from  the  centre,  and  will  have  described  a  curve  exterior  to  the  circle  MAm. 
For  a  like  reason,  if  the  velocity  be  diminished,  the  centrifugal  force  becom- 
ing less  than  the  centripetal,  the  body  will  describe  a  curve  interior  to  the 
circle :  but  if  the  centnpetal  force  be  at  the  same  time  increased  or  dimi-> 
nished  in  the  same  proportion,  the  body  will  $till  be  rained  at  the  same 
distance  from  the  centre,  and  describe  the  circle  ma  ma. 

Hence  it  is  manifest  that  when  a  body  describes  any  orbit  exterior  or  in- 
terior  to  that  of  thecircle,  the  tangent  being  perpendicular  to  the  rad^ 
vector,  the  centrifugallbrce  of  the  body  in  its  orbit  is  equal  to  the  centri* 
peiai  force  with  which  the  body  would  describe  a  circle  at  the  same  di»* 
stance,  and  with  the  same  velocity  in  the  direction  perpendicular  to  the 
radius  Vtctor.  The  same  will  be  true  if  the  direction  be  not  perpendicular 
to  the  radhis  vector :  for  in  this  case  if  the  motion  be  resolved  into  two, 
one  in  the  direction  of  the  radius  vector,  and  the  other  perpendicular  to  it, 
the  latter  is  the  only  part  which  will  increase  or  diminish  the  centrifugal 
force. 

In  this  last  ease  the  body  is  retained  in  its  orbit  by  three  forces ;  the  cen- 
tripetal and  centrifugal  forces,  and  that  part  of  the  motion  in  the  tangent 
>vnich  is  in  the  direction  of  the  radius  vector. — Newton  on  Ultimate 
Ratios. 


254  ^  DYNAMICS.  [Book  IL 

perpendicular  cr  upon  the  tangent  by  p,  the  velocity  in  the  Curve 
beinc;  denoted  by  t;.  Then,  because  the  centripetal  forces  in 
circles  are  as  the  squares  of  the  velocities  directly  and  the  radii 
inversely  (art.  282.),  it  follows  that  the  force  tending  to  thr 
point  o,  by  which  the  body  might  be  retained  in  its  orbit  at  P, 
which  must  manifestfy  be  the  same  as  the  force  in  the  circle 

whose  radius  is  po,  will  be  defined  by  — ,  or  by  — r— t  since  v 

is  inversely  as  p,  by  cor.  2.  art.-  281.     Wherefore,  by  the  reso^ 

lutiou  of  forces,  we  shall  have  CT  (=|?)  :  cp  (=f>)  :  :  -^ — 

(force  indirection  po)  :  —-j  force  in  the  direction  PC. — Now: 

the  general  expression  for  the  radius  of  curvature  is  b— -~' 

p 
which  value  of  r  substituted  for  it  in  the  preceding  expressiod: 
for  F,  the  centripetal  force  towards  o,  will  transform  it  to  this^ 

F  zz  -—-,  an  equation  expressing  the  law  required. 

Another  expression,  which  will  be  sometimes  useful,  may  be  ^ 

found  by  taking  the  value  of  the  radius  of  curvature  in  terms  of  * 

•j 
the  arc  and  its  rectangular  co-ordinates,  that  is,  r  = — — ;    for 

this  introduced  into  the  expression  f  =-|—  will  convert  it  to 

CoR.  1.  If  the  point  c  be  so  remote  that  all  right  lines  drafwn 
from  thence  to  the  curve  may  be  considered  as  parallel  to  each 
other,  then  making  pr  perpendicular  to  cp  (pp  being  an  evanes- 

cent  portion  of  the  curve),  the  force  will  be  as  r— ^^..  or  bare^^^ 

*^  "  (cPXPr)' 

•  •• 

ly  as  -f-Tf,  since  j  =  cp  may  in  this  case  be  rejected. 

This  expression  being  general  in  all  cases  where  the  force  acts 
ia  parallel  directions,  it  hence  follows  that  the  force  which 
always  acting  in  the  direction  of  the  ordinate  pm  would  retain 

•  ■ 

the  body  in  its  orbit  is  every-where  as    "T^    ;    because    in  iia» 

case  PC  coincides  with  pm,  and  pr  becomes zzjf. 
.  Co|i.  2.  bince  the  force  tending  to  the  point  c  is  universally 

aSv  ■■  or   -—-,  the  force  to  any  other  point  c  will  of  coii- 
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sequence  be  as     .        .    Therefore,  the  forces  to  different 
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ceotres  C;and  c,  about  which  equal  areas  are  described  iu  the 
same  time/  are  to  each  other  in  the  inverse  ratio  of  — —-  to 

'  CP 

Cor.  3.  Hence  also  the  ratio  of  the  velocity  at  P  to  that  by 
which  a  body  might  revolve  in  a  circle  about  the  centre  c  at  (he 
distance  cp,  is  easily  obtained.  For,  since  the  velocity  at  p  js 
that  by  which  the  body  would  revolve  in  a  circle  about  the 
centre  o,  and  the  forces  tending  to  the  centre  o  and  c  are  to 
each  other  as  p=:CT  and  ^=cg ;  it  therefore  follows,  if  the  ratio 

sought  to  be  assumed  as  v  to  w,  that : '--  P  '^  (art.  282.) 

Whence  also  v*  :  m*  :  :  jp  x  po  (=:/>r)  :  px  pc  (— f*);  and con^ 

tequently  V : II : :  y/-^  :  1  :  :  a/-4-  ••  1  -  \/-^  *  V  "^ 
because  b  =-^. 

V 

GoR.  4.  Fill-ally,  the  law  of  centripetal  force  being  given,  the 
BSture  of  the  trajectory  may  hence  be  found :  for,  since  the  force 

f  is  universally  defined  by  — :",  it  is  manifest  that  the  fluent  of 

^f  =  2^,  which,  when  f  is  given  in  terms  of  ^,  will  become 

knowti ;  and  then,  the  relation  between  p  and  o  being  given, 
the  curve  itself  is  known. 

We  now  shew  the  application  of  this  proposition  by  an 
example  or  two. 

290.  Ex.  I.  Let  it  be  required  to  find  the  force  tending  to 
the  centre  of  an  ellipse  when  a  body  revolves  in  its  periphery. 

-Let  the  semitransverse  c'A(fig.  1 1.  pL  XIII.),  be  denoted  by- 
tf,  the  semiconjugate  axe  c'e  by  b,  the  radius  vector  c'p'  by  f, 
and  its  semiconjugate  c^R  by  w:  then,  by  the  nature  of.  the 
ellipse,  (Emerson's  Con.  1.  34.)  PP+nn=aa^bb,  whence  hzz 
V'(a»+6»-.f*) :  again  (ibid.  1. 37.)  n  [=  A/(a*+*"-f')]:6::a:p 

(,=ft)=-—^-^;  therefore  p  =     ,  '  f  ,  a.  •  Conaequently^ 
i_ » f5Sf__  X   ^"'+^'7^'^'  =  -fj-.    So  that  the  force 

tending  to  the  centre  of  the  ellipse  is  directly  as  the  radius 
vector. 

Ex.  II.  To  find  thelaw  of  the  centripetal  force^  by  which  a 
body  tending  to  the  focus  c  is  made  to  revolve  in  the  periphery 
rfancUtpse. 
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From  the  other  focus  f  (6g.  11.)  draw  fs  parallel  to  CT^ 
meeting  the  tangent  tp  at  right  angles  in  s;  join  fp  t  then  put 
AB:=:2a,  c'd==&^  as  before,  and  the  latus-rectum  or  parameter 

( — -J  =  ^.     Denoting   cp,   and    ct,  as   before,  Vft   have 

FPriAB  — cp=2a— ^,"  whence,  by  reason  of  the  similar  tri« 
angles. cpl",  pps,  it  will  be  ^  :p:  *  2a— j :  Fs=g^  -^'^  .    But, 

by  the  nature  of  the  curve^  fsxctssc'd*^  whence^  ^ ^ 

rr6*;  and  consequently -^  = --^  —  -5-.    The  fluxion  of  the 

latteir  expression  is  — ^=:  —  — ^-.    So  that  we  have  (art  M^) 

7^=-^-7  =  -^=    "»^  (»rt.  289.  cor.8.)  ^/-f^^ 

\/       2a  ^    ^\/  IP"'     Hence  it  appears,  that  4e  centri« 

petal  force  is  in  this  case  reciprocally  as  tfao  square  of  the 
distance  ^  or  cp;  and  that  the  velocity  at  P  is  to  that  by  which 
the  body  mig];it  describe  a  circle  at  the  distance  cp,  every-where 
ia  the  ratio  of  \/fp  to  \/ac'. 

Otherwise  thus:  Let  another  body  descending  in  a  right-line 
begin  to  fall  with  the  same  velocity,  then  among  the  general 
equations  for  variable  motions  we  have  (art.  232.  III.)  ^r: 

f^^,  where  s  is  equivalent  to^  in  the  present  case;  and  o  being 

considered  as  negative,  the  equation  becomes  ^r:— -^;  the 

e 
same  being  likewise  true  in  the  curve,  by  art.  280.    Now  vrz 

^    (art.  211.  cor.  2.)  and  its  fluxion  t?=  -Ili,  therefore  fs: 

—  •  — ?-  =:  -~-:  which  is  fhe  same  expression  as  at  art.  289* 

p      p"e        /»sg  ^ 

but  deduced  from  art.  280.  The  rest  may  then  be  determined 
from  the  properties  of  the  ellipse,  as  above. 

Ex.  III.  Kequired  the  law  which  would  cause  the  body  to 
move  in  a  hyperbola^  the  force  tending  to  the  focus. 

In  this  instance,   proceeding  as   before,    we   shall    Have 

vK^^^O  =6^,  instead  of -£^^^ll^=ft%  as  in  the  eUipse.  From. 
this  we  obtain  —  =fr^+ .1.;  whence  there  will  result -A-=5 
— ,  the  very  same  as  in  the  ellipse.  ' 


/^ 
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Ex.  IV.  To  find  the  law  which,  when  the  force  tends  to  the 
Jvcus,  would  cause  the  body  to  move  in  a  parabola. 

Here  the  equation  will  be  ■*"  ■  •  p^z=:b^,  or  ~  -  =  — -  -- 
|x;  and  the  force  again  as  — 5— •  But  the  measure  of  the  ve- 
locity will  in  this  instance  become   ^  /  «£L  =  a  / --^-^ — ^ 

V      gp         V 

±:\/2  :  consequently  the  velocity  in  a  parabola  is  to  that  by 
M^hich  the  body  might  describe  a  circle  at  the  same  distance 
from  the  centre  of  force,  in  the  constant  ratio  of  v/2  to  unity. 

Q.91 .  Pro  p.  To  detemdiie  the  ratio  of  the  velocities  of  bodies 
revolving  in  different  orbits,  about  eitKer  the  same  or  different 
centres;  the  orbits  themselves  and  the  forces  tending  to  the 
centres  being  given. 

Let  APD  (fig.  11.  pi.  XIII.)  be  any  orbit  which  a  body 
^lescribes  about  the  centre  of  force  c ;  let  the  force  itself  at  the 
principal  vertex  a  be  denoted  by  f  ;  let  r  denote  the  semipar^ 
meter,  or  the  radius  of  curvature  at  A,  and  let  ct  be  perpenh- 
dicular  to  the  tangent  tp.  Then  (art.  282.  cor.  2.)  the  velocity 
at  A  is  always  as  v^pr ;  and  (art.  281.  cor.  £.)  we  have  ct  :  CA. 

ca.  •  J. 

:  :  V^Fr  (the  velocity  at  a)  : Vrr,  the  velocity  at  p.    This 


CT 


answers,  however  the  values  of  ac,  r,  and  f,  may  vary. 

Cob.  1.    If  the  centripetal  force  lie  as  the  square  of  thfe 

distance  inversely,  or  Fa — p,  the  velocity  at  p  will  become 

x/"~T  ^^ — ^      Consequently  the  velocities  of  bodies  re-- 

vohing  in  different  orbits  about  a  common  centre  are  directhf 
Oi  the  square  roots  of  the^  parameters,  and  reciprocally  as  tht 
perpenaicularsfrom  the  centre  of  force  to  the  tangents  to  the 
curve  at  the  points  where  the  bddies  are. 

Cor  2.  If  the  velocity  at  p  be  denoted  by  pp,  and  cp  be 

A* 

drawn,  then,  since  p/)oc-^^,  it  follows  that  ^/rocpp'CT,  or  as 

the  triangle  cpp.  Hence,  the  areas  described  about  a  common 
centre  of  force,  by  the  radius  vector,  in  a  given  time,  are  in  the 
subdupiicate  ratio  of  the  parameters. 

Cor.  3.  And,  since  the  area  of  the  curve  apdb<,  M'hen  an 
•ellipse,  is  known  to  be  as  Ac'  •  c'd,  or  as  ac'  •  -v/  (r  •  Ac<)  ; 
whence,  if  this  be  applied  to  \/r,  expressing,  by  the  last  cor. 
the  area  described  m  a  given  part  of  time,  we  shall  obtain 

Ac/'V^Ac'  or  AC^^  for  the  relative  measure  of  the  tinie  of  a 

VOL.  I.  s 
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complete  revolation.  Therefore,  it  appears,  that  the'periodic 
times f  let  the  species  of  tite  ellipses  be  what  thy  will,  are  in 
the  sesquiplicate  ratio  of  the  principal  axes. 

This,  of  consequence,  obtains  when  the  ellipse  becomes  a 
circle :  agreeing  with  what' has  been  previously  shewn,  under 
the  foarth  case  of  cor.  8.  art.  282. 

Cor.  4.  Hence,  therefore,  it  follows  Ma^^A^  j)enWf^ /*i»e 
tn  an  ellipse  is  the  same  as  in  a  circle  whose  diameter  is  equal 
to  the.  transverse  axis,  or  radius  equal  to  the  mean  distance 

CD. 

SCHOLIUM. 

It  appears  from  this  proposition  and  corollaries  that  the 
periodic  time  of  a  planet  uader  the  influence  of  a  force  vaiy- 
ing  inversely  as  the  square  of  the  dktance,  depends  on  its 
mean  distance  alone,  and  will  be  the  same  whether  the  planet 
describe  a  circle  or  an  ellipse  having  any  degree  of  excentricity 
•whatever.  Now  suppose  the  shorter  axis  d£  of  •  the  ellipse 
ADBE  (fig.  ll.pl.  XIII.)  to  diminish  contmuailjr,  the  longer 
axis  AB  remaiiiiNg  the  same:  then,  as  the  extremity  of  the  in- 
variable line  DC  moves  from  j>  towards  c^,  the  e^^tremity  c  will 
move  towards  a,  so  that  when  D  coincides  with  c',  c  will  coin- 
cide with  A,  and  the  ellipse  will  be  transformed  into. a  straight 
line  AB,  the  length  of  which  is  equal  to  2cd.  In  all  the  suc- 
cessive ellipses  produced  by  this  gradud  diminution  of  c^D  the 
periodic  time  remains  unchanged,  if  the  force  acting  at  c  con- 
tinues unchanged.  Just  before  the  perfect  coincidence  of  B  with 
tfihe  elUpse  may  be  conceived  as  undistinguishable  from  the  line 
AB;  and  the  revolution  in  such  ellipse  undistinguishable  from 
the  ascent  of  the  body  along  the  right  line  from  A  to  B,  and 
-the  subsequent  descent  in  an  equal  time,  from  b  to  Av  Cbnse^ 
^uentl^v  a  body  solicited  by  such  a  central  force  wilt  descend 
from  B  to  A  in  half  the  time  of  the  revolution  in  the  elHpse 
ADBE;  and  the  time  of  descending  through  any  distance  DC 
(supposing  the  projectile  force  extinguished)  is  half  the  pe- 
riodic time  of  a  body  revolving  at  Aa/jTthat  distance  from  the 
siin.  Hence  we  see  that  the  squares  of  the  times  of  Jailing  to 
the  sun,  or  other  centre  of  force,  are  as  the  cubes  of  the  distances 
from  At:  agreeing  witli  the  conclusion  in  art.  236.  To  find 
this  tini<  of  descent  in  particular  instances^  multiply  half  the 
periodic  time  by  the  square  root  of  the  cube  of  J,  or  the  whole 
periodic  tiipe  by  J\/|,  or  i>y  \^2,  or  by  'n67767*  Thilf 
process  give  us  4(/.  20h.  for  ihe  time  of  descent  of  the  ipopu:to 
'the  earth.  Mercury  to  the  sun  15fi?.  13^.  Venus,  SQrfo  H^ 
The  earth,  64ri.  IS^V  Mars,  J  2  id.  10  JA.  J upiter,  7 a5rf.  2 Lf  A. 
Sattim^  Id01cf..22^A;    Hersdiell,  543Sd<  17A;    And  t&esamW 
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rulfif  nvill  apply  to  the  descent  of  the  satellites  of  Jupiter^ 
Satiiro^  &c.  to  their  respective  primaries.  See  Thorp's  New- 
toil;  vol.  I.  p.  193.  Whiston's  Mathematical  Philosophy, 
p.  173. 

292.  Prop.  The  centripetal  force  tending  to  a  given  point  c 
(fig.  11.)  being  inversely  as  the  square  of  the  distance^  and  the 
direction  arid  the  velocity  of  a  body  at  any  point  p  being  given; 
to  determine  the  path  in  which  the  body  moves,  and,  if  it  returns, 
the  periodic  time. 

It  is  manifest  from  art.  290.  that  the  trajectory  is  a  conic 
section,  of  which  the  point  c  is  one  of  the  foci.  Let  the  other 
focus  be  F.  Upon  the  tangent  demit  the  perpendiculars  CT, 
FS,  and  draw  cp,  pp.  Let  Ac'rrfl,  ca— p,  as  before;  the  sine 
of  the  angle  of  direction  cPT=m^  to  radius  1  ;  and  let  the  given 
velocity  at  p  be  to  that  by  which  the  body  might  revolve  in  a 
circle  about  the  centre  at  the  distance  OP,  in  any  given  ratio, 
of  n  to  unity.  Then,  by  art.  200.  w  :  1  : :  ^pf  :  ^/ac/;  there- 
fore, n* :  1  : :  PF  (  =  2a  — p)  :  Ac'zza  :  whence  we  find  A</=a 

j*^.  Again,  since  CT=m*c?,  and  fs=»i«fp  (the  angles 
CPT,   FPS    being    equal),  we   have    c'D*=CT«FS=m*cp»Pps= 


tfi*Tt 


"      ^^',  SO  that  the  semiconjugate  axis  c^D  is  likewise  given. 

Lastly,  by.cor.  S.  of  the  preceding  article,  it  will  be  ch^  : 
ep7  : :  T  (the  periodic  time  in  any  given  circle  whose  radius  is 

cn)  :  T«cp*-rCN»,  the  required  time  of  revolution  when  th0 
orbit  i^  an  ellipse ;  that  is,  when  n^  is  less  than  2.    For,  whea 

n*=2,  the  axis  of  the  curve  (expressed  by  -J  ^  ^  becomes 

infinite,  and  the  orbit  degenerates  into  a  parabola:  and  if  n* 
es)beeds  2,  the   axis  becomes  negative,  and  the  curve  is  a 

Hyperbola,  whose  principal  diameters  are  "  Jj^    ■  and  ^  '^  > 

respectively. 

Cob.  1.  Because  neither  the  value  of  Ac'  not  the  expression 
for  the  periodic  time  is  affected  with  m,  it  follows  that  the 
principal  axis  and  the  periodic  time  will  remain  invariable,  if 
tha  Telocity  at  p  bovthe  same,  whatever  the  direction  at  that  > 
point  may  be. 

Cob.  2.    We  may  readily  apply  this  proposition  to  the  case 
^t  bodies  projected  from  die  surface  of  the  earth;  for  it  has, 
dready  been  shewn  (art.  283.)  that  a  body  projected  with  a 
Telocity  of  26000  feet,  w  4*d2424  miles,  per  second,  would 
^edbriHA  idfck  at  itr  furfsee:- and  tnr  this  prop.  1 :  V^  :  :^ 

«2 
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26000  feet :  36769  feet  or  6*96893  miles,  velocity  of  projection 
Mrhen  a  parabola  would  be  the  trajectory.  Hence  appears  th^ 
truth  of  what  is  often  remarked  in  popular  treatises  of  astro- 
nomy; that  if  a  body  were  projected  from  the  earth's  surface 
with  a  velocity  exceeding  7  miles  per  second,  it  would  (if  not 
resisted  by  the  air)  describe  a  hyperbola ;  if  with  a  velocity  of 
rather  less  than  7  miles  per  second,  it  would  describe  a  para- 
bola; and  if  the  initial  velocity  were  between^  and  5  miles  per 
second/ the  body  would  describe  an  ellipsis:  if  the  velocity  be 
less  than  5  miles  (or  4  92424)  per  second,  the  body  would 
not  describe  a  complete  ellipse,  as  its  periphery  would  in 
part,  if  not  entirely,  fall  within  the  circumference  of  the  earth, 
and  of  course  the  motion  of  the  body  would  be  stopped  at  the 
first  point  of  intersection  of  the  two  curves. 

293.  Prop.  The  attraction  of  a  corpuscle  to  a  sphere  is  just 
the  same  as  if  all  the  matter  of  the  sphere  Were  collected  into 
its  centre:  the  force  being  supposed  to  vary  inversely  as  the 
^uare  of  the  distance. 

In  order  to  prove  the  truth  of  this  proposition,  we  must  first 
^  investigate  the  force  by  which  a  corpuscle  would  be  attracted' 
towards  a  circular  plane.  Let  o,  therefore,  be  the  centre  of 
the  circle  ABCD  (fig.  12.  pi.  XIII.)  to  which  the  corpuscle  p 
is  attracted.  Suppose  abed  a  smaller  circle  in  the  same  plane 
as  ABCD,  and  havmg  the  same  centre,  and  by  supposition  the 

attraction  of  p  to  any  particle  c  will  be  as— ^.     Put  vo^d, 

pc=x,  the  number  3*14159  being  as  heretofore  represented  by 
«r :  then  oc*z:i:^  —  d%  and  *  (x*  —  d^)  zzarea  of  circle  ahcd.  The 
fluxion  of  that  area  is  therefore  =2'jfxx\  and,  by  the  resolution 

of  forces, x  \  di:  --p  :  dx    9  the  attraction  of  p  to  c  in   the 

direction  po.     Henc6  the  fluxion  of  the  whole  force  is  truly 

defined  by  2txx  xdx    or  its  equal  2ifx    x  \  and  the  force  itself 

hy  J  ^tx^^x  :  which   when    proper]^  corrected   beoojOAe*- 

—— + -^  =«*  (1  - 4)-    So  that  when  xsspc  the  at&rac 

tion  to  the  whole  circle  becomes  2t  (1  — —  )  •  or  the  attrac- 

.  ,  PO 

tion  vanes  as  1  —  — — . 

PC.  .  ...... 

Now,  let  ABCD  (tig.  13.)  1)e  a  sphere,  and  p  a  corpuscle 
attracted  towards  it.  D^w  PAoc  thrpj^gh;  th^  centr(|o;iind 
let  BID  be  th^  diameter  of  a  sec^p9  4j^.04>  o£.|^  spbe^. per- 
pendicular to  P6.  -  Put  die  raduia  aosp  r^,  PO  s<^  ap  se  9 — ^ 
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zz  c,  pt  =y  and  PB  ::::  pd  =  c  -f  or:  then  will  Ai  rry  —  c,  ci  dt 
2r  — y-f-  c,andconsequendy  Ai-ci  =  Bi*=:(y— c)^(2r— y+i) 
=:  p.B*—  PI*  =/(c  +  xy  —  y*.  From  this  equation  there  arises  y=t  ^ 

— = — ,  because  a  mr  +  c.     VV  hence  it 

■ 

follows^  that  2'ff  (i—  ~)  the  value  of  the  attraction  towards  the 

circle  obcd  is  equal  to  Sir  (  1 ^rrr—^  )  =   ^a^TT  ^  •  this 

multiplied  by  Si±ff  =r  ^  gives  it     ^  7^     ^'^''  ^^^  fluxion  of  the 

required  force.  The  fluent  of  this  is  ^^^^^^^,  which  expresses 
the  attraction  of  the  segment  a  bo.     And  this^  when  b  and  d 


4«r« 


coincide  widi  c  and  x  =  2r,  becomes  -r-rj-,  for  the  measure;  of 


the  attraction  of  the  whole  sphere^  which  therefore  varies  as 
•^,  Now  if  the  density  5  of  the  sphere  should  vary,  the  at- 
traction must  (Ciet.  par.)  vvny  as  ( :  so  that  for  all  spheres  the 
attraction  varies  as  t^.    But  the  quantity  of  matter  q  varies  as 

ir^ ;  and  consequently  the  attraction  varies  as  — .  Therefore,  if 

the  spheres  were  evanescent  in  magnitude, .  or  the  same  quan- 
tity  of  matter  condensed  into  the  centred,  the  attraction  would 
be  the  same.     q.  e.  b. 

CoK.  1.  When  d  —  r,  the  value  of  the  attraction  ^^,  be- 
comes ^Sr.  So  that  at  the  surface  of  the  sphere  the  attraction 
is  directly  as  the  radius. 

Cor.  2.  If  the  molecula  of  ttPo  spheres  s,  s',  attract  eacX 
other  by  a  force  varying  inversely  as  the  square  of  ike  distance, 
irhe  attraction  is  the  same  as  if  the  whole  quantity  of  hiatter  in 
each  sphere  were  collected  into  its  respective  centre. 

Cor*.  3.  Hence  what  has  been  proved  respecting  the  attrac- 
tion of  two  corpuscles  when  the  force  varies  inversely  as  the 
square  of  the  distance,  holds  true  for  two  spheres,  the  particles 
of  which  attract  each  other  according  to  the  same  laws.  Con- 
sequently, if  the  molecule  of  two  spheres  act  upon  each  other 
according  to  that  laWj  one  sphere  mil  describe  a  conic  section 
about  the  other  in  one  of  its  foci. 

SCHOLIUM, 
294.  Since  it  is  known  that  the  sun  and  all  the  planets  are 
nearly  ^ericul,  and  that  they  revolve  in  ellipses  in  one  of  the 
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foci  of  which  the  sun  is  always  very  nearly;  the  preceding  pro^ 
positions^  therefore,  furnish  astronomers  with  just  reason  for 
concluding,  that  each  planet  is  attracted  to  the  sun  by  a  force 
which  is  direct  It/  as  the  quantity  ^f  matter  in  the  centr<il  body, 
and  inversely  as  the  square  of  the  distance  of  their  centres :  and 
that  the  comtituent  pdrticlfs  also  attract  each  other  by  m  force 
^hich  varies  in  like  manner.     But  we  need  not  stop  here.     It 
is  one  of  the  constant  laws  of  nature  (art..  21.)  that  a  body  caor 
Slot  act  upon  another,  without  being  subject  to  an  equal  con- 
trary reaction.     Thus,  the  planets  and  the  comets  beiqg  drawn 
towards  the  sun,  likewise  attract  the  sun  towards  them  by  the 
same  law:  thus  also  the  satellites  are  attracted  towards  the 
planets,  and  the  planets  contrarily  towards  the  satellites ;  and 
both  these  a^ain  towards  the  sun.  ,  This  attractive  property  is, 
therefore,  common  to  the  sun,  planets,  their  satellites,  and  tp 
comets;  and,  of  consequence,  we  niay  regard  the  mutual  gra- 
vitation of  the  celestial  bodies  as  a  property  generally  obtaining 
throughout  the  universe.     This  consideration  will  lead  to  a  fevr 
more  general  propositions  which  will  immediately  follow :  we 
may  just  observe  previously^  that  what  is  already  done  will  en* 
able  the  student  to  understand  the  principles  on  which  the  quan- 
tity  of  matter  and  density  of  the  planets  are  commonly  ascer- 
tained.    For  the  effects  of  attraction  at  different  distances  being 
as  stated  at  the  beginning  of  this  scholium,  and  the  quantity  of 
matter  being  jointly  as  the  magnitude  and  density  of  a  body;  if 
therefore  the  effects  of  the  attraction  of  different  bodies  are 
Icnown,  and  their  diameters,  we  can  find  their  densities,  and 
thence  their  quantities  of  matter.     Now  to  find  the  densities^ 
let  ^  represent  the  density  of  the  central  body,  r  its  radius,  Q  its 
quantity  of  matter,  t  the  periodic  time  of  Ihe  revolvmg  body, 
a  its  mean  distance  from  the  central  body,  and  s  the  natural  side 
pf  the  angle  under  which  r  appears  at  the  distance  d.    Then 

5jaftr',  while  T*a  — ,  and  this  again,  a  j^  -  hence  Ja  ^,.  But 

*  =  Ji  or-  =  -;  whence—  cs  — ,  and  consequently  Ja  j^;^. 

From  this  general  expression  the  comparative  densities  of  most 
of  the  planets  have  been  determined.  But  this  brief  isketch  of 
the  method  must  suffice :  for  this  is  not  a  place  to  enter  more 
into  detail. 

295.  Prop.  The  common  centre  of  gravity  qftwo  bodies  is 
fiot  affected  by  their  mutual  attractions. 

Since  a  body  b  attracting  another  body  b'  (fig.  14.  pL  XIII.) 
exerts  its  infiiience  equally  upon  every  particle  of  B,  the  acce- 
leration of  b'  to  b  is  the  same  whatever  the  quantity  of  ipatter 
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in  3^  may  be,  and  will  vary  as  the  quantity  of  matter  in  b  :  the 
Inagnitudes  of  the  bodies  being  supposed  indefinitely  small  with 
respect  to  their  distance.  And  in  like  manner  the  acceleration 
of  B  towards  b',  from  the  attraction  of  the  latter,  is  in  propor- 
tion to  its  quantity  of  matter.  Let  therefore  b  and  b'  attract 
^each  other^  6  being  their  centre  of  gravity;  jthen  the  accelera- 
tion of  b'  towards  b  from  b's  action  :  acceleration  of  B  towards 
b'  from  b's  action  : :  B  ;  b'  : :  gb'  :  gb  (art.  110).  Hence,  the 
spaces  Be,  bV,  which  the  bodies  pass  over  in  indefinitely  small 
portions  of  time,  in  consequence  of  their  mutual  attractions^ 
will  be  as  gb',  and  gb.  Consequently  die  remainders  Qe%  oe, 
must  be  in  the  same  ratio ;  and,  therefore,  g  continues,  to  be  the 
common  centre  of  gravity  of  the  two  bodies. 

Cor.  1.  J^  while  the  bodies  act  on  each  other  they  be  prO" 
jectedfrom  b'  and  b  in  opposite  and  parallel  directions,  with 
Velocities  proportional  to  their  distances  from  the  centre  ofgroi^ 
vity,  they  will  describe  similar  Jigures  about  that  centre^ 

ror  let  B'd'  aud  Bd  be  the  spaces  which  the  bodies  urged  by 
the  projectile  force  would  describe  while  their  attractions  would 
have  carried  tliem  to  e'  and  e ;  then,  completing  the  parallel- 
ograms e'dfy  ed,  the  bodies  at  the  end  of  that  time  will  be  found 
at  b'  and  b.  Npw  the  spaces  described  being  as  the  velocities^ 
x'd'  or  t/6' :  arf  or  eb  : :  g^  :  oe;  hence  the  angle  bgA'  —  bgJ, 
and  consequently  b^ob  is  a  right  line :  also  Gb*  zcb  : :  gb'  :  gb  ; 
ao  that  G  is  the  common  centre  of  gravity  of  the  bodies  in  their 
new  situation  &',  b;  and  the  same  may  be  shewn  after  a  second 
and  after  a  third  interval  of  time,  and  so  on. 

CoR.  2,  If  we  conceive  each  body  to  be  acted  upon,  at  the 
same  time,  by  equal  accelerative  forces  in  the  same  direction,  « 
the  relative  motions  of  the  two  bodies  will  not  be  altered,  and 
they  will  still  continue  to  describe  similar  figures  about  G  which 
is  then  in  motion.  And  by  varying  the  motion  of  the  systeoi, 
the  absolute  initial  velocities  of  b  and  b'  may  be  varied  ad 
libitum.  Hence,  if  3  and  b'  be  projected  with  any  velocities, 
they  will  continue  to  revolve  about  their  centre  of  gravity,  aw 
describe  similar ^ures  about  it ;  and  the  centre  of  gravity,  not 
being  disturbed  by  their  mutual  attractions,  will  continjue  to 
move  on  uniformly  in  a  right  line. 

CoR.  3.  If  the  attractions  are  inversely  as  the.squaresofihe 
distances,  the  bodies  zdll,  with  regard  to  their  common  centre  of 
gravity,  describe  similar  conic  sections  about  that  point. as.  a 
focus. 

296.  Prof.  The  periodic  time  of  two  bodies  b,  b',  attracting 
each  other  with  any  forces  revolving  about  their  common  centre 
^gravity  q,  t>  to  the  periodical  time  of  one  of  the  bodies  ^' 
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revolving,  about  the  other  unmoved^  and  describing  a  ^in^ilat> 
Jigure,  in  the  subduplicate  ratio  of  the  other  body  b  to  the  sum 
^the  bodies  b  4-  b'. 

Let  bd'  be  the  orbit  described  about  the  centre  c  (fig.  14.), 
and  bV  that  described  about  B.  Draw  the  common  tangent 
b'r''  and  taking  b'd',  bV,  indefinitely  small,  draw  Qd'i^^,  and 
parallel  to  it  bd'^r'';  then  will  bd',  b'd",  be  similar  parts  of 
the  similar  curves.     The  times  in  which  the  bodies  are  drawQ 


Ae  times  will  be  as  v'B  to  -v/(b  +  bO«  But  time  in  k'd^  = 
time  in  b'd',  and  time  in  b'd"  =  time  in  r"p":  also  the  whole 
periodic  times  varj  as  the  times  of  describing  similar  portionst. 
Therefore  period,  time  in  wh.  curve  b'd'  :  period,  time  in  wh, 
curve  b'd"  : :  v'B  :  -y/  (b  +  b').  . 

Cor.  Bodies  revolving  about  their  common  centre  of  grar 
vity  describe^  by  their  radii  vectores,  areas  proportional  to  th^ 
tiiriefi  of  description. 

297.  Prop.  If  two  bodies  b  and  b',  attracting  e(ich  other 
mutually  with  forces  reciprocally  proportional  to  the  square  of 
their  distances^  revolve  aoout  their  common  centre  qf  gravity  g  | 
then  will  the  principal  axis  qf  the  ellipse  which  the  body  r  dg^* 
scribes  about  the  other  b'  by  this  motion,  be  to  the  principal  axi^ 
qf  the  ellipse  which  the  same  body  b  might  describe  about  the 
other  b'  quiescent  in  the  same  periodic  time,  as  ^b  -f  b')  ta 
4/b'. 

Conceive  a  body  b"  to  be  blaced  at  6,  whose  attraction  upoo 
B  shall  be  equal  to  that  of  b  :  then,  as  the  attraction  varies  a^ 
the  quantity  of  matter  directly  and  square  of  the  distance  ink 

verselv,  we  have — -  =  -7--,  and  therefore  b"  =  b'*--;-:-    Now 

•  '  BC*  B  B*  B^B* 

the  squares  of  the  periodic  times  of  bodies  revolving  about  Ac 
focus  of  an  ellipse  vary  as  the  cubes  of  the  major  axes  directly, 
and  the  absolute  forces  inversely;  therefore,  if  the  periodic^ 
time  be  given,  the  major  axis  must  vary  as  the  cube  root  of  the 
absolute  force.  Consequently,  major  axis  of  ellipse  described 
by  B  about  b":  major  axis  of  ellipse  described  by  b  about  b'  at 

rest  in  the  same  periodic  time  : :  b'^  •  — ^  :  b'^  : :  bg^  :  b'b^. 

b'b? 

Again,  by  similar  figures,  the  major  axis  of  b  abocit  b'  at 
lest  :  major  axis  of  b  about  b"  : :  bb'  :  bg.  Therefofe,,  comr, 
ponendo,  major  axis  of  ellipse  diescribed  by  b  wb^n  both  bodies. 
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revolve  about  their  centre  of  gravity  :  major  axis  of  ellipse  de- 
scribed by  B  about  b'  in  quiescence  in  the  same  time  ::  b'bI 

:  po^  :  i:  -J/(b  +  b^)  :  1/b\ 

•  JGoR.  If  two  bodies  attracting  each  other ^  more  about  their 
common  centre  ff  gravity y  their  motions  will  be  the  same  as  if 
they  did  not  attract  each  other,  but  were  both  attracted  with 
the  same  forces  by  a  third  body  placed  in  the  centre  of  gra^ 
vity. 

298:  Prop.  If  a  body  projected  in  a  gioeri  direction  be  c&th 
stajitli/  drawn  towards  two  fixed  points  which  are  not  both  in  tKe 
same  plane  with  the  initial  direction^  it  will  describe  egtu^ 
solids  in  equal  times  about  the  right  line  joining  the  sat4 
points :  and  the  converse. 

Let  the  time  be  divided  into  any  number  of  equal  parts^  anq 
in  the  first  moment  let  the  body  describe  the  line  aq  (fig.  1.  pL 
XIV.);  in  the  second,  if  not  prevented,  it  would  proceed  to 
describe  the  line  qt  equal  to  aq  ;  but  at  a  it  is  acted  on  by 
centripetal  forces  tending  to  the  centres  c  and  b  :  let  these 
forces  be  expressed  by  the  hues  as,  qv,  which  would  be  de- 
scribed in  consequence  of  their  individual  energy,  while  the 
body  would  be  carried  by  the  projectile  motion  from  q  to  T. 
Complete  the  parallelopiped  whose  sides  are  the  lines  qs,  qv, 
QT,  the  body  by  the  joint  action  of  these  forces  will  describe 
QD  the  diagonal  of  the  parallelopiped  (arts.  64.  217.).  But 
the  solid  qcbazzqgbt,  because  they  have  the  same  base  QCB, 
and  the  same  altitude  (for  the  line  ta  cuts  the  plane  qba  in  q, 
and  tg=qa);  also  the  solid  qcbt  =  qcbd,  because  they 
stand  on  the  same  base,  and  are  between  the  same  parallel 
planes  qcb,  dt.  In  the  same  manner  it  is  evident  that  equal 
solids  will  be  described  in  other  equal  moments  of  time,  rouh4 
the  san.ie  points.  If,  therefore,  the  number  of  intervals  of  time, 
and  of  the  right  lines  aq,  qd,  be  indefinitely  increased,  the  path 
of  the  body  will  ultimately  become  a  curve,  and  the  body  im- 
pelled by  continued  forces  will  describe  round  the  pointy  c^  b, 
equal  solids  in  equal  times ;  and  in  any  times  solids  proportional 
to  the  times. 

Conversely,  if  these  solids  acBA,  qcbd,  described  in  equal 
times,  be  equal,  the  line  td  will  be  parallel  to  the  plane  qcb  ; 
and  therefore  the  body  will  be  urged  by  forces  qs,  qv,  tending 
to  the  points  c,  b. 

Cor.  The  orbit  agd  ^c.  is  not  contained  in  one  plane,  gx- 
cept  in  some  particular  cases.  For,  that  the  orbit  may  not  de- 
viate from  any  plane,  the  forces  on  both  sides  of  it  ought  to  be 
equal  and  similarly  situated. 
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SCHOLIUM. 

299.  By  means  of  the  law  just  laid  down,  philosophers  ex- 
plain the  motion  of  the  moon  and  satellites,  which  are  attracted 
towards  two  principal  centres.  But  it  would  be  incompatible 
-with  the  objects  of  this  wprk  to  enlarge  here  upon  these  and 
iOther  particulars,  connected  with  the  doctrine  of  attraction  and 
centripetal  forces.  The  student  who  wishes  to  obtain  a  pro- 
found acquaintance  with  such  matters  should  consult  Newton's 
JPrincipia,  lib.  1.;  Clairaut's  Thiorie  de  la  Lune;  Euler's 
T^heoria  Motuum  Luriie;  D'Alembert's  Recherches  sur  differf 
ins  Points  du  Systime  du  Monde;  Simpson's  Essays  and 
Tracts;  Dealtr/s  Fluxions;  Frisi'ji  Cosmographia  and  De 
Gravitate  Universali  Corporum ;  La  Place's  Mi:ca}iiqne  <Cfe- 
piste;  Vince'8  System vf'/^stronomy^wol.  2.;  Darvson's  paper 
.  on  the  Inverse  "Problem  of  Cenirat Forces,  in  the  Manchester 
Memoirs,  vols.  4  and  5,  or  corrected  in  Leyboum's  Math.  ]p^^ 
pontoiy,  Nos.  4  aod  5^  N*  S. 


« 
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CHAPTER  IV. 


Pjh  the  Rotation  of  Bodies  about  fixed  Ax^Sy  and  in 
fret  Space  ;  with  Theorems  relative  to  the  Centres  of 
Oscillation^  Gyration,  Percussion^  Spontamous  Ro" 
tation,  S^p. 


300.  Ik  demonstrating  the  chief  propositions  relative  tQ 
rectilinear  motion,  whether  uniform  or  variable,  accelerated  or 
retarded,  we  have  either  considered  the  bodies  as  physical 
points,  or  we  have  imagined  that  the  impelling  force  has  been 
impressed,  and  the  resistance  exerted,  in  the  direction  of  a  right 
"line,  passing  through  the  centre  of  gravity  of  the  body  moved ; 
and,  therefore,  that  every  particle  of  such  body  must  partake  of 
the  same  velocity  as  that  with  which  the  centre  of  gravity  moves. 
But  in  numerous  instances  which  occur  to  the  mechanist,  a 
body  or  system  of  bodies  is  so  situated  that  when  any  force  or 
any  nui^ber  of  forces  are  impressed  upon  it,  it  cannot  take  any 
other  motion,  than  one  of  rotation  about  a  fixed  axis,  which  may 
either  pass  through  the  body  or  system,  or  be  at  an  extremity 
of  it :  so  that  the  velocity  of  the  constituent  moleculae  of  the 
system  shall  be  greater  or  less  according  to  the  greater  or  less 
distance  of  any  individual  particle  from  the  axis  about  which 
the  motion  is  pertoriiied.  And  in  siich  cases  it  is  necessary  to 
call  to  our  aid  other  considerations  than  what  were  required 
wheudiscussi^ig  the  properties  of  acceleration  and  retardation, 

Again,  with  respect  to  the  motion  of  bodies  at  liberty  to 
move  freely  by  the  action  of  any  force  impressed,  if  any  such 
body  receive  an  impulsion  in  any  direction  which  does  not  pass 
through  the  centre  of  gravity,  the  motion  which  will  ensue  is  a 
rotatory  one  :  for  if  at  the  same  moment  a  body  is  inipelled 
according  to  any  direction  Aij  (not  passing  through  the  centime 
of  gravity),  an  equal  and  opposite  force  is  exerted  upon  the 
body,  in  a  parallel  direction^  CG,  passing  through  the  centre  of 
gravity,  the  centre  of  gravity  will  manifestly  be  kept  at  rest : 
nevertheless,  it  is  clear  that  the  other  parts  of  the  body  will  not 
be  in  a  state  of  quiescence ;  because  the  two  forces,  though 
equal,  are  not  directly  Opposite:  so  that  the  only  motion  that 
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the  body  can  have,  its  centre  of  gravity  being  at  rest,  is  evi- 
dently a  motion  of  rotation  about  that  centre.  Now,  the  fixed 
axis  round  which  a  body  revolves  is  pressed  by  the  impelling 
force  while  it  generates  rotatory  motion  ;  but  the  axis  being  (by 
hyp.)  immoveable,  reacts  equally  against  that  pressure,  and 
when  it  passes  through  the  centre  of  gravity  would,  as  above 
stated,  cause  each  particle  to  move  with  the  same  velocity,  and 
in  the  direction  of  the  force.  If,  then^  the  force  which  presses 
against  a  fixed  axis  in  given  circumstances  be  ascertained,  the 
motion  of  the  body  in  free  space  when  the  axis  is  removed  will 
be  known :  for  the  latter  motion  will  consist  of  the  rotatory  mo- 
tion about  the  axis  passing  through  the  centre  of  gravity  consi- 
dered as  fixed,  compounded  with  the  moticm  of  the  centre  of 
'gravity  caused  by  the  force  now  at  liberty  to  impel  that  centre, 
the  fixed  axis  which  passed  through  it  being  removed. 

When  a  solid  body  receives  an  impulse  on  any  one  point,  or 
that  point  is.  urged  in  any  way  by  a  moving  force,  it  cannot 
move  unless  the  other  points  with  which  it  b  connected  by  th^ 
force  of  cohesion  move  also  (except  the  force  of  impulsion  is 
suiHcient  to  overcome  that  of  cohesion;  a  case  which  is  not 
meant  to  be  considered  I^ere).  And  whatever  is  the  motion  of 
finy  particle,  that  particle  must  be  conceived  as  urged  by  a  force 
precisely  competent  to  the  production  of  that  motion,  by  acting 
immediately  on  the  particle  itself.  The  particle  immediately, 
impelled  by  the  external  force  is  eithpr  pressed  towards  its 
neighbourinjg  particles,  or  is  drawn  from  them;  and  by  this 
endeavour  to  change  its  place  the  connecting  forces  are  excited, 
or  brought  into  action.  We  are  but  little  acquainted  with  the 
nature  of  these  connecting  forces :  but  this  is  not  of  much  con- 
sequence in  a  mechanical  point  of  view  ;  for  the  fact  that  the 
forces  by  which  the  moleculae  of  bodies  .act  on  each  other  are 
equal  is  sufficient  for  our  present  purpose. 

In  the  propositions  we  are  about  to  enter  upon,  the  attentiop 
will  be  chiefly  called  to  two  objects,  viz.  ^fhe  moving  force  by 
which  the  revolving  motion  is  generated ;  and  the  inertia  of  the 
different  parts  of  the  system  moved.  And  both  the  effects  of  the 
moving  force  and  of  the  inertia  of  the  particles  depend  upon 
their  distance  from  the  axis  of  motion,  all  other  things  bemg 
the  same :  if  both  these  be  ascertained  the  absolute  acceleration 
will  be  determined,  and  consequently  the  absolute  velocity  ge- 
nerated in  a  given  time. 

These  preliminary  observations  may  be  determined  by  re- 
marking,' that,  since  in  rotatory  motions  all  the  particles  of  a 
body  are  supposed  to  turn  together  without  changing  their  re- 
lative positions ;  therefore,  when  a  body  has  made  a^omplete 
rotation^  each  particle  has  described  die  cii'cumference  of  a 
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circle^  and  the  whole  paths  of  the  various  particles  will  be  m 
the  ratio  of  their  respective  circumferences^  or  of  their  radii  ; 
and  the  same  is  true  of  any  portion  of  a  rotation :  so  th^t  th« 
velocities  of  the  different  particles  are  proportional  to  their 
distances  from  the  axis  of  rotation,  and  are  not  adequate  mea- 
sures of  the  rotatory  velocity  of  the  body;  its  proper  measure 
is  the  angle  described  by  any  radius  vector  of  the  body  in  a  unit 
Qf  time. 

801.  Prop.  If  a  body  revolve  about  an  axis,  the  particles 
of  which  that  body  is  composed  resist^  by  their  inertia^  the 
communication  of  motion  to  any  given  pointy  with  forces  which 
are  as  the  particles  themselves,  and  the  squares  of  their  distances 

from  the  axis  of  motion  Jointly. 

Let  a  force  f  be  applied  at  any  point  A  (fig.  2.  pi.  XIV.)  in 
order  to  communicate  motion  to  a  system  of  particles  p,  //,  p^, 
&c.  revolving  at  determinate  distances  round  the  centre  of 
motion  c.  Let  a  be  such  a  quantity  of  matter  as  will,  if  con^ 
eeatrated  in  a,  have  the  same  effect  in  resisting  the  com'muni- 
catmi  of  motion  to  that  point,  by  its  inertia,  when  any  particle 

p  is  removed  from  the  situation  p,  as  that  particle  would  have, 
revolving  at  the  distance  pc.     Now  the  effect  of  the  given  force 

^f  acting  at  the  point  a  (in  a  direction  ^  A  perpendicular  to  ca), 
to  move  a  body  at  that  point,  is  to  its  effect  to  move  a  body  at 
p,  inversely  as  those  distances ;  or  as  Pc  t6  AC,  by  the  nature  of 
the  lever :  and  if  these  bodies  be  moved  with  equal  angular  velo- 
cities, their  distances  from  the  axis  being  then  (art.  300.)  as  the 
spaces  described  in  a  given  time,  the  moving  forces  are  inversely 
as  the  spaces  described.  But  taking  for  a  moment  the  notation 

of  art.  228.  we  there  have  Fa ,  or  psa  BY*;  in  which, 

9 

if  p  a  — ,   then  will  b  cc    -^  :  consequently,  the  quantities  of 

matter  must  be  inversely  as  the  squares  of  the  velocities ;  or,  in 
the  present  case,  inversely  as  the  squares  of  the  distances  from 
the  axis;  that  is,  a  :  p  :  z  pc*  :  AC*;  whence  we  have  a=! 

•'  ,  ,  which  indicates  that  the  resistance  of  the  particle  p  at  the 

;AC' 

distaoc'e  pc  is  equivalent  to  the  resistance  of  the  mass  — —,  at 

the  distance  as.  In  like  manner,  taking  another  particle/)',  at 
tlie  distance  p'c,  and  a  corresponding  quantity  of  matter  a'  con- 
centrated into  the  same  point  A,  we  shall  have  the  resistance  of 
the  particle/?'  at  its  distance  equal  to  the  resistance  of  the  mass 

h  '  ^t-  at  the  distance  Ac.    And  the  same  may  be  shewn  of 

AC* 
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other  particles  p^',  'p"\  &c.  Cofnsequently,  if  we  use,  asbithdrto^ 
the  charactjBry  to  deiw>te  the  whole  flueat,  or  sum  of  all  the  se- 
parate resistances^  we  shall  have  the  resistance  of  the  whole  re- 

Tolving  body  expressed  by/*      ^  \ 

CoR.  1 .  The  force  which  accelerates  the  point  A  ofafnf  body 
revolving  on  an  axis,  to  which  point  that  force  ^  is  applied,  is 
equal  to^the  product  of  the  force  into  the  square  of  the  distance 
AC,  divided  by  the  sums  of  the  products  of  all  the  moleculid 
into  the  square^  of  their  respective  distances  from  c,  the  centre< 
of  motion. 

For  the  mass  moved  is  f-^'  ^    ,  and  the  moving  force  is  ^  : 

but  the  accelerating  force  is  equivalent  to  the  quotient  of  the 
moving  force  by  the  mass^  and  is  therefore  represented  by 

CoK.  2.  The  angular  velocity  of  a  system,  genxfrated  iti  a 
given  time,  by  any  force  p  at  a,  perpendicular  to  AC,  is  prapor^ 
iional  to  the  rectangle  of  the  force  into  the  distance  at  which 
it  acts,  divided  by  the  sums  of  the  products  of  all  the  molecular 
into  the  squares  of' their  respective  distances. 

For  the  absolute  velocity  of  the  point  A  is  as  the  accelerating 
force,  and  the  angular  velocity  is  as  the  absolute  velocity  di-* 
Erectly  and  the  distance  reciprocally;   therefore  the  angular 

velocity  is  as/ili^  x  -^,  or  as  ^  .  AC  ^/jp  •  pc*. 

Cor.  3.  The  angular  motion  of  any  system,  generated  by  a- 
uniform  force,  zcill  be  a  motion  uniformly  accelerated.. 

This  is  evident,  because  the  accelerating  force  is  in  a  coiv- 
stant  ratio  to  the  uniform  force  f. 

Cor.  4.  What  has  been  here  shewn  with  respect  to  moleculee 
situated  on  a  right  line  passing  through  a  centre  of  motion  wil( 
bold  equally  with  regard  to  a  body  or  system  moving  upon  an 
axis :  for  all  the  particles  of  such  body  may  be  conceived  to  be 
transferred  to  the  plane  in  which  the  axis  of  suspension .  cp 
performs  its  motion,  by  an  orthographical  projection,  the  lines 
of  transference  being  all  parallel  to  the  axis  of  motion ;  this 
supposition  will,  it  is  obvious,  neither  affect  the  place  of  the 
eentre  of  gravity  (with  regard  to  the  axis  of  motion)  nor  die 
angular  motion  of  the  body. 

SCHOLIUM. 

302.  The  preceding  investigation  has  been  conducted  upbit 
the  supposition  liat-^  -bxceB  ver«  each  applied  in  a  directioti 
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perpendicular  to  die  line  drawn  from  each  point  of  application 
to  its  respective  centre  of  motion :  but  the  same  conclusion 
would  result  if  the  moving  forces  were  applied  in  any  direction, 
provided  that,  instead  of  these  forces,  we  had  taken  their  equi^ 
Kalents  when  reduced  to  the  perpendicular  direction.  As  thi» 
proposition  and  its  corollaries  are,  however,  of  great  import- 
ance in  all  that  depends  upon  rotatory  motion ;  and  as  the  same 
conclusions,  when  drawn  from  different  methods,  strike  the 
mind  with  greater  force;  we  shall  here  consider  the  matter  ia 
another  way. 

Let  an  axis  of  rotation  pass  through  c  (fig.  4.  pi.  XIV.) 
perpendicular  to  the  plane  of  the  figure,  and  let  a  body  fixed 
firmly  to  this  axis  be  acted  upon  by  several  accelerating  forcea; 
we  are  to  enquire  into  the  circumstances  of  the  motion  pro- 
duced. Suppose,  at  first,  that  a  particle  j?,  situated  at  p  in  the 
figure,  is  urged  about  the  fixed  axis  by  a  force  f ,  applied  in  the 
direction  pp  :  that  force  tends  to  impress  upon  the  particle^ 
a  certain  velocity  in  the  direction  pd,  yet,  in  consequence  of  the 
mutual  cohesion  between  the  different  molecylae  of  the  body, 
and  the  connection  of  the  whole  with  the  fixed  axis,  the  velocity 
can  only  be  produced  actually  in  the  initial  direction  pd  perpen^ 
dicular  to  cp.  Drawing,  therefore,  vd  perpendicular  to  cp,  the 
force  f  must  be  decomposed  into  two  others,  in  the  directioiis 
prf,  PC,  of  which  the  one  ve  will  be  extinguished  by  the  resist- 
ance of  the  axis,  and  the  other  pd  has  place;  where,  of  conse- 
quence, we  have  pd=p  cos  Dprf  (art.  59.).  If,  therefore,  we 
denote  the  distance  cp  of  j>  from  the  axis  of  rotation  by  r,  and 
the  perpendicular  distance  dc  of  the  force  from  the  axis  by  i, 

we  havc)  in  the  triangle  cpd,  sin  dpc  =z  cos  Dprf  =:^ ;  and,  con- 

«,«»,!,,  Pi=  ,  ±.    ITb  „p,.»io„  would  „'pK„..  ,h. 

eiSective  accelerating  force  of  the  particle  |>,  if  that  particle 
were  alone ;  but  the  connection  of  this  particle  with  the  others, 
and  the  operation  of  the  forces  acting  on  the  latter,  change  this 
effect :  if,  then,  the  arc  a  be  run  over  at  the  end  of  the  timet 
by  a  particle  at  a  unit  of  distance  from  the  fixed  axis,  ar  will 
be  the  arc  described  in  the  same  time  by  the  particle  |7;  so 

that  the  velocity,  and  the  effective  accelerating  force,  (art.  232# 

•  •• 

I.  VI.)  of  this  latter  will  be  r  4- ,  and  r  4-  respectively. 

Now  comparing  this  force  with  the  former,  and  observing 
that  they  are  both  directed  in  the  same  right  line,  we  may  have 
recourse  to  the  principle  of  D'Alembert,  stated  in  art.  267. 

The  accelerating  force  ^  —  which  is  impressed  in  the  direction 
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I  - 

of  the  initial  m6ti6ii;  must  be  decomposed  iiito 
r  ■—•  .  • .  eflfective  accelerating  force. 


<« 


^  J -o^         faccel.  force  de8trt)yed  by  the'«ctioti  of 

*•  i»      *  *  1      the  other  powers  in  the  systeflu 

In  like  manner  we  may  proceed  to  investigate  the  efiects  of 
other  forces  ^',  (p'\  8tc.  acting  upon  the  moleculae  jp',  i/',  JScc, 
(whose  distances  are  /,  /',  &c.)  in  the  directions  p^d  ,  p'^l>", 
&c.^  and  at  the  distances  ^y  V\  &c.  the  expressions  being  the 
same  with  the  letters  accented  siriiilarly :  the  whole;,  therefbre, 
will  be  in  equilibrio  when  impressed  by  the  moving  forces 

-TfP-^  rp,^  fY  -  y  //,  -p^  /y -  Y  /y,  &c. 

Now.  as  the  system  is  attached  to  a  £xed  axis,  only  onB 
equation  (art  98.)  is  necessary  to  express  the  state  of  equili- 
brium. And,  if  we  suppose  that  the  forces  f,  V,  ^^^,  8cc.  ar^ 
parallel  to  the  plane  of  the  figure,  or  perpendicular  to  the  plane 
of  rotation  (and  they  may  all  be  resolved  to  such  planes  by  an 
obvious  process),  it  will  be  merely  requisite  to  make  the  sum  of 
the  moments  of  the  powers  (art.  60^  widi  respect  to  the  fixed 
axis  equal  to  nothing.     Here,  that  of  the  first  •force  will  be 

^p'~-   ^  t^p,  and  the  moments  of  the  other  forces  will  be  ex- 

pressed  in  the  same  manner,  adding  the  accents.    Thus,  then, 
we  shall  have 


.. 


Or  taking  the  charactery^as  before,  and  denoting  the  angular 


a 


velocity  by  u,  we  shall  have  f(p^p=^  —J*^'*P'  whence, 

■ 

""  T  ""•^  "^' 

Hence,  if  the  quantityy*  r*p,  which  is  the  sum  of  the  pro- 
ducts of  the  several  molecular  into  the  squares  of  their  respective 
(distances  from  the  axis,  be  called  the  momentum  of  inertia,  and 

if  — r  be  called  the  angular  accelerating  force,  the  equation 

just  given  may  be  thus  stated  in  words  at  length : 

The  angular  acceleratingforce  is  the  quotient  iC^^he,  sum  of 
the  momenta  of  the  movine  forces,  or  (art.  6  A)  of  their  resiUt^ 
ant,  divided  by  the  momtntum  of  inertia. 
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303.  From  the  above  equation  we  may  readily  obtun  an  ex- 
pression  for  the  angular  velocity.    For  (art.  232.  II.)  p  rr  -?— i 


i 


&c,  %\\ej'fipzz  ^  ^p  =  -i.  J^  +  V  ^p'  +  &c-  whence  we 

/  t  t 

•      • 

vip  +  i/fp'  +  itc, r>vip 

From  which  it  appears  that  cor.  2.  art  301.  is  not  confined  to 
a  single  force ;  but  may  be  extended  to  as  many  forces  as  we 
please,  and  applied  to  the  body  in  any  directions  whatever. 

304?.  As  to  the  part  ve  of  the  force  f ,  which  operates  as  a 
pressure  upon  the  fixed  axis,  and  is  entirely  destroyed  by  its  re- 
action, it  maybe  easily  determined.     For  Pf=^  cos  dpc,  and 

DP  =  •(r*  -  J*) ;  therefore,  cos  dbg  =  —^  =  ^  /  [I  —  (-^Y J 

consequently,  ve^f  -/  {1 ""  v"^/ ]• 

And  the  same  may  be  shewn  with  regard  to  the  effect  of  any 
other  forces  (p%  f^\  &c.  upon  the  axis  of  motion. 

305.  Def.  The  centre  of  oscillation  is  tliat  point  in  the  axis 
of  suspension  of  a  vibrating  body  in  which,  if  all  the  matter  of 
the  system  were  collected,  any  force  applied  there  would  gene- 
rate the  same  angular  velocity  in  a  given  time  as  the  same  force 
at  the  centre  of  gravity,  the  parts  of  the  system  revolving  in  their 
respective  places. 

Or,  since  the  force  of  gravity  upon  the  whole  body  may  be 
considered  as  a  single  force  (equivalent  to  the  weight  of  the 
body)  applied  at  its  centre  of  gravity,  the  centre  of  oscillation 
is  that  point  in  a  vibrating  body  into  which,  if  the  whole  were 
concentrated  and  attached  to  the  same  axis  of  motion,  it  would 
then  vibrate  in' the  same  time  the  body  does  in  its  natural  state* 

Cor.  From  the  first  definition  it  follows  that  the  centre  of 
oscillation  is  situated  in  a  right  line  passing  through  the  centre 
of  gravity,  and  perpendicular  to  the  axis  of  motion  t. 


*  Since,  acoonSiog  to  the  former  of  these  definitions,  the  centre  of  of« 
cillation  is  a  definite  point,  and  according  to  the  latter  it  is  variable ;  it 
might,  perhaps,  t>e  better  to  say,  that  a  body  has  a  centre  of  OscHlatic^ 
when  it  is  attached  to  a  centre  of  motion,  and  has  a  Hne  Of  oaeiliation 
when  it  movesr  upon  an  axb;  the  time  of  oscillation  in  the  latter  case 
being  paraUel  ito  the  axis  of  tnoiicm.  fiat  this  is  o^erely  hinted  by  the 
way,  and  not  intioduced  into^  the  texf* 

VOL.   U  *  '    T 
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806.  'PvioP.  If  a  body  vibrate  abcut  an  axis  b^  the  force 
of  pvmiiy^  the  distance  of  the  centre  of  oscillation  from  that 
axts  is  equal  to  the  quotient  arising  from  dividing  the  sum  of 
the  products  of  each  particle  into  the  square  of  its  distance 
from  the  axis^  by  th^  product  of  the  mass  or  body  into  the  di-^ 
stance  of  its  centre  of  gravity  from  the  axis. 

Let  AB  (fig.  3.  pi.  XIV.)  be  a  plane  passing  through  the 
centre  of  gravity  o  of  the  body  perpendicular  to  the  axis  of 
vibration  on  which  the  body  is  orthographically  projected ;  c 
the  centre  of  motion  of  that  plane,  or  of  ^  whole  body  re- 
duced to  that  plane ;  o  the  centre  of  oscillation  in  the  line  cc 
produced,  and  p,  p\  8cc,  the  constituent  moleculae  of  the  body 
dius  projected.  Through  c  draw  ex  parallel  to  the  horizon, 
and  upon  that  line  demit  the  vertiiSaU  or  jpetpendiculars  pef,* 
^£y  Ggj  oo,  &c.  Now  since  the  angular  velocity  of  the 
several  particles  is  hot  changed  by  this  projection,  we  have 

P  -pc^+p'  •  p'c*+&c.  ^J^p  •  p&f  the  momentum  of  inertia 

if  the  whole  bt>dy  b,  while  b  •  oc*  will  express  the  momentum 
of  inertia  of  an  equal  body  concentrated  into  die  point  o.  And 
since  the  force  of  gravity  p  acts  in  the  parallel  directions  pj, 
p'dfj  &c.  we  shall  liave  ^  •  p  •  dc+f  •  p'  •  rf'c+&c.  for  the  effect 
of  gMVitii^  to  tttiti  the  body  aibout  c,  by  the  nature  of  pariiUel 
forces,  and  this  is  equal  to  f  •  B  •  c^,  by  the  nature  of  liie  centre 
of  gravity  (art  108'.).  And  if  B  were  concentrated  in  the  point 
o,  then  would  f)  •  b  •  co  be  the  accelerating  force  of  gravity 
tb  turn  ifae  body  itbout  c.  But,  that  the  same  angular  velocity 
taiay  be  generated  in  both  cases,  the  quotients  of  die  accelerate 
ing  forces  with  respect  to^c,  by  the  momenta  of  inertia,  must 

^•B«Cg     ^^      ^•B*09 
3*  B«OC*.    > 

whence  oc*  i;:    ^'^'^'^*P?    ^     Now^  the  triangles  cog', 

cpo  being  similar,  we  have  -^=s  -2.  •  hence,  substituting  the 

former  fraction  for  the  latter  in  the  preceding  vsQue  of  oc%  it 

♦  -      CO        ♦•••^•pc*        CO      fp-pa*  •   I 

Decomes  oc* = —  •  ^ — ^       *  n  —  •  '"^  J    :  consequently 

CG  f  •  B  •  B.  CO  B  *  ^ 

B  •  CO  B'CO 

This  expression,  being  independent  of  the  line  ox,  will  con- 
tinue the  jiame  foi*  all  mclinatiobs  of  the  line  co;  so  that  the 
centre  of  oscillation  o,  dins  determined,  is  ?l  fixed  pointy  agre6« 
ablr  to  the  definition. 

v!oiu  1 .  Hence  any  body  ab^  suspended  at  c,  and  vibrating, 
may^  sofar  as  regards  tht  time ef  vibrsBtian-,  be  consideredas  a 
simple  pendydum  whose  length^  co. 


be  equal  (art  301.  cor.  2.  303.),  that  is,    V  ^^^ 


V 
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Cor.  2.  Thai  CO  may  be  the  equivalent  pendulum^  ond  o, 
she  centre  cf  oscUlation,  o  must  he  in  the  line  cd^  otherwise  it 
would  not  rest  in  die  same  position  with  the  body,  when  no  force* 
was  keeping  it  out  of  its  vertical  position. 

Cor.  ^Ifa  body  be  turned  about  its  centre  of  gravity  in  a 
direction  perpendicular  to  the  axis  of  motion^  the  place  of  ^Ar 
Centre  of  oscillation  will  remain  unaltered.    For  the  quaptity 

J*pr*  will  be  not  at  all  affected  by  such  a  motion  of  the  body.    . 

Cor.  4.  The  distance  of  the  centre  of  gravity  from  that  of 
oscillation  (if  the  plane  of  the  body's  motion  remain  unaltered) 
will  be  reciprocally  as  the  distance  of  the  former  from  the  point 
of  suspension.  If^  therrfore,  that  distance  be  found  when  th^^ 
point  of  suspension  is  in  the  vertex ^  or  so  situated  that. (he 
operation  may  become  the  most  simple^  the  value  thereof  m 
any  other  proposed  position  of  that  point  will  likewise  be  given 
by  one  single  proportion. 

Cor.  5.  The  product  of  the  distances  of  the  centre  oJT 
gravity,  and  that  of  oscillation,  from  the  axis  of  motion,  is 
manifestly  a  constant  quantity  for  the  same  plane  of  vibration. 
If  therefore  J  the  centre  of  oscillation  be  made  the  point  (f 
suspension^  the  point  of  suspension  will  become  the  centre  of 
oscillation. 

Cor.  6.  Hence  also^  if  upon  the  plane  of  vibration  passj^ 
through  the  centre  of  gravity  of  any  body,  two  concentric  circtes 
be  described,  having  the  common  centre  g,  and  radii  gc>  go,  thSe 
bodbj  suspendedftom  any  point  in  the  periphery  of  either  circlf 
wiu  perform  an  oscillation  in  the  same  time.  , 

.  Some  other  corollaries  depending  upon  the  relation  sul^ 
sidling  I>etween  the  centres  of  oscillatioa  and  of  gyration  will  he 
given  after  we  have  treated  of  that  centre :  when  also  we  shiol 
apply  the  fH*opositions  to  the  determipaUon  of  tbese  cenires 
in  various  bodies.  Previous  to  this,  however,  we  may  here  shew 
bp^w  '  . 

307.  To  fnd  the  distance  of  the  centre  of  oscillation  from 
tJie  point  of  suspension  experimentally. 

Suspend  the  body  proposed  very  freely  by  the  given  pointy 
and  make  it  vibrate  in  small  arcs ;  dien  count  the  number  n  of 
vibrations  it  makes  in  a  minute,  by  a  good  stop-watch,  applyii^ 
when  necessary  the  correction  indicated  in  arts.  269,  270; 
80  shall  the  duitance  co  of  the  centre  of  oscillation  and  pokit 

of  suspension  b^  denoted  by — ;; — .    For  the  length  of  the 

simple  second  pendulum  being  39-g.  inches ;  and  the  lengths  of 
peoduUuns  being  reciprocally  ai|  the  square  of  the  number  of 
.vibraibttft  made  in  a  given  lime^  thereforn  fi^  :  60^  :;^di.: 

T2      ' 
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5—^=  — ; — ,  the  length  of  the  simple  pendulum  which 

oscillates  n  times  in  a  minute^  or  the  distance  co  in  the  com* 
pound  pendulum. 

Or,  two-thirds  of  the  length  of  a  thin  cylindrical  rod,  sus- 
pended at  one  end,  and  vibrating  in  the  same  time  as  the  body, 
will  give  CO ;  the  reason  of  which  will  soon  appear. 

3f^.  Prop.  In  a  compound  pendulum,  consisting  of  several 
bodies  revolving  about  a  common  axis,  the  centre  ^oscillation 
may  be  determined  by  this  process :  add  together  the  several 
products  of  each  mass  into  the  distances  of  the  respective 
denfres  of  oscillation  and  gravitj^  from  the  axis  ofmotion^  and 
divide  the  sum  by  the  product  oj  the  whole  system  into  the  dis^ 
iance  of  the  common  centre  of  gravity  from  the  axis  of  motion ; 
the  distance  of  the  centre  oj  oscillation  from  the  same  axis  wilt 
be  represented  by  that  quotient. 

For  it  appears  from  art.  306.  that  with  respect  to  any  body 

B  in  the  ^compound  mass,  //>r^=:B*co*CG  ;  and  again,  with 
regard  to  another  body  b'  in  the  same  8ystemy*/?y*=:B'-co^ 

cq',  and  so  on ;  consequently  s«y-pr*=y*B-co*CG;.that  is, 

the  sum  of  all  thepr*  in  the  whole  pendulum  is  equal  to  th^ 
sum  of  all  the  products  in  each  part  of  the  pendulum,  which 
arise  from  multiplying  each  part  into  the  product  of  the  dis- 
tances of  its  centres  of  gravity  and  of  oscillation  from  the 
common  axis  of  motion.  If,  therefore,  this  latter  sum  be 
divided  by  the  product  of  the  compound  mass  into  the  distance 
of  the  conimon  centre  of  gravity  from  the  axis  of  motion,  the 
quotient  (art.  306)  will  be  the  distance  of  the  centre  of  oscilla- 
tion from  the  same  axis:  for  -'         ■  oc  ' :  ivhence  con 

y*B«CO«CO  B'CO'CO    . 

yr    ,^as  well  with  respect  to  the  compound  mass  as  to  any  of 

its  constituent  parts.  / 

'809.  Dbf.  'rhe  centre  of  gyration  ia  that  point  in  which,  if 
til  the  matter  contained  in  a  revolving  system  .were  collected, 
the  same  angular  velocity  will  be  generated  in  the  same  time  by 
a  ^ven  force  acting  at  any  place  as  would  be  generated  by 
the  same  force  acting  similarly  in  the  body  or  system  itself. 

When  the  axis  of  motion  passes  through  the  centre  of  gra- 
\itj,  then  is  this  centre  called  the  principal  centre  of  gyra* 
tion. 

310.  Prop.  If  the  sum  of  the  products  formed  by  multi- 
plying each  particle  of  a  system  into  the  square  of  its  distance 
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from  the  axis  of  inotion^  that  is^  if  the  mommlum  of  inertia 
be  divided  by  the  whole  masSj  the  square  root  of  the  guotient 
xmll  be  the  distance  of  the  centre  of  gyration  from  the  axis  of 
motion. 

Voxy  if  CR  be  the  distance  from  the  axis  of  motion  to  the 
centre  of  gyration,   the    expression   for  the   angular  motion 

/•p'fC  ^^  rpr^    ^^^^'  ^^**  ^^^'  ^'^  ^^"  ^®  transformed  to  jt^jtJ 
and  these  by  the.  def.  must  be  equal.     Consequently^  b«cr*= 

J  pif^y  and  CRS2  k/''—. 

Cor.  1.  The  distance  of  the  centre  of  gyration  from  the 
axis  of  motion  is  a  mean  proportional  btiween  the  dutances  of 
the  centres  of  oscillation  and  gravity y  from  the  same  axis. 

Tor  CK^ss-^ — ,  while. CO  =-*^^;  therefore  co«CG—  -^^^   , 


IS      '  B'CO 


=  ci^*,  and  CO :  CR  : :  or  :  cg.     (Fig.  2.  pi.  XIV.) 
Cor.  2.   The  distance  between  the  centre  of  gravity  and 

principal  centre  of  gyration  is  a  mean  proportional  between  the 

distances  of  the  centres  of  motion  and  oscillation,  from  the  centre 

of  gravity. 

For  pc*=pg*+gc*±2pc-gc;  therefore,  by  art.  8(>7,  we 

have  oc  =  fp — — — .     But  from  the  nature  of  the 


B'CO 


centre  of  gravity,  fp'^o  on  each  side  of  o  are  equal,  and, 
because   2cG  is  constant,  ydi2PO-6C.nO.    Also,  because 

y*p»GC*=B«GC*,   we  have  oc=GC  +  y* — \ -^    and  OG  =? 

/         — :  whence  this  corollary  is  manifest. 


Cor.  3.  The  time  in  which  a  body  vibrates  will  be  the  least 
possible  Tchen  the  axis  of  motion  passes  through  the  principal 
centre  of  gyration. 

For  if  D  and  d  represent  the  distances  from  the  centre  of 
gravity  to  the  point  of  suspension,  and  to  the  centre  of  gyration, 

it  will  be  D :  D  +  rf: :  D+d :  ^-^ — ,  the  distance  from  the  poinit 

of  suspension  to  the  centre  of  oscillation  (cor.  1 .),  and  this  latter 
expression  will  obviou^y  be  a  minimum  when  D^zd* 

CoR.  4.  If  we  wish  to  know  what  quantity  of  matter  M  must 
be  placed  at  any  other  distance  Ac  from  c,  so  -that  th^  inertia 
may  remain  the  same,  we  inust  have  ac'*m^ce^-B|  whence  M 

—    ^'^^^ 
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Cor.  $,'  Abi,  for  a  like  reason,  if  any  number  of  bodies 
Bf  B^  B^^,  be  put  in  motion  about  a  common  axis  passing 
through  Cf  by  a  force  acting  at  a,  the  system  will  have  the 
same  angular  velocity,  if,  instead  of  those  bodiea  placed  at  the 
distances  cb,  cb' cb",  there  be   substituted  bodies  equal  to 

-^^B,  — r^^f" — ~^^f  ®^^  concentrated  into  the  point  a. 

SCHOLIUM. 

311.  Havine  now  demonstrated  the  chief  properties  of  the 
centres  of  oscillation  and  gyration,  we  may  apply  them  to  a  few 
examples  of  finding  the  position  of  those  points  in  bodies  of 
given  shape.     Apd,  first,  let  us  speak  of 

T/pe  Centre  of  Oscillatiaru 

I.  Let  CP  (fig.  2,  pi.  XIV*)  be  a  right  Une,  or  very  slender 
cylinder,  moving  freely  about  its  extreme  point  c  as  a  centre  of 
suspension. 

'  Then,  if  CA,  considered  as  variable,  be  denoted  by  or,  the 
force  of  ;^  particles  at  a  will  be  defined  byjr*^:  its  fluent,  there- 
fore, that  is,  4^,  denotes  the  momentum  of  inertia  of  all  the 
particles  incA;  and  this,  when  CA  becopies  equal  to  cp,  will 
be  f  cp'.     In  this  case^  too;  the  body  b=cp,  and  cg=Jcp: 

consequently  (art.  306.)  -^^^  =  -J^^L  =-    ^^\  =  *cp=  co, 

the  distance  of  the  centre  of  oscillation  from  the  point  of  sus- 
pension. 

CoR.  In  a  fine  cp  of  uniform  thickness,  but  the  density  of 
whose  particles  iiicreases  as  their  distance  from  c  the  point  of 

suspension  increases,  we  have  CQ=  \.  ..    =   -.  ,  -  zz  (when 

JJrX.  3^ 

jr=:CP)|CP. 

IL  Let  the  point  of  suspension  of  the  slender  cylinder  cp  be 
s,  to  find  the  centre  of  oscillation. 

Putcp=iv,  cs==y,  ps=r— j(,  ^nd  50=07,  then(r— ^)-xv 

will  express  the  fluxion  of  all  the  pr*  in  cp,  while  (v—y^v 
represents  the  fluxioq  of  the  product  of  b^cg.      Hence  :i:zz 

f  ^^^yy    2= Z  ^^       »  where  y  and  v  may  be  taken  in 

any  ratio  to  each  other.  If  j^=0,  or  c  and  s  coincide,  then 
jnT^-t;  =|.cp,  as  in  the  preceding  example.  If  j/=j-t;^ 
then  also  xss^vzz^ct^  \n  which  case  o  arfd  p  will  coincide. 
So  that,  whether  a  very  slervder  cylinder  be  suspended  at  one 
end,  or  at  |  of  its  lengfh,  its  vibrations  will  be  performed  in  the 
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sam^  iitne.  (See  art.  306.  cor.  5.)  When  jfzz  J^v,  liken  a:  ±  ^,  or 
the  centre  of  oscillation  is  at  an  infinite  distance :  t/ie  tenderun/ 
to  osciikUewUl  then  cease  ^  mid  if  any  extraneous  force  product 
motion  it  will  be  completely  rotatory. 

Cor.  When  the  vibrations  are  to  be  the  quickest  possible dr= 

s^ZeS; '  tnnst  be  a  mmupum;  or  its  fluxion  making  ji 

variable=0.  Hence (12j^--6vi)(3x;--ig^)--6K2x^*-6t3^+6y) 
=iO,tindy=iv±.ivy/^.  When  s  is  taken  between  A  and  G 
the  negative  sign  manifestly  obtains^  and  j^  =  |t;  (^^^/^). 
=•21 1325  v. 

Hence  it  appears  that  the  time  of  vibration  of  «  slender 
cylinder  (however  short)  with  a  moveable  point  of  suspension, 
may  be  made  to  increase  from  the  Ume  assigned  by  the 
minimum  limit,  up  to  infinity:  and  the  like  would  obviously 
obtain  with  respect  to  a  wire  with  a  sphere  at  each  end; 
though  the  absolute  time  of  vibration  would  not  be  the  same 
with  as  without  the  balls.  (See  the  general  results  at  the  e^id  of 
this  article.) 

IIL  het  ACB  (fig.  5m  pi.  XIV.)  be  an  angular  pendiilumi 
composed  of  two  thin  cylindric  wires  AC,  cb,  vibrating  upon 
the  point  of  suspension  c,  in  the  plane  of  the  figure* 

Bisect  Ac^  and  cb,  in  g,  y^  and  bisect  gy  in  6,  so  shall  gy  y^  g, 
be  the  centres  of  gravity  of  AC,  gb,  ana  of  ac+cb.  In  this 
instance  we  may  have  recourse  to  art.  308.  Denote  aC  or  cb 
by  xx^  and  the  natural  secant  of  angle  Aco=:iACB»  by  s  \  then 
0  and  ()'  being  the  centres  of  oscillation  of  the  sepsurate  masses 
AP^  c«,  ^e  have  (ex.  I.)  cO=:cQ^=:|a :  smd  by  trigonometry, 

«  J  a  TT  t  AC*iAC-f  AC  +  CB>|C«*4CB 

5: 1 : :  I  AC  :  ogit-s-.    Hence  we  nave = — = — ^ — ^— » 

^  (AC  +  CB)-f. 

_   2(a.ifl-|a)  2« 


=|^=C0, 


2a  JL 

Cor.  1.  Since  co  varies  with  the  secant  of  |acb,  it  fol- 
lows that  the  time  of  vibration  of  the  angular  pendulum  may 
be  increased  sine  limite^  while  its  lengtn  remains  constant; 
the  time  of  vibration  depending  upon  the  magnitude  of  the 
angle  ago. 

Cor.  2.  When  the  angle  aco  vanishes,  or  Ac  and  cb  coin? 
cide  throughout,  the  time  of  vibration  will  be  equal  to  that  of 
a  simple  pendulum  whose  length  is  |AC  :  when  ago  is  a  right- 
angle,  the  time  of  vibration  is  infinite,  or  the  pendulum  will  rest 
upon  its  centre  of  gravity  in  aH  positions. 

Cor.  8.  Hence  if  ac=cb  be  given,  and  thetimeof  vibratioB, 
the  angle  acb  may  readily  be  found :  for  tlie  abovp  expression 

c  .  SCO. 

for  CO  gives «=  -g-' 
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Thus,  if  Ac=:15  inches,  and  the  time  Mrere  1  second,  -^O 

would  be  394  inches,  and  s  =s    ^  =  sec  of  15°  1 J  J^  nearly: 

hence  acb  =  15()*'  23'.  , 

If,  while  A  en  15  inches,  the  time  of  vibration  should  be  5 

feconds,  then  co=25  x  39f,  and  5:i  ^  ^^^*    =97*8125  =  sec 

of  89°  24|';  conseq^ently  acb  =  178*'  49  J'  nearly. 

IV.  Let  the  solid  formed  by  the  rotation  of  die  curve  vntM 
iboat  its  abscis^vA  vibrate  about  an  axis  passing  through  c; 
to  find  the  centre  of  oscillation. 

Put  cv=rf,  the  variable  absciss  vfl=jr,  its  corresponding 
ordinate  amrry,  VA=fl,  AM=r,  3*14l6=ar;  then,  as  may 
easily  be  shewn  (though  that  part  of  the  investigation  is  omitted, 
to  save  room,)  the  sum  of  the  products  of  each  particle  in  the 
circle  mn  into  the  square  of  its  distance  from  the  axis=; 

(cfl*  +  |aw*)»j/*  =  w  C (d+xyi/^  +  ^y^  \     Hence  »j»x 

yid  +  sfT/^+iy^  J  is  the  fluxion  of  the  sum  of  all  siich 
products  for  the  whole  body.     Consequently  we  shall  have 

CO  = ■ 

B'CG 

V.  Let  the  general  theorem  in  the  preceding  example  be 
iBpplied  to  the  case  of  the  cone  whose  vertex  is  v,  and  radius  of 
its  base  am. 

In  this  case  ymyi  will  become  a  right  line,  so  that  a\TX\x\ 

y^  ^x-zinxy  putting  n  =— .    Hence  fitx  X  (</+  ;r*  y^-^- 

\mrC' x^  '\^  -^^n^ x"^ .     But,  by  the  rules  of  mensuration,  the  body 
B  =  ^  »n*  x^ ;  and  (art.  1 24.)  vo  =  ^  -^^  whence  c  G  =  rf  +  f  x* 
.  Therefpre  B-CG  =  ^«rfw*j:'  + ^T»*;r*,  by  which  dividing  the 
preceding  fluent,  there  results  co  =    ^o^^30^.^i2x«^p»V 

which  for  the  whole -cone  when  xzza,  and  vx=^yzzr,  is  trans-, 
formed  to  this:  . 

20rf9  +  30ad+12»«  +  3r* 
cos:        ■  . 

SAOrf+  15a 

Cor.  1.  When  c  coincides  with  v,  or  the  cone  is  suspended 
by  its  vertex,  d  vanishes,  and  the  expression  becomes 

C0=VO=— 3;p-±^fl+— . 
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Cor.  2.  If^  when  d  vanbhes,  r  be  =  a,  then  will  cos  a. 
Consequently^  7/*  a  right-angled  cone  he  suspended  at  its  vertex^ 
its  centre  of  oscillation  will  coincide  with  the  centre  of  its  base, 
and  the  cone  will  vibrate  in  the  same  time  as  a  simple  pendulum 
whose  length  is  equal  to  the  altitude  of  the  cone. 

Remark.  The  conclusion  in  tke  last  corollary  flows  also 
very  naturally  from  the  geometrical  method  of  finding  the 
centre  of  oscillation  of  a  cone  suspended  at  its  vertex;  which  is 
this :  Bisect  an,  the  radius  of  the  base  (fig.  7.  pi.  X.iV.),  in  f; 
foin\F^  and  make  if=:|  vf;  then  10  drawn  perpendicular  to 
VF  will  meet  va  or  va  produced^  in  o,  the  centre  of  oscillation. 

For  VF  =  ^/vA«+AF«  =  i/a«+ir«,  and  vi  =  ^  \/5+Jr«.  But 
the  triangles  vaf,  vio,  are  similar^  therefore  va:  vf  : :  vi :  \o, 

that  IS, a  :  \/a«-f ir« :  :,4  \/o«+jra :  ^ —  =*a+  -— -  =vo, 

which  is  the  same  expression  as  in  cor.  1. 

When  o  coincides  with  a,  we  have  (fig.  8.)  vi:io  ::lo,: 

If  ::  VA  :  af.  So  ihat  10=  \/viif  =  v^4ir.iF-=2iF;  there- 
fore, va=i2af,  and  consequently  va  =  AN,  by  construction: 
which  agrees  with  cor.  2. 

Cor.  3.  When  va  is  less  than  an,  o  falls  below  A;  and  when 
VA  is  greater  than  an,  o  falls  above  a. 

Co  R.  4.  From  the  above  it  likewise  appears,  that  if  cones  be 
made  to  vibrate  as  pendulums,  about  their  vertices  as  points  of 
suspension,  the  time  of  vibration  may  be  increased  sine  limite, 
while  VN,  the  slant  side  of  the  cone,  remains  constant.  In 
practice,  however,  this  cannot  be  carried  so  far  in  conical  pen- 
dulums as  the  similar  thing  in  angular  pendulums,  noticed  in 
cor.  1.  exam.  III. 

CoR.  5.  Whether  a  right-angled  cone  be  suspended  at  its 
base  or  its  vertex,  it  will  vibrate  in  equal  times  (art.  306. 
cor.  5). 

These  examples  must  suffice  as  general  specimens  of  the 
method  of  finding  the  centre  of  oscillation :  we  shall  here  add 
the  results  of  other  investigations  in  some  of  the  most  useful 
cases. 

In  surfaces  when  the  vibration  is  flatwise,  or  perpendicular  to 
the  plane  of  the  figure,  the  distance  co  of  the  centre  of  oscil- 
lation from  the  point  of  suspension  will  be  as  below : 

In  an  iiiosceles  triangle  suspended  at  Its  vertex..,...)  the  altitude. 

In  a  dnde  suspended  at  its  circuniferenee, |  the  radiua. 

In  the  common  parabola  suspended  at  its  vertex,.  • . .  f  the  axis. 

Any  parabola,  ditto .,  X>»»» 

3«+l 
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When  the  surfaces  are  moved  edgewise,  or  in  the  plane  of  the 
figure;  then 

In  acircle,...,*, •.•••.••••  (  of  the  fiiameter* 

In  a  rectangle  suspended  by  one  angle,  ........  f  of  the  diagonal. 

lit  a  parabola  •••••.»•••   . .  its  vertex, }  axis  + 1  param. 

Ditto.. t middle  of  base....  .^axis-i-^P^niUB 

"  In  a  parabola  whose  distance  co  shall  equal  its  axis,  we  have 
basenf  axis  v/ 42= axis  x  i  •85164.  Such  a  parabola  will  ma* 
nifestly  vibrate  in  equal  times  whether  suspended  at  its  vertex, 
dr  at  the  middle  of  its  base. 

In  an  isosceles  triangle  — ^^  wherea=:alt.and&=:i  base; 

and  if  a =5  or  the  A  right-angled  at  the  vertex^  co^a,  as  in  the 
jight-augled  cone. 

In  a  square  pyramid  whose  altitude  is  a,  and  side  of  its  base 

2.6,  co=|a  +  -r-r— ,  the  vibrations  being  performed  in  vertical 

planes  parallel  to  that  passing  through  a  side  of  the  base. 

If  a  sphere  whose  radius  is  r,  be  suspended  at  the  distance  d 
from  its  centre,  then  is  ^  the  distance  from  the  point  of  suspen* 

sion  to  the  centre  of  oscillation=d4 — jj-.  If  the  point  of  sus- 
pension be  at  the  extremity  of  a  radius,  then  J;z|r.  When 
land  r  are  given,  we  have  /i=JJ±-s/|JTiPp2  j  whence  we 
learn  that  a  sphere  may  be  suspended  at  two  different  distances 
from  .ie  axis  of  motion,  and  yet  vibrate  in  the  same  time. 
Whe.a  J^*  =  |r*  the  radical  expression  vanishes,  and  rf  =  J^  = 
r\/ 1  =  '6324^5  r  is  the  only  value  of  d ;  the  point  of  suspension 
being  dien  the  centre  of  gyration,  and  ^,  which  varies  with  the 
time  of  vibration,  is  a  minimum. 

If  the  weight  of  the  thread  is  to  be  taken  into  the  account, 
we  have  the  following  distance  between  the  ceutie  of  the  bail 
and  that  of  oscillation,  where  B  is  the  w.eight  of  the  ball,  d  the 
distance  between  the  point  of  suspension  and  its  centre,  r  the 
radius  of  the  ball,  and  w  the;  weight  of  the  thread  or  wire^v 

GO  =  ^      ^   rV^ ■ ;  or,  if  B  be  expressed  m  terms  of  w 

considCTed  as  a  unit,  then  go  —  -~~x' 

If  two  weights  w,.w',  be  fixed  at  the  extremities  of  a  rocjl 
of  given  length  ww',  c  being  the  centre  of  motion  be- 
tween W  and  w' ;  then  if  d  ==  cw,  D  =  cw',  and  m  the 
weight  of  an  unit  in  length  of  the  rod,  we  shall  have  oo  zr 

..n3.3VD«H.m^^^P  .   ^f  ^^^  j^^,,^  ^^j^      supposed 

very  small  in  comparison  with  the  lengtli  of  the  rod.  '  . 
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In  the  bob  of  a  clock  pendulum,  supposing  it  two  equal 
spheric  segments  Joined  at  their  bases,  if  the  radii  of  those  bases 
be  each  zz^,  the  height  of  each  segments,  and  d  the  distance 
from  the  point  of  suspension  to  G  the  centre  of  the  bob,  then 

is  Go  =  4d-^ — *^  T  :>       ;  which  shews  the  distance  of  the  cen* 

tre  of  oscillation  below  the  centre  of  the  bob. 

If  r  the  radius  of  the  sphere  be  known,  the  latter  expression 

becomes  go  zi  v  ^''^  ^*^  .    In  a  solid  of  this  form  if  c2=r  40 

inches,  r:;^6y  i?=},  then  will  GO=-— -^>  or  the  centre  of  os- 
cillation will  fall  about  ^  of  an  inch  below  the  centre  of 
gravity. 

The  Centra  of  Gyration. 

312.  Ex.  J.  Let  a  slender  rod  whose  length  is  cp=:/(fig.  2.) 
revolve  on  the  point  c ;  to  find  its  centre  of  gyration. 

Let  any  variable  distance  cAzix;  then  will  the  general  ei^ 

pression  for  (art.  310.)a/-^,   become  x/'^-A/i^, 

and  this  when  ap=/,  gives  cr=  \/^/*=:Z\/^='37735/.    , 
The  same  conclusion  may  be  deduced  from  cor.  1.  art  31(X 

and  ex.  1.  art.  311.     For  CG  =  J/,  and  co='/:  consequently 

CR=:v^(J/.  4/)z=/v^^=|/v^3. 

Ex.  II.  To  determine  the  centre  of  gyration  in  a  circle,  or  in 

a  circular  wheel  of  uniform  thickness,  so  that  its  weight  may  be 

as  at  its  area. 

Let  AT  =  3«  14 1 6,  and  r  the  radius  of  the  circle ;  then  is  Wr*  = 

the  area  of  the  circle  ;  its  fluxion  is  2«rr ;  and  therefore^^= 

/2ffrV.     Consequently  ^^  =/**';"  =  r^i   =    Jr>/2  = 

•707107r=CR;  the  distance  from  c  the  centre  of  motion,  to  r 
the  centre  of  gyration.  The  same  evidently  holds  for  a  cylinder 
turning  on  its  axis. 

Ex.  111.  Let  ABDE,  and  abde  (fig.  9.  pi.  XIV.),  be  two  con- 
centric circles  whose  respective  radii  are  R,  r ; — it  the  plane  or 
solid  wheel  abed  be  taken  away^  and  the  ring  ^BDEctbde,  re« 
-volve  about  an  axis  passing  through  c  perpendicular  to  the 
plane  of  the  figure,  it  is  then  proposed  to  determine  the  di- 
stance en. 

Here  itr*— tfr*=the  area  of  the  annulus,  the  fluxion  of  which 

is  2'irKK,  R  being  supposed  variable :  consequently  2«'r3r  is  the 
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fluxion  of  all  the  pr*.    And  by  the  general  rule  we  have  ens 

Cor.  i.  When  r  vanishes,  or  the  ring  becomes  a  circle^  we 
liave  cR=R\/i,  as  in  the  preceding  example* 

Cor.  2.  The  sectors  cab^  cab,  being  to  each  other  as  the 
areas  of  their  respective  circles^  if  it  be  put  for  the  coi^respond* 
ing  part  of  the  circumference,  the  same  result  will  be  obtained 
\vitb  respect  to  the  sectors  as  to  the  whole  circles ;  so  that  if 
the  part  Asia  revolved  about  the  centre  C^  its  centre  of  oscil* 
lation  R^  WQuld  be  determined  by  means  of  the  equation  cr'^s: 

/     '^ 

Ex.  IV.  To  find  the  centre  of  gyration  of  a  cone  which  re- 
volves about  its  vertex. 

Here  we  may  again  have  recourse  to  cor.  1.  art.  310.  For 
We  know  that  vg,  the  distance  from  the  vertex  to  the  centra  of 

gravity^  is  =  |a  (art  124.);  and  vo = fa  +  —  (ex.  v.  art .  S 1  i .). 

Hence  vr  =  v/  (vg  •  yo)=^21^=iJ(^  c^+lV). 

C0R4  When  a=ry  as  in  the  right-angled  cone^  we  idiall 
have  vR  =  Jv^(V«^+|a*)=zJflVS=:.86602fl. 

The  results  in  a  few  other  useful  cases  are  as  follow : 

In  the  periphery  of  a  citcle  revolvin*^  about  the  diam. .  CRsrad  V|. 

In  the  plaue  of  a  circit; ..« .• ditto..  CR«§rad. 

In  the  Miiface  of  a  sphere..  • ,..  .•.•«»ditta«.CR«Brad  v^|. 

In  a  solid  sphere ditto.  •  CRarad  V|s:^  r  nearly. 

In  a  cone ..,, ■  tbeaxis..  CR«r  y^='54772r. 

Ill  a  paraboloid. ., •••.• ..•  .ditto. .  en  =r  Vsi  {•5'77d5  r. 

*  .  /  »*+*'  . 

In  a  straight  lever  whose  arms  are  b  and  b,  the  distance  CR=«  a  /  ^.qa 

If  the  matter  of  any  gyrating  body  were  actually  to  be  placed 
as  if  in  the  centre  of  gyration,  it  ought  either  to  be  disposed  ia 
the  circumference  of  a  circle  whose  radius  is  CR|  or  into  two 
points  R,  Ti%  diametrically  .opposite,  and  at  distances  from  the 
centre  each  =CR. 

For  a  practical  method  of  finding  the  centre  of  gyration,  see 
art.  314.  cor.  3. 

313.  Prof.  When  a  pendulum  is  at  rest^  if  a  body  imping 
on  it  in  a  horizontal  direction^  the  same  velocity  will  be  commu* 
nicafed  to  the  point  ofimpaciy  us  if  the  mass  of  the  pendulum 
were  removed ^  and  instead  of  it  an  equivalent  mass  x^re  concen^* 
trated  in  the  point  of  impact ^  the  quantity  of  the  equivalent 
mass  being  to  that  of  the  pendulum  in  a  duplicate  ratio  of  the 
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dittances  of  the  centre  of  gy  fat  ion  and  the  point  of  impact 
from  the  axis  of  motion. 

Let  CABS  (tig.  10.  pL  XIV.)  represent  a  pendulum  Mrbese 
axis  of  motion  passes  through  c,  and  let  any  impact  be  im- 
pressed upon  the  point  p,  in  an  horizontal  direction,  and  per^ 
pendicular  to  the  vertical  plane  abcd,  the  pendulum  being  at 
rest.  Let  q  be  the  quantity  of  matter  which  being  concea*- 
trated  in  p,  the  same  angular  velocity  will  be  communicated  by 
the  impact,  as  vrhen  b  the  whole  body  is  concentrated  into  its 
centre  of  gyration  r.  Then,  since  the  resistances  arising  froth 
the  inertia  of  the  two  masses  at  their  respective  distances  must 
be  equaly  in  order  that  the  angular  velocities  may  be  equal ;  we 
musty  as  in  cor.  4.  art.  310.  make  b  •  ca*=£  q  •  cp^ ;  whence  Q  = 

Cor.  Hence  V,  the  velocity  of  the  impinging  body  i,  may 
be  detiermined.  For,  let  v  be  the  velocity  communicated  to 
the  point  of  impact :  then,  by  the  laws  of  the  collision  of  non- 
elastic  bodies  (chap.  v. art.  343.)>  i :  i  +  a :  :  v :  v=v .  To 

determine  v,  measure  the  arc  described  by  o,  the  centre  of  os- 
cillation in  its  ascent  after  impact;  and  call  its  versed  sine.«, 
then  (arts.  243.  263.)  the  velocity  of  the  centre  of  oscillation  at 
its  lowest  point  =5  \/ 2^6*:  whence,  the  velocity  of  the  point  of 


CP 


impact = »/2gs. 


CO 


SCHOLIUM. 

On  the  principles  developed  in  this  proposition  and  corollary, 
the  celebrated  mathematician  Mr.  Benjamin  Robins  founded 
the  use  of  his  ingenious  contrivance,  the  Ballistic  Penduluniy 
for  ascertaining  the  velocities  of  military  projectiles.  (New 
Principles  of  Gunnery,  prop.  8.)  This  machine  consists  of  a 
large  block  of  wood  annexed  to  the  end  of  a  strong  iron  stem 
having  a  cross  steel  axis  at  the  other  end,  placed  horizontally, 
about  which  the  whole  vibrates  together.  When  the  machine 
is  at  rest,  a  ball  discharged  horizontally  from  a  piece  of  ordnanci^ 
strikes  and  enters  the  block,  and  causes  the  pendulum  to  vibrate 
more  or  less,  according  to  the  velocity  of  the  projectile ;  aiid  by 
Ae  extent  of  the  vibration  the  velocity  of  the  ball  at  the  time 
of  the  impact  becomes  known.  A  more  minute  and  particular 
description  of  this  instrument  may  be  seen  in  Dr.  Hutton's 
Tracts.    See,  also,  our  2d  volume,  art.  Ballistic  pendulum. 

314.  Prop.  If  motion  be  communicated  by  a  hanging  weight 
to  a  system  revolving  on  a  fixed  axis  passing  through  the  centre 
^gravity,  and  the  moving  force  act  alvcays  at  a  given  di^^ 
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Miance/rom  the  axis  of  motion,  it  tvill  generate  in  the  revolting 
system  the  same  motion  as  the  weight  would  acquire  in  the  same 
time  by  falling  freely  by  its  gravity  from  a  state  qf  quiescence* 
-'  Let.  DGB  (fig.  11.  pL  XIv.)  represent  a  body  or  system, 
moveable  upon  a  horizontal  axis  passing  through  its  centre  o€ 
gravity  o ;  let  R  be  the  centre  of  gyration^  p  the  weight  of  tbo 
body  which  gives  motion  to  the  system  whose  weight  is  w,  by 
means  of  a  cord  p^c  wound  round  the  circumference  dcA*  If 
cm  be  denoted  by  r,  and  ed  by  d^  the  inertia  of  the  whole  sys4 

tern  will  be  equivalent  to  the  weight  w  —  uniformly  diffused 

I       '  «       ft 

dirough  the  periphery  dcEj  every  point  of  which  manifestly 
moves  with  die  same  velocity  as  p.  The  moving  body  p  be^ 
ing  supposed  either  destitute  of  inertia,  or  incomparablv.Iess 
than  the  weight  of  the  system,  the  accelerating  force  f  will  be 

n--- ;  consequently  in  the  time  t,  the  velocity  generated  will  be 
=r  fgt  n  ^—^ ;  which  multiplied  into  the  quantity  of  matter 

w  -^p  gives  gt?  for  the  whole  quantity  of  motion  generated.  Bo^ 

if  p  were  to  descend  by  the  force  of  gravity,  it  would  acquire, 
in  the  time  /,  the  velocity  gi  (art.  24S.) ;  whidi  multiplied  into 
llie  quantity  of  matter  p,  produces  gtF,  the  same  quantify  of 
motion  as  before. 

Cor.  1.  Hence  it  follows,  that  the  permanence  of  motion, 
estimated  by  the  product  of  the  quantity  of  matter  and  velocity, 
obtains  in  bodies  which  revolve  on  fixed  axes. 

Cor.  2.  If  p  be  supposed  to  possess  inertia,  die  quantity  vd^ 
must  be  added  to  the  denominator  of  the  fraction  expresnog 

the  accelerating  force,  which  will  then  become  -j; — -;.    This 

leads  to  a  useful  practical  purpose,  explained  in  the  next  co* 
rollary. 

CoR.  3.  Hence,  to  find  the  centre  of  gyration  in  any  wstem 
experimentally.  Suppose  s  to  be  the  space  described  by  tUe 
weight  p  descending  from  rest  (as  in  the  prop.)  in  t  secotids : 
then  the  accelerating  force  being  as  in  cor.  2.  we  shall  have  s 

s:  i^/»  =»  ^  f  J  ^    ^ ;  whence  we  obtain  r  s=     /f  ,  ■  mT.  ,  ■    « jn 

which  equation,  if  the  numerical  values  of  5,  dy  p,  w,  as  result- 
ing from  the  experiment,  be  used^  r  becomes  known. 

315.  Prop.  Let  the  body  db  (fig.  1  i«  pL  XIV.>,  whose  ctntre 
of  gravity  o  is  the  centre  of  the  circle  csd,  be  attached  to  \a 
fixed  point  a  by  meaAsofa  cord  ACisd,  wound  about  c£d  asun 
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axle;  and  let  o  be  the  centre  of  oscillation  when  a  is  the  point 
of  suspension  or  momentary  centre  of  motion  of  the  body;  then^ 
%f  while  the  body  descends  by  the  force  of  gravity^  it  is  made  to 
tmrn  roimd  by  the  unwinding  of  the  cord  ACfid,  the  space  ac^^ 
tualiy  descended  by  the  body  db^  is  to  the  space  described  in 
the  same  time  by  a  body  falling  freely^  as  co  to  co. 

Through  the  point  of  contact  c,  and  the  centre  of  gravity  C^ 
draw  the  horizontal  line  cgo^  and  suppose  the  motion  of  the 
body  lo  commence  when  these  centres  are  so  situated ;  then 
(art.  S05.)  the  angular  velocity  of  the  body  at  such  comtaence-* 
ment  of  its  motion  will  be  the  same  as  if  the  whole  were  placed 
at  o !  and  if  a  body  were  placed  in  o,  its  initial  velocity  would 
be  the  same  as  that  of  a  body  falling  freely.  Drawing,  there«i 
fore,  ego  indefinitely  near  cgo,  and  the  small  arcs  oo,  Ggy  hav-* 
kig  the  comi^n  centre  c,  we  shall  have,  veloc.  of  o  :  veloc.  of 
C  ::  oo  :  Gg  ::  OG  :  GO ;  but  the  velocity  of  the  descending 
body  is  that  of  its  centre  of  gravity;  therefore,  velocity  in  free 
descent  :  velocity  of  body  : :  oc  :  gc.  Now,  since  the  points 
C^-G,  o,  are  always  in  a  horizontal  line,  and  the  radius  cg  is 
given  as  Well  as  the  distance  co  ;  the  velocity  of  a  body  failing^ 
freely,  and  of  the  body  unwinding  from  the  thread,  is  always  in 
tiie  ratio  of  co  to  cg;  and  consequently,  when  co  to  cg  is  a 
constant  ratio,  the  whole  spaces  described  in  a  given  time  will 
be  as  stated  in  the  proposition. 

CoR.  1.  The  weight  of  the  body  db,  is  to  the  tension  of  the 
cord  AC,  as  CO  to  Qo. 

For,  it  the  body  were  supported  at  o  as  well  as  c,  g  being 
the  centre  of  gravity,  or  estimate  place  of  the  body,  we  should 
have  (art.  133.  cor.  6.)  weight  of  db  :  pressure  at  c  ::  co  :  go. 
But,  if  the  point  o  be  set  free,  the  force  acting  Uiere  will 
generate  a  motion  about  c  whilst  the  pressure  there,  and  con^ 
sequently  the  tension  of  the  cord,  will  be  neidier  increased  nor 
diminished. 

Cor.  2.  This  motion  of  the  body  be  by  unx^nding  the 
thread  is  uniformly  accelerated,,  and  the  tension  of  the  cord  i| 
invariable  through  the  whole  descent. 

CoE.  3.  If  any  body  whose  transverse,  sections  are  circular 

.  run  down  an  inclined  plane,  while  the  c§rd  or  ribband  cEd  nn-^ 

folds;  or  if  such  round  body  roll  down  an  inclined  plane,  hei?ig 

hindered  by  friction  from  sliding :  the  space  it  describes  in  any 

time,  is  to  the  space  described  by  a  body  sliding  down  freely 

without  friction,  as  CG  to  co. 

For  the  forces  which  generate  the  motions  are  both  decreased 
in  the  same  ratio  ;  that  is,  as  the  absolute  gravity  to  the  relative 
gravity.upon  the  j^ane ;  dierefore,  the  spaces  described  will,  iu 
either  case,  remain  in  die  ratio  of  cg  to  co. 
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The  force  by  which  spheres,  cyUnders,  &c.  are  causfed  to  re-. 
Yolve  aji  they  move  down  an  inclined  plane  (instead  of  sliding). 
16  the  adhesion  of  their  surfaces  occasioned  by  the  pressure, 
against  the  plane :  this  pressure  is  part  of  the  body's  weight; 
for  the  weight  being  resolved  into  its  components,  one  in  the. , 
direction  of  the  plane,  the  other  perpendicular  to  it,  the  latter 
is  the  force  of  the  pressure  ^  and,  while  the  same  body  rolls, 
down  the  plane,  will  be  expressed  by  the  cosine  of  the  plane'<i 
elevation.     Hence,  since  the  cosine  decreases  while  the  arc  or 
angle  increases,  after  the  angle  of  elevation  arrives  at  a  certain 
magnitude,  the  adhesion  may  become  less  than  what  is  neces- 
sary  to  make  the  oircumference  of  the  body  revolve  fast  enough ; 
in  this  case  the  body  descends  partly  by  sliding  and  partly  bj 
rolling*.     And  the  same  may  happen  in  smailei; elevations,  if 
the  body  and  plane  are  very  smooth.     But  at  all  elevations  the 
body  may  be  made  to  roll  by  the  uncoiling  of  a  thread  orrib- 
band  wound  about  it. 

316*  If  w  denote  the  weight  of  a  body,  s  the  space  described 
by  a  body  falling  freely,  or  sliding  freely  down  an  inclined 
plane,  according  as  the  supposition  is  that  in  the  ^rop.  or  in 
con  3.  then  the  spaces  described  by  rotation  in  th^  same  time^^ 
by  the  following  bodies,  will  be  in  these  proportions. 

1 .  A  hollow  cylinder,  or  cylindrical  surface,  s  =  |« ;  tension 
of  the  cord  in  the  first  case  •=  iw« 

2.  In  a  solid  cylinder,  s  =  |5,  tens.  =  -j-w. 

3.  In  a  spheric  surface,  or  thin  spherical  shell,  s  n  {9,  tens* 

4.  In  a  solid  sphere,  s  n  -f.5,  tens,  n  yW. 

Something  of  the  same  kind  as  we  have  stated  in  the  propo- 
sition obtains  in  common  pendulous  bodies.  A  ball  ^2^^^  by  a  . 
flexible  thread  not  only  oscillates^  bat  also  makes  part  of  a  rotar 
tion;  whence  its  oscillations  differ  from  those  of  a  heavy  point 
hanging  by  the  same  thread.  The  curious  reader  who  wishes 
to  see  hoW  oscillations  of  this  nature  are  to  be  determinecji 
supposing  the  arcs  described  to  be  very  small,  is  referred  tp 
Bezmtt's  Mechanics,  art.  732*  The  investigation,  being  long, 
i^  omitted  here,  in  order  to  make  room  for  more  useful  n^atter. 

317.  Def.  ^rhe  centre  of  percussion  is  that  point  in  a  body 

*  If  a  cylinder  roll  down  a  plane  whose  elevation  b  e,  and  the  fricticyi 
be  supposed  to  vary  as  the  pressures  against  planes,  then  on  another  glane 
where  the  spaces  passed  over  by  the  sliding  aiid  roilinj^  motions  in  the  same 
time  shall  be  as  n :  1,  the  elevation  E  will  be  known  by  means  of  the  for« 

1     •  (Qn  +  3)«iinc  t      i  ♦    n         •»  i    •• 

muU  «in  E  =  "^TT — :: — rr —  ,  ,.    Leybourn  s  Repository,  vol.  u. 

part  2,  p.  6.  ...    * 
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Inevolving  about  an  axis,  at  which,  if  it  struck  an  immoveable 
obstacle,  all  its  motion  would  be  destroyed,  or  it  would  not  in^ 
cline  either  way:  so  that  if  at  the  instant  of  the  impact  the  sup* 
ports  of  the  axis  were  annihilated,  the  body  would  remain  ifi 
absolute  rest. 

Daring  the  vibration  of  a  system  of  bodies  roimd  a  fixed  axis 
passing  through  c  (fig.  12.  pL  XIV.)  if  such  an  obstacle  b^ 
opposed  to  any  point  o,  as  entirely  to  destroy  the  motion  of  that 
))oint,  every  other  particle  of  the  system  will  endeavour,  by  its 
inertia,  to  proceed  in  the  direction  of  its  motion,  that  is,  of  the 
t^mgent  of  the  circular  arc  it  was  describing  the  instant  o  was 
stopped.  These  forces,  therefore,  will  act  on  the  system  to 
turn  it  round  o ;  and  if  the  sum  of  the  forces  on  each  side  of  O 
should  be  unequal,  the  motion  or  the  system  will  not  be  de- 
stroyed when  o  is  stopped ;  but  since  the  forces  which  act 
upon  the  pendulous  body  between  o  and  c  have  au  effect  to 
continue  the  motion  of  the  system,  contrary  to  those  which  are 
impressed  on  the  other  side  of  o,  if  this  point  0  be  so  situated 
that  the  sum  of  the  forces  to  torn  the  system  round  o,  on  eacK 
side  of  that  point,  may  be  exactly  equal,  then  the  instant  in 
which  o  is^  stopped^  the  whole  motion  of  the  system  will  be  de« 
stroyed. 

Cor.  1.  When  a  pendulum,  vibrating  with  a  given  angular 
Velocity,  strikes  an  obstacle^  the  effect  of  the  impact  will  be  the 
greatest  if  it  be  made  at  the  centre  of  percussion « 

For,  in  this  case  the  obstacle  receives  the  whole  revolving 
motion  of  the  pendulum ;  whereas,  if  the  blow  be  struck  in  ahy 
other  point,  a  part  of  the  motion  of  the  pendulum  will  be  em* 
ployed  in  endeavouring  to  continue  the  rotation. 

CoR.  2.  If  a  body  revolving  on  an  axis  strike  an  immoveable 
obstacle  at  the  centre  of  percussion,  the  point  of  suspension 
will  not  be  affected  by  the  stroke. 

W^  can  ascertain  this  property  of  the  point  o  when  we  give 
a  smart  blow  with  a  stick.  If  we  give  it  motion  round  the 
joint  of  the  wrist  only^  and,  holding  it  at  one  extremity,  strike 
smartly  with  a  point  considerably  nearer  or  more  remote  than  |. 
of  its  length,  we  feel  a  painful  wrench  in  the  hand :  but  if  we 
strike  with  that  point  which  is  precisely  at  ^  of  the  lengthy  no 
such  disagreeable  strain  will  be  felt.  If  we  strike  the  blow  with 
one  end  of  the  stick,  we  must  make  its  centre  of  motion  at  f 
of  its  length  from  the  other  end ;  and  then  the  wrench  wiH  be 
avoided. 

318.  Peo^.  The  distance  of  the  centre  of  percussion  from 
the  axis  of  motion  is  equal  to  the  distance  of  the  centre  of  oscil- 
lation from  the  same:  supposing  that  the  centre  of  percmsion 

vol.  i.  u 
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is  required  in  a  plane  passing  through  the  axis  of  motion  and 
centre  of  gravity. 

Let  CBE  (fig.  12.)  be  a  plane  passing  through  the  centre  of 
gravity  g  of  the  body^  and  perpendicular  to  the  axis  of  suspen^^ 
sion  which  passes  through  c ;  and  conceive  the  whole  body  to 
be  projected  upon  this  plane  in  lines  perpendicular  to  it,  or 
parallel  to  the  axis  of  motion;  for  then,  as  each  particle  will 
fall  at  the  same  distance  from  .the  axis  as  in  the  body  itsdf,  the 
ejBfect  from  the  rotatory  motion  will  not  be  changed,  neither  will 
the  place  of  thp  centre  of  gravity.  Through  c  and  g  draw  the 
line  CGON,  and  let  p  be  the  place  of  one  of  the  particles/?  com* 
posing  the  system.  Now,  since  the  angular  motion  of  all  the 
particles  is  the  same,  the  absolute  velocity  will  be  proportional 
to  the  distance  from  the  axis  of  motion ;  and  if  at  the  distance 
.1  the  velocity  be  expressed  by  unity,  the  velocity  oi p  will  mani-* 
festly  be  denoted  by  fs,  and  its  quantity  of  motion  will  be  p  •  pc^ 
which  will  act  in  the  direction  pr  perpendiculsfr  to  PC  :  produce 
PR  till  it  meets  od,  drawn  parallel  to  pc,  in  d;  then  the  force 
|>  •  PC  acting  in  the  direction  pr  will  act  upon  o  as  though  it  bad 
the  advantage  of  the  lever  od,  and  consequently,  p  •  PC  •  od  will 
represent  the  force  of  the  particle  p  to  move  the  system  round 
o.     But  by  reason  of  the  similar  triangles  cpr,  odr,  we  have 

CP'RO  CO  — CR  .     .-  - 

EC  :  cp  : :  Ro  :  od  =  — —  =»  cp  • ;  and,  if  pa  be  perpenr 

dicular  to  co,  we  shall  have  RC:  cp  : :  cp  :  ca  =  — .     Hence 

'  €R 

the  entire  force  p»vc*OT}  becomes  =  p»pc*«  — — — =jp«CA- 

CR 

CO  —p'PC*.  But,  w}ien  o  is  the  centre  of  percussion  the 
sum  of  all  the  p«cA-co  —  p'.pc%  must  be  equal  to  zero,  or 

yjP'CAtCO  ^J^p  PP*  =^fpr^.'    Whence  it  follows  that  co  =: 
^ =  "^ — -;  the  denominators  of  the  two  fractions  beinsr 

equal,  by  arts.  108.  109.  and  this  value  of  co  obviously  cor- 
responds with  that  given  for  the  centre  of  oscillation  in  art. 
306. 

CoR*  1.  If  the  body  be  symmetrical  with  regard  to  the  plane 
BGE,  or  if  it  be  a  solid  of  rotation,  the  centre  of  percussion 
found  in  the  axis  of  «the  body  will  coincide  with  the  centre  of 
oscillation. 

CoR.  2.  If  the  centre  of  percussion  be  required  in  a  plane 
which  does  not  pass  through  G,  as  co  for  instance,  we  must 
j)roceed  thus :  from  G,  the  centre  of  gravity^  let  fall  on  co  the 
perpendicular  eg;  and,  by  the  same  argument  as  above,  po  s; 
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,ZEL-  =  -LfH.^     Now,  CO :  CO  : :  CG  :  Cj?  :  hence  the  angles  ooc 
/pea       Beg  '  ^'  *=" 

and  Ggc  are  equal,  and,  consequently^  the  former  is  a  right 
angle. 

Cor.  3.  Hence  it  follows,  that  a  body  has  s6iferal  centres  of 
percussion  according  to  the  plane  passing  through  the  axis  of 
motion  in  which  the  impact  is  made,  and  the  right  line  oo,  at 
right  angles  to  co,  is  their  locus* 

319.  Prop*  IfcB  (fig.  13.  pi.  XIV.)  be  the  axis  of  a  body's 

'motion y  qAO  a  plane  perpendicular  to  cb  and  passing  through 

the  centre  of  gravity  g,  pA  a  perpendicular  let  fall  from  any 

particle  i^  of  the  body  on  the  plane  ca,  and  p  the  centre  ofper^ 

cussion,  then  will  po  ==  CB  :;;:  ^Ae  sum  of  all  the  ^^r^ — • 

'  *^  Body  •  ca 

For  the  sum  of  all  the  forces  with  which  th6  body  is  liable 
to  be  turned  in  one  direction  round  p:d  as  an  axis  =  sum  of  all 

thep«CA-(cB  —  Ap)  =yjp-GA-(cB  —  Ap),  and  the  sum. of  all 
riie  forces  which  tend  to  turn  it  in  the  contrary  direction  =  sum 
of  all  the  p*CA  (Ap  '—  cb)  z=:Jp'CA(,Ap  ~  cb).  Therefore, 
in  the  case  of  no  motion  either  way,  we  have  fp  •  ac  •  cb  =;: 
yp'Ap-AC.  But,yp.cB»AC  =yp-CB-CG +yp-CB«GA;  an4 
yp'CB'GA  =  0,  from  the  nature  of  the  centre  of  gravity.  Ii^ 
like  manneryp'pA  -ac  rryjp-pA-AG  +yp-pA«CG,  and/jp.pA 
•  CG  =  0:  consequently,yp  •  cb  •  CG  — /p  -pA  •  AG;  and  ^b  ^ 

J        PPQ  PPG      '  . 

Cor.  Heii€0  the  centre  of  percussion  of  a  bod^  taming 
round  the  axis  cb,  is  determined  by  these  conditions.  Ist.  It  is 
in  a  line  po  passing  through  the  centre  of  oscillation  and  paraT^ 
lei  to  CB.    2dly.  Its  diatance  op  frpm  the  centre  of  oscillation  isi 

' '       ■     • 

B'CG 
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320.  As  several  writers  on  mechanics  have  asserted,  th^t  the 
centres  of  percussion  and  oscillation  reside  universally  in  the 
«jame  point,  we  shall,  in  addition  to  the  preceding  investigations, 
give  a  simple  instance  here,  in  which  the  contrary  will  be  ob- 
vious, if  we  adhere  to  the  first  definition  in  art.  60h.  To  this 
endiet  two  equal  balls  b,  b'  (fig.  14.  pi.  XIV.)  (of  evanescent 
magnitude  wiki  respect  to  their  d^tance  fironl  eadi  other),  be 
connected  with  an  axis  of  motion  cc'^,  by  inflexible  lines  cb 
(=  Sp  and  cV  (=7),  void  of  gravity,  perpendi<Hiiar  to  qc' 
(=  ^;  and  parallel  to  each  other;  to  find  the  respective  di« 

U2 
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stances  of.  the  ceutres  of  gravity,  oscillation^  and  percussion^ 
of  this  system  from  each  oAer.  Join  bb'  and  bisect  it  in  G, 
die  centre  of  gmvity,   so  shall  eg  zz  5.     Then  (art.  306.) 

B  •  BC^  +  b' •  b'C^  94.49  11*  />     « 

— z TT zz  -r — r  =  5'8  r:  iro,  the  distance  of  the  centre 

(b+b')g^  2x5  ^    ' 

tS  oscillation  from  the  axis ;  whence  go  =  'S.  Through  o 
Araw  by  parallel  to  cc',  then  (art.  318.)  will  the  centre  of  per* 
cussion  p  be  somewhere  in  this  line ;  and^  by  the  last  article  we 

£    J     '  B'BA-Aft  +  B'-B'A'- a'g      '    6+G  1    rt         tJ  *U 

find  po  =   ■ =  -777-  =  V2.     Here  the  pro- 

(B+B)gG  10  *^    \ 

ducts  6  and  0  are  added  together,  because,  while  B  and  b^  are 
«Q  opposite  sides  of  Ggy  they  are  also  on  contrary  sides  of  a  line 
passing  through  g  parallel  to  cc';  so  that,  if  B^A  be  +>  b'a  will 
be  —  yand  ag  being  +,  a'g  will  be  — ,  and  consequently  BA  - 
AG,  and  bV'A'g,  are  both  aflSrmative  product*.  •—  ...  Or^ 
die  centre  of  percussion  f  must  be  so  situated  that  b  •  bc  •  ^P 
Hiust  be  =  b'  •  bV  •  6'p ;  whence,  since  B  =s  b',  we  have  bV  ^ 
B<; ; :  Jp  :  p6'  =  -f  ftp-  =s  ^  66'  ss  1-8.  Consequently,  OP  =  3  — 
i-8  =  1*2;  and  gp  =  v^('8*  +  J^'2*)  =  1*4422;  the  triangle 
^OP  being  right-angled  at  o.     See  also  arts.  392,  393. 

^  321.  Pftop.  In  the  wheel  and  axle,  when  a  weights  aeting 
M  the  distance  n,  eletates  a  weight  w  acting  at  the  distance  r, 
J\rom  the  mathematical  axis,  the  pressure  sustained  by  that  axis 

^11 6€  2=  pw »  V^  !^ ;  i^he  wiOiht  of  the  wheel  and  axle  and 

the  friction  of  the  cord^  Kc.  not  being  considered*^ 

Suppose  p  and  w  to  be  at  their  respective  extrejeniti^  €^  Ae 
horizontal  line  passing  through  the  centre  of  motio%  and  in 
-that  sitnaticm  let  0  and  g  be  the  respective  disPtances  of  dieir 
i^entres  of  joscfllatioii  and  of  gravity  from  the  centre  of  motion* 
"iDieB,  since  the  whole  system  revolves  with  the  swBe  angular 
velocitgr.as  if  p  -h.w  were  placed  at  the  distaipce  o  kern  the 
centre  of  motion  (art.  305.)^;  and,  since  the  accelerative  forces 
are  as  the  velocities  generated  in  a  given  time  (art.  225^  <^  ^t» 
the  distances  from  the  ccBtve  of  motion ;  we  have  0  :  g  ^:  p  + 

w  :  —-  (p  +  w),  the  force  with  which  the  centre  of  gravity  de- 
scends.    But  0  =        .T    (art.  306.)  attd  j?  =  --^ — by  thena- 

tare  of  the  centre  of  gravity.    Therefoue  ~  =      7"   ^.* , 

^  ^  0  FR*fWr^      »+.\^ 

and  y  (p  +  w>  =:  ^--^»    Now  the  force  wilJi  ivUich  tfie 

*  For  au  estimate  of  the  pressore  including  the  frietioA  and  (hQ  weight 
of  the  machine,  see  Phil.  Trans,  vol.  xlix*  or  Kew  AbndgQient,*?oL  x. 
p.  559. 
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centre  of  gravity  tends  to  descend  is  manifestly  that  by  which 
the  pressure  upon  the  axis  p  +  w  arising  from  the  weight  is 
diminished  by  the  motion :  consequently  the  pressure  upon  the 

.     .                   .                <PR— Wr)*  (R  +  r)» 

:iS  IS  ZZ  P  +  W  —  ^^tt; ~r  =  — 


.axis  IS  zz  p  4-  w  —     .-       '   =  pw 

Coft.  1.  If  R  =  r,  as  in  the  case  of  the  single  fixed  puUey, 

Aen  the  pressure  zz . 

'^  p+w 

Cojft.  2.  The  same  reasoning  will  evidently  apply  to  the 
pressure  upon  the  fulcrum  ^f  a  straight  lever. 

322.  Def;.  The  centre  of  spontaneous  rotation,  or  sponta^ 
jnieous  gyration,  is  that  point  which  remains  at  rest  the  instant 
any  body  is  struck,  or  the  point  about  Vf4iich  the  body  begifis  to 
revolve. 

When  a  body  b  (fig.  15.  pi.  XIV.)  of  any  shape  whatever 
receives  an  impulse,  the  direction  of  which  does  not  paas 
through  the  centre  of  gravity,  and  takes,  ia  consequence,  the 
itwo  motions  of  which  we  have  before  spoken  ^art.  300.);  it  ii 
evident  that,  for  an  instant  of  time,  we  may  consider  it  as  having 
only  one  motion,  namely,  a  motion  of  rotiitioa  about  a  point  or 
fixed  axis  c,  which  may  be  either  within  the  body  or  out  of  i^ 
according  to  the  shape  of  the  body,  and  the  distance  Gs  be^ 
tween  the  centre  of  gravity  and  the  direction  of  the  impact.  If 
while  the  line  gs  is  transported  paralld  to  itself  from  gs  to 
-oV,  we  imagine  that  it  turns  about  the  moveable  point  G,  ai 
tiie  particles  of  the  body  have  greater  or  less  velocities  as  they 
are^ore  or  less  distant  from  c,  it  is  manifest  that  thete  is  upon 
8G  a  certain  point  jC,  which  will  be  found  to  de9cribe  from  cf 
towards  c  an  arc  equal  to  (QGr%  which  during  an  evanescent  in-» 
■stant  may  be  regarded  as  a  right  line;  in  that  case  the  point  C 
will  have  been  carried  as  far  backward  by  its  motion  of  rotation 
^8  it  will  h^ve  been  advanced  parallel  to  GO^  by  the  velocity 
common  to  all  the  parts  of  the  body;  the  point  c  has,  there* 
fore,  during  this  instant,  been  acjtually  at  rest  in  c^;  and  may, 
'Consequently,  be  coil^idered  as  a  fixed  point  about  whicl^  the 
body  during  such  instant  has  a  rotatory  motion. 

523.  Prop.  The  centre  of  spontaneous  rotation  is  the  same 
with  the  centre  of  suspension  corresponding  to  the  centre  ajf 
percussion^  the  centre  of  percussion  being  that  point  where  tni 
oody  is  struck. 

The  arcs  cc/,  s  j,  which  the  points  c  and  s  describe  during  an 
instant,  being  regarded  as  right  lines  perpendicular  to  gs  or 
parallel  to  gg',  the  similar  triangles  cgg',  g's'i,  give  gs  :  gc  :^ 

jsi  :  Gfi':  now  the  velocity  gg'  will  be  expressed  by  — ,^6d  t^^ 
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Velocity  s'l  by  j^  (art.  SOI.);  therefore  Os  :  gc  : :  ^'\     z 
-i;  and  consequently  6c  ^  ^=^^-^,  ther,  r',  &c.  being  reckoned 

from  o.     Hence  cs=id84-  -^^^  =  ^'^^    ^-    ',  which  value  of 

B'GS  B*GS         ' 

C6  correspotids  with  the  value  of  co  in  art.  318 ;  because  when 
we  have  the  momentum  of  inertia  with  regard  to  an  axis  passing 
through  the  centre  of  gravity  g,  we  obtain  that  momentum  with 
negavd  to  any  other  axis  si  parallel  to  the  former,  by  adding 
to  it  the  product  of  the  mass  into  the  square  of  the  distance  aa 
between  the  two  axes* 

.  The  same  conclusion  may  be  otherwise  deduced,  thus: — 
tThe  action  of,  the  body  against  an  immoveable  obstacle  in  the 
centre  of  percussion  must  have  the  same  effect  upon  the  body 
«8  if  the  body  had  been  at  rest  and  the  obstacle  had  struck  it ; 
in  which  latter  case  the  centre  of  suspension  would  not  be 
nffected,  and  therefore  it  becomes  the  centre  of  spontaneous 
notation* 

Cor.  1.  Since  ^  the  force  does  not  enter  the  above  value  of 
cs,  we  see  that  the  position  of  the  caitre  of  spontaneous  rotation 
js  independent  of  the  magnitude  of  the  impact. 

Cor.  2.  The  distance  cg  is  always  greater  as  the  force  fpy  or 
the  result  of  uU  the  forces,  acts  nearer  the  centre  of'  gravity; 
and  vice  versa »  So  that  wbei^f  ^  coincides  with  gg,  gc  will  be 
infinite ;  or  there  will  be  no  motion  of  rotation. 

CoR.  3.  If  an  impact  be  made  on  arty  point  of  the  axis  of  a 
symmetrical  body,  or  a  solid  of  rotation,  and  that  point  be 
considered  as  the  point  of  suspension,  the  corresponding  centre 
of  oscillation  will  be  the  centre  of  spontaneous  rotation^ 

Uliis  will  be  evident  on  comparing  this  proposition  with 
art.  306.  cor.  5.  and  318.  cor.  1. 

CoR.  4.  To  whatever  point  of  a  right  line  drazcn  through 
the  centre  of  gravity  oj  a  body  the  impact  be  applied,  the 
velocity  of  the  centre  of  gravity  will  be  the  same. 

For  the  expression  —  denotmg   the  velocity,   contains  no 

distance.  The  same  thing  will  readily  appear  otherwise,  thus  : 
To  whatever  pomrof  qp  (fig.  15.)  the  loice  (p  is  applied,  the 
incipient  motion  g*QjH-P«pp  will  be  the  same  by  the  second 
law  of  motion,  the  particles  a,  p,  being  connected  by  the 
inflexible  line  qj>  ;  and,  consequently,  the  velocity  of  the  cen- 
tre of  gravity,  or  gc',  is  always  the  same  as  if  both  particles 
were  placed  at  G,  and  impelled  by  the  same  force  f;  for  g6^=: 

7 ,  by  the  nature  of  the   centre  of  gravity.     And 

the  same  thing  may  be  shewn  of  as  many  other  pomts  as  we 
please; 
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Cor.  5.  ffence,  in  rotations  about  a  centre  of  spontaneous 
gT/raiioHj  the  permanency  of  the  quantity  of  motion  obtains. 

324.  Prop.  IVhen  ^  s,  the  direction  of  the  impact,  passes 
through  the  centre  of  the  impelling  body,  the  centre  of  gravity 
of  the  body  struck  will  move  with  a  velocity  equal  to  the  pro^ 
duct  of  the  quantity  of  motion  of  the  impeWng  body  into  the 
distance  between  the  centres  of  gravity  and  spontaneous  rota-- 
Hon,  divided  by  the  sums  of  the  products  of  the  impelling  body 
into  the  distance  of  the  point  of  impact  from  the  centre  of 
spontaneous  rotation,  and  of  the  impelled  body  into  the  distance 
between  the  centres  of  spontaneous  rotation  and  of  gravity. 

Let  the  quantity  of  matter  of  the  impmging  body  be  6,  its 
velocity  v,  or  &t;=^;  and  when  the  body  B  is  struck  in  the 
direction  ^s  (in  which  the  centre  of  the  body  b  is  always  found^) 
let  the  velocity  of  its  centre  of  gravity  be  v,  the  centre  of 
spontaneous  conversion  being  at  c.     TTien  cg  :  cs  : :  v  :  the 

velocity  of  the  point  s,  which  is  therefore  =v ;    coase« 

quently,  v— v =  the  velocity  lost  by  6  in  the  direction  ^s  : 


whence,   by  the  third  law  of  motion.  A* ^  =  b«v. 

and,  by  reduction,  v=:  ,    ■. 

^        ''  '  B'CO  +  6'CS 

Cor.  If  the  inertia  of  the  striking  body  be  evanescent,  the 
velocity  v  will  become or  — ;  being  the  same  as  would 

B  B 

he  generated  in  the  centre  of  gravity  if  the  body  b  impinged 
directly  on  it  with  the  velocity  v. 

325.  Prop.  The  conditions  in  the  last  corollary  being  retained, 
the  angular  velocity  of  the  centre  of  the  system  about  the  cen^ 
-ire  of  gravity,  is  equal  to  the  momentum  of  the  impelling  body, 
divided  by  twice  the  product  of  the  mass  of  the  impelled  body 
and  the  distance  Oq^  into  the  periphery  of  a  circle  whose  diame* 
ter  is  unity. 

If  a  fixed  axis  passed  through  c,  the  centre  of  gravity  would 

describe  a  circle  whose  radius  is  cg  with  •the  velocity . 

But  in  the  present  case  the  motion  of  the  system  will  (art.  322.) 
be  compounded  of  the  uniform  rectilinear  motion  of  the  centime 
of  gravity  in  the  direction  gg',  perpendicular  to  cs,  and  the 
iangular  motion  XG'p:=:GCG\  generated  round  the  centre  o( 
gravity.    And,  since  the  periphery  of  a  circle  whose  radius  i$ 

PG  is  2ir.cG,  we  have  this  analogy,  —  i^^Qg  ::  V: 


hu 
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the  time  of  one  revolution  in  seconds:   whence  it  follows, 
that  the  number  of  revolutions,  or  parts  of  a  revolution,  in  a 

Second,  or  the  angular  volocity  u,  will  be  1  -5- ~~^ — 

2«-B'CO 

Cor.  1.  Since  c  is  the  centre  of  percussion  to  s  as  a  centre  of 
motion,  if  q  be  the  centre  of  gyration  with  respect  to  g  as  a 
ceQtre  of  motion,  (that  is,  if  o  be  the  principal  centre  of  gyra- 

tion,)  we  have  (art.  310.  cor.  2.)  GC*Gs=Ga%  or  CG=  ^^;  thia 

value  of  CG  being  substituted  for  it  in  the  preceding  expres* 

(sion  for  the  angular  velocity,  it  becomes  u=:  -r--- — ;• 

Cor.  2.  The  centre  of  spontaneous  rotation,  during  the 
motion  of  the  system,  describes  the  comtfion  cycloid. 

For  the  motion  of  any  point  in  the  system  is  compounded  of 
the  uniform  rectilineal  motion  of  the  centre  of  gravity,  and  of 
the  angular  motion  generated  round  that  centre:  but  (art.  322.) 
the  velocity  with  which  the  centre  .of  spontaneous  ^rotation 
would  move  round  the  centre  of  gravity,  if  there  only  existed  a 
rotatory  motion  in  the  system,  would  be  eqnal  to  that  with 
which  the  centre  of  gravity  would  move  round  it,  if  the  centre 
c  were  fixed:  consequently,  since  the  centre  c  has  both  a 
rotatory  and  a  progressive  motion,  each  of  which  is  equal  to  that 
of  the  centre  of  gravity,  it  will  describe  a  cycloid. 

326.  Prop.  In  the  body  or  system  b  (fig.  15.)  to  which,  when 
quiescent,  motion  has  been  communicated  by  the  impulse  of  a 
force  p  without  inertia,  that  is,  rectilinear  motion  to  the  centre 
of  gravity  measured  by  the  space  y  which  that  centre  zcould 
aescribe  uniformly  in  any  given  time,  and  angular  motion 
measured  by  the  revolutions  u,  or  parts  of  a  revolution,  which 
it  would  describe  uniformly  round g  in  the  same  time;  then,  if 
the  notation  in  the  preceding  propositions  be  retained,  and  aoe 
the  principal  centre  of  gyration  when  the  p/stem  rei'olves  about 
its  centre  of  gravity,  the  perpendicular  distance  from  the  centre 
of  gravity  at  which  the  impelling  force  must  act  so  as  to  have 
g£nerat^  these  progressive  and  rotatory  motions  will  be  as=; 

v 

Let  f  s  be  the  direction  of  the  impulse,  and  let  ^  be  equal  tq 

the  momentum  of  an  evanescent  body  b  moving  with  the 

velocity  v,  B  being  the  weight  of  the  system ;  then  (art.  324. 

cor.)  the  velocity  communicated  :to  the  centre  of  gravity  will 

be  i=  -^ ;  and  the  angular  velocity  gtsnerated  in  the  systetQ 
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(art.  3125.  cor,  1.)=  o~~;*    ^"*>  ^y  *®  prop,  the  velocity 

communicated  to  the  centre  of  gravity  is  y,  and  the  angular 
motion,  that  is,  the  number  of  revolutions,  or  parts  of  a  revo- 
lution, described  wrhile  the  centre  of  gravity  passes  over  the 
space  V,  is  u :  so  that,  from  the  conditions  there  arises  this 

equation,  v=  -^^  =  -^J^,  bj  Pitting  v  for  its  equal 
— .     Hence  Gszz . 

B  V  - 

Cor.  If  the  body  b  be  a  sphere  whose  radius  is  r,  then, 
art.  312.  GQ*=:|r  ,  and  if  w  be  the  absolute  velocity  of  rotation 

of  an  equator  of  the  sphere,  we  have  u=:  -r — ;  whence  tlic 
preceding  value  of  os  is  transformed  to  this,  Gsnlr  — • 

SCHOLIUM. 

327.  This  propositioi^  may  be  applied  to  the  double  motion 
Af.the  planets.  The  earth  revolves  about  an  axis  passing 
throu;:h  its  centre  of  gravity,  while,  by  a  motion  of  translation, 
that  i  entre  is  carried  on  in  free  space  in  an  orbit  nearly  cir« 
cular.  And  a  similar  kind  of  double  motion  has  been  disco- 
vered in  several  of  the  planets ;  and  analogy  leads  us  tQ 
belie  e  it  obtains  in  the  others.  Now,  suppos^ing  the  bodies  of 
the  I'lanets  to  be  spherical,  as  they  are  nearly,  the  use  of 
this  \n  ^{position  at  once  appears.  Having  given,  for  instance^ 
the  magnitude  of  an  impulse  Math  respect  to  the  mass  of  the 
earth,  and  the  .direction  fs  in  which  it  was  applied,  at  any 
given  distance  sg  from  the  centre  of  gravity,  the  angular 
motion  round  G  would  be  inferred :  and,  conversely,  if  th^ 
actual  rotatory  velocity  of  the  earth's  equator  and  the  velocity 
of  its  orbit  be  ascertained,  the  distance  as  from  the  centre  at 
which  it  may  have  received  a  single  impulse  f  s,  adequate  to 
produce  the  double  motion,  may  readily  be  found. 

Thus,  any  point  in  the  earth's  equator  passes  over  25020 
miles  by  rotation  in  a  sidereal  day ;  and,  if  the  mean  distance 
of  the  earth  from  the  sun  be  9^  millions  of  miles,  the  earth 
will  pass  over  nearly  596904000  miles  by  its  orbital  motion,  in 
a  year,  or  about  366  sidereal  days  :  hence  596904000  -r-  366  s 
16308S52,  will  be=:v  in  our  theorem,  while  25020:=:u.  Con- 
sequently GS=|r-^=  T^rr.  So  that  if  an  impulse  be  im- 
pressed on  a  quiescent  sphere,  and  the  direction  of  the  force 
should  he  at  a  distance  gs  from  its  centre  of  gravity  of  abo^t, 
•^y  part  of  .the  radius,  the  ai^ular  motion  of  diat  sphere,  and 
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the  absolute  motion  of  its  centre^  will  have  the  same  relation  to 
each  other,  as  those  which  actually  obtain  in  the  earth. 

The  time  of  the  rotations  of  Mercury,  Venus,  Herschel,  and 
Ihe  other  planets,  is  unknown ;  but  for  the  following  planet^ 
ii  is  ascertained ;  so  that  by  the  same  theorem  we  obtain  these 

values  of  gs.  Mars  -j^;  Jupiter  -^^7^35-;  Saturn  -^^;  the 
moon  -rKT'    We  have  not  sufficient  data  to  determine  this  for 

the  9un.  ^^  But  (as  Dr.  Kobison  remarks)  the  very  circumstance 
of  his  having  a  rotation  in  27d.  7h.  ^^Tm.  makes  it  very  pro- 
bable, that  he,  with  all  his  attending  planets,  is  also  moving 
forward  in  the  celestial  spaces,  perhaps  round  some  centre  of 
still  more  general  and  extensive  gravitation;  for,  the  perfect 
opposition  and  equality  of  two  forces,  necessary  for  giving  a 
rotation  without  a  progressive  motion,  has  the  odds  against  it 
of  in6nity  to  unity.  This  corroborates  the  conjectures  of  phi- 
losophers, and  the  observations  of  Herschel  and  other  astrono- 
mers, who  think  that  the  solar  system  is  approaching  to  that 
quarter  of  the  heavens  in  which  the  constellation  Aquila  is 
jBituated.'' 

828.  Prop.  If  a  body  revolve  about  an  axis  passing  through  its 
centre  of  gravity  with  the  angular  velocity  u,  white  this  axis  is 
carried  round  another  axis,  also  passing  through  its  centre  of 
gravity y  xoith  the  angular  velocity  u,  these  two  motions  compose 
a-niotton  oj' every  particle  of' the  body  round  a  third  axis  lying 
in  the  plant  of  the  other  two,  and  inclined  to  each  of  the  former 
axes  in  angles  whose  sines  are  itrversely  as  the  angular  velocities 
round  them ;  and  the  angular  velocity  v  about  this  new  axis  is 
to  that  about  one  of  the  primitive  axes  as  the  sine  of  the  in-^ 
clination  of  the  latter  axis^  to  the  sine  of  the  inclination  of  the 
new  axis  to  the  other  primitive  axis. 

Thus,  if  a  body  turn  round  an  axis  AGa  (fig.  1.  pi.  XV.) 
passing  through  its  centre  of  gravity  g  with  the  angular  velocity 
V,  while  this  axis  is  carried  round  another  axis  bgA  with  the 
angular  velocity  u,  and  if  gd  be  taken  to  gb  as  u  to  t/,  (the 
pomts  B  and  £  being  taken  on  that  side  of  the  centre  where 
they  are  movhig  towards  the  same  side  of  the  plane  of  the 
figure,)  and  the  line  de  be  drawn,  the  whole  and  every  particle 
of  the  body  will  be  in  a  state  of  rotation  about  a  third  axis  CGc, 
))arallel  to  de,  lying  in  the  plane  of  the  other  two;  and  the 
angular  velocity  v  about  the  axis  cGc,  will  be  to  u,  and  to  u,  as 
D£  is  to  GD  and  to  CE. — Por,  let  p  be  any  particle  of  the  body, 
and  suppose  a  spherical  surface  whose  centre  isG  to  passthrougb 
p.  Draw  PR  perpendicular  to  the  plane  of  tlie  figure:  then  i» 
PR  the  common  section  of  the  circle  of  rotation  ipi  round  tli^ 
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a^is  Xdy  and  the  circle  kpA;  of  rotation  round  the  axis  b&.  Let 
F  and  o  be  the  centreaof  these  circles  of  rotation,  and  i/,  i^k^ 
their  diameters.  Draw  the  radii  pf,  po^  and  the  tangents  pm^ 
PN :  these  tangents  are  in  a  plane  mpn  which  touches  the 
sphere  in  p,  and  cuts  the  plane  of  the  axis  in  a  line  mn,  to 
which  a  line  drawn  from  g  through  r  would  be  perpendicular* 
Suppose  PN  to  represent  the  velocity  of  rotation  of  the  point  p 
»bout  the  axis  b^,  while  vf  represents  its  velocity  of  rotation 
about  Aa;  and  complete  the  parallelogram  pn(/*:  then  is  p^' 
the  direction  and  velocity  of  the  resultant  of  the  composition 
of  PN  and  vfy  and  it  is  manifestly  in  the  same  plane  as  the  con- 
stituent lines.  Let  perpendiculars  yV,  /t,  be  drawn  to  the 
plane  of  the  axis,  and  the  parallelogram  pn//  will  be  ortlio- 
graphically  projected  on  that  plane,  its  projection  being  also  a' 
parallelogram  rntf,  (art.  68.)*.  Draw-  4he  diagonal  rt. 
Th^n,  since  pr  is  perpendicular  to  the  plane  of  the  primitive 
axis,  Pu/T  is  so  likewise:  and,  consequently,  the  compound 
motion  p^  is  in  the  plane  of  a  circle  pf  revolution  about  isome 
axis  situated  in  the  plane  of  the  other  two.  Produce  tr,  and 
draw  GC  intersecting  it  perpendicularly  in  h;  audlet  lp/  be  the 
circle  of  rotation,  its  diameter  being  l/=:2lh:  then  is  itt  a 
tangent,  and  perpendicular  to  ph;  and  it  will  meet  rt  in  soma 
point  Q  of  the  line  mn.  The  particle  p  is  in  a  state  of  rotation 
ubout  tlie  axis  cgc,  and  its  velocity  is  to  the  velocities  round 
Afl,  or  ei,  as  vt  to  pf  or  to  pn.  Now  pn  the  tangent  is  p^rp. 
to  OP,  and  pr  is  perp.  to  on  ^-therefore,  pp  :  pn  :  :  pr  :  rn, 

and  RN  1=  -^ — .  But  the  velocity  of  p  about  the  axis  aiis  w-op: 
whence  rn= itm^pr.    In  like  manner  Ri^nu-pft. 

OP 

Consequently  rf  :  RN  : :  u  :  ii :  :  gd  :  ge.  But  NT  :  rn  : :  sta 
NKT :  sm  NTH,and  gd  :  ge  : :  sin  ged  :  sin  go£ ;  hence,  sin  nrt: 
sin  NTR  : :  sin  GEO  :  sin  gd£.  Now  since  nr  is  perpendicular 
to  EG,  and  NT  (parallel  to  if)  perpendicular  to  dg,  we  have 
RNTzzEGD.  Hence  tr  is  perpendicular,  andcc  parallel  to  ed, 
and  the  rotation  of  the  particle  p  is  about  an  axis  parallel  to 
ED.  Also,  since  kn,  RF,  bt,  are  as  the  velocities  t<,  u,  Vy  about 
these  different  axes,  tmd  vary  respectively  as  eg,  dg,  de,  we 
have  x; :  u  :  z£ : :  ED  :  GD  :  gf,  which  was  to  be  demonstrated. 

Cor.  1.  Hence,  if  every  particle  of  a  body,  whether  solid  or 
fluid,  receive  at  the  same  instant  two  separate  impulses,  the  onj& 
competent  to  tlie  production  of  a  motion  of  tlie  particle  round 
an  axis  with  a  certain  angular  velocity,  and  the  other  competent 

*  The  coincidence  of  p  with  ihe  centre  of  the  circle  iPi  is  purelj 
accidental. 
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to  the  production  of  a  rotatory  motion  about  another  axis  witb 
a  certain  velocity,  the  combined  effect  of  these  impulsions  will 
be  a  madon  of  the  whole  system  about  a  third  axis  given  in 
position^  with  an  angular  velocity  which  h  also  given ;  and  this 
lootion  will  obtain  without  any  separation  or  disunion  of  parts, 
except  such  as  may  be  occasioned  by  the  action  of  the  ceutri*- 
fugal  forces  resulting  frcnn  the  rotation* 

Cor.  2.  Hence,  also,  if  a  body  be  turning  round  any  axis,  and 
ever^  particle  in  one  instant  get  precisely  such  an  impulse  as  is 
oonpetent  to  produce  a  given  angular  velocity  round  another 
axis,  the  body  will  turn  round  a  thir4  axis  g^en  in  position  wi:di 
a  given  angular  velocity. 

Cor.  3.  Lastly,  when  a  rigid  body  acquires  a  rotation  aboul 
an  axis  by  an  impulse  on  one  part  o^  it,  and  either  at  the  same 
tiofic  or  afterwards  receives  an  impulse  oti  any  part,  which, 
alone^  would  have  produced  a  certain  rotation  ajbout  another 
axisy  the  joint  effect  of  these  impulses  will  be  a  rotation  about 
a  third  axis,  in  conformity  with  this  proposition.  For  ^hen  a 
jigkA  body  acquires  a  motion  about  an  axis,  not  by  the  simuU 
taneous  impiuse  of  the  precisely  competent  forcie  i^n  each 
particle^  but  by  an  impulse  on  one  part,  there  has  be^n  propa^ 
gated  to  every  particle  (by  means  of  the  cohesive  forces)  an 
impulse  precisely  competent  to  the  production  of  that  ipotiooi 
which  the  particle  actually  acquires;  and  when  a  rigid  body 
already  turning  round  an  axis  xa  receives  an  impulse  which 
makes  it  actually  turn  about  another  axis  cc,  there  has  been 
propagated  to  each  particle  a  force  precisely  adequate  to  the 
production,  not  of  the  motion,  but  of  the  chofnge  of  motion 
which  takes  place  in  that  particle,  that  is,  a  force  which,  when 
compounded  witb  the  inherent  force  of  its  primitive  motion, 
produces  the  new  motion;  that  is,  (by  the  prop.)  a  force  which 
alone  would  have  caused  it  to  turn  about  a  third  axis  b6,  with  a 
rotation  making  the  other  component  of  the  actual  rotatioQ 
about  cc. 

SCHOLIUM. 

This  elegant  theorem,  the  enunciation  of  which  is  due  tp 
£v  Frisi,  is  very  important,  and  gives  a  great  extension  to  the 
doctrine  of  the  composition  of  motion.  It  is  of  great  use  in 
many  curious  problems,  and  particularly  that  of  the  precession 
of  the  equinoxes.  Such  as  wish  for  further  information  on 
various  points  connected  with  the  subjects  of  this  chapter, 
may  i;onsuIt  Simpson's  Tracts,  Frisi's  CosmographiOj  Mr. 
Wince's  Paper  in  the  Phil.  Trant,  1180,  Landen's  Memoirs^ 
j^twopd  on  the  Rotatory  Motion  of  Bodies,  the  article  Rotat 
TipN  in  the  Eficyclopadia  Britannica,  Euler's  Treatise  de 
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Motu  Corporum  rigidorum,  &c.  Tthcre  may  here  fee  jukfed, 
however,  Mr.  Thomas  Knighfs  Analytical  View  of  the  C4ilGb> 
position  of  Rotatory  Motions. 

Let  a  body  have  forces  impressed  on  it,  that  would  aeparttelj 
give  it  a  movement  of  rotation,  about  an  axis  cx^  with  the  ai^ 
gular  velocity  v ;  and  about  another  axis  cy  with  the  angular 
velocity  i/.  It  is  plain  that  a  particle  in  the  lii^e  cy  will  not  be 
affected  in  its  motion  about  ex,  by  the  other  rotation  about  cy. 
The  same  observation  (mutatis  mutandis)  may  be  applied  to  m 
particle  in  the  Ime  ex :  but  in  any  intermediate  line  in  the  plane 
ycXy  as  OM,  the  motion  round  the  one  axis  will  impede  diaJt 
round  the  other ;  and  if  we  can  find  a  line  in  which  all  the  parti- 
cles are  at  rest,  that  will  be  the' momentary  aids  of  rotatiao 
composed  of  and  equivalent  to  the  two  others. 

Put  am  zir^  angle  ;rcin=: 9,  angle  ycm = V. 
A  perpendicular  from  m  on  ex  will  be  r  sin  9. 
A  perpendicular  from  money  will  be  r  sin  V^  and  it  is  plaia 
diat  m  will  be  at  rest  if 

«>'  :  1? :  :  r  sin  9  :  r  sin  9'  :  :  sin  9  :  sin  S'  .  .  .  •  .  («), 
ii\hich  determines  the  situation  of  the  momentary  axi^ 

To  find  the  velocity  round  this,  let  us  suppose  ymx  to  baa 
circle  drawn  through  wi,  the  centre  being  c.  Let  ay  be  the  ^- 
locity  of  the  point  y;  we  have  ay^=^vr  sin  xcy.    Now  iJie 

velocity  aboxit  cm  at  the  distance  r  is  plainly  ay  ^  ^^  ^  "^liTy^ 
consequently  the  velocity  at  distance  unity,  or  the  angular 

«l.  =  _^=^.j!^ (P). 

The  theorems  in  equations  (a)  and  (j3)  were  first  given  by  Frm^ 
If,  besides  the  two  rotations  already  mentioned,  there  had  been 
given,  at  the  same  time,  another  round  a  third  axis  cz,  with  aa 
angular  velocity  nt?^^;  it  is  plain  that  the  axis  of  rotation,  aris- 
ing from  these  three,  would  be  in  the  plane  zcmy  as  at  C9»% 
suppose  it  to  decline  from  cm  by  the  angle  9^^,  and  from  cz  % 
9'^^ ;  we  find,  as  we  did  (a)  and  (JS), 

smfi'    * 
•  1  f      .  sId  xcy       sinxcm  >«,v 

and  angular  velocity  =  v  -  ^r^y  •  -^^^     («). 

If,  moreover,  a  rotation  had  been  given  round  a  fourth  axis  cu^ 
with  an  angular  velocity  ^t/'^,  we  should  have 

^   :  '0  —    :,    '   ^u    •• .'  sin  0     '  sin  9         (v. 

sin  9 '  sm  ff"  ^  ,  ^    • 

9^'''  and  V^^^^  being  angles  that  the  momentary  axis  declines  from 

.        ,  .    ,  11V  *'"  ^y  •  *^"  *cm  •  sin  uc»/ 

COTT  and  CM ;  and  th*  angular  velocity =t>  gip  g^ ,  ^^p  g// .  sip  y^  > 
and  thus  we  may  proceed  to  any  number  of  axes. 
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We  will  now  consider  the  case  in  which  the  angles  xcy,  zcm, 
ucni  See.  are  right,  and  their  sines  unity,  We  have  sin  fl  = 
cos  6',  sin  fl'^'zicos  d'''^  8cc.  here  (a)  becomes  xt  \  v  \  \  cos  ff  : 

sin  ^zr  \/  ( 1  —sin*  S')  :  sin  fl' ;  whence  sin  &'  =  ^  ■  /  ^.  ■  .     We 
^et  in  like  manner  from  (y),  sin  6'^'=  "J^^TT^^y   *"^  ^"^^"^ 

(£)  sin  9''"''= vff  X'X'i/^^)>  ^^  ®^  ^"-  ^"^  ^^  ^'^^  number 
of  axes  be  n^  and  the  velocities  round  those  axes  v,  tf^  v^%  .  . 
«'''*••,  the  angular  velocity  round  the  axis  arising  from 


•  •  •  « 


•  •  • 


the  composition  of  them  all  will  be  -/  5f*+i^*+x^^*+ 

•  •  +(t^'' ••")*]-.     Of  this  very  general  theorem  the  case  con* 

sidered  by  La  Grange  of  three  sixes  perpendicular  to  each  other, 
is  a  particular  case;  in  which  ang.  vel.=:  \/(x;*+i/'*+ «''*), and 

being  a  right  one^  we  easily  find  that  cmf  makes  angles  with  cr, 
€y,  CaI,  whose. cosines  are- 

■7;^7!^-  -TFrkj^T'  Vi^W-  I"  ""  8™"' 

case  treated  of  above,  the  angles  zmy  umfm^  8cc.  are  any  what* 
soever,  and  if  their  maguitude  be  given,  the  situation  of  the 
composed  axis  is  also  given,  by  means  of  the  valuer  of  siu  ^, 
flinr',sia6'''^&c. 
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PhysicO' Mathematical  Theory  of  Percussion^ 


329.  Defs.  In  the  ordinary  theory  of  percussion,  or  collision, 
bodies  are  regarded  as  either  h^rd,  softy  or  elastic.  A  hard 
body  is  that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retains  its  figure  unaltered.  A  soft  body  is  that  whose  parts 
yield  to  any  stroke  or  impression,  without  restoring  themselves 
again,  the  shape  of  the  body  remaining  altered.  An  elastic  body 
is  that  whose  parts  yield  to  any  stroke,  but  presently  restore 
themselves  agam,  so  that  the  body  regains  the  same  figure  as 
before  the  stroke.  When  bodies  which  have  been  subjected^ 
a  stroke  or  a  pressure  return  only  in  part  to  their  original  form^ 
the  elasticity  is  then  imperfect :  but  if  they  restore  themselves 
entirely  to  their  primitive  shape,  and  employ  just  as  much  time 
in  the  restoration  as  was  occupied  in  the  compression,  then  is 
the  elasticity 'jjer/^c^. 

It  has  been  customary  to  treat  only  of  the  collision  of  bodies 
perfectly  hard  or  perfectly  elastic :  but  as  there  do  not  exist  in 
nature  any  bodies  (which  we  know)  of  either  the  one  or  the 
other  of  these  kinds,  the  usual  theories  are  of  no  service  in  prac-^ 
tical  mechanics.  In  fact,  if  the  effects  which  are  experienced 
in  the  mutual  impact  of  such  bodies  as  nature  furnishes  were 
the  same  as  those  which  would  result  from  bodies  perfectly  hard, 
it  would  appear  impossible  to  oppose  to  the  moving  bodies  any 
pressure  capable  of  destroying  their  effects.  For  the  quantity 
of  motion,  or  the  momentum  of  a  moving  body,  being  valued  by 
the  product  of  its  mass  and  velocity,  while  the  effect  produced 
by  a  body  which  merely  presses  is  estimated  by  the  product  of 
its  mass  into  a  velocity  denoted  by  Q ;  one  of  the  factors  of  the 
latter  product  will  be  nothing,  while  both  factors  of  the  former 
will  be  finite,  and  of  consequence  the  magnitudes  are  such  as 
cannot  be  compared. 

Yet  we  may  easily  be  convinced  by  daily  experience,  that  the 
sdvftntage  which  bodies  moving  swiftly  have  oyer  those  which 
oppose  merely  a  r^esistance  of  pressure,  though  very  great,  is  by 
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no  means  infinite.  Numerous  circumstances  which  will  he  sug- 
gested to  every  mind,  prove  that,  physically  speakings  we  may 
balance  a  percussive  force  by  one  of  mere  pressure,  and  evea^ 
that  the  latter  may  overcome  the  former  and  produce  a  greater 
effect *•  It  argues  nothing  to  ascribe  any  part  of  this  to f  unction  ; 
for  friction  itself  is  a  species  of  prcssive  force,  or  is,  certainly, 
more  analogous  to  pressure  than  to  percussion. 

The  causes  to  which  we  should  attribute  the  difference  which 
subsists  between  the  effects  of  impact  and  of  simple  pressure 
may  be  readily  traced.  When  a  body,  supposed  perfectly  hard, 
in  the  course  of  its  motion  strikes  another  body,  perfectly  hard 
also,  the  variation  of  motion  ought  to  be  produced  in  an  in^ 
divisible  instant,  in  such  sort,  that  between  the  initial  velocity 
alid  the  velocity  after  the  shock  there  shall  not  be  any  inter-r 
mediate  velocity.  But  if  the  motion  of  the  body  were  modified 
fey  a  pressure,  or  by  a  constant  force,  as  gravity,  then  it  would 
chsnge  by  sensible  degrees,  and  have  undergone  a  determinate 
variation  at  the  end  of  a  certain  time. 

It  is  therefore  the  law  of  continuity  so  usually  though  not 
Constantly  manifested  io  nature,  which  distinguishes  the  effects 
of  pression  and  those  of  impact,  when  the  hardness  is  infinite* 
but  as  such  hardness^  no  where  exists,  since  mattei  always 
possesses  a  certain  degree  of  elasticity,  and  a  limited  cohesion 
of  particles  which  may  be  surmomited,  we  may  enquire  if  per- 
eussion,  considered  physically,  conforms  to  the  law  of  conti- 
nuity. Now  when  a  body  strikes  another,  two  effects  have 
place  in  each.  1st.  The  parts  in  contact  yield  to  the  action  of 
the  stroke,  and  become  compressed,  so  diat  die  figure  of  the 
bodies  is  altered  by  a  flattenhig  or  impression,  which  obtains  in 
the  parts  in  contact,  and  in  tiie  neighbourhood  of  those  parts. 
2d.  When  the  flattening  or  impression  has  arrived  at  the  greatest 
degree  of  which  the  bodies  are  susceptible,  then  their  inherent 
elasticity  tends  to  destroy  the  impression,  and  effaces  it  either 
wholly  or  in  part;  this  produces  a  mutual  action  and  reaction  of 
the  bodies,  which  is  continued  till  they  are  no  longer  in  con* 

*  Thus,  in  driving  the  piles  for  the  foundstion  of  the  bridge  of  some 
SYtlla^  where  the  soil  upon  which  the  bridge  was  to  be  erected  was  a  pure 
sand  of  uniform  density  to  the  depth  of  47  feet,  no  piles  could  be  dnvea 
lower  than  15  feet,  although  the  rammers  in  the  engines  employed  weie 
enortbously  great.  So  that  percussion  is  brought  into  a  state  of  equili« 
brium  with  mere  pressure,  and  cannot  therefore  be  infinitely  greater.  In- 
deed it  is  not  a  little  inconsistent  that  maxiy  authors,  wiiile  they  admit  that 
impact  and  pressure  are  comparable  in  the  theory  of  Hydrodynamics,  and 
Pneumatics  (as  when,  for  example,  they  assume  the  weight  qfa  ool^rnn  of 
water  equal  to  the  force  of  impact  of  that  fluid  on  a  wheel),  should  donf 
the  same  thing  when  writing  on  Dynasucs. 
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tact"^.  Hedce  it  appears,  that  the  law  of  continuity  is  fol« 
lowed  actually  in  the  impact  of  bodies;  and  that  no  alteration 
in  thejr  motion  takes  place,  without  tlie  previous  taking  place 
of  all  the  intermediate  alterations.  It  is  true  this  alteration  is 
always  jH'oduced  during  an  extremely  short  interval  of  time^  and 
this  occasions  the  great  disproportion  which  is  observed  between 
the  effects  of  impact  and  those  of  pressure:  but  it  is  notwith^ 
standing  inconceivable,  as  Mr.  Atwood  remarks,  ^^  that  any. 
really  existing  body  should  pass  from  quiescence  into  finite 
motion,  or  from  one  degree  of  finite;  motion  to  another,  without 
having  possessed  all  the  intermediate  degrees  of  velocity :"  and 
hence  it  follows  that  the  phenomena  of  collision  may  be  cousi- 

*  A  very  distinct  view  of  this  process  has  been  given  by  Dr.  Robiaon 
in  the  article  Impulsioit^  Supp.  Bncy,  Britan,  from  which  the  followinjg^ 
16  extracted : 

"  As  soon  as  the  bodies  come  into  sensible  contact,  compression  mm99 
begin  ;  for  we  may  suppose  the  bodies  to  be  two  balls,  which  will  there* 
fore  touch  only  in  one  point.  The  mutual  pressure,  which  is  necessaTy 
in  order  to  produce  the  retardation  of  a,  and  the  acceleration  of  B.  is 
exerted  only  on  the  foremost  particle  of  a,  and  the  hindmost  particle  ot  b; 
bat  no  atom  of  matter  can  be  put  in  motion,  or  have  its  motion  any  way 
changed,  unless  it  be  acted  on  by  an  adequate  force.  The  force  urginj^ 
any  individual  particle  must  be  precisely  competent  to  the  proiluciion  of 
the  very  change  of  motion  which  obtams  in  that  particle.  £xcept  Ae 
two.particles  which  come  into  contact  in  the  collision,  aH  the  other  par- 
tideb  ^re  immediately  actuated  by  the  forces  which  connect  them  with 
each  other  ;^and  the  force  acting  on  any  one  is  generally  compounded  of 
many  forces  which  connect  that  partteie  with  those  adjoining.  There- 
fore, when  A  overtakes  b,  the  foremost  particle  of  a  is  immediately  re- 
tarded :  the  particles  behind  it  would  move  forward,  if  their  mutual  con- 
nection were  dissolved  in  that  instant;  but,  this  remaining,  they  only 
approach  nearer  to  the  foremost  striking  particles,  and  thus  niake  a 
coni|iression,  which  gives  occasion  for  the  inherent  elasticity  to  estrt  it- 
self, and,  by  its  reaction,  retard  the  following  particles.  Thus  each 
stratum  (so  to  conceive  it),  continuing  in  motion,  makes  a  compression, 
which  occasions  the  elasticity  to  react,  and,  by  reacting,  to  retard  the 
stratum'  immediately  behind  it.  This  happens  in  succession:  the  com- 
pression and  elastic  reaction  begin  in  the  anterior  stratum,  and  take  place 
in  succession  backward,  and  the  whole  body  ^ets  into  a  state  of  com- 
pression. Things  happen  in  the  same  manner  m  b,  but  in  the  contrary 
direction,  the  foremost  strata  being  the  last  which  are  compressed.  All 
tbis'lii  done  in  an  instant  (as  we  commonly,  but  inaccurately,  speak), 
that  is,  in  a  very  small  and  insensible  moment  of  time  5  but  in  thi» 
mom^t  there  is  the  tanie  gradual  compression,  increase  of  mutual  action. 
gpealest  compression,  common  velocity,  subsequent  restitution,  and  final 
separation,  as  in  the  case  of  bodies  with  a  slender  spring  interposed,  or 
even  in  the  case  of  mutually  repelling  magnets.  In  all  the  cales,  tbe' 
dnmges  of  motion  are  produced  by  the  elasticity  or  the  repulsion,  anil^ 
tndt  Sy  the  tran&Aision  of  the  force  of  motion.  The  changing  force  is 
iftdscd  inherent  hi . the  bodies,  but  not  because  they  are  in  motion;  the 
«itf  of  tl^  motion  U  to  give  occasion,  by  continued  compression,  for  the 
coDtlnued  operation  of  me  inheient  elasticity.** 
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dered  of  a  kindred  class  to  those  which  &re  occasioned  by  acce- 
lerating or  retarding  forces,  and  act  by  insensible  degrees  in 
order  to  produce  a  finite  effect. 

After  these  preliminary  observations^  we  shall  now  present 
the  reader  with  a  pbysibal  theory  of  percussion^  which  will' com- 
firehend  all  the  circumstances  of  the  motion,  both  during  and 
after  the  stroke.  From  the  same  source  the  laws  of  the  collision 
of  hard,  soft,  and  perfectly  or  imperfectly  elastic  bodies,  will  be 
deduced.  All  that  we  shall  give  which  is  different  from  the 
usual  theory,  we  wish  to  be  considered  as  originally  due  to  Don 
George  Juan,  a  Spanish  author,  and  published  in  1771,  in  a 
work  entitled  Examen  Maritimo.  The  same  theory  has  been 
lately  adopted  by  M.  Brony,  and  some  other  French  authors. 
As  the  mode  of  investigation  is  analytical  throughout,  it  shall 
be  presented  nearly  in  its  original  state,  without  announcing  the 
v.anous  particulars  as  they  arise,  in  separate  propositions. 

830.  JDbf.  By  the  Depth  of  the  impres^on  we  mean  its 
greatest  lineal  measure  in  the  direction  of  the  motion;  as  if  the 
whole  impression  were  a  spheric  segment  the  depth  would  be  its 
versed  sine.  The  jimplitude  of  the  impression  is  the  greatest 
section  which  can  be  taken  perpendicularly  to  the  direction  of 
the  motion :  in  the  case  of  a  spherical  body  it  would  be  the  cir- 
cular base  of  a  segment. 

Through  the  whole  of  this  investigation  the  rarious  quantities 
will  be  thus  represented : 

m  and  f«,  the  two  bodies  which  strike  each  other ; 

b  and  $,  the  amplitudes  of  impression ; 

r  and  ^,  the  comparative  hardness  of  the  bodies ; 

X  and  Zf  the  depths  of  the  impressions ; 

f  and  f,  the  quantities  of  motion  which  the  bodies  acquire  m 
a  unit  of  time,  in  virtue  of  the  action  of  the  con- 
stant powers ; 

w  and  Wf  the  velocities  with  which  the  shock  commences ; 

u  and  Vf  the  velocities  in  any  instant  of  the  shock  ; 

s  dnd  <r,  the  spaces  described  in  the  same  time; 

t,  that  time. 

Any  other  characters  that  may  be  adopted  will  be  explained 
as  they  first  occur. 

331.  Let  it  be  supposed  that  the  body  m  follows  and  strikes 
the  body  ft,  and,  of  consequence,  that  die  velocity  w  is  greater 
than  w ;  without  this  the  impact  can  never  take  placci  unless  the 
y,elocity  w  be  negative,  or  contrary  to  w :  but  for  the  greater 
facility,  we.  shall  suppose  all  along  (except  it  be  otherwise 
expressed)  that  the  powers/*  and  f,  as  well  as  the  velocities 
w  and  cr,  are  positive;  for  it  will  be  easy  to  render  either  of  the 
quantities  negative  in  the  result  of  the  computation. 
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Let  it  be  supposed,  moreoveify  that  the  two  bodies  are  moving 
in  the  same  direction,  and  that  the  impact  is  so  effected  that  it 
does  not  produce  any  gyratory  motion ;  otherwise  we  should 
render  the  investigation  very  intricate  and  perplexiqg. 

Finally,  let  the  bodies  m  and  ft  be  considered  as  so  large  that 
the  impressions  made  upon  them  by  the  shock  shall  not  pro- 
duce any  sensible  change  in  the  place  of  the  centre  of  gravity, 
or  that  the  motions  of  these  centres  shall  not  be  sensibly  af- 
fected by  the  relative  change  of  situation  in  the  various  mole- 
cule of  the  bodies.  t 

322.  All  the  quantities  mentioned  in  art.  330.  may  be  readily 
introduced  into  the  calculus,  since  each  of  them  has  a  certain 
relation  to  determinate  units ;  the  quantities  r  and  f  only,  whicb 
represent  the  degrees  of  hardness,  appear  to  present  some  little 
difficulty.  ,  Now  to  form  an  idea  of  hardness  in  that  point  of 
view  under  which  we  must  consider  it,-that  is  to  s^y,  as  a  meii'- 
surabie  object,  ue  may  observe,  that  since  this  property  is  one 
of  the  most  intimate  and  hidden  properties  of  bodies,  and  since 
to  ineasure  is  to  compare,  we  cannot  (properly  speaking)  mea- 
sure hardness,  because  in  an  unknown  object  we  can  make  no 
comparison.  But  as  hardness  is  only  interesting  to  us  by  its 
effects,  it  is  the  measure  of  these  effects  which  it  is  important 
for  us  to  know ;  and  this  measure  for  the  respective  bodies  we 
denote  by  rand  p. 

If  a  perfectly  hard  body  strike  another  which  is  not  perfectly 
hard,  and  if  the  surface  of  contact  to  which  the  direction  of  the 
motion  is  supposed  perpendicular  is  plane  and  constantly  equal 
to  a  given  surface,  as  a  foot  square  (the  foot  being  the  unit),  the 
f distance  of  the  body:  struck  will  take  from  the  impinging  body, 

during  an  evanescent  instant  of  time  t,  a  quantity  of  motion  in- 
fimtely  stiiaU,  which  let  be  called  w.  If  u)  be  multiplied  by  th^ 
fraction  expressing  the  ratio  of  the  unit  of  time  to  the  element 

of  time,  the  product  at  -r  will  be  precisely  equal  to  the  quantity 

f,  which  denotes  the  hardness  of  the  body  struck  during  the  in^ 
stant  \vhich  corresponds  to  the  ^'alue  of  to,  or  rather  which  de- 
notes the  effect  that  this  hardness  would  produce  by  continuing 

its  action  for  a  unit  of  time.    We  bave^  therefore^  ~  ==  ^,  or 

Thus  it  appears  thaik  U)  is  independent  of  the  masses  and  of 
the  velocities,  whether  absolute  or  relative  (12. 15.);  it  repre- 
sents a  quantity  of  motion  which  may  result  from  an  infinite 
number  of  combinations  of  mavises  and  velocities;  w,  therefore, 
depends  solely  on  the  nature  or  the  body  struck :  and  although 

x2 
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(he  masses  knd  ike  velocities  of  die  two  bodies  eater  into  the 
value  of  ^,  they  do  so  merely  as  causes  producing  the  impre»- 
sioB,  and  we  determine  f  from  experiments  by  the  relation  which 
they  bear  to  this  impression.  ^   * 

A  simSar  reasoBin^  will  apply  to  tfie  quantity  r,  by  supposing 
that  die  body  struck  is  perfectly  hard,  while  die  impinging  body 

is  not;  and  hence  will  arise  die  analc^ous  equation  (tr  ==  rf . 

If  the  surface  of  contapt  be  hot  plane,  we  must  substitute  for 
it  the  amplitude  of  the  impression :  but  this  substitution  will 
change  nothing;  for  all  the  points  struck  in  die  direction  of  the 
mojdon  being  contained  in  the  amplitude  of  impression,  it  may^ 
represent  the  sum  of  all  those  points. 

333.  Tojmd  the  quantities  of  motion  lost,  viz.  the  values  of 
a;. and  v/,  which  answer  to  any  amplitudes  of  impression  what- 

ever  b  and  Bf  we  must  make  diese  proportions ;  lifi  iifii^zz 

er,and  libixfstihrt  "zz  m\  then  will  the  equations  w  =  |8^,  and 

u/  zz  &r/ obtain,  whatever  are  the  amplitudes  of  impression. 
In  cdnsequence  of  the  equality  of  action  and  reaction,  the 

values  m  =:  l?f /,  and  a/  =  brtf  of  motioa  lost  by  the  impinging 
bodies,  are  likewise  those  of  the  motion  gained  bjf  the  bodies 
struck. 

^54.  To  find  the  value  of  the  motion  lost  by  the  body,  or  o^ 
the  percussive  force,  wh<n  neither  of  the  two  bodies  is  perfectly 
hard.    la  this  case  both  are  compressible^  and  if  f  be  the  fluxion 

of  die  quantity  of  motion,  we  shall  have  to  determine  -rFor  ~. 

Now  it  is  manifest  that  ?  will  be  always  the  greater,  as  $p  and 
Or  are  greater;  and  thence  (supposmg  t  constant)  ~  will  vary  as 

fi^br.  So  that  when  ^  ss  oo ,  or  b  infinite,  we  must  have  f  = 
rbt  (SSS),  and  when  r  =  «o ,  we  have  f  »  ffit :  let  us,  theB>  mul- 
tiply pfbr  by  such  a  qufuitity  g^^^  as  virill  satisfy  these  two  con- 

ditaons,  and  there  will  result  4-  »  /st ,  Atid  if  4,  or  the  force 

t  pg  +  wr  t 

of  percussion^  be  denoted  by  p,  we  have  p  =  ^S*L  j  an  expres- 
sion for  die  percussive  force  in  any  instant  whatever. 

335.  The  fiusions  of  the  impressions  are  rei^iprocajtly  as  tif 
degfreas  ^  hardness.  "ThG  fluxions  bi^  fii,,  of  the  impre^siion^  ace 

produced  at  every  instant  by  the  same  power  pi  acting  e^^ly 
on  the  two  bodies ;  aod  fo  produce  tifese  demetttary  impres- 
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sions  the  force  vt  hsts  to  oTercotne  the  powers  rt^  and  ^ ;  thus 

•  *  •  •         • 

the  effects  b^p  anil  ^z  are  the  greater  as  the  power3  rt  and  ^  are 
the  less ;  and  as  these  effects  are  produced  by  the  same  cause, 

they  will  be  in  the  inverse  ratio  of  the  obstacles  rt  and  ^,  which 

oppose  them ;  we  have,  therefore,  bxipzii^tirt ::  f>:r;  whence 

336.  Since  the  body  m  follows  the  body  f«,  and  by  the  im- 
pact causes  impressions  in  both  whose  digpth^  are  x  and  z,  the 
space  s  mo  oVer  by  the  body  m  must  be?  etjual  to  the  space  # 
described  by  the  body  (a  plus  the  sum  jr  +  iJ  of  the  depths  of  im- 
pression:  hence  5  =  o*  -f-  x  +  z. 

Elastic  bodies  assnme  again  at  the  end  of  the  shock  the  figures 
which  they  ha  I  at  its  comiiieucement ;  so  that  in  this  ease  the 
impressions  vanish,  atid^^  the  end  of  the  shock  of  elastic  bodies 

S  =:  a. 

337.  From  the  equation  &=«"  +  t  +  ;2,  ors  —  r  =  j?  +  ^ 

•       •       .       . 

we  deduce  s  —  ^s^x  +  z:  but  the  property  of  variable  mo- 
•  •     •  •     • 

tjon  (2:^2. 1.)  gives  utz^s,  and  t^f^c;  we  have,  therefore,  (M—t?) 

*****  •  i+  s 

t  =:s  —a  =sx  +  z,  and  t  =  — -,  the  value  of  the  element  of  the 

time. 

When  the  impressions  arrive  at  their  greatest  value  we  bave 

.r  -|-  z  =  a  max.  or  i  +  «  =  0,  and  the  equation  w  —  i^  =:  —r- 

becomes  u  --  v  tn  0:  consequently,  in  the  instant  when  the 

fr  eat  est  impressions  are  produced  the  velocities  of  the  two 
odics  die  equal. 

338.  The. accelerating  forces  which  act  upon  the  body  m  are 
/*and  p;  and  as  p  tends  to  retard  its  motion,  the  accelerating 
force  resulting  from  the  joint  operation  of  the  two  will  bejf  — 
p:  for  the  same  reason,  contrarily  applied,  the  accelerating 
force  of  fA  will  be  ^  +  p.  Recollecting,  therefore,  thatyj  if, 
and  p,  may  represent  the  products  of  masses  and  velocities,  we 

have,  by  the  nature  of  variable  motion  (art.  232.)  mu  =  (/ —  P)  /, 

•  •  • 

and  f*v  =:  (^  +  p)  /;  the  sum  of  tl^se  equations  is  (y*+  f)  t 

=  mu  +  /*»,  the  fluent  of  which  is  {f-\-  ?)  ^  =  fnu  +  pt>H-  c. 
To  determine  the  constant  quantity  c,  it  may  be  observed  that 
when  ^  :=  0,  ti  =  w,  and  vzzw\  and  then  the  equation  reduces 
to  WW  +  fAtt?  +  c  r:  0 ;  so  that  c  =:  —  ww  —  ^lW,  and  the  cor- 
rected fluent  is  {f+  f)^  =  w  (m  —  w)  +  f*  (t;  —  w)\  whence  it 

IS  easy  to  mtain  v  3=  ■ .    /^     ■    ^jan  equation  which  ex* 
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presses  the  relation  between  the  velocities,  in  any  instant  what" 
ever  of  the  shock  of  bodies,  whether  elastic  or  non^elastic, 

S39.  If  the  bonies  are  not  elastic  the  shock  ceases  at  the  in- 
stant when  the  impression  is  greatest ;  but  in  this  instant  the 
velocities  are  equal  (art.  337 •)•  Therefore^  in  the  preceding 
equation,  we  must  make  u  zz  p,  and  there  will  arise  u  zz  v 

tz  ^ — ^ ^--,  an  equation  expressmg  the  common  velocity 

after  the  shock  of  non^lastic  bodies. 

340.  In  like  manner  we  might  deduce  from  the  final  equa- 
tion in  art.  338.  the  velocities  of  elastic  bodies  after  the  shock. 
But  as  we  w^uld  state  the  quesUon  generally,  we  must  deter- 
mine the  velocities  of  both  bodies^  whether  they  are  elastic  or 
not,  in  any  ins^nt  of  the  shock- 

The  equations  (/—  p)/^  mu  and  (f  +  p)t  =:fH?(art.338.) 
give  u  saiill^,  and  i  ==  itt^.    Taking  the  latter  of  these 

from  the  former,  we  have  m  —  i  =  yj^ ^ — j  t ;  and  this, 

multiplied  by  w^,  gives  w/a  {u  —  v)  =;=  (f*/*—  mf  —  ftp  —  WP)  t* 

Substituting,  in  this  equation,  for  t  its  value  in  art  337.  and 
for  p  and  x  their  values  in  art.  334. 335.  it  will  be  transformed 

to  this,  «2f*  (t«  -.-  t;)  •  (m  —  v)  =:  (f/-  wf)  ■^~  i  -  (m  +  ^) 

&^k.  Taking  the  fluents,  we  haye  \m^  («-»*  —  w-w*)  =  (fj/*— 

for  hltL  »  =  M  +  i  =  i4.»  because  x  =,  ^,fromart.335. 

bf  vr  or' 

Conseq*  we  have,  by  substitution,  J/w^(;rr;*  -  ^T^^)  =  (fjf  — 
mp)  r(x  +  z)  —  [m  '\r  ¥^)f&i^*     Hence  m  —  t;  =;  ±  (w-m* 

4-  J^^ — -J^^--^ — ■ 2i — z:±Ll±. )  .   Here  the  positive  sign  ob- 

tains  previous  to  the  instant  of  the  greatest  impression,  and  the 
negative  sign  after  that  instant :  for  at  the  instant  of  the  greatest 
impression  we  have  u^=  v  (art.  337.) ;  and  after  that  instant 
the  re-establishing  of  the  compressed  parts  accelerates  the  mo- 
tion of  yk  and  retards  that  of  m,  and  consequently  makes  u 
smaller  than  v,     ■ 

If  the  value  of  v  in  art.  338.  be  substituted  for  it  in  the  prq-* 
c:eding  equation,  we  shall,  after  a  little  reduction^  find 
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Aad,  bj  a  similar  mode  of  proceedings  we  find 

(vir_t0    -4- 

In  these  two  equations  for  the  velocities  the  superior  sign 
serves  for  any  instant  of  the  shock  before  that  of  the  greatest 
impression,  and  the  inferior  sign  after  that  instant.  Thus,  at 
the  moment  of  the  greatest  impression  the  quantity  affecteid 
with  the  double  sign  ±  or  q:  vanishes,  because  it  is  then  pass- 
ing from  positive  to  negative,  or  from  negative  to  affirmative. 
These  equations  manifestly  apply  for  any  instant  of  the  shock, 
whether  the  bodies  be  elastic  or  not. 

In  non-elastic  bodies  the  values  of  u  and  v  reduce  to  tiM 

common  value  *"   -^y-^+Kj+^j  ^hi^^ij  jg  ^jj^  g^^g  ^  ^^  found  io 

the  preceding  article. 

341,  Bodies  perfectly  elastic,  on.  the  contrary,  re-establish- 
ing themselves  in  their  primitive  state  at  the  end  of  the  shock, 
we  have  for  that  instant  x,  z,  andj^p^,  each  equal  to  zero^  and 
thus  the  values  of  u  and  v  for  elastic  bodies  become 

U  = — — (W  —   «?)  =  ^^ ^ — ^— • 

m  +  fx  m+fA  wiif-^ 

V  = i^-IL  -J (w  —  tt?)  =  ^ • li— TL. 

fn  +  /ut  m-t-^  ^  '  m  +  fj, 

If  we  suppose^  +  ?  =  0,  we  may  easily  deduce  from  these 
values  of  u  and  v  that  of  mu*  +  fit)^ ;  for,  by  carrying  through 
the  calculus,  we  have  mu^  +  ptv^  =  mw*  +  f*ay\  Hence,  in 
perfectly  elastic  bodies  the  sums  of  the  products  of  the  masses 
into  the  squares  of  their  respective  velocities,  before  and  aft^r 
impact,  are  equal. 

This  equality  was  denominated  by  Bernoulli  Couservatio 
Virium  Vivarum,  and  was  considered  as  a  general  law ;  but  it 
is  obvious  from  what  is  done  here  that  it  holds  only  in  the  case 
•f  perfectly  elastic  bodies.  And,  indeed,  it  is  a  consequence  in 
itself  easily  deducible  from  the  third  law  of  motion,  according 
to  tlie  Newtonian  measure  of  momentum. 

342.  If  the  bodies  are  not  perfectly  elastic  they  will  not  re- 
store themselves  entirely  to  their  first  state,  but  there  will  re- 
main an  impression  at  the  end  of  the  shock :  to  find  the  final 
velocities  of  such  sorts  of  bodies  we  must;  substitute  for  t,  ^,  z, 
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jSy  and  g,  tKeir  proper  values..  Of  theses  die  last  four  may  be 
ascertained  by  experiment  and  the  calculus ;  but  the  value  of  t 
seems  more  difficult  to  appreciate ;  nevertheless,  this  value  is 
not  incalculable,  as  will  soon  be  seen.  But  it  ma)  be  observed, 
beforehand^  thbt  whenevery*  and  f  are  not  extremely  gi^eat,  or 
are  not  modilications  of  gravity,  the  val^^e  of  t  being  ver^  small 
indeed,  the  quantity  {fA-  f)  t  may  be  neglected  witho»>t  sen^able 

'  error.  This  quantity  was  made  to  enter  the  preceding  formulae 
in  order  to  give  them  ail  possible  strictness,  i;nd  that  none  of 

,the  physical  circumstances  of  the  motion  might  b^  neglected. 
Now,  dropping  if  +  f)t  from  the  expression  for  the  final  velo- 
city of  the  body,  we  have,  for  non-elastic  foodies  u  = — ; 

and  for  bodies  perfectly  elastic  u  =  ^""^  ^  ^^,  and  v  = 
"^    ^  "^^ — ^.  These  are  die  values  of  the  final  velocities  which 

WI+/X 

are  commonly  given  by  writers  on  mechanics,  and  from  which 
the  usual  theorems  readily  flow. 

343.  The  general  theorem  for  non-elastic  bodies  may  be  thus 
expressed : 

u  = i—. 

In  this  we  consider  wzzO  for  the  case  where  the  body  struck 
is  at  rest :  the  superior  sign  must  be  taken  f<;r  the  case  in  which 
the  bodies  both  move  the  same  way,  and  the  inferior  sign  for 
the  case  in  which  they  meet  each  other. 

Hence  we  deduce  these  conclusions : 

I.  If  we  suppose  ^  to  be  at  rest,  the  equation  becomes 

u  = ,  in  which  it  is  obvious  u  will  decrease  as  a  increases ; 

SO  that  when  ^  r=  oo ,  infinity,  we  have  uzzO. 

II.  If  bodies  of  equal  masses  are  moving  in  opposite  direc- 

tions,  our  equation  becomes  u  =  — r— :  thus  the  two  bodies 

move  on  together  in  the  direction  oj  that  which  is  moving  most 
szciftli/,  with  a  velocity  equal  to  half'  the  difference  of  the  pri- 
mitive velocities. 

Hi.  If  the  velocities  of  the  two  bodies  are  equal,  we  have 

u  3=  w  •  — -,    In  the  case  where  both  bodies  move  in  the  same 

m  +  fA 

direction,  the  superior  sign  being  taken,  we  have  2i  =:  w;  as  is 
evident  enough,  since  there  can  be  no  shock. 

IV.  The  centre  of  gravity  of  a  system  of  two  globules^  Or 
physical  points,  which  strike  each  other,  has  an  interesting  pro- 
perty of  great  use  in  various  mechanical  disquisitions.    The 


CflA^.  v.]  Percussion.  313 

distance  x  of  this  centre  from  any  one  of  the  points  of  the  line 

described  i3  x  =:  — ^-^  (art.  108.),  d  and  i  denoting  the  respec« 

tive  distances  of  the  moveables  from  that  point.     Now  when 
these  bodies  are  animated  by  tbe  velocities  w,  w,  we  have  for 

these  velocities  (art.  232.)  the  corresponding  values  -;  and  -r; 

consequently  that  of  the  centre  of  gravity  will  be 

This  expression  being  constant,  justifies  the  conclusion  that 
the  centre  of  gravity  of  a  system  of  two  bodies  striking  each 
other  has,  both  before  and  after  the  shock,  a  uniform  motion. 
This  answers  to  what  the  foreign  mathematicians  call  Meco/i- 
servation  of  the  centre  of  gravity.  And  it  is  certainly  of  im- 
portance to  know  that,  whether  bodies  mutually  attract  each 
other  J  (295.  cor.  2.),  or  whether  they  impinge  upon  each  uther^ 
their  common  centre  of  gravity  will,  if  in  motion,  continue  to 
move  on  uniformly  in  a  right  line, 

344.  The  generalf  equations  for  perfectly  elastic  bodies  may ' 
be  stated  thus : 

(m— jut)WAV*'                                        T(m— fA)w  +  2mw 
U  ZZ   — — ,      »     ,      •      1?  !^  — — . 

m  +  fjk    •  tn  +  fA 

The  most  important  consequences  they  furnish  are  these. 
i'  Jf  one  of  the  two  bodies  is  at  rest,  then  making  .zs;  =  0  we 
find. 


1.  If  the  bodies  are  equal,  that  which  impinges  remains  at 
Testy  and  the  body  struck  moves  with  the  velocity  which  the 
other  had.     For  m  =  j*  gives  2^  =  0,  and  v  =  w- 

Cor.  Hence  it  follows,  that  if  several  perfectly  elastic  bodies 
A,  B,  c,  o,  &c,  of  equal  masses,  are  placed  in  juxta-position 
ahd  at  rest,  and  if  a  body  M  of  equal  mass  is  made  to  strike  a, 
all  the  bodies  remain  at  rest  except  the  last,  which  goes  off 
vi^ith  the  velocity  of  m  :  for  the  body  a  transfers  all  its  velocity 
to  B,  B  its  to  c,  and  so  on. 

2.  If  the  bodies  decrease  in  magnitude,  each  will  go  forward 
after  the  stroke.    For  if  m  t  f»,  «  and  v  are  positive. 

3.  If  they  increase  in  magnitude  each  will  be  reflected  back, 
except  the  last,  and  the  quantity  of  motion  will  continually  in^ 
crease.     For  m  A  ia  renders  u  negative,  and  the  last  v  positive. 

4.  Here  too  we  might  shew  that  the  increase  of  motion  will 
be  a  maximum  when  the  bodies  increase  in  geometrical  pro- 
portion; and  if  the  mimber  of  bodies  be  increased  without  limit. 
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the  ultimate  ratio  of  the  velocities  of  A  and  z  (the  first  and  kst) 
will  be  that  of  Vz  to  a/ A.  But  such  theorems,  though  un- 
doubtedly curious,  are  of  too  little  utility  to  tempt  us  to  digress 
widely  from  the  main  purpose  of  this  chapter  *. 

II.  Jfthe  bodies  both  move  the  same  way^  then  we  conclude 
from  the  theorems : 

1 .  The  body  struck  moves  with  a  greater  velocity  after  the 
stroke. 

2.  If  the  masses  are  equal  the  bodies  change  their  velocities 
dming  the  shock,  and  continue  to  move  in  the  same  direction. 
For  wi  =  f*  gives  uznw,  and  ©  =  w. 

III.  //*  the  bodies  move  in  contrary  directions  the  inferior 
signs  must  be  taken,  and  then 

1.  If  the  masses  and  velocities  are  equal  the  bodies  go  back 
zc'ith  the  same  velocities  that  each  had  before  the  shock.  For 
mzzfA,  and  w  =:  a?,  give  w  =  —  w,  and  t?  —  w. 

2.  If  the  velocities  are  equal  we  have  u  =  ■      -^  w%  and  v 

=  — ■—  w.    Whence  we  conclude  that  (m  will  stop  a  body  of  a 

triple  mass,  but  will  recoil  with  a  double  velocity:  For  if  m  = 
SfA,  u  =  0,  and  v  =  2w.  But  if  fi  7  Sm,  the  mass  m  does  not 
stop,  but  recoils. 

li.  If  the  masses  are  equal  the  bodies  will  both  recoil,  after 
having  exchanged  velocities.    For  then  u  =  —  w,  and  v  =  w. 

4.  The  impinging  body  is  stopped,  continues  its  route,  or  re- 
coils, according  as  yr  (m  —  ia)  is  equal,  greater,  or  less,  than 
2fiw.    And  the  same  thing  holds  with  regard  to  the  body  struck. 

Many  other  theorems  might  readily  be  deduced  from  the 
equations  at  the  head  of  this  article ;  but  it  is  time  to  return  to 
tlie  general  investigation  which  we  have  brought  down  to  art. 
342. 

34.5.  When,  in  the  equation  given  in  art.  340.  namely, 

Jw2/i4(il3i*  -  ^J^*  =  (fj/*  -  mf)  •  (x  +  2)  -  {m  +  ^)y'/3fK 
we  suppose  the  hardness  ^  invariable,  we  thence  find 

But  /3i  being  the  element  of  the  impression,  ypi  will  be 
the  total  impression  of  which  this  equation  will  furnish  the  va- 
lue for  any  instant  whatever  of  the  shock,  the  hardness  being 
constant. 

In  this  equation  making  u  =  v,  we  have 

*  Many  of  them  arc  elegantly  exhibited  in  Bridge's  Mathematical  Prin* 
ciples  of  Natural  Philosopny.    Lcct.  5, 
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And  this  value  6fjffiz  answers  to  thd  instant  of  die  greatest 
impression.  •  r,  %rt%; .  • 

When  the  body  struc^^^  immoveable^  we  have  only  to  sup- 
pose  ft  =00^  a;=Oy  and  ^=^0^  and  the  preceding  equation  will 

l.ecome/ei=  ±:^*-±lV 

S46.  Since /is  the  quantify  of  motion  which  the  accele- 
rating force  will  produce  in  the  body  m  in  the  unit  of  time^  if 
^we  suppose  that y* is  gravity,  and  the  second  is  the  unit  of  time,, 
the  English  foot  being  that  of  space,  we  shall  have  /=^32^m, 
and  the  latter  equation  will  become 

If  h  be  the  height  due  to  the  velocity  w,  we  have  w*=i  64y  A, 
and 

c 
When  x+z  is  very  small  with  respect  to  w*  or  to  k,  which 
commonly  happens,  even  in  bodies  which  are  not  very  hard, 

the  value  ofy^  i  will  be  sensibly  proportional  to  w*  or  to  A ;  so 

that  the  impressions  will  be  nearly  as  the  squares  of  the  velocities^ 
or  as  the  heights  due  to  those  velocities.  This  will  be  stiil  nearer 

the  truth  when  x  =0  and  /g  «  =  —  ( J  w^+SS^z)  =  32^  — 

(A-|-z):  whence  we  conclude,  that  zvhen  a  hard  body  falls  on 
another  body  which  is  immoveable,  the  impression  made  in  the 
latter  is  inversely  as  its  hardness  of  resisting  force f  and  directly 
as  the  height  due  to  the  velocity  and  the  mass  of  the  impinging 
body  conjointly. 

This  conclusion  corresponds  with  those  deduced  from  very 
different  processes,  at  p.  180.  of  Dr.  Hutton's  Select  Exercises, 
and  p.  52  of  Mr.  At^ood's  Treatise  on  the  Motion  of  Bodies. 

/*         tit  •  ^ 

From  the  equationy  ^2=— (Jw*+32t2:)  it  appears  that  how- 
ever small  the  initial  velocity  w  may  be,  provided  it  be  a  finite 
quantity,  it  will  always  make  an  impression,  unless  ^  is  infinite. 
It  will  not  be  the  same  if  w=:0:  for  from  thence  will  result 

fffz=^^  or  :^  =  32 1  — =  ^ ;  when  /0i=O,  the  depth 

of  the  impression  will  be  also  nothing,  and  the  equation  will 

become  --==32^  —  =:  —  :  now  -r-  being  equal  to  what   we 

please,  the  impression  may  consequently  be  ssO,  whil^  m,ff  and 
e,  are  any  quap^ities  whatever. 
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-  In  htt,  we  niiay  see, !i  priori,  that /and  ^  being  quantities  of 
die  same  nature,  the  effect  of  each  bcMf  a  pressure,  may  destroy 
each  other  at  the  first  instant ;  and  dMit  it  is  not  the  same  withT 
regard  to  w,  which^  occasioning  a  shock,  can  only  be  destroyed 
after  it  has  produced  an  impression. 

The  preceding  formulae  accord  very  accurately  with  experi- 
ments ;  as  will  be  sufficiently  obvious  to  those  who  will  com- 
pare them  with  the  experiments  described  in  s'Gravesande*s 
Phi/sices  Elementa  Mathemaiica,  §  SS3,  Sec,  and  Mr.  Atwood's 
'treatise  just  referred  to,  passim. 

If  the  two  striking  masses  are  equal,  and  during  the  shock  are 
not  subjected  to  the  action  of  any  power  (but  their  mutual  resist- 
ances only)  we  have  7W=f*,  ^=0,  ^=0,  andy*|Si=j^w— «?)*; 

and   when  w=0,y5«=: -j-.     Which  again  is  confirmed, by 

many  experiments. 

Now  since  experiments  correspond  with  thdse  formulae,  not 
only  in  the  case  of  soft  bodies,  as  clay,  but  even  in  those  of 
bodies  imperfectly  hard  and  elastic,  m  hen  the  hardness  ^  is  sup- 
posed constant;  it  is^  evident  that  in  these!  cases  the  hardness  is 
very  nearly  constant,  and  that  we  may  safely  suppose  it  such,  as 
we  shall  henceforth  do. 

347.  The  hypothesis  of  invariable  hardness  transforms  the 
equation  in  art.  340.  repeated  at  the  beginning  of  art.  345*  to 
this  : 

whence  weget  b^J'"^^'^^^''''^'^')  '^((^fr.r^^^^ 
aud,  in  the  case  of  the  greatest  impression. 

Though  the  first  of  these  equations  contains  variables  which 
do  not  enter  the  second,  they  will,  notwithstanding,  give  always 
the  same  result,  provided  there  be  substituted  the  proper  values 

of  w,  Vf  X,  z,  andyj3«,  at  any  instant  of  the  shock.     This 

naturally  results  from  the  hypothesis,  of  invariable  hardness, 
which  we  see  so  much  reasfon  to  adopt. 

348.  If  the  body  struck  be  immoveable,  then  fA=oo ,  and  w=^0, 

and  the  preceding  value  of  ^  will  become  {=  — ^rrj . 

Now  if  A  be,  as  before,  the  height  due  to  the  velocity  w,  vre 
have  w*=64jA=%A  (art.  243.)  g  being  =  32^.    Substituting 
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tbk  value  of  w»  for  il^  we  have  e=  J2i±£^±!L;  and  if  the 
body  fall  vertically,  then  i!sfzzgm\  whence  arises  f  =:  ,t»*^'^ 
"'  ^.,. — :  thus  the  hardness  or  resisting  force  f  mill  be  tb 

gravity fy  as  i+x+z  tof^z,  or  as  1  to  /^^-s+s' 

Here,  however,  we  must  not  lose  sight  of  the  circumstance  that 
it  is  not  the  relation  of  these  powers  considered  in  their  nature 
but  solely  in  their  effects,  that  may  be  ascertained  \  and  that  f  is 
the  product  of  a  mass  and  velocity. 

After  we  have  found  the  value  of  p,  we  may  readily  find  that 
of  r,  from  the  equation  brx^pfx  (art.  335.):  for  this  gives 

rfbx=^fez,   and  consequently  r=£>.^  =p/-J.. 

Formulae  such  as  these  may  be  rendered  very  useful  in  der 
tennining  the  relative  hardness  or  resisting  force  of  different 
bodies.  A  table  of  the  relative  hardness  of  materials  united 
with  a  table  of  their  relative  densities  (or  specific  gravities) 
would  be  of  great  utility;  and  particularly  in  the  construction 
of  arches,  sluices,  8cc. 

We  have  all  along  taken  m  as  the  capacity  of  a  sphere, 
because  in  bodies  of  the  same  matter  the  capacities  vary  as  the 
wights :  in  bodies  of  different  matter  in  order  to  obtain  a 
constant  value  of  ^,  we  must  make  m  a  cube  of  diameter  X 
density.  , 

349.  At  the  instant  of  the  greatest  impression  the  fluxion  of 

P  or  its  equal  it^  (art  334.)  is  equal  to  nothing;  that  ii, 

r^^>ftV(/^^H.y /^  {.i^ri) ^ ^     Perfonning  the  mnltiplici^ 

tions  at  length,  suppressing  the  quantities  which  destroy  each 

other,  and  divided  by  — ^— ,  we  havep6*'6+rft'^jS=0;  now 

this  quantity  cannot  =0  except  the  fluxions  h  and  &  are  like- 
wise =0,  that  is,  unless  the  amplitudes  b  and  /3,  and  conser 
quendy  the  impressions,  have  received  all  the  augmentation  of 
wiikh  they  are  susceptiUe^  Therefore,  the  greatest  force  of 
percussion  is  that  which  obtains  at  the  moment  when  the  imr 
pression  is  a  maximum.  '^ 

SWk  The  force  of  percussion  in  any  instant  of  the  shock  is  f  ss 

^^.    Making,  then,  f9i-i,  and  /Pi=f ,  which  wUl  make 
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T  (art.  349.)  =P  -7 ;  and  introducing  thl^  value  of  r  for  it  in  the 
value  of  p,  it  becomes  p=:  ---Jiil^-- =  „^^\..     Lastly,  sub- 

stituting  for  p,  in  this  equation,  its  final  value  in  art.  347.  we 
thence  obtain 

p-^_M_.  »nf*(w-iD)g-f  (|L/-m4)).(jr^-z)  ^  . 

Here  it  must  be  remarked,  that  although  we  have  used  that 
value  of  D  which  suits  the  greatest  impression^  }et  as  a  is  con- 
stant, the  value  of  p  would  refer  not  less  to  any  other  instant 
of  the  shock.  As  *r  and  z  are  introduced  by  the  substitution 
of  0,  they  are  constant,  and  express  the  greatest  depths  of 
impression :  thus  there  are  no  other  variable  quantities  m  the 
value  of  p  than  ^  and  b. 

351.  When  the  body  struck  is  Immoveable,  we  have  fc=:oo 
i£;=:0,  and  ^=().    And  if  we  suppose^  moreover,  that  the  body 
struck  is  sufficiently  hard  to  receive  no  impression^  then  witt 
1=0,  and  x=:0 ;  whence  we  ^hall  find  in  this  case 

352.  Here  also,  taking  A  the  height  due  to  the  velocity  w,  or 
vv*=:2gA,  and/  for  the  gravity,  ory  =gwi ;  then  will  the  value  of 

i»  become  pr:  —gvn  (A+z)  =  •^~-— (A+^)  •  whence  flows  this 

proportiQp,  p  :/: : '—  (A + z)  :gm : :  -~  (A+  z) :  1 .    And  this  is 

the  relation  of  the  percussive  to  the  gravitating  force, 
^    353.  Retaming  always  the  immobility  of  the  body  struck,  if 
the  impinging  body  is  susceptible  of  impression,  the  equation 
which  furnishes  the  value  of  the  force  of  percussion  will  be 

whence  it  appears  ths^t/:  p : :  1 :      ^   ■  (A+jt+jk).- 

If  when  the  body  struck  is  immoveable  we  have  very  nearly 
i=l?,  izzi,  and  jr=z,then  will  p=^ (J«»w*-f^/z);  and  when 

y  is  gravity,  p=  -—^  (A+2z) :  so  that,  in  this  case,  the  percus- 

sion  will  be  to  gravity  as  —  (A+2z)  to  unity'. 

354.  When  two  very  hard  bodies,  as  two  of  iron,  ier  ex- 
ample, are  made  to  strike  one  another,  the  impression  i  which 
is  made  in  each  is  nearly  infinitely  small  with  respect  to  |  ^ 
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(h+Qz) ;  therefore,  in  this  case,  the  force  of  percassioB  is  almost 
infinite  with  respect  to  gravity.  Take,  for  e:sainple,  the  stroke 
of  a  hammer  on  an  anvil:  since  %  represents  the  magnitude  of  the 
impression,  which  must  vary  as  tne  product  of  &  into  a  quantity 
proportional  to  its  depth,  which  we  know  by  experience  to  be 

extremely  small ;  we  may  suppose  /=/?  — ,  •»  expressing  *  any 

number  whatever,  such  that  —  is  less  than  the  depth  of  the 

impression,  supposed  less  extended  at  the  bottom  than  at  the 
surface.  This  depth  when  it  is  at  the  greatest  cannot  fairly  ex- 
ceed the  T^^T^  or  rswff  of  a  foot.    Substituting,  therefore,  for 

t,  its  value  ~,  the  force  of  gravity  will  be  to  that  of  percussion 
as  1  :  /S  (A+22;)  4-  — ,  or  as  1  :  -^  (A  +  22).  or  finally  fne- 

glecting  221  because  of  its  extreme  minuteness),  as  1  :  J  tth. 
Now,  if  the  velocity  of  the  hammer  be  equivalent  to  that  which 
would  be  acquired  by  falling  freely  10  feet,  we  shall  have  A=:  10, 
aifd  making  0;=:  12000  only,  theie  will  ret&ult  ia;A=:60000;  that 
is,  the  weight  of  the  hammer  will  be  to  the  force  of  percussion 
as  1  to  60000.  Thus  the  efiect  of  the  hammer  is  at  least 
equivalent  to  what  would  be  caused  if  at  the  same  point  where 
the  blow  was  directed  a  weight  were  laid  sixty  thousand  times 
as  great  as  that  of  the  hammer.  This  will  suffice  to  show 
the  prodigious  efiects  of  the  force  of  percussion,  even  with  so 
moderate  a  velocity  as  that  due  t6  a  free  descent  though  10 
feet. 

355^  The  duration  of  the  shock  is  an  interesting  particular, 
to  die  determination  of  which  we  ma^  next  proceed:  Now  we 

■        • 

found  (art,  337.)  i^—^,  and  (art  340.)  the  equation  t«— rz=  ± 

w— 28?)^+-^^^^ 2Z-i i ■    ^'^"^    ):    And  if  we  put  for 

ii— t;  in  the  first  equation  its  value  in  the  second,  at  the  same 
time  making  ■  ^^^"^^^  zzs,  (w  —  a^)*r:  y,  and    ^^"'"'^^  =  ^,  we 

•hall  have  izz  J^TJ^l^iTTjSji;  an  equation  the  integration 

of  which  will  depend  upon  the  value  of  P,  and  the  relation  of 
jrandz. 
We  may  at  first  suppose  xzzO,  and  xzzO';  then  will  the  equa- 

« 

tion  become  t=i '     >    We  may  also  imagine  jr=z. 
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and  then  will  t  == ~.    Now  it  is  manifest  that 

by  finding  the  fluents  in  this  second  hypothesis  solely  we  may 
readilx  infer  the  value  of  t  in  the  first;  it  will  merely  be  necessary 
to  take  half  the  term  which  contains  i,  and  after  that  to  take  half 
the  Value  of  ^. 

The  value  ol  P  depends  on  the  figure,  the  disposition,  and 
the  reciprocal  hardness  of  the  striking  bodies.     So  that  we  may 

coiKeiyeJ^ffz  equal  to  any  function  of  z  with  constant  quanti- 
ties; for  although  it  is  not  possible  that  this  supposition  can 
suit  all  bodies,  yet  we  may  always  determine,  to  what  bodies  it 
may  be  accommodated. 

Supposing,  then,y*jS«*=cj8*>  c  being  a  constant  quantity,  we 

,  have  t  = r  =  *— : ,,  \,         ^»    r^: 

^'  ^  \  ic  ^   iV  i«c«  ^    «c  / 

in  which  we  have  added  -—;  —  --—  rzO.  to  the  denommator,  in 
order  that  its  three  last  terms  with  their  signs  changed  should, 
form  a  complete  square.    Making  ~  +  -^  =  R*,  we  obtam 

after  a  little  reduction  t  = 


'•'"  *  [•-(•—)■?  "•' 


If 


*n_(j.__L)'-|^ 

Now  it  is  known  that  if  x  be  an  arc  of  a  circle  whose  radius, 
is  unity,  and  s  its  sine,  we  have  umnersally  xzz.  — ■^->—  ;    and 

that  the  fluxion  of  the  suppldtnent  of  x  is  equal  to  — ^ — 

Hence  the  last  value  of  t  expresses  the  product  of  -;^  into  the 
fluxion  of  an  arc  of  a  circle  whose  radius  =  1 ,  and  sine  s=  — 

"  -^,  or  into  the  fluxion  of  the  supplenent  of  that  arc,  accord- 

ing  as  die  denominator  of  the  second  member  has  the  positive 
or  the  negative  sign.    Thus  then,  the  fluents  of  this  equation' 

will  be  f  =  — 7 —  arc  sin  (— —  — )  +  m. 

To  determine  the  constant  quantity  M  it  knu^  be  remarked  that 
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when  ^=0  the  depth  of  impression  ;«=:0  also;  in  this  case,  there- 
fore, observing  that  negative  sbes  answer  to  negative  arcs, 

wehave-^arc  sb-— - +M=0,  or  Mr: -^  arc  sin— • 
Thus  the  value  of  ^  is 

^=  T-TT   arc  sm  (-- )  +  arc  sin  — > 

Hence,  restoring  the  values  of  y,  i,  and  f,  we  have 

fr:  K/  ^,^  .   fare   sin  (-  —    ^-^   *^v)  +  arc  sin 

RCf(m+^)J' 

This  is  the  value  of  ^  when  the  positive  sign  is  taken  to  the 
denominator  of  the  second  member  of  the  preceding  iluxional 
equation;  and  it  then  expresses  any  time  elapsed  from  the 
commencement  of  the  shock  to  any  instant  previous  to  the 
greatest  impression.  To  have  the  time  which  e^pses  from  the 
commencement  of  the  shock  up  to  the  instant  after  the  greatest 
impression,  we  must  take,  instead  of  the  expression  arc  sin 

/- ^— ^)*  its  supplement,  that  is,  b'^  arc  sin  f— — 

r^  0*  **  representing,  as  heretofore,  3*141593  the  semicir- 
cumference  to  radius  1.   Hence,  for  the  latter  case,  we  have  tzz 

Sutjufc  •     y  *         fxf — mtp  ^  .         fA,f^m(p 


a/ 


JHiiTT^  [*-arc  Sin  (  -  -  j^j^jiirp^i^)  +arc  sm  ,c^„^^)  J* 

« 

These  two  expressions  for  the  time  ought  to  be  equal  for  the 
instant  of  the  greatest  impression:  we  have,  therefore,  for  that 

mstant . .  - .  Jat  =  arc  sm  (Y""Rce(m+^y' 

Substituting  this  value  in  either  of  the  preceding  equations 
for  t,  we  shall  have  for  the  time  from  the  commencement  of  the 
shock  to  the  instant  of  greatest  impression 

In  bodies  perfectly  elastic  the  impression  diminishes  till  2=0; 
substituting,  therefore,  this  value  of  ;r  in  the  second  equation  for 
the  time,  we  have  for  the  whole  duration  of  the  shock  in  such 

bodies  t  =  >y/ci(;;r;^(*+2  ^^  '^''ii^;:^^^ 

Whence  it  appears  that  the  whole  time  is  dmhle  that  which 
dapses  from  the  commencement  of  the  shock  to  the  iustant  of 

VOJL.  I.  T 
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greatest  impression:  thus  shewing  the  exactness  of  the  last 
condition  in  the  definition  of  perfect  elasticity  (art.  329.^ 

In  bodies  void  of  elasticity ^  the  total  duration  of  the  shock 
is  equal  to  the  time  which  elapses  between  the  commencement 
of  the  shock  and  the  instant  of  greatest  impression. 

If  the  bodies  are  not  subjected  to  the  operation  of  any  active 
power^  we  havey*=0,  and  ^s=() :  whence  the  whole  duration  of 

the  shock  for  non-elastic  bodies  will  be  ^= Jn*  a/  Z^ZTTl^  ^^ 

for  elastic  bodies  f  rrir  4  /  r7~rT* 

^6  bttttntity  r  which  contains  the  initial  velocities,  not  en* 
teritig  either  of  these  expretsionsy  we  see  that,  when  no  active 
power  animates  the  bodies,  the  time  of  Jura^io/i  of  the  shock  is 
ahou^M^tht-same  (cset.  par.),  whatevet  are  the  initial  velocities. 

The  vahie  of  r  is,  as  we  have  seen, 

Now  if  w  be  =i  0,  and  wssO,  that  is,  if  the  bodies  are  merely 

actuated  by  powers,  the  value  of  r  will  become  R  r:  -^r— — r- 

Substituting  this  value  in  the  expressions  for  the  whole  time, 
they  will  become, 

For  noo-eUstic  bodies  t^zV — ,    ^  -  fjir-i^arcpinO))  =«  V ^-— %: 

Cg(m+(*)  ^*  '^    \ -^7  Cg(i»  +  f*J 

For  elastic  boditi  /«gy\/    f^^    ■ 

Here  it  will  be  observed  that  sin  (1)  z:  radius,  and  arc  sin  (t) 
:=:90^  Hence  it  follows,  1st,  That  the  duration  of  the  shocks 
when  the  bodies  are  only  actuated  by  powers,  or  accelerating 
forces,  without  initial  velocitiejs,  is  double  the  duration  of  the 
shock  when  they  only  move  with  certain  velocities.  2dly,That 
t\it  value  of  these  powers  or  accelerating  forces,  not  entering 
the  above  equations,  the  duration  of  the  shock  is  the  same,  what- 
ever are  the  powers  or  accelerating  forces  which  act  upon  the 
bodies.  It  must  b^  recollected,  though,  that  the  accelerating 
forces  are  supposed  constant 

356.  The  quantities  c.and  f  which  enter  the  preceding  equa- 
tions being  embarrassing  in  the  computation,  it  will  not  be  im- 
proper to  tind  values  of  t  which  do  not  contain  those  quantities, 
and  by  means  of  which  we  may  deduce  the  value  of  t  immedi- 
ately from  expieriments. 

Let  X  be  the  greatest  depth  of  impression;  then,  because 

*  •  ■  * 

y/Si=cz*,we  have  cx*==i;  and  from  the  hypothesis  oi  x:£z 


Chap^V.]  CollisioHi  Hi 

we  have  p  =  i«>»(w+»)'+(>/-f*»^8i     ^^^^^  ^^  g^^ 


w         *    .4  ■ 


Multiplying  the  two  .terms  by  [cf  (m+f*)]%  substituting  for 
cf  (m+fi)  its  value,  reducing  the  whole  to  a  fraction,  and  ex- 
racting  tiie  rd6t8>  we  shall  have  at  length 

Substituting  th^se  values  of  RCp,  and  of  c^^  in  the  preceding 
Values  of  tf  we  have,  for  non-elastic  bodies, 


arcsm 


-w)«  +  x(tt/-m<»)/ 


Jmfx(w — w)«  +  X  (^/-  m<p). 

And  for  perfectlif  tslastic  bodies, 

'=  ^  §iiiK^-i»;)»+2xOx/--i«<p)  (^«+2  arc  sin 

in  these  Equations  neither  e,  ^,  nor  r^  is  to  be  fdund;  so  that 
they  comprise  merely  such  quantities  as  resiilt  at  once  from 
experience. 

Wheny=0,  and  ^=0,  the  preceding  equations  become,  for 

non-elastic  bodiiM  t^  ^ — ;  for  elastilc  bodies  t=s  — ^. 
It  must  biB  bt)setvbd   that  in  the   Equation  t^  -^  the 

*.  w— to 

diJBTerence  vf-^w  may  remain  the  same,  though  the  absolute 
Values  of  w  and  w  vary;  so  that  this  equation  by  no  means  con- 
tradicts  the  observation  made  in  the  precedii% -'Article,  that^ 
when  the  atcelerating  forces  vanish^  the  times  lire  independent 
of  the  initial  velocities. 

If  die  bodies  are  only  animated  by  powers>  or  only  act  by 
mutual  pressure,  then  are  w=:^0  and  ^'aeO;  and  the  values  of  i 

I  max  -  /    mux  .^    - 

become  <=*y;^^r:;;;5,  and  «  =  2*  ^^^pz^if  i  'f  the  body 
struck  is  iniliioveable^  these  equations  become  ^'^^  / Y^  ^"^ 
*— 2*   /-?-•    If  we  suppose /to  be  gravity,  theA /=gwz, 

Y  2 
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niait:z*    /j,  orTecS*    /j,  kn  (lie  respective  cases  of 

> non-elastic  and  ela^itic^'bodies;  g  denoting  as  usual  32  J. 

Retaining  the  bypddiesis   of  the   immobility  of  the  body 
^rucky  we  have'^='<o.,^nd  of  consequence  a?=:0f  then  will  the 
'  Expression  for  the  time  of  greatest  impression  become 

If  the  striking' body  is  moved  by  gravity,  h  being  the  height 
^  due  to  the  velocity  w,  ^e  have  w*r:  2gh,  w:\dfrzgm.    Substitut- 
ing theses  values  of  w^  and^for  tbem^  there  will  result 


^ 
f  = 


=  ^Jtf+arGsin^j. 


When  X  is  extremely  small  with  respect  to  h,  this  equation 
M'ill  become  f  =  t— ^  ==  •390791  x  y^A.    ThiS  theorem  would 

apply  to  the  case  of  a  hammer  striking  on  an  anvil. 

tiSl.  In  a  similar  manner  we  may  tind  the  time  in  which  the 
greatest  impressions  are  formed,  on  the  supposition  that  x=0^ 
and  ;^=:0 :  for,  we  have  seen  (art.  .355.)  that  ia  order  to  this  we 

must  take  the  half  of  the  term  multiplied  by  J  =  -^ — ^,  arid 

then  take  half  the  value  of  ^;  thus  we  shall  have 
/  ywjucx*  / 

^=  V     nvx(l^-i^;'  +  2(|^-»n<p)x    [i^+   ^rC   sm 

mfA[yt  -to) «  +  (f*/-  mf)  X /• 

The  method  will  be  the  same  for  every  other  case,  by  finding 
the  fluents  of  the  general  equation, 

x  +  s 

We  have  found  (art.  340.)  the  equation 

Wf*(M-i)=:[>/-wif-(iii+ji»)p]/; 

iTitt  this  equation  we  suppose  p  constant,  its  fluent  will  be  nifA 
(r/— !?)=  [ft/— wif  -  (»»+ft)^+  f;  vhcn  pf =0,  i/=:w%  and  v=:W, 
whence  we  have  tlien  nifA  (w  — a')=:F,  and  consequently  W|* 
[(u-t?)-(w-i»)]=[/it/-m9— (w+ft)p]  t,  or,liy  division,  ^= 

mfx[(u-i.)-rw.-ti))l^    ^^  ^j^^  j^^^^^^  ^f  jj^^  greatest  impression 
0,  and  the  equatiou  becomes  <  =  ,^„^^),_(^^_^)- 


u—v 
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If  the  body  strud^  is  immoyeMe,  ^^otyWr^O,  on^  f=0  \ 


mw 


^wherefore  f  =        ^. 

When/z:  0,  and  f*rO,  then  f  =  ^^^jj  ;   and  if  jduzt  od, 

and  a7=:0,  ^  = . 

In  fliese  equations  die  value  of  p  may  Be^ft»und^  a»  in-.aFts« 
350—355. 

^58.  The  application  of  the  preceding^  calculus  dependi^ 
principally '  on  the  determination  of  the  impression  :  and  thi$ 
determination  is  sometimes  attended  witii  difficulties.  For, 
notwithstanding  that  many  authors  have  supposed  that  the 
£gure  of  the  impression  is  generally  the  same  as  that  of  the 
impinging  body,  it  is  mai^ifest  that  this  suppositioib.will  not  be 
accurate  with  regard  to  hard  and  tenacious^  bodies.  Hi  a  grea^ 
number  of  these  latter  the  amplitude  of  the  impression  is 
always  much  the  lai^est;  for  the  parts  contiguous  tatfae  sur- 
face of  contact,  being  not  easily  detached  from  the  neigh- 
bouring partSy  yield  to  the  impulsion  at  the  same  time  that  diis 
surface  carries  before  it  diose  which  touch,  and  so  on  suc- 
cessively. Hence  the  diameter  of  the  actual,  impression  is^ 
always  greater  than  the  dikmeter  of  the  surface  of  contact ;  so 
that  it  is  difficult  to  obtain  an  exact  measuce  of  the  real  im- 
pression. 

This  remark,  however,  true  as  it  is,  cannot  be  applied  to 
all  cases  without  some  modification ;  because  there  are  some 
fornis  of  the  impinging  body,  such  as  the  spherical,  and  con- 
vex.forms  in  general,  which  greatly  diminish  this  excess  of  the/ 
diameter  of  the  impression  over  that  of  the  surface  of  contact : 
mdeed  this  excess  may  often  be  considered  as  entirely  ^  va- 
nbhed,  when  the  body  struck  is  not  of  an  extreme  hardness  and 
tepacity. 

359.  It  will  appear,  from  the  perusal  of  diis  chapter,  that 
the  theory  is  made  to  flow  from  facts  adverted  to  in  art.  82i). 
and  serves  for  their  explication.  We  hence  see  that  when  we 
know  the  physical  circumstances  of  a  percussion  we  inay 
always,  assign  an  equivalent  pressure,  which  will  put  it  in  equi^ 
librio.  It  IS  not,  therefore,  absurd  to  say  that  we  can  weigh 
or  balance  the  blow  of  a  mass,  or  the  stroke  of  a  hammer;  it 
is  solely  necessary  to  observe  that  the  stroke  of  a  hammer  or 
other  mass  is  not  an  absolute  weight,  but  that  such  weight 
depends  on  the  hardness,  the  form,  and  the  nature  of  the  bodies 
stnking  and  struck.  Thus,  in  general,  when  a  resistance  of 
pressure  is  equivalent  to  a  very  considerable  weight,  it  will  resist 
the  shock  of  a  mass  whose  weight  is  small  in  comparison  wilh 
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tbe  former,  and  of  M^bich  the  Telocity  is  that  due  to  a  moderate 
height.  * 

560.  It  has  been  all  alqng  supposed  that  the  direction  of  the 
stroke  is  the  same  as  that  of  the  inotioi) :  but  this  is  far  from 
being  always  the  case ;  and  when  it  is  not,  toe  impaft  is  called 
oblique.  To  consider  this  iq  it?  utmost  extent  wofild  carry 
us  very  far  indeed:  but  we  have  not  room  for  a  particular 
investigation.  We  shall,  therefore,  just  mention  two  or  three 
general  facts  already  proved ;  and  from  them  deduce  a  few 
easy  case3«  These  facts  are:  Ist,  That  the  actions  of  bodies 
pn  each  other  depend  upon  their  relative  motions.  2dly,<11iat 
^tlie  motion  of  the  common  centre  is  not  changed  by  the  collision. 
3y  these  we  can  reduce  all  to  the  case  of  a  body  in  motion 
striking  another  at  rest.  Npw  the  relative  motion  may  be  de<^ 
termined  by  the  construction  in  art.  2ig.  and  tp  thi§  must  be 
superadded  the  common  motion  which  changes  th^  relative  into 
the  true  motions. 

.  If,  for  example,  two  bodies  A  B,  (fig.  2,  pi.  XV.)  describe 
the  lines  ad,  bd,  and  meet  in  d,  the  collision  is  the  same  as  if 
^  had  remained  at  rest,  and  a  had  struck  it  with  the  direction 
^n4  velocity  A B.  In  the  mean  time,  the  common  centre  of 
inertia  has  described  cd  with  a  uniform  velocity,  which  at  the 
end  of  an  equal  portion  of  time  will  carry  it  to  c,  cd  being  r=Dr» 
If  the  bodies  are  noq-elastic  they  remain  together,  and  wilt 
proceed  along  dc;  their  common  velocity  being  represented  by 
PC,  >vhile  AD,  BPi  represent  the  individual  velocities  of  a  and 
B  previous  to  the  impact.  If  the  bodies  are  imperfectly  elastic, 
draw  through  c  the  line  ab  jparallel  to  ab  ;  ipake  AC  to  ac,  as 
the  force  of  compression  to  the  force  of  resftitution,  with 
regard  to  the  body  a  ;  and  make  bc  to  be  as  the  force  of  com-> 
pres.sion  to  the  restitutiye  force,  relntively  to  b  ;  join  pa,  dA,  and 
those  lines  will  be  the  paths  of  the  bodies  after  collision.  It 
the  bodies  are  perfectly  elastic,  make  c£==cb,  ac=Ac;  and 
Da,  j>b,  will  be  the  paths  of  the  bodies.  If  ab  be  perpendi- 
cular to  cc,  then  will  angle  Ancs=aDc,  and^DC=:6Dc.  And  in 
a  similar  way  it  naturally  follows,  that  if  a  body  a,  perfectly 
elastic,  impinge  upon  a  perfecdy  hard  plane  eg;  in  the  direc- 
tion Aj),  it  will  rebound  from  d  in  such  a  line  j>a,  that  the 
angles  of  incidence  and  reflection  adc,  aoc,  shall  be  equal. 

361.  Du  this  latter  principle  depends  the  solution  of  the 
problems  often  proposed  relative  to  the  game  of  billiards:  the 
reader  mav  take  the  following  as  a  specimen. 

To  find  in  what  points  c,  d,  on  the  two  sides  kl,  li,  qf  q 
rectangular  billiard  table,  an  elastic  ball  placed  at  b  muU 
strike,  so  thai  ii  may  hit  a  ball  placed  at  a,  after  a  double  rf« 


I  ■-.  1 
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From  the  point  A  (fig.  3.  pi.  XV*)  draw  ah  perpendicular 
to  iLy  and  produce  it  till  ih=ia  :  parallel  to  li  draw  hf,  and 
make  it  equal  to  2Gn,  the  point  o  being  in  kl  produced.  Join 
the  points  f^  b,  by  a  right  line  cutting  kl  in  C;  and  join  the 
points  c^  H;  by  a  right  line  cutting  li  in  d  ;  then  shall  c  and  z> 
be  tfiepoints  required.  For  the  angles  adi^  cdl,  are  each  equal 
to  iDHy  and  the  angles  fog,  gch^  each  eqji^al  to  3Ck;  whence 
the  truth  of  the  construction  is  obvious. 

After  methods  slightly  varied  miglit  several  entertaining 
problems  be  solyed :  but  such  great  simplicity  is  not  to  be 
expected  in  many  of  the  cases  of  oblique  collision  which 
actually  occur.  We  shall,  therefore,  conclude  this  chapter 
with  a  general  proposition  (from  Dr.  Robison),  by  means  of 
which  the  different  motions,  whether  progressive  or  rotatory, 
may  ip  general  be  determined  without  much  trouble;  an4 
wliiqh.  in  fact,  requires  naerely  a  combin^tipn  of  sopne  of  the 
principle^  alreacfy  exhibited  in  the  precedipg  and  present 
^pter^. 

362.  Let  the  body  a  (fig.  4.  pi.  XV.)  moving  with  the  velocity 
V  in  thedire^iofi  ad,  strike  the  body  b  at  rest ;  to  determine  the 
circumstance^  resulting  from  the  shock. 

Liet  F  be  ]tbe  point  of  mutual  contact,  and  Afh  a  plane 
touching  both  bocues  in  f.  Draw  afp  perpendicular  tq  thi^ 
tangent  plane,  and  through  c,  the  centre  of  position  of  b, 
draw  PGc  perpendicular  to  fp,  and  gi  parallel  to  fp«  Let  c, 
in  the  line  pg,  be  the  spontaneous  centre  of  conversion  cor- 
responding to  the  point  of  percussion  f.  Jom  cf.  Let  the 
flir&ction cut  the  tangent  plane  in  h,  and  pf in  a  ;  and  let  ah 
fepresent  the  velocity  v.  .-..»,. 

The  impulse  is  made  at  the  point  f,  in  the  dir^ct^on  af  ov 
fp;  and  the  centre  of  inertia  of  the  body  B'wi)i  advince  in 
ihe  Erection  gi,  parallel  to  fp,  Jhp  direption  pf  .dje  .effective 
impulse.  But,  because  this  does  not  pass  through  the  centre 
o,  the  body, will  advanceii  and  will  also  turn. round  an  axia 
passing  through  o,  perpendicular  to  the  pla^e  of  the  lines  gp, 
cf,  and  th^.sppqt^neous  :a^is  of  couversipu  ..will  pi^ss  ^through 
some  point  c  of  the  line  pg,  and  will  also  be  perpendicular  to 
the  same  plane.  Complete  the 'parallelograth  a fhe.  It  i* 
plain  that  die  niotiou  ah  is  .e<}uivalent  tp  .  a^  afid  .a?.  .  By  the 
motion  ae,  A  only  slides  along  the  surface  of  b  without  press* 
ing  it,  or  causing  any  tendency  to 'motion  in  that  direction^  ex- 
cept perhaps  ^littte  arising  frdin  friction.  It  is  by  the  motion 
AF  afone  diat  the  impulse  is  made.    Therefore  let  i;  be  =:v 

r^— ;  and  then  4'V  may  be  cfilM  the  efficient  impulse  of  the 
jbody  A  ib  the  present  circumstances,  and  v  the  efficie/U  re« 
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locity.  This  will  be  diminished  by  the  collision.  Let  x  be 
the  unknown  velocity  remaining  in  a  after  the  collision^  or 
rather,  in  the  instant  of  tlie  greatest  compression  and  common^ 
motion  of  the  touching  points  of  a  and  b,  estimated  in  the 
direction  fp.  The  effective  momentpm  lost  by  A  must  ther^*^ 
fore  be  A  {v—x) ;  but  the  game  must  be  gained  by  b,  and  its 
centre  g  must  move  in  the  direction  gi,  parallel  to  fp,  with 

this  momentum ;  and  therefore  with  the  velocity  — — ^.   That 

this  may  be  the  case,  the  point  of  percussion  f  must  yield  with 
the  velocity  x^  because  the  bodies  are  in  contact.  But  because 
c  is  the  spontaneous  axis  of  conversion,  every  particle  is 
hesinning  to  describe  an  arch  of  a  circle  round  this  axis« 
Therefore  f  is  beginning  to  move  in  the  direction  Fg,  perpen* 
dicular  to  the  momentary  radius  vector  cf.  Let  Fg  be  a  very 
minute  arch,  described  in  a  moment  of  time.  Draw  g^*  perpen- 
dicular to  FP.  Then  p/'is  the  motion  Fg  reduced  to  the  direc- 
tion FP,  and  will  express  the  yielding  of  b  in  the  direction  of  the 

impulse,  while  G  describes  a  space  equal  to         ^■,  and  A  de- 

scribes  a  space  x.  Therefore  Fg  will  express  x.  Let  pp  be  the 
6pace  described  in  the  same  time  that  Fg  is  described.  Draw  pc, 
cuttmg  GK  in  the  point  i.     ox  is  the  yielding  of  the  body  b  to 

jftie  impulse,  and  must  therefore  be  equal  to  , 

The  triangles  vfg  and  cpf  are  similar;  for  the  angle  cfp 
Is  the  complement  oi  fvg  to  a  right  angle :  it  is  also  the  com* 
plement  of  pcf  to  a  right  angle.  Therefore  Fg  :  f/*:  :  Fc  :  cp. 
But  Fg  :  pp  : :  FC :  cp;  because  the  Jittle  arches.  Fg,  pp,  have  the 
same  angle  at  c.    Therefore  fp=:Ff,^x.    It  is  plain  that 

CG :  CP  : :  Gi  :  pp.  Therefore  CG ;  cp  :  ^  °'^^-  :  x,  and  x  = 
-^^-^ — ^^,  orxnt? — X — ;  wherefore  ;p'B'CG+X'A»cp 

^•CO      '  3 'CO  B.-CO 

ssv-A'CP,  ando:  (b»cg  +  A'Cp)  =  t?«  A'CP,  ^nd  xizv  —■ — '• * 

'  ■      ■  ,  B'CO+A-CP, 

zz  the  velocity  remaining  in  a,  estimated  in  the  direction  fp. 

And  Uj  the  velocity  with  which  g  will  advance,  is  x  —;  for 

CP :  cg  : :  pp :  GI :  :  :f :  t/.  It  is  evident  that  A  will  change  it$ 
direction  by  the  collision;  for  in  the  instant  of  greatest  com* 
pression  it  was  reacted  on. by  a  force  =A  (t?— x)  'in  the  direc^ 
tioa  FA.  This  must  be  compounded  with  a«v,  in  the  direction 
AH,  in  order  to  obtain  the  new  motion  of  A ;  or  it  may  he  found 
by  compounding  x^  which  is  retained  by  A;  with  fh,  which  baa 
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suffered  no  change  by  the  collision.  The  bodies  will,  therefore, 
separate,  although  they  he  unelasiic.  If  they  are  perfectly 
elastic  we  double  these  changes  in  each. 

If  B  were  also  in  motion  before  the  collision^  the  motion  of 
A  mii^t  be  resolved  into  two^  one  of  which  is  equal  and  paralM 
lo  the  motion  of  b;  and  the  other  mnst  be  employed  in  the  same 
manner  as  ah  in  ^he  preceding  part  of  this  article.    ^ 


i  sao  ] 


CHAPTER  VI. 


On  the  Motion  of  Machines,  and  their  Maximum 


363.  When  forces  acting  in  coptrary  directions^  or  in  any 
such  directions  as  produce  contrary  effects,  are  applied  to  mai* 
chines,  there  is,  with  respect  to  every  simple  machine  (and  of 
consequence  with  respect  to  every  coyibination  of  simple  ma- 
chines) a  certain  relation  between  the  powers  and  the  distances 
at  which  they  act,  which,  if  subsisting  in  any  such  machine 
when  at  rest,  will  always  keep  it  in  a  state  of  rest,  or  of  statical 
equilibrium  (art.  28.) ;  and  for  this  reasion,  because  the  efforts 
of  these  powers,  when  thus  related,  witi^  regard  to  magnitude 
and  distance,  being  equal  and  opposite,  annihilate  eadi  other| 
and  have  no  tendency  to  change  the  state  of  the  system  to  whicl| 
they  are  applied.  So  ^Iso,  if  the  san^e  inaphine  have  been  put 
into  a  state  of  uniform  motion,  whether  ^rectilinear  or  rotatory, 
by  die  action  of  any  power  distinct  from  those  we  are  now  cour 
sidering,  and  thiese  two  powers  be  made  to  &ct  upon  the  ma- 
chine in  such  motion  in  a  similar  manner  to  that  in  which  they 
acted  upon  it  when  at  rest,  their  simultaneous  action  will  pre-> 
serve  it  in  that  state  pf  uniforn)  motion,  pr  of  dynamical  equi« 
librium  (art.  28.);  ai^d  this  for  the  same  reason  as  before,  ber 
canse  their  contrary  effects  destroy  each  other,  and  have  there* 
fore  no  tendency  to  change  the  state  of  the  machine.  But,  if 
at  the  time  a  machine  is  in  a  state  of  balanced  rest,  any  one  of 
the  opposite  forces  be  increased  while  it  continues  to  act  at  the 
same  distance,  this  excess  of  force  will  disturb  the  statical  equi-^ 
librium,  and  produce  motion  in  the  machine ;  and  If  the  same 
excess  of  force  continues  to  act  in  the  same  manner^  it  wiU^^ 
like  every  constant  force,  produce  an  accelerated  motion ;  or, 
if  it  should  undergo  particular  modifications  when  the  machine 
is  in  different  positions,  it  may  occasion  such  variations  in  the 
motion  as  will  render  it  alternately  accelerated  and  retarded. 
Or  the  different  species  of  resistance  to  which  a  moving  ma- 
chine is  subjected,  as  the  rigidity  of  ropes^  friction,  resistance 
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of  the  air,  &c.  may  so  modify  a  motion  as  to  chaiige  a  r^g\ilar 
or  irregXilar  variable  motion  into  one  vvhich  is  uniform. 

S64.  Hence^  then^  the  motion  of  machines  may  be  cons^ 
dered  as  of  three  kinds.  1.  That  which  is  gradually  accelerated, 
ivhich  obtains  commonly  in  the  first  instants  of  the  communi- 
cation. 2.  That  which  is  entirely  uniform.  3.  That  which  is 
alternately  accelerated  and  retarded.  Pendulum  clocks,  and 
machines  which  are  moved  by  a  balance,  are  related  to  the  third 
class.  Most  other  machines,  a  short  time  after  their  ipotion  is 
commenced,  fall  under  the  second.  Now  although  the  n^otion 
of  a  machine  is  alternately  accelerated  and  retardied,  it  may, 
notwithstanding,  be  measured  by  a  uniform  mption,  because  ot 
tbe  periodicarand  regular  repetition  which  may  exi^t  in  th^  acx 
celeration  and  retardation.  Tlius  the  ipotiop  of  a  second  pen- 
dulum, considered  in  relation  to  a  single  otjcill^tipn,  is  accele^ 
fat^d  during  the  first  half  second,  and  retarded  (luring  the  se* 
pond :  but  the  same  motion  taken  for  many  oscillatiops  may  be 
considered  as  uniform.  Suppose,  for  example,  that  the  extent 
of  each  oscillation  is  five  inches,  and  that  the  pendulum  has 
made  ten  oscillations :  its  total  effect  will  be  to  have  run  over 
50  inches  in  10  seconds;  and,  as  the  space  described  in  each 
second  is  the  same,  we  may  compare  the  effect  to  that  produced 
by  a  moveable  which  ipoves  for  ^0  seconds  with  a  velocity  of  5 
iuches  per  second.  We  see,  therefore,  that  the  theory  of  ma- 
.chioes  Whose,  mptiony  ar^  uniforin^  cpnduces  naturally  to  the 
estimation  of  the  effects  produced  by  machines  whose  motion 
is  alternately  accelerated  and  retarded:  so  that  the  problen^s 
comprised  in  this  chapter  will  be  directed  to  those  machines 
whose  motions  fall  under  the  first  two  heads;  such  problems 
being  of  far  the  greatest  utility  in  practice. 

365.  DsFS.  1.  When  in  a  machine  there  is  a  system  of 
forces  or  of  powers  mutually  in  opposition,  those  which  pro- 
iduce  or  tend  to  prodqce  a  certain  effect  are  called  movers,  or 
moving  powers ;  and  those  which  produce  or  tend  to  produce 
an  effect  which  opposes  those  of  the  moving  powers  are  called 
resistances.  If  various  movers  act  at  the  same  time,  their  equi- 
valent (found  by  the  theorems  in  book  I.  chap.  i.)is  called  in- 
dividually the  moving  force;  and,  in  like  manner,  the  resultant 
of  air  the  resistances  reduced  to  some  one  point, ///e  resistance. 
This  reduction  in  all  cases  simplifies  the  hivestigation. 

2.  The  impelled  point  of  a  machine  is  that  to  which  the  ac- 
tion of  the  ipoving  power^may  be  considered  as  immediately 
applied;  and  the  working  point  is  that  where  the  resistance 
arising  from  the  wof  k  to  be  performed  immediately  acts^  or  to 
>vhich  it  ought  all  to  be  reduced,  llius  in  the  wheel  and  axle 
(fig.  6.  pi.  V.)  y^'here  the  moving  power  p  is  to.pvejfcpme  the 
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weight  or  resistance  w,  by  the  applicatbo  of  the  cords  to  the 
ivheel  and  to  the  axle^  A  is  the  impelled  point,  and  b  the  work- 
hig  point.        * 

3.  Th^  velocity  ofjthe  moving  power  is  the  same  as  the  veIo« 
city  of  the  impelled  point;  the  velocity  of  resistance  the  same 
as  that  of  the  working  point. 

4.  The  performance  or  effect  of  a  machine,  or  the  work  done^ 
ist  measured  by  the  product  of  the  resistance  into  the  velocity  of 
the  working  point ;  the  momentum  of  impulse  is  measured  by 
the  product  of  the  moving  force  into  the  velocity  of  the  im<* 
pelled  point. 

Thes6  definitions  being  established,  we  n^ay  now  exhibit  a 
few  of  the  most  useful  problems^  giving  as  much  variety  in  theif 
solutions  as  may  render  one  or  other  of  the  methods  of  easy 
application  to  any  other  cases  which  may  occur. 

866.  Prop.  If  ft  and  r  be  the  distances  of  the  power  p,  and 
the  weight  or  resistance  w  from  the  fulcrum  w  of  a  straight 
lever  (fig.  1.  pi.  IV.),  then  will  the  velocity  of  the  power  and  of 

the  weight  at  the  end  of  any  time  t  be  -^ — —  gt,  and  -^ — ;3^gt* 

ifespectivelVj  the  weight  and  inertia  of  the  lever  itself  not  being 
considered,  * 

If  the  effort  of  the  power  balanced  that  of  the  resistance,  p 

would  be  equal  to  — •     Consequently,  the  difference  between 

'  at 

this  value  of  p  and  its  actual  value,  or  p  —  —  w  will  be  the 

force  which  tends  to  move  the  lever.  And  because  this  power 
applied  to  the  point  A  accelerates  the  masses  p  and  w,  the 

mass  to  be  substituted  for  w  in  the  point  a  must  be  —  w  (art 

310.  cor.  4.)  in  order  that  this  mass  at  the  distance  r  may  be 
equally  accelerated  with  the  mass  w  at  the  distance  R,     Hence 

the  power  p  —  —  w  will  accelerate  the  quantity  of  matter 
^  +  —  w ;  and  the  accelerating  force  f  r:  (p  —  -j-  w)  -r 
^P  +  -T  w)  =:  ^r^.     But  (art.  228.)  v  a  f/  or  is  =  gtv ; 

which  in  this  case  =  ^  ""^^  gty  the  velocity  of  p.  And,  be- 
cause veloc.  of  p :  veloc.  of  w : :  r  :  r,  we  have  veloc.  of  w  =:  -^ 

B 

veloc.  of  P  =  —  •  -T -T—  S^t  =  -1, T"  ?^- 

Cor.  l;  The  space  described  by  the  power  in  the  time  t  will 
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be  =:  -i — ——  •  5g'<* ;  the  space  described  by  w  in  the  same 

lime  will  be  =    ^   .  ^_  •  ist^. 
Cor.  2.  If  a :  r : :  n :  1,  then  will  the  force  which  accelerates 

-  Pn^— Wn 

A  be  ii  -ziTT-zr* 

P»«  +  W 

Cob.  3.  If  at  the  same  time  the  inertia  of  the  moving  force 
p  he  =0,  as  in  muscular  action,  the  force  accelerating  a  will 

be  -z:'-—- — ,  obviously  greater  than  the  former. 

Cor.  4.  If  the  mass  moved  have  no  weighty  but  possess  in^ 
ertia  only,  as  when  a  body  is  moved  along  a  horizontal  plane, 

the  force  which  accelerates  A  will  be  ±:  — .  And  either  of 

p»*+w 

these  values  may  be  readily  introduced  into  the  investigation. 
CoR.  5.  The  work  don^  in  the  time  t,  if  we  retain  the  ori- 

gmal  notation,  will  be  =  ^,^^^gi  x  w  =;    ^^p^^a^    g^> 

CoR.  6.  When  the  work  done  is  to  be  a  maximum,  and  we 
wish  to  know  the  weight  when,  p  is  given,  we  must  make  the 
fluxion  of  the  last  expression  =:  0.    Then  we  shall  have  tr'^p* 

-  2r*R*pw  -  r*w*  =  0  and  w  =  p  (    /(^  +  ^')  -  71). 

CoR.  7.  If  R  :  r  ::  71 : 1,  the  preceding  expression  will  be- 
come w  rr  p  [^(n^  +  «')  -^  «^. 

CoR.  S.  When  the  arms  of  the  lever  are  equal  in  length,  that 
is,  when  «  =  1,  then  is  w  :;=  p  (-/a  —1)2=  '414214  p,  pr 
nearly  -j^  of  the  moving  force, 

SCHOLIUM. 

367.  If  we  compare  the  values  of  s  and  v  in  this  proposition 
and  first  corollary  with  those  in  the  fourth  example,  art.  267. 
which  relates  to  motion  on  ttie  axis  in  peritrochio,  it  will  be 
seen,  as  ought  evidently  to  be  the  case,  that  the  expressions  cor- 
respond exactly.  Hence  it  follows,  diat  when  it  is  required  k> 
proportion  the  power  and  weight  so  as  to  obtain  a  maximum 
effect  on  the  wheel  and  axle  (the  weight  of  the  machinery  not 
being  considered),  we  may  adopt  the  conclusions  of  cors.  6  and 
7  of  this  prop.  And  in  the  extreme  case  where  the  wheel  and 
axle  becomes  a  pulley,  the  expression  in  cor.  8.  may  be  adopted. 
The  like  conclusions  may  be  appUed  to  machines  in  general,  if 
R  and  r  represent  the  distances  of  the  impelled  and  working 
points  from  the  axis  of  motion ;  and  if  the  various  kinds  of 
resbjtunce  arising  from  friction,  stiffness  of  ropes,  &c.  be  pro- 
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perly  reduced  to  their  equivalents  at  the  working  points^  so  a^ 
to  be  comprehended  in  the  character  w  for  resistance  over* 
come. 

567,  A.  If  instead  of  being  required  to  find  "the  greatest  pos-^ 
sible  momentum  by  means  of  a  Jixed  pulley  in  a  given  time  /, 
it  had  been  required  to  find  the  greatest  loadj  which  can  be 
rabed  by  a  given  weight  through  a  given  space  ^  in  a  given 
time  t ;  then  the  portion  to  be  raised  each  time  may  be  thus 
found.     Let  (f  die  time  6f  one  ascent^  n  the  number  of  ascents, 

then  /  =:  nf,  otnzz  -p- :  Pi  as  above,  tho  given  weight,  and  w 
the  weight  to  be  raised.  Then,  by  the  theorems  foir  accele- 
rating forces,  we  havfe  ^  =z     /j^ ;  and  consequently  n  =  y— 

t  ^  7-L  =:t  /^=:t  /f  X  /^  because  ^  U 
manifestly  equal  to  F.  But  the  whole  toad  is  eqital  to  nt; 
hence  t    /-£•  x      /^^^  x  w  is  to  be  a  max.  or,  striking  out 

Uie  constant  quantities,  and  squaring, • zz  a  max.     In 

fluxions,  (SpWw  —  dw*w)  (p  +  w)  --  w  (pw*  —  w^)  r:  A. 
Hence  w*  —  pw  -»•  P*  n  0,  and  w  ::z  Jp  iy/5  —  1),  or  p  •  w 
::  8  :,5,  very  nearly.  Consequently  the  greatest  quantity  of 
materials  which  will  be  raised  in  a  given  time  under  the  speci- 
fied conditions,  will  be  when  the  quantity  raised  at  each  asceat 
will  be  about  -|-ths  of  the  given  weight.  This  corresponds  with 
the  result  of  a  more  general  proposition  treated  in  art.  375. 

368.  Prqp.  Given  r  and  r,  the  arms  of  a  straight  lever  m 
and  m,  their  respective  weights^  and  p  the  pozver  acting  at  the 
extremity  of  the  arm  r,  tojind  the  weight  raised  at  the  extre^ 
mity  of  the  other  arm  when  the  effect  is  a  maxithum. 

In  this  case  -^  is  the  weight  of  the  shorter  end  reduced  to'  b 
(fig.  1.  pi.  IV.),  and  consequently  ~  is  the  Weight  which,  ap- 

plied  at  A,  would  balance  the  shorter  end :  therefore,  5;  +  V 

w ,  would  sustain  both  the  shorter  end  and  the  weight  w  in 
equilibrio.    But  p  +  Jm  is  the  power  really  acting  at  the  longer 

~  +  — .  w  Ji,  is  the 
absolute  moving  power.  Now  by  art.  312.  the  distance  of  the 
centre  of  gyration  of  the  beam  from  r  is  n     /^.     '  ,  which 
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let  be  denoted  by  j ;  then  (by  cor.  4.  art.  310.)  -^  •  (»<  +  m) 

will  represent  the  mass  equivalent  to  the  beam  or  lever  when 
reduced  to  the  point  A;  while  the  weight  equivalent  to  W^ 

when  referred  to  that  pointy  will  be>—  w.    Hence^  proceeding 

as  in  the  last  prop,  we  shall  have  -~  •  (m  +  wi)  +  p  +  -j  wfor 

the  inertia  to  be  overcome:  and  (P  +  Jm  —  ?^ w)-r  4: 

(M  +  m)+p  +  ~wrr  the  accelerating  force  of  p,  or  of  W 
reduced  to  a.  Multiply  this  by  w,  and^  for  the  sake  of  sim- 
plifying the  process^  put  j  fqr  p  +  Jm  —  r-,  and  »  for  p  +  -^ 

^W  —  rW* 

(W[  +  i»)  then  we  shall  have -; — ^,  a  quantity  which  varies 

n  +  —  w 

as  the  effect  varies,  and  which^  indeed,  when  multiplied  bj 
gt,  denotes  the   effect  itself.      Putting  the  fluxion  of  this 

equal  to  nothing,  and  reducing,  we  at  length  find  w  z:  - 


Cor.  When  r  zi  r,  and  M  =:  vi^  if  we  restore  the  values  of 
n  and  q  the  expression  will  become  w  3:  ^(2?*  +  2i»p  +  $m*) 
-  (p  +  l-m). 

3G9.  Prop.  Given  the  length  1  ond  angle  e  of  elevation  of 
an  inclined  plane  bc  (fig.  5.  pi.  XV.),  to  find  the  length  l  of 
another  inclined  plane  ac,  alofig  which  a  given  nmght  w  ihail 
bt  raised  from  the  horizontal  line  air  to  the  point  c,  in  the  least 
time  possible,  by  means  of  another  given  zceight  p  descending 
along  the  given  plane  cb  :  the  two  weights  being  connected  by 
an  inextensible  thread  pcw  running  always  parallel  to  the  two 
jptanes*    \ 

Let  the  angle  of  elevation  cad  be  denoted  by  £,  and  let  the 
expression  for  the  space  passed  over  in  a  given  time,  found  art. 
207.  II.  be  accommodated  to  the  present  notation ;  it  will  thetf 

^         '    p silt e-w sins   ,     .•       rr»i..'      .  ^  *  «(p  +  w) 

ll€  I  = • Igt^.    This  gives  /*  =  r-T — ^ ^ — •  ^ 

But  in  the  triangle  abc  we  have  ac  :  bc  : :  sin  b  :  sin  A,  that 
is,  L :  / : :  sin  e  :  sin  e  ;  hence  ^  l  ==  sin  e,  and  ^  /  =  sin  e  ;  m 
bebg  a  constant  quantity  always  determinable  from  the  data 

givw.    And  /*  becomes  ■  *^^^_^^.    Now  when  any  quau- 
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li^)  as  ty  ia  a  minimuniy  its  square  is  manifestly  a  mini- 
mum :  so  that^  substituting  for  s  its  equal  h,  and  striking  out 

,  the  constant  factors,  we  have  ■•■  -•  .  s=  a  min.  or  its  fluxion 

8ll(PL-w/)Pl'l  ^  TJ  •  II        •       •!  •  1 

— VpL-V/)« —  ^         Here,  as  m  all  similar  cases,  since  the 

fraction  vanishes,  its  numerator  must  be  equal  to  0;  conse- 
quently 2pl*  -  2wZl  —  PL*  =  0,  PL  =  2w/,  or  L :  / : :  2w :  p. 

Cor.  1.  Since  neither  sin  e  nor  sin  e  eiiiters  the  final  equa- 
tion, it  follows,  that  if  the  elevation  of  the  plane  bc  is  not  given 
the  problem  is  unlimited. 

Cor.  2.  When  sin  e  =  1,  bc  coincides  with  the  perpendi- 
cular CO,  and  the  power  p  acts  with  all  its  intensity  upon  the 
weight  w.  This  is  the  case  of  the  present  problem  which  has 
commonly  been  considered. 

SCHOLIUM. 

370.  This  proposition  admits  of  a  neat  geometrical  demon- 
stration. Thus,  let  CB^  (fig.  5,  pi.  XV.)  be  the  plane  upon 
which,  if  w  were  placed,  it  would  be  sustained  in  equilibrio 
by  the  power  p  upon  the  plane  CB,  or  the  power  p^  hanging 
freely  in  the  vertical  CD ;  then  (art,  154?.  cor.  5,  6.)  bc  :  cd  :  ce 
: :  p  :  p' :  w.  But  w  is  to  the  force  with  which  it  tends  to  de- 
scend along  the  plane  ca  as  ca  to  cd;  consequently^  the 
weight  p'  is  to  that  force  as  cA  :  C£ ;  or  the  weight  p  upon  the 
plane  bc  is  to  the  same  force  in  the  same  ratio ;  because  either 
of  these  weights  in  their  respective  positions  would  sustain  w 
on  CE.  Therefore  the  excess  of  p  above  that  force  (which  ex- 
cess is  the  power  accelerating  the  motions  of  p  and  w)  is. to  p 
as  ca  —  CE  to  CA  ;  or,  taking  ch  =  ca,  as  eh  to  ca.  Now, 
the  motion  being  uniformly  accelerated,  we  have  s  oc  ft*,  or 

T*  oc  —  :  consequently,  the  square  of  the  time  in  which  ac  is 
described  by  w  will  be  as  AC  directly,  and  as  —  inversely;  and 
will  be  least  when  —  is  a  minimum:  that  is,  when  --•  +  EH 

CE* 

-f  ,2cE,  or  (because  ^ce  is  invariable)  when  -—  +  eh  is  a  mi- 

nimum.  Now,  as  when  the  sum  of  two  quantities  is  given 
their  product  is  a  maximum  when  they  are  equal  to  each  other; 
so  it  is  manifest  that  when  their  product  is  given  their  sum  must 

be  a  minimum  when  they  are  equal.     But  the  product  of  — 

and  EH  is  CE*,  and  consequently  given ;  therefore,  the  sum  of 

— ,  ^d  EH  is  least  when  tliose  parts  are  equal ;  that  is,  when 

EH 


I 
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EH  =  CE,  or  CA  =  2cE.  So  that  the  length  of  the  plane  OA 
is  double  the  length  of  ths^t  on  \yhich  the  weight  w  wqiiIc)  b§ 
kept  in  equilibiio  by  p  acting  along  cb. 

When  CD  and  cb  coincide  the  qase  becomes  the  same  as  that 
considered  by  that  admirable  mathematician  Mr.  Maclaumi, 
in  his  Fiew  of  Newton's  Philosophical  Discoveries,'  pa.  IhS, 
8vo.  ed.  Whence,  with  a  very  slight  variation^  th^  method  'n\ 
this  scholiun)  was  deduced. 

371.  Prop.  Let  the  given  weight  p  (fig.  /».)  descend  along 
Cfi,  and  by  means  of  the  thread  pcw  (running  parallel  to  the 
planes)  draw  a  zoeight  w  up  the  plane  Ap :  it  is  required  to  find 
the  value  of  w,  when  its  momentum  is  a  maximum^  the  lengthy 
and  positions  of  the  planes  being  given. 

The  general  expression  for  the  velocity  is  t>  =  ^-^ — ^  gt 

(art.  267.  ex.  II.);  which;,  by  substituting  ^l  for  sin  e,  and 

i  I  for  sin  e,  becomes  v  =  1l^~. — I  gt.    This  multiplied  intQ 

w  gives  "  — -  gt ;  which,  by  the  prpp.  is  to  bq  a  xxwiu 

mum.     Or,  striking  out  the  constant  factors,  i,  gt,  we  hjiY§ 
. — '- =  a  max;    Putting  this  into  fluxions,  and  reducing,  w^ 

have  p*L  —  2pw/  —  wV  =  0^  or  w  =  p  \/  \jr  +  0  —  P* 

Cor.  When  the  inclinations  of  the  planes  are  equal,  l  and 
I  are  equal,  and  w  ==  P  \/2  .-r-  p  =  p  ( v/2  r-  l)  =  '4142  p; 
agreeing  with  the  conclusion  of  the  lever  of  equal  arms,  or  the 
extreme  case  of  the  \yheel  and. axle,  i.  e.  the  pulley.  Aft.  366, 
Gor.  7.  art.  367. 

372.  Prop.  Given  the  radius  Rofa  wheel,  and  the  radiu$ 
T  of  its  axle,  the  weight  of  both,  w,  and  the  distance  of  the  centre 
of  gyration  from  the  axis  of  motion,  ^ ;  also  a  given  power  p 
acting  at  the  circumference  of  the  wheel;  to  find  the  weight  w 
raised  by  a  cord  folding  about  the  axle^  so  that  its  mo-nientunf 
shall  be  a  maximum. 

The  force  which  absolutely  impels  the  point  A  (fig.  6.  pi.  V.) 
is  p,  while  w  acts  in  a  direction  contrary  to  p,  with  a  forces 

;s=  —  ;   this,    therefore,   subducted   froni  p,  leaves  p  'rt  — r 

=  ,  for  the  reduced  force  impelling  the  point  A.     Anc} 

t}ie  inertia  which  resists  this  communication  of  motion  to  th^ 
jpoint  A  will  be  t|ie  same  as  if  the  mas^  i'    i  i^    ^■.'  i  were  P9p« 
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centrated  in  the  point  A  (art  SIO.  cor.  4.  S.)    If  the  former 
of  Aese  be  divided  by  the  latter,  the  quotient    *  ^^r_ — ^  is 

thp  force  accelerating  a:   multiplying  this  by  •-,  we  have 

-r — ^ — V-  for  the  force  which  accelerates  the  weight  w 
in    its   ascent.      Consequently  the    velocity  of   w   will   be 

gt:  which  multiplied  mto  w  gives 


^/  for  the  momentum.     As  this  is  to  be  a  maximum,  its  fluxion 
will  r=  0 ;  whence  we  shall  obtain  w  = 

V(R*P«  +  2R*Pfw  +  ^*W*  +  PUJRTf*  +  P«R»r)  —  R«P— g«W 

CoR.  1  •  When  r  n  r,  as  in  the  case  of  the  single  fixed  pulley, 
then  w  =     /^2p*r'  +  2nvfw  +  4"  ®*  "^  paPRf*)  -  "Is^ «^— p- 

Cor.  2.  When  the  pulley  is  a  cylinder  of  uniform  matter 
ji*=:  jR*,and the  expression becomesw=v^[R'(2p'+|pa?+^®*)l 
—  Jw  -  p. 

Cor.  3.  If  in  the  first  general  expression  for  the  momentum 

of  w  we  put  Q  r:  r*p  +  f*a',  we  shall  have  ^^ — zzamax, 

1  1 

Which  fluxed  and  reduced  gives  w  =  -;  \/[q*(q  +  J^P)]-";i  Q* 

CoR.  4.  If  the  moving  force  be  destitute  of  inertia,  then  will 
Q  =  ^^Wfjstnd  w,  as  in  the  last  corollary. 

3T3.  Let  a  given  power  p  be  applied  to  the  circumference 
a  wheely  its  radius  r,  to  raise  a  weight  w  at  its  axle,  whose 
radius  is  r,  it  is  required  tofittd  the  ratio  of  r  ar^d  r  when  w  is 
raised  with  the  greatest  momentum ;  the  characters  w  and  p  de- 
noting the  same  as  in  the  last  proposition. 

Here  we  suppose  r  to  vary  in  the  expression  for  the  mo^ 

mentum  of  w,  -5 — j-  gt.    And  we  suppose  that  by  the 

conditions  of  any  specified  instance  we  can  ascertain  wha^ 
quantity  of  matter  q  shall  make  r^q  =  fWy  which,  in  fact, 
may  always  be  done  as  soon  as  we  can  determine  ^ .     The  ex^ 

pression  for  the  work  will  then  become  -- — rr^^y  ^'«  The 
fluxion  of  which  being  made  =;  0,  gives,  after  a  little  reducdou, 

rv'CpV*  +  P3(y  +  w)] — PW 
P((/  +  W) 

CoR.  When  the  inertia  of  the  machine  is  evanescent,  witk 
respect  to  that  of  p  +  w,  then  is  r  =  R  \/  0  "*"  '^)  *"  ^* 
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374.  Prop.  In  any  machine  whose  motion  accelerates,  the 
weight  zoill  be  moved  with  the  greatest  velociti/  when  the  velo- 
city of  the  power  is  to  that  of  the  weight  asl+p  /(^  "h  '^) 

to  1 ;  the  inertia  of  the  machine  being  disregarded. 

For  any  such  machine  may  be  considered  as  reduced  to  a 
lever,  or  to  a  wheel  and  axle  whose  radii  are  k  and  r ;  in  which 


the  velocity  of  the  weight    \  ^^^  ■  gt  (art.  366.)  is  to  be  a 

maximum,  r  being  considered  as  variable.  Hence,  then,  fpE- 
lowing  the  usual  rules,  we  shall  find  pr  =  r  [w  +  \/(w^  +  pw)]. 
From  which,  since  the  velocities  of  the  power  and  weight  are 
respectively  as  r  and  r,  the  ratio  in  the  proposition  imme- 
diately flows. 

CoR.  !•  When  the  weight  moved  is  equal  to  the  pozffer,  then 
M  B  :  r  : :  1  +  ^2  :  1 : :  2*4142  :  1  nearly. 

Cor.  2.  When  the  weight  is  dauble,  triple,  quadruple,  &c. 
the  power,  the  preceding  ratio  becomes  2+  V6,  3  +  \/12, 
4  +  v^20,  8cc,  respectively  to  1. 

375.  Prop.  If  in  any  machine  whose  motion  accelerates,  the 
descent  of  one  weight  causes  another  to  ascend,  and  the  descend^ 
ing  weight  be  given,  the  operation  being  supposed  continuuHy 
repeated,  the  effect  xtnll  be  greatest  in  a  given  time  when  the  aS" 
cending  weight  i$  to  the  descending  weight,  as  1  to  1*618,  in 
the  case  of  equal  heights;  and  in  other  cases,  when  it  is  to  the 
£xact  counterpoise  in  a  ratio  which  i$  always  between  \  to  \\ 
jmd  1  to  2. 

Let  the  space  descended  be  1,  that  ascended  «;  the  descend- 
ing weight  1,  the  ascending  weight  i :  then  would  the  equili- 
brium require  w  =  s  (art.  363.);  and  1 will  be  the  force 

acting  on  1.  Now  the  mass  -i^  reduced  to  the  point  at  which 
the  mass  1  acts  will  be  =  — s*  =  — ;  consequently  the  whole 

mass  moved  is  equivalent  to  1  -| ,  and  the  relative  force  is 

(I  -  ^)-r  (1  +  ^)  =  ^,.  But,  the  space  4>eing  giveti^ 
the  time  is  as  the  root  of  the  accelerating  force  inversely^ 

that  is,  as  a  /  "^^ :    and  the  whole  effect  ia  a  given  time 

being  directly  as  the  weight  raised,  and  inversely  as  the  time 

of  ascent,  will  be  as  J  \/^—^\  which  must  be  a  maxl- 

Z2 
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mum.     Consequendy  its  square    3""/  ^  must  be  a  maximum 

likewise.  This  latter  expression  fluxed  and  reduced  gives 
c;  =  ^  ( v^(5*  +  10s  +  9)  -  a  +  3). 

Here  if  5  =  1,  ziy  =  — - — :  but  if  s  be  diminished  without 

•        * 

limit,  227  =  4^;  if  it  be  augmented  without  limit^  then  will 
.v/{s*  +  IO3  +9)  approach  indefinitely  near  to  5  +  5,  and  con- 
sequently w  =  25.  Whence  the  truth  of  the  proposition  is 
manifest. 

376.  Prop.  Jutt  (p  denote  the  absolute  effort  of  any  moving 
force f  when  it  has  no  velocity  ^  a?id  suppose  it  ?iot  capable  of  any 
effort  when  the  velocity  is  w ;  let  f  be  the  effort  answering  to 
the  velocity  v,  then^  f  the  force  be  uniform,  f  will  be  =  f 

(1  -  -^y. 

For  it  is  the  difference  between  the  velocities  w  and  v 
which  is  efficient,  and  the  action  being  constant,  will  vary  as 
the  square  of  the  efficient  velocity.  Hence  we  shall  have  thb 
analogy,  f  :  f  : :  (w  ~  0)*  ;  (w  —  v)* :  consequently,   V  =  (p 


(.^y = » (■•-  ^y- 


Although  the  pressure  of  an  animal  is  not  actually  uniform 
during  the  whole  time  of  its  action,  yet  it  is  nearly  so  :  so  that 
in  general  we  may  adopt  this  hypothesis  in  order  to  approxi- 
mate to  the  true  nature. of  animal  action.  On  which  supposi- 
tion the  preceding  prop,  as  well  as  the  remaining  one,  in  thi«i 
chapter,  will  apply  to  animal  exertion. 

Cor.  Retaining  the  same  notation  we  have  w  =  -r— ^  • 

This,  applied  to  the  motion  of  animals,  gives  this  theorem; 
The  utmost  velocity  with  which  an  animal  not  impeded  can  move, 
is  to  the  velocity  nith  which  it  moves  when  impeded  by  a  given 
resistance,  as  the  square  root  of  its  absolute  force,  to  the  differ^ 
ence  of  the  square  roots  of  its  absolute  and  efficient  forces, 

377.  Prop.  To  investigate  expressions  by  means  of  which  the 
maximum  effect,  in  machines  whose  motion  is  uniform,  may  be 
determined. 

I.  It  follows,  from  the  observations  made  in  art.  363.  aad 
the  definitions  in  art.  365.  that  when  a  machine,  whether  sim- 
ple or  compound,  is  put  into  motion,  the  velocities  of  the  im- 
pelled and  working  points  are  inversely  as  the  forces  which  arft 
in  equilibrio  when  applied  to  those  points  in  the  direction  of 
their  motion.  Consequently,  if  y  denote  the  resistance  \yhe|i 
reduced  to  the  working  pointy  and  v  its  velpcity;  while  f  and 
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V  denote  the  force  acting  at  the  impelled  point,  and  its  velocity; 
we  shall  have  fv  =fv,  or  introducing  t  the  time,  fv^  =fvt. 
Hence,  in  all  xoorking  machines  tohich  have  acquired  a  uni^ 
form  motion^  the  performance  of  the  machine  is  equal  to  the  mo- 
mentum  of  impulse. 

II.  Let  F  be  the  effort  of  a  force  upon  the  impelled  point  of 
a  machine  when  it  moves  with  the  velocity  v,  the  velocity  being 
w  when  F  =  0,  and  let  the  relative  velocity  w  —  v  =  w.    Then  ^ 

•  ^w^v\* 

smce  (art.  SIG.)  f  =  ^  ( y  ,  the  momentum  of  impulse  fy 

tvill  become  Y(p  T"-- V  =  P  •  -^  (w  —  m)  ;  because  v  =  w  —  w. 

Making  this  expression  for  fv  a  maximum,  or,  suppressing  the 
constant  quantities,  and  making  m'  (w  — u)  a  max.  or  its  fluxion 
=  0,  when  uis  variable,  we  find  2w  =i  Su,  or  tt  =  fw.  Whence 

V  =  w  —  «e  =  w  —  fw  =  j-w. 

Consequently,  when  the  ratio  of  v  to  v  is  given  by  the  con^ 
sf  ruction  of  the  machine^  and  the  resistance  is  susceptible  of 
variation y  zee  must  load  the  machine  more  or  less  till  the  veto- 
city  of  the  impelled  point  is  one-third  of  the  greatest  velociti/  of 
i)ieforce\  then  will  the  work  done  be  a  maximum. 

Ury  the  work  done  bu  an  animal  is  greatest  zchen  the  velocity 
with  which  it  moves  is  one-third  of  the  greatest  velocity  with 
which  it  is  capable  of  moving  when  not  impeded. 

III.  Since  f  =  p  ™  =  ^  \^)  =  ^?;  i"  the  case  of  the  max- 
imum, we  have  fv  =  ^pv  =  ^^  'fw  =  -^-jpwy  for  the  momen- 
tum of  impulse,  or  for  the  work  done,  when  the  machine  is  iij 
its  best  stale.  Consequently  when  the  resistance  is  a  given 
quantity  wie  must  make  y  :v  ::  9f:4(p;  and  this  structure  of 
the  machine  will  give  the  inaximum  effect  =  ^^^ipw. 

IV.  If  we  enquire  the  greatest  effect  on  the  supposition  that 
f  only  is  variabje,  we  must  make  it  infinite  in  the  above  ex- 
pression for  the  work  done,  which  would  then  become  w  f,  or 


V     /.  V 


"W  —  y,  or  w  — ftf  including  the  time  in  the  formula.     Hence 

we  see,  that  the  sum  of  the  agents  employed  to  move  a  machine 
may  be  injinite^  while  the  effect  is  finite :  for  the  variations  of 
f  which  are  proportional  to  this  sum^  do  not  influence  the 
above  expression  for  the  effect. 

SCHOLIUM. 

378.  The  propositions  now  delivered  contain,  it  is  hoped, 
the  most  material  principles  in  the  iheory  of  machines.  The 
jfnaiiner  of  applying  several  of  them  is  very  obvious :  the  appli- 
cation of  some,  being  less  manifest,  may  be  briefly  illustrated^ 
aiict  the  chapter  concluded  witlitwoor  three  observations. 
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The  last  theorem  may  be  applied  to  the  action  of  men  and  of 
horses,  with  more  accuracy  than  might  at  first  be  supposed. 
Observations  have  been  made  on  men  and  horses  drawing  a 
lighter  along  a  canal,  and  working  several  days  together.  The 
force  exerted  was  measured  by  the  curvature  and  weight  of 
the  track-rope,  and  afterwards  by  a  spring  steelyard.  The  pro- 
duct of  the  force  thus  ascertained^  into  the  velocity  per  hour, 
was  considered  as  tlie  momentum.  In  this  way  the  action  of 
men  was  found  to  be  very  nearly  as  (w  —  v)'^  :  the  action 
of  horses  loaded  so  as  not  to  be  able  to  trot  was  nearly  as 

17  9 

(w  —  v)  ,  or  as  (w  —  v)^.  Hence  the  hypothesis  we  hav^ 
adopted  may  in  many  cases  b6  safely  assumed. 

According  to  the  best  observations,  the  force  of  a  man  at  rest 
is  on  the  average  about  70  pounds;  and  the  utmost  veloeity 
with  which  he  can  walk  is  about  iy  feet  per  second,  taken  at  a 
medium.  Hence,  in  our  theorems,  ^  =  70,  and  w  =  6.  Conse- 
quently F  =  -J<p  =  3l|.  lbs.  the  greatest  force  a  man  can  exert 
when  in  motion:  and  he  will  then  move  at  the  rate  of  |.w,  of 
2  feet  per  second,  or  rather  less  than  a  mile  and  a  half  per 
hour. 

The  strength  of  a  horse  is  generally  reckoned  aboutsix  times 
that  of  a  man ;  that  is,  nearly  420  lbs.  at  a  dead  pull.  His 
utmost  walking  velocity  is  about  10  feet  per  second.  There^ 
lore  his  maximum  action  will  be  ^  of  420  =1 86|-  lbs.  and  he 
will  then  move  at  the  rate  of  ^  of  1 0,  or  3y  feet,  per  second,  of 
nearly  2\  miles  per  hour.  In  both  these  instances  we  suppose 
the  force  to  be  exerted  in  drawing  a  weight  along  a  horizontal 
plane ;  or  by  raising  a  weight  by  a  cord  running  over  a  pulley 
which  makes  its  direction  horizontal.  Other  methods  of  exert^ 
ing  animal  force  will  be  spoken  of  in  the  second  volume^  art. 
66,  &c.  • 

379.  The  theorems  just  given  may  serve  to  shew  in  what 
points  of  view  machines  ought  to  be  considered  by  those  wh<^ 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  furnish- 
ing the  means  of  giving  to  the  moving  force  the  most  commjo- 
dious  direction  :  and,  when  it  can  be  done,  of  causing  its  action 
to  be  applied  immediately  to  the  body  to  be  moved.  These 
<can  rarely  be  united:  but  the  former  can  be  accomplished  in 
inost  instances ;  of  which  the  use  of  the  simple  lever,  puHey^ 
and  wheel  and  axle,  furnish  many  examples.  Sometimes  local 
circumstances  do  not  permit  the  employment  of  that  machine 
which,  considered  in  itself,  would  be  most  proper  to  accomplish 
the  desired  effect;  yet,  with  correct  theory  and  a  little  prac- 
tice, it  will  scarcely  ever  be  difficult  to  fix  upon  the  machine 
which  in  the  ^iven  state  of  things  will  be  niost  advantageous  in 
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practice.  The  second  object  gained  by  tbe  use  of  machines  is 
an  accommodation  of  the  velocity  of  the  work  to  be  performed 
to  the  velocity  with  which  alone  a  luttural  power  can  act.  Thus, 
whenever  the  natural  power  acts  with  a  certaiu  velocity  which 
caouot  be  changed,  and  the  work  must  be  performed  with  a 
greater  velocity,  a  machine  is  interposed  moveable  round  a  fixed 
support,  and  the  distances  of  the  impelled  and  working  points 
are  taken  in  the  proportion  of  the  two  given  velocities. 

But  the  essential  advantage  of  machines,  that,  in  fact,  which 
properly  appertains  to  the  theory  of  mechanics,  consists  in 
augmenting,  or  rather  in  modifying,  the  energy  of  the  moving 
power,  in  such  manner  that  it  may  produce  effects  of  which  it 
would  have  been  otherwise  incapable.  Thus  a  man  might  carry 
up  a  flight  of  steps  twenty  pieces  of  stone,  each  weighing  30 
pounds  (one  by  one)  in  as  small  a  time  as  he  could  (widi  the 
satae  labour)  raise  them  all  together  by  a  piece  of  machinery^ 
that  would  have  the  velocities  of  the  impelled  and  working 
points  as  20  to  1 ;  and^  in  this  case^  the  instrument  would  fur^ 
nbh  no  real  advantage,  except  that  of  saving  his  steps.  But  if  a 
large  block  of  20  times  30,  or  600  lbs.  weight,  were  to  be  raised 
to  the  same  height,  it  would  far  surpass  the  utmost  efforts  of  th^ 
nan,  without  the  intervention  of  some  such  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  differently; 
confining  the  attention  all  along  to  machines  whose  motion  ia 
uniform.  The  product /t;  represents,  during  the  unit  of  time, 
die  effect  which  results  from  die  motion  of  the  resistance;  this 
motion  being  produced  in  any  manner  whatever.  If  it  be  pro- 
duced by  applying  the  moving  force  immediately  to  the  resist* 
ance)  it  is  necessary  not  only  that  the  products  fv  andyb  should 
be  equal;  but  that  at  the  same  time  v  "Zif^  and  y  zzvi  if, 
therefore,  as  most  frequently  happens,  y*  be  greater  than  f,  it 
will  be  absolutely  impossible  to  put  the  resistance  in  motion  by 
applying  the  moving  force  immediately  to  it.  Now  machines 
furnish  the  means  of  disposing  the  product  fv  in  such  a  manner 
that  it  may  always  be  equal  Xofv^  however  much  the  factors  of 
FV  may  differ  from  the  analogous  factors  in  fv\  and,  conse- 
quently, of  putting  the  system  in  motion,  whatever  is  the  exceiss 
ofy  over  p. 

Or,  generally,  as  M .  Prony  remarks  (Archi.  Hydranl.  art. 
50'^.),  machines  enable  us  to  cQspose  the  factors  of  ft/  in  such 
a  mannei*,  that  while  that  product  continues  the  same  its  factors 
may  have  to  each  other  any  ratio  we  desire.  Thus,  to  give 
another  example :  Suppose  that  a  man  exerting  his  strength 
immedia^ly  upon  a  mass  of  25  lbs.  can  raise  it  vertically  witii 
^  ydocity  of  4  feet  per  second;  the  same  man  acting  upon  a 
mass  of  1000  lb?,  cannot  ^ve  it  any  vertical  motion  though  he 
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ie^ierts  his  utmost  strength,  unless  he  has  recourse  to  seine  ma- 
chine. Now  he  is  capable  of  producing  an  effect  e(}iial  to  25 
X  4  X  t:  the  letter  t  being  introduced  because  if  the  labour  is 
continued  the  value  of  t  will  not  be  indefinite,  but  comprised 
within  assignable  limits.  Thus  we  have  25  x  4  x  ^  n  1000 
X  V  X  t;  and  consequently  v  ==  -^^  of  a  foot.  This  maii  raay^ 
therefore,  with  a  machine,  as  a  lever,  or  axis  in  peritrochioj 
cause  a  mass  of  1000  lbs.  to  rise  ^^^  of  a  foot,  in  the  same  time 
that  he  could  raise  25  lbs.  four  feet  without  a  machine;  of  he 
may  raise  the  greater  weight  as  far  as  the  less,  by  employing  40 
times  as  much  time. 

From  what  has  been  said  on  the  exteilt  of  the  effects  which 
may  be  attained  by  machines,  it  will  be  seen  that  so  long  as  a 
inoving  force  exercises  a  determinate  effort  with  a  velocity  like* 
wise  determinate,  or  so  long  as  the  product  of  these  is  constant, 
the  effect  of  the  machine  will  remain  the  same :  thus,  undei* 
this  point  of  view,  supposing  the  preponderance  of  the  eflfort  of 
the  moving  power,  and  abstracting  from  inertia  and  friction  of 
materials,  the  (ionvenietice  of  application,  &c.  all  machines  are 
equally  perfect.  But,  from  what  has  been  shewn,  (arts.  376. 
377.)  a  moving  force  may,  by  diminishing  its  velocity,  augment 
its  effort,  and  reciprocally.  There  is,  therefore,  a  certain  effort 
of  the  moving  force,  such  that  its  product  by  the  velocity  which 
comports  to  that  effort  is  the  greatest  possible.  Admitting  the 
truth  of  the  law  assitnied  in  the  articles  just  referred  to,  we 
have,  when  the  effect  is  a  maximum,  v  rr  ^w,  or  t  ^  ^(p;  and 
these  t\vo  values  obtaining  together,  their  product  ^^>w  ex- 
presses the  value  of  the  greatest  effect  with  respect  to  the  unit 
of  time.  In  practice  it  will  always  be  advisable  to  approach 
as  nearly  to  these  values  as  Circumstances  will  admit;  for  it 
cannot  be  expected  that  they  can  always  be  exactly  attained. 
But  a  small  variation  will  not  be  of  much  consequence :  for,  by 
a  well-known  property  of  those  quantities  which  admit  of  a 
proper  maximum  and  minimum,  a  value  assumed  at  a  moderate 
distance  from  either  of  these  extremes  will  produce  no  sensible 
change  in  the  effect. 

If  the  relation  of  f  to  v  followed  any  other  law  than  that 
-which  we  have  assumed,  we  should  find  from  the  exjpression  of 
that.lazi)  values  of  f,  v,  fcc.  different  from  the  preceding.  The 
general  method,  however,  would  be  nearly  the  same. 

With  respect  to  practice,  the  grand  object  in  all  cases  should 
be  to  procure  a  uniform  motion,  because  it  is  that  from  which 
( ceteris  paribus)  the  greatest  effect  always  results.  Every  irre- 
gularity in  the  motion  wastes  some  of  the  impelling  power;  and 
it  is  the  greatest  only  of  tiie  varying  velocities  which  is  equal  to 
that  which  the  machiue  would  acquire  if  it  moved  unifonulj 
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throughout:  for,  while  the  motion  accelerates,  the  impelling 
force  is  greater  than  what  balances  the  resistance  at  that  time 
opposed  to  it,  and  the  velocity  is  less  than  what  the  machine 
would  acquire  if  moving  uniformly ;  and  when  the  machine  at* 
tains'  its  greatest  velocity,  it  attains  it  because  the  power  is  not 
then  acting  against  the  whole  resistance.  In  both  these  situa- 
tions, therefore,  the  performance  of  the  machine  is  less  than  if 
the  power  and  resistance  were  exactly  balanced,  in  which  case 
it  would  move  uniformly  (art.  363.).  Besides  this,  when  the 
motion  of  a  machine,  and  particularly  a  very  ponderous  one,  is 
irregular,  there  are  continual  repetitions  of  strains  and  jolts 
which  soon  derange  and  ultimately  destroy  the  whole  structure. 
Every  attention  should,  therefore,  be  paid  to  the  removal  of  all 
causes  of  irregularitv.  Some  of  the  most  successful  methods ' 
of  ensuring  a  uniformity  of  motion  will  be  given  in  the  second, 
volumie.     We  must  now  turn  to  other  subjects. 
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Introductory  Defimtions  and  Remarks. 

380.  AccoRpiNG  to  the  general  division  marked  out  in  ar(r 
20,  we  now  proceed  to  the  subject  of  Hvofto statics,  which 
comprises  the  doctrine  of  the  pressure  apd  the  equilibrium  of 
non-elastic  fluids,  as  water,  mercury,  &c.  and  th^t  of  the  weight 
iana  pressure  of  solids  immersed  in  them. 

Def.  a  fluid  is  a  body  whose  parts  are  very  minute,  yield  to 
any  force  impressed  upon  it  (however  small),  and  by  so  yielding 
are  easily  amoved  among  themselves. 

This  is  nearly  the  same  as  the  definition  given  by  Newton^ 
in  the  Principia,  book  2.  sect.  5.  and  is  adopted  here  because, 
in  conjunction  with  two  or  three  established  facts,  it  may  serv^ 
as  a  basis  for  all  which  distinguishes  the  doctrines  of  hydro- 
statics from  those  of  pure  mechanics.  The  writers  on  the 
.continent,  however,  though  they  admit  that  the  minuteness  of 
fiuid  moleculse,  and  their  excessive  mobility,  are  characteristics 
common  to  all  such  bodies,  yet  they  have  recourse  to  a  different 
dej^nition.  Thus  the  celebrated  Euler  in  the  New  Common* 
tarias  of  Si.  Petersburgh,  vol.  13.  takes  for  the  basis  of  hi^ 
analysis  the  following  consideration :  ^'  The  distinguishing 
nature  of  fluids  consists  in  this  property,  namely,  that  when  it 
is  subjected  to  any  pressure  whatever  that  pressure  is  so  distri- 
buted throughout  the  mass,  that  while  it  remains  in  equilibrio  all 
its  parts  are  equally  pressed."  And  M.  D'Alembert  in  his 
Traiti  de  l^Equilibre  et  du  Mouvenient  des  Fluides,  as  well  as 
M.  Prony  in  his  Architecture  Hydraulique,  adopt  the  same  pro- 
perty as  a  definition.  It  is  strictly  consistent  with  experiment 
(though,  as  will  soon  be  seen,  it  is  rather  a  proposition,  capable 
of  proof,  than  a  definition) and  furnishes  a  natural  foundation  for 
an  algebraical  calculus,  by  which  the  whole  doctrine  of  hydro* 
statics  may  be  exhibited  in  a  few  equations.  But  this  method, 
though  it  possesses  some  advantages,  is  not  entirely  pursued 
here,  from  ^  firm  conviction  that  a  judicious  combination  of  the 
geometrical  and  algebraical  methods  is  far  more  likely  to  con- 
vey distinct  ideas  to  the  student  than  the  modem  analysis  merely. 
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Perfect  fluidity,  according  to  the  Newtonian  system,  arises 
from  a  want  of  any  sensible  cohesion  between  the  constituent 
particles  of  the  fluid;  and  this  want  of  cohesion  is  commonly 
attributed  to  the  spherical  figure  of  the  particles.     The  nature 
of  this  work  does  not  require  that  we  should  enter  into  minute 
disquisitions  on  the  formal  cause  of  fluidity.     We  shall  merely 
state  that  the  late  Dr.  Black  of  Edinburgh  speaks  of  fluidity 
as  an  efi*ect  of  heat:  and  before  him  Boerhaave  pleaded  strenu- 
ously for  the  same  opinion.     According  to  this  view  of  the 
matter,  fluidity   may  be  caused  by  a  certain  degree  of  fire, 
v^hich,  when  employed  for  this  purpose,  seldom  inanifests  itself 
by  any  other  perceptible  effect :  not  dilating  the  volume,  but 
resisting  the  particular  attachment  of  the  pAvU,     Some  strive 
to  give  mechanical  ideas  of  a  fluid  body,  by  comparing  it  to  a 
heap  of  sand:  but  the  impossibility  of  giving  fluidity  by  any  kind 
of  mechanical  comminution  will  appear  by  considering  two  of 
4he  circumstances  necessary  to  constitute  a  fluid  body :  1 ,  That 
the  parts,  notwithstanding  any  compression,  may  be  moved  in 
relation  to  each  other,  with  the  smallest  conceivable  force,  or 
M'ill  give  no  sensible  resistance  to  motion  within  the  mass  in  any 
direction.     2.  That  the  parts  shall  gravitate  to  each   other^^ 
whereby  there  is  a  constant  tendency  to  arrange  themselves 
about  a  conlmon  centre,  and  form  a  spherical  body ;  which,  as 
the  parts  do  not  resist  motion,  is  easily  executed  in  small  bodies. 
Hence  the  appearance  of  drops  always  takes  place  when  aBuid 
is  in  proper  circumstances.     It  is  obvious  that  a  body  of  sand 
can  by  no  means  conform  to  these  circumstances. 

Different  fluids  have  different  degrees  of  fluidity,  according 
to  the  facility  with  which  the  particles  may  be  moved  amongst 
each  other.  Water  and  mercury  are  classed  among  the  most 
perfect  fluids.  Many  fluids  have  a  very  sensible  degree  of  tena-^ 
city,  and  are  thereforce  called  viscous  or  imperfect  fluids. 

■381.  Def.  Fluids  may  be  divided  into  compressible  and  in^ 
compressible,  or  elastic  and  Jion-elastic  fluids.  A  compressible  or 
elastic  fluid  is  one  whose  apparent  magnitude  is  diminished  as 
the  pressure  upon  it  is  increased,  and  increased  by  a  diminution 
of  pressure.  Such  is  air,  and  the  different  vapours.  An  ew- 
compressible  or  non-elastic  fluid  is  one  whose  dimensions  are 
not,  at  least  as  to  sense,  affected  by  any  augmentation  of  pres- 
sure. Water,  mercury,  wine,  &c.  are  generally  ranged  under 
tliis  class. 

It  is  not  unusual  to  apply  the  term  Jluid  to  that  class  solely 
\i  hich  are  elastic,  aud  liquid  to  such  as  are  non-elastic ;  thus 
making  air  a  fluid  and  water  a  liquid :  but  the  distinction,  though 
it  n^ay  have  some  advantages  iu  chemical  nomenclature,  need 
not  be  insisted  upon  here. 
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Although  the  use  of  that  well-known  instrument  the  ^Aer- 
tnometer  is  founded  upon  the  circumstance  of  diflFerent  degrees 
of  heat  and  cold  causing  a  corresponding  dilatation  or  condensa- 
tion in  spirits  of  wine,  mercury,  and  some  other  fluids ;  a  fact 
which  it  might  be  supposed  would  have  led  to  the  opinion  that 
such  fluids  were  compressible  by  other  means ;  yet  has  it  been 
universally  believed  and  asserted  till  within  the  last  half  century^ 
that  after  the  fluid  was  freed  from  all  air  no  art  or  violence 
could  press  it  into  less  space.  This  opinion  has  been  grounded 
chiefly,  if  not  altogether,  on  a  gross  and  inadequate  experiment 
made  by  the  ^(;ademi  del  Cimento,  at  Florence;  in  which  water 
when  violently  squeezed  made  its  way  through  the  fine  pores  of 
a  globe  of  gold,  rather  than  yield  to  the  compression.  Even  so 
lately  as  1790,  so  skilful  a  mathematician  and  philosopher  as 
M.  Prony  speaks  of  the  incompressibility  of  water  with  an 
obvious  allusion  to'  the  Florentine  experiment,  as  though  he 
were  not  at  all  conscious  of  its  insufficiency,  and  seeming  quite 
ignorant  of  any  contrary  experiments.  For,  says  he,  "  Si  une 
quantity  d'eau  est  renferm^e  dans  un  vase  de  capacit6  et  de 
forme  quelcouque,  et  qu'on  Ty  comprime  avec  toute  la  force 
qu'on  voudra,  jamais  on  ne  pourra  la  reduire  d  occuper  un 
espace  moindre  que  celui  qu'elle  occupoit  d'abord.  Tout  le 
monde  connoit  les  experiences  qu'on  a  faites  pour  constater 
cette  propri6t6;  on  sait  que  Teau  etant  renferniee  dans  des  globes 
de  ra6tal,  quelque  percussion  on  quelque  pression  qu'on  emploie 

{)our  le  faire  diminuer  de  volume,  on  n'y  parvient  jamais,  et  que 
orsque  la  resistance  qu'elle  oppose  d  de  pareils  efforts  ne  lui 
fait  pas  briser,  son  enveloppe,  elle  se  fait  jour  d  travers  les 
pores  du  m^taf,  d'oil  elle  sort  en  forme  de  ros6e.*' 

But  our  ingenious  countryman,  Mr,  Canton,  attentively  con- 
sidering this  experiment,  found  that  it  was  not  sufficiently  accu- 
rate to  justify  the  conclusion  which  had  always  been  drawn 
from  it ;  since  the  Florentine  philosophers  had  no  method  of 
determining  that  the  alteration  of  figure  in  their  globe  of  gold 
joccasioned  such  a  diminution  of  its  internal  capacity  as  was 
exactly  equal  to  the  quantity  of  water  forced  into  its  pores. 
To  bring  this  matter  therefore  to  a  more  accurate  and  decisive 
trial,  he  procured  a  small  glass  tube  of  about  two  feet  long, 
with  a  ball  at  one  end,  of  an  inch  and  a  quarter  in  diameter. 
Having  filled  the  ball  and  part  of  the  tube  with  mercury,  and 
brought  it  exactly  to  the  heat  of  50°  of  Fahrenheit's  thermo- 
meter, he  marked  the  place  where  the  mercury  stood  in  the 
tube^  which  was  about  six  inches  and  a  half  above  the  ball ;  he 
^hen  raised  the  mercury  by  heat  to  the  top  of  the  tube,  and 
there  sealed  the  tube  hermetically;  then  upon  reducing  the 
juercury  to  the  same  degree  of  heat  as  before,  it  stood  in  the 
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tube  ./(^  of  ui  inch  higher  than  the  mark.  The  same  expe- 
riment vras  repeated  with  water  exhausted  of  air,  instead  of 
mercury,  and  the  water  stood  in  the  tube  rl^of  an  inch  above 

the  mark.  Since  the  weight  of  the  atmosphere  on  the  outside 
of  the  ball,  without  any  counterbalance  from  within,  will  com* 
press  the  ball,  and  equally  raise  both  the  mercury  and  water,  it 
appears  that  the  water  expands  7%'^  of  an  inch  more  than  ^e 

mercury  by  removing  the  weight  of  the  atmosphere.  Having 
thus  determined  that  water  is  really  compressible,  he  proceeded 
to  estimate  the  degree  of  compression  corresponding  to  any 
given  weight.  For  this  purpose  he  prepared  another  ball,  with 
a  tube  joined  to  it ;  and  fiqding  that  the  mercury  in  -^  of  an 

inch  of  the  tube  was  the  hundred  thousandth  part  of  that  con- 
tained in  the  ball,  he  divided  the  tube  accordingly.  He  then 
filled  the  bail  and  part  of  the  tube  with  water  exhausted  of  air ; 
and  leaving  the  tube  open,  placed  his  apparatus  under  the  re- 
ceiver of  an  air-pump,  and  observed  the  degree  of  expansion  of 
the  water  answering  to  any  degree  of  rarefaction  of  the  air:  and 
sigain  by  putting  it  into  the  glass  receiver  of  a  condensing 
engine,  he  noted  the  degree  of  compression  of  the  water  cor- 
responding to  any  degree  of  condensation  of  the  air.  He  thus^ 
£(Mind  by  repeated  trials,  that,  in  a  temperature  of  50°,  and 
when  the  mercury  has  been  at  its  mean  height  in  the  barometer, 
the  water  expands  one  part  in  21740;  and  is  as  much  com- 
pressed by  the  weight  of  an  additional  atmosphere;  or  the  com- 
pression of  water  by  twice  the  weight  of  the  atmosphere,  is  one 
part  in  10870  of  its  whole  bulk.  Should  it  be  objected  that 
the  compressibility  of  the  water  was  owing  to  any  au*  which  it 
might  be  supposed  to  contain,  he  answers,  that  more  air  would 
make  it  more  compressible;  he  therefore  let  into  the  ball  a 
bubble  of  air,  and  found  that  the  water  was  not  more  com^ 
pressed  by  the  same  weight  than  before. 

In  some  further  experiments  of  the  same  kind,  Mr.  Canton 
found  that  water  is  more  compressible  in  winter  than  in  sum- 
mer ;  but  he  observed  the  contrary  in  spirit  of  wine,  and  oil  of 
olives. 

The  following  table  was  formed,  when  the  barometer  was  at 
^9  inches  and  a  half,  and  the  thermometer  at  50  degrees. 

Compression  of  Millionth  parts.  Spec.  grav. 

Spirit  of  wine  ••....     66 846 

Oil  of  olives  • 48  .  .  .  •    •       QIH 

Rainwater 46  .....     1000 

Sea  water     40 1028 

Mercury     3  .  •  .  .  •  13595 

See  PhiL  Tramac.  for  1762  and  1764. 


Introductory  R^marhi.  HH 

Indeed  it  seeras  reasonable  to  conclude^  independent  of  aH 
experiments,  that  no  fluids  are  absolutely  incompressible :  for  all 
bodies  being  porous,  their  parts  may  be  brought  nearer  to  each 
other:  and  a  liquid  being  an  assemblage  of  solid  bodies,  should, 
therefore,  be  compressible.  Hence,  then,  the  usual  distinction 
of  fluids  into  compressible  and  incompressible  is,  stiictly  speak- 
ing, inaccurate.  !N  evertheless,  as  the  compression  of  the  liquids 
in  the  preceding  table  is  very  small  compared  with  their  mass, 
it  may  safely  be  neglected  in  most  practical  cases,  so  that  the 
fluids  usually  considered  as  incompressible  may  still  be  reckoned 
BO  in  the  investigations  we  are  about  to  enter  upon;  and  the 
'  consideration  of  air,  and  other  easily  compressible  and  elasdc 
fluids,  may  be  properly  referred  to  the  separate  head  of  Aero- 
statics or  Pneumatics. 

382.  We  know  so  little  of  the  essential  nature  ,and  constitution 
of  fluids,  that  it  would  be  by  no  means  advisable  to  apply  to 
them  the  principles  of  equilibrium  and  of  motion,  as  they  have 
been  stated  in  the  preceding  part  of  this  work,  without  first 
enquiring  whether  there  is  not  some  other  general  law  which  ap* 
pertains  to  fluids  only,  and  from  which,  in  conjunction  with  the 
principles  just  adverted  to,  the  doctrines  of  hydrostatics  maj 
readily  be  deduced.  For  the  actions  of  fluids  upon  each  other 
differ  so  essentially  in  some  particulars  from  the  mutual  Actions 
of  solid  bodies,  that  some  distinct  principle  must  be  sought,  to 
account  for  such  varying  effects.  The  parts  of  a  solid  are  so 
connected  together  as  to  form  but  one  and  the  same  whole; 
their  effort  is,  according  to  its  nature,  concentrated  into  one 
point,  as  the  centre  of  gravity,  centre  of  gyration,  &c. ;  which 
IS  by  no  means  the  case  with  fluids,  their  particles  being  ex- 
tremely moveable,  and  entirely  independent  of  each  other. 
Again:  no  statical  equilibrium  can  take  pi  ace  between  two  bodies 
of  different  weights,  unless  the  lighter  body  acts  at  some  me- 
chanical advantage ;  whereas  a  very  small  weight  of  fluid  may, 
without  acting  in  so  advantageous  a  position,  be  made  to 
balance  any  weight  however  large.  Solid  bodies,  again,  when 
left  to  themselves,  press  only  in  the  direction  of  gravity  ;  while 
fluids  press  equally  in  all  directions.  This  property  indeed  is 
one  of  the  most  remarkable  which  we  meet  with  in  fluids, 
and  from  it  most  of  the  other  properties  may  be  readily  in- 
ferred ;  on  which  account  the  continental  philosophers  assume 
it  as  a  kind  of  definition.  The  NeVrtonian  definition  is  more 
simple,  and  naturally  leads  to  this  property,  which  can  only  be 
comceived  to  arise  from  the  extreme  freedom  with  which  the 
particles  move  aguinst  each  other.  But  the  most  satisfactory 
proof  results  fronOr  experiment ;  to  which  it  is  proper  to  have 
^recourse  in  the  establishment  of  the  first  principles  of  Hydro- 
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BtatlcSy  and  which  will  at  once  furnish  the  general  law  necessary 
to  be  combined  with  the  received  principles  of  proper  me- 
chanics. 

383.  Def.  The  specific  gravity  of  any  solid  or  fluid  body  is 
the  absolute  weight  of  a  known  volume  of  that  substance^  name^ 
ly^  of  that  which  we  take  for  unity  in  measuring  the  capacities 
of  bodies. 

Comparing  this  definition  with  that  of  density  (art.  10.)  it 
will  appear  that  the  two  terms  density  and  specific  gravity  ex- 
press the  same  thing  under  different  aspects  ;  the  former  being 
more  accurately  restrained  to  the  greater  or  less  vicinity  of  partir 
cles,  the  latter  to  a  greater  or  less  weight  in  a  given  volume ; 
hence  as  weight  depends  upon  the  closeness  of  particles^theden-r 
sity  varies  as  the  specific  gravity,  and  the  terms  may  hi  most  cases 
be  indiscriminately  used.  The  specific  gravities  of  fluids  are 
iiisually  considered  without  any  regard  to  the  empty  spaces 
between  the  particles,  though  if  the  particles  of  fluids  are  sphe^ 
rical,  the  vacuities  make  at  least  f  of  the  whole  bulk.  But  it  is 
sufficient  that  we  know  precisely  in  what  sense  the  specific  grav 
vity  of  fluids  is  upderstopd* 
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CHAPTER  I. 

On  the  Pressure  ofnon-elastic  Fluids. 


S84.  Prop.  TTie  upper  surface  of  a  homogeneous  heavy  fluid 
in  any  vessel^  or  any  system  of  communicating  vessels,  is  hori- 
zontal, ' 

This  is  a  matter  of  universal  experience;  and,  as  it  is  easily 
observed V  may.  be  taken  for  the  distinguishing  property  of 
fluids.  Thus,  if  abcdef  (fig.  7-  pi.  XV.)  be  a  vessel  m  which 
the  branches  cdh,  bfg,  haye  a  free  communication  with  the 
part  AB;  then,  if  water,  or  mercury,  or  wine,  or  any  other  fluid 
commonly  reckoned  non-elastic,  be  poured  in,  either  at  A,  c,  or 
£,  and  when  the  whole  is  at  rest,  the  surface  of  the  fluid  stands 
at  IK  in  the  larger  trunk;  if  the  line  likm  be  drawn  parallel  to 
the  horizon,  the  surface  of  the  fluid  will  stand  at  l  in  the  branch 
£F,  and  at  m  in  the  branch  cd;  and  this  virhatever  are  the  in- 
clinations of  those  branches,  or  the  angles  at  f  and  d,  g  and  H^ 

Remark.  This  is  usually  explained  by  saying,  that,  since  the 
parts  of  a  fluid  are  easily  moveable  in  any  direction,  the  higher 
particles  will  descend  by  reason  of  their  superior  gravity,  and 
raise  the  lower  parts  till  the  whole  comes  to  rest  in  a  horizontal 
plane.  Now  what  is  called  the  horizontal  plane  is,  in  fact,  at 
portion  of  a  spherical  surface  whose  centre  is  the  centre  of  the 
earth:  hence  it  will  follow,  that  if  a  fluid  gravitate  toxmrds  any 
centre  it  will  dispose  itself  into  a  spherical Jigure,  the  centre  of 
zvhich  is  the  centre  of  force. 

385.  Prop.  Ifafluid,  cofisidered  without  weight,  be  contained 
in  any  vessel  whatever,  and  an  orifice  being  made  in  the  vessel, 
any  pressure  whatever  be  applied  thereto,  that  pressure  will  be 
distributed  equally  in  all  directions. 

Through  any  point  n  (fig.  7.)  taken  at  pleasure  below  the 
surface  of  the  fluid  likm,  imagine  the  horizontal  plane  PNoa 
to  pass.  It  is  obvious  the  weight  of  the  fluid  contained  in  the 
vessel  below  pnoq  contributes  nothing  to  the  support  of  die 
columns  lp,  id,  mqj  so  that  the  equilibrium  would  obtain  in 
like  manner  if  the,  fluid  contained  in  that  part  of  the  vessel  t^ow 

VOL.  I.  A  A 


25^  HYDROSTATICS.  [Book  III- 

PNOQ  had  lost  its  weight  entirely.  We  may,  therefore,  regard 
this  fluid  as  being  solely  a  mean  of  communication  between  the 
columns  LP,  lo,  and  mq  ;  in  such  manner  that  it  will  transmit 
the  pressure  resulting  from  the  columns  lp,  mq,  to  the  columa 
lo,  and  reciprocally.  If,  now,  instead  of  the  columns  lp,  lo^ 
MQ,  of  the  fluid,  pi.stons  were  applied  to  the  surfaces  p,  no, 
and  Q,  and  were  separately  urged  by  pressures  respectively 
equal  to  the  pressures  of  the  coIuHins  lp,  io,  mq,  the  equili* 
brium  would  manifestly  obtain  in  like  manner.  Or,  if  a  pres- 
sure equal  to  that  of  the  column  mq  be  applied  at  a,  whSe  flie 
columns  lp,  iO»  remaki,  the equiUbrium  will  still  obtain;  and 
this  whatever  are  the  directions  of  the  several  branches,  and 
their  sinuosities  at  d,  f,  &c.  whence  the  proposition  is  evi- 
dent. 

Cor.  1.  Not  only  is  the  pressure  transmitted  equally  in  all 
directions,  but  it  acts  perpendicularly  u'pon  every  point  ofth^ 
surface  of  the  vessel  wnicn  contains  the  fluid. 

Fot-  if  the  pressure  which  acts  upon  the  surface  were  Hot 
exerted  perpendicularly,  it  is  easy  to  see  that  it  could  Hot  be 
entirely  annihilated  by  the  reaction  of  that  surface;  the  surplus 
of  ^oi  ce  would,,  therefore,  occasion  fresh  action  upon  the  particle» 
of  the  fluid,  which  must  of  consequence  be  transmitted  in  all 
directions,  ^d  thus  necessarily  occasion  a  motion  in  the  fluid : 
that  is,  the  fluid  could  not  be  at  rest  hi  the  vessel,  which  b  cob* 
trary  to  experience. 

Co  R.  2.  Hence,  also,  if  the  parts  of  a  fluid  contained  in  afiy 
vessel  A  BCD  (fig.  6.  plate  XV.),  open  towards  the  part  ab,. 
are  solicited  by  ant/ forces  whatever,  and  remain  notmthstand-^ 
ingin  equilibrio,  these  forces  must  be  perpendicular  to  the  sur- 
face AB.  For  the  equilibrium  would  obtain  in  like  manner  if 
a  cover  or  a  piston  of  the  same  figure  as  the  surface  a  b  were 
applied  to  it;  and  it  is  manifest  that,  ift  this  latter  case,  the 
forces  which  act  at  the  surface,  or  their  resultant,  must  be  per- 
pendicular to  that  surface. 

CoR.  3.  If,  therefore,  the  forces  which  act  upon  the  particles^ 
of  the  fluid  are  those  of  gravity,  we  shall  see  that  the  direction 
of  gravity  is  necessarily  perpendicular  to  the  surface  of  a  tran^ 
quit  fluid ;  consequently,  the  eurface  of  a  heavy  fluid  must  be 
horizontal  to  be  in  equilibrio,  whatever  may  be  the  figure  of  the 
vessel  in  which  it  is  contained. 

ThuS)  again,  we  see  the  reason^  of  the  faet  stated  in  art.  SS.'^. 
:  ^  Cor.  4.  If  a  vessel,  as  abcx>  (fig.  6.  pi.  XV.)  closed 
throughout,  except  at  a  small  orifice  o,  be  full  of  a  fluid  wiA- 
out  weight ;  then  if  any  pressure  be  applied  at  o,  the  resfulting 
pressure  on  the  plane  surface  or  bottom  cd  will  neither  depend 
upon  the  quantity  of  fluklln  the  vessel  nor  on  its  diape;  bu^. 
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bioce  the  pressure  applied  at  o  is  transmitted  equally  in  all 
directions^  the  actual  pressure  upon  c  d  will  be  to  the  pressure 
at  o,  as  the  area  of  cd  to  that  of  the  orifice. 

Cob.  5.  In  the  same  manner  will  the  pressure  applied  at  o 
be  exerted  in  raising  the  top  ab  of  the  vessel;  so  that  if  the 
top  be  a  plane^  of  which  o  forms  a  part,  the  vertical  pressure 
tending  to  force  ab  upwards  will  be  to  the  force  appbed  at  o^ 
as  the  surface  ab  to  the  area  o. 

586.  Prop.  The  pressure  of  a  fluid  on  the  horizontal  base  of  a 
vessel  in  which  it  is  contained  is  as  the  base  and  perpendicular 
altitude^  whatever  be  the  figure  of  the  vessel  that  contains  it: 
the  upper  surface  f  the  fluid  bein^  supposed  horizontal. 

Let  any  horizontal  plane  gh  (fag.  10.  pi.  ^V.)  be  supposed 
drawn,  and  conceive  the  fluid  contained  in  the  part  ocdh  of 
the  vessel  to  be  void  of  weight ;  then  it  is  evident  from  cor.  3. 
of  the  foregoing  proposition,  that  any  vertical  filament  what- 
ever, EI  of  the  heavy  fluid  abhG,  exerts  at  die  point  i  a  pressure 
which  is  distributed  equally  through  the  fluid  GCOH  ;  and  that  this 
pressure  acts  equally  upwards,  to  oppose  the  action  of  each  of  the 
other  filaments  which  stand  vertically  above  gh  ;  therefore,  the 
filament  £i  alone  keeps  in  equilibrium  all  the  other  filaments  of 
the  mass  aghb:  consequently  the  mass  GCDH  being  still  sup- 
posed without  weight,  there  will  not  result  any  other  pressure 
on  the  bottom  CD  than  that  of  a  single  filament  £i,  which,  bein^ 
transmitted  equally  to  all  the  points  of  CD,  will  make  the 
pressure  upon  cd  to  that  upon  the  base  i  of  the  filament  ei  as 
the  area  CDto  the  area  i.  If,therefore,weimagine(fig.9.pl.  XV.) 
a  heavy  fluid  contained  in  acb  to  be  divided  into  horizontu 
laminae,  the  upper  lamina  will  communicate  to  the  bottom  CD 
no  other  action  than  would  be  communicated  by  the  sin^ 
filament  ab  ;  and  the  same  thing  obtaining  with  respect  to  eafch 
lamina,  the  bottom,  therefore,  is  pressed  m  the  same  degree  as 
it  would  be  by  the  combined  operation  of  the  filaments  ab^  be,  cd, 
&C;     Whence,  as  this  pressure  is  transmitted  equally  to  all  the 
points  of  CD,  it  will  be  equal  to  the  product  of  cd  into  the  sum 
of  the  pressures  which  the  filaments  ab,  be,  cd,  are  capable  of 
exercismg  on  the  same  point,  or  it  will  be  proportional  to  cdx 
{ab  +  bc  +  cd  +  &c.) 

CoR.  1.  Hence,  if  the  fluid  contained  in  the  vessel  abdc  be 
homogeneous,  the  pressure  on  the  bottom  cd  wUl  be  expressed l^ 
CD  X  BC ;  and  will  be  measured  by  the  weig  ht  of  the  prism  or 
cylinder  whose  base  tf  cd  and  height  ec. 

Cob.  2.  Hence^  also,  when  the  heights  are  equal,  the  pres» 
snires  (of  the  same  fluid)  are  us  the  bases :  when  the  bases  are 
equal  the  pressures  ure  as  the  heights :  when  both  heights  and 
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bases  are  equal  the  pressures  on  the  horizofftal  bottoms  are  equal 
in  all,  however  irregular  the  shape  and  different  the  capacities 
of  the  vessels  may  be. 

GoR.  S.  In  different  vessels  containing  different  Jiuids,  the 
pressures  are  as  the  areas  of  the  bottoms  x  depths  x  specific 
gravities. 

Cor.  4.  If  the  lamina  ah,  gk,  &c.  be  of  different  densi* 
ties,  or  specific  gravities,  d,  d,  ^,  8cc.  then  rmll  the  pressure  on 
the  bottom  cd  be  equal  to  cdx  (ab  •  d  +  be  •  d  +  cd  •  ^+  &c.). 

SCHOLIUM. 

387.  Upon  the  two  principled  that  fluids  press  equally  in  all 
directions,  and  in  proportion  to  their  perpendicular  depths^ 
depends  the  explanation  of  th6  pectiliarity  known  by  the  titt^ 
of  the  hydrostatic  paradox,  which  is  this:  any  quantity  of 
water  or  other  fluid,  how  small  soever,  maybe  made  to  balance 
and  support  any  quantity  or  any  weight,  however  great :  a  cir- 
cumstance which  has  been  converted  to  a  useful  purpose  in  the 
construction  of  some  machines.  (See  Bramah's  Machine, 
vol.  ii.)  A  well-known  contrivance  to  illustrate  this  principle 
is  the  hydrostatic  bellows.  It  consists  of  two  thick  boards  ef, 
CD,  (fig.  8.  pi.  XV.)  about  sixteen  or  eighteen  inches  diameter^ 
covered  or  connected  fii-mly  with  pliable  leather  round  the  edges, 
to  open  and  shut. like  common  bellows,  but  without  valves; 
a  pipe  AB  about  three  feet  high  being  fixed  into  the  bellows  at 
B.  Now  let  water  be  poured  into  the  pipe  at  a,  and  it  will 
run  into  the  bellows,  gradually  separating  the  boards  by  raising 
^the  upper  one.  Then,  if  several  weights  (three  hundred  weights^ 
for  instance)  be  laid  upon  the  upper  board,  the  water  being 
poured  in  at  the  pipe  till  it  be  full,  will  sustain  all  the  weights, 
though  the  water  in  the  pipe  should  not  weigh  a  quarter  of  a 

I>ound.     For  the  narrower  the  pipe  the  better  (beyond  certain 
imits),  provided  we  make  it  long  enough,  the  proportion  being 
always  this : 

« 

As  the  area  of  the  orifice  or  section  of  the  pipe^ 
To  the  area  of  the  bellows  boarjd^  fe  : 
So  is  the  weight  of  water  in  the  pipe,  AG, 
^  To  the  weight  it  will  sustain  on  the  board* 

For  the  fluid  at  b,  the  bottom  of  the  tube,  is  pressed  with  a 
force  varying  as  its  altitude  ab:  and  this  pressure  is  communi- 
cated horizontally  to  all  the  particles  in  the  space  fb,  and  then 
distributed  equally  throughout  the  fluid  in  the  bellows:  conse- 
quently, the  pressure  upward  at  fe  is  equal  to  the  weight  of  a 
cylinder  of  the  fluid  whose  base  is  fe  and  altitude  ab;  while  tb^ 
actual  weight  of  water  borne  up  is  only  that  of  the  cylinder  whose 
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base  is  fc  and  height  bg  ;  and  hence  no  weights  laid  upon  cd 
that  do  not  exceed  the  weight  of  a  cylinder  of  the  fluid  whose 
base  is  £F  and  altitude  ag  will  disturb  the  equilibriunu 

S88.  Prop^  If  two  immisceable  puids  are  included  in  a  bent 
tubey  and  balance  each  other,  their  perpendicidar  altitudes, 
estimil  ted  from  an  horizontal  plane  drawn  through  the  common 
surface  where  they  are  in  contact^  will  be  reciprocally  as  their ^ 
specific  gravities. 

Let  AncD(fig.  l.pL  XVI.)  be  such  a  bent  tube/ its  form, 
and  dijuiensions  being  arbitrary;  and  let  the  common  surface  of 
the  two  immisceable  fluids  be  gh;  one  fluid  occupying  the  space 
EFHG,  the  other  the  space  ghbcki.  Jj^t  the  specific  gravity 
of  the  fluid  in  bfhg  be  Sy  that  of  the  other  s.  Through  the 
surface  gh  draw  the  horizontal  plane  ghlom,  then  it  is  manifest 
(art.  384.)  that  the  part  jGHbcml  is  naturally,  in  equilibrio :  ii^ 
order^  therefore,  that  the  equilibriuip  may  exist  in  the  whole^ 
Uie  pressures  exerted  upon  qh  by  the  fluids  contained  in  £Fho> 
IKML,  must  be  equal.  Now  (art.  386.  cor.  3.)  the  former  of 
these  pressures  is  deqoti&d  by  gh*fh-9^  and  the  latter  by  gu-no*s» 
(]!oD8equently  gh*fh 'ScrGH'NO.s,  or  fh-/=ijo-s;  wbenv^ 
J9ows  the  proposition^  i,  e.  F|9  ;  ^q  : :  «  : ;», 

SCHOLIUM. 

389.  Before  we  commence  the  investigation  of  the  pressure 
of  fluids  on  oblique  and  curvilinear  surfaces,  we  may  just 
remark  with  respect  to  pressures  upon  the  horizontal  bottoms 
of  vessels,  that  it  is  necessary  to  distinguish  between  the  pres- 
sure which  the  plane  CB  (fig.  6.  pi.  XV.)  would  sustain  as 
arising  from  the  fluid,  and  that  wh^ch  it  would  have  to  sustain 
if  it  carried  the  vessel.  If  the  bottoni  cd  were  detached  from 
the  vessel,  in  order  to  prevent  the  escape  of  the  water  there,  the 
bottom  c D  must  be  pressed  upwards  with  a  force  equal  to  the 
weight  of  the  cylinder  cdef  of  the  fluid:  but  if  wp  would  sup- 
port the  vessel,  ij  will  require  a  force  equal  to  the  weight  both 
of  the  vessel  and  the  fluid  it  contains.  Thus,  when  the  vessel 
is  narrowest  at  bottom  it  will  require  more  force  to  support 
the  vessel  than  to  keep  its  bottom  fron^  falling:  while,  if  the 
vessel  is  widest  at  bottom,  it  may  be  supported  with  a  less  efibrt  ^ 
than  would  be  necessary  to  prevent  the  bottom  from  separating 
from  the  sides  of  the  vessel.  But  the  pressure  of  the  fluid  on 
the  bottom  of  an  upright  prismatic  vessel  is  equal  to  its  weight* 

390.  Prop.  Any  platie  surf  ace  immersed  in  a  heavy  Jiuid, 

of  which  the  upper  surface  is  horizontal^  is  perpendicularly 

pressed  with  a  force  equal  to  the  weight  of  a  column  of  that 

Jluid,  having  the  surface  pressed  for  its  base,  and  the  deptl^  of 
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Us  tentre  of  grcmty  under  the  surface  of  the  fluid  for  its 
altitude. 

Let  ABCD  (fig.  10,  11.  pi.  XV.)  be  a  vertical  section  of  a 
*  vessel  tei  minated  by  surfaces  either  plane  or  curved,  and  anyway 
inclined  to  the  horizon ;  and  let  the  vessel  be  filled  with  a  fluid 
whose  upper  surface  intersects  the  section  abcd  in  the  hori- 
zontal line  AB.  If  Gnhg  be  an  indefinitely  thin  lamina  of  the 
fluid,  we  may  consider  it  abstractedly  from  its  Weight,  and.  then 
eonceive  this  lanina  as  pressed  by  the  superior  fluid.  Now 
diis  pressure  is  distributed  equally  thrpudi  all  the  particles  of 
the  lamina,  and  acts  perpendicularly  and  equally  upon  ail  Ae 
{loints  of  the  faces  og,  nh:  hence,  because  this  force  is  the 
same  as  would  be  occasioned  by  the  filament  £i  alone,  the 
pressure  \a  hich  in  exerted  perpendicularly  upon  og  will  be  ex- 
pressed by  Gg  •  £1  :  and  the  same  will  manifestly  obtain,  if^ 
instead  of  regarding  og  as  an  evanescent  right  line,  we  consider 
it  as  an  evanescent  surface.  Therefore,  in  geileral,  the  pressure 
which  is  exerted  perpendicularly  upon  any  evanescent  surface, 
by  a  heavy  homogeneous  fluid,  is  estimated  by  the  continual 
product  of  that  surface,  its  distance  from  the  horizontal  surimce^ 
and  the  specific  gravity  of  the  fluid. 

Hence  it  will  follow,  that  the  total  pressure  exerted  upon 
any  plane  surface  whatever,  whether  vertical  or  oblique,  is  equal 
to  the  product  of  the  specific  gravity  into  the  sum  of  the  pro- 
ducts of  the  evanescent  parts  of  this  surface  into  their  respec- 
tive distances  from  the  upper  surface  of  the  fluid:  but  by  the 
nature  of  the  centre  of  gravity  (art.  108.)  the  sum  of  these  latter 
products  is  equal  to  the  product  of  the  whole  surface  into  the 
distance  of  its  centre  of  gravity  from  the  horizontal  surface  of 
the  fluid:  so  that  the  whole  pressure  will  be  denoted  by  the 
continual  product  of  the  surface  pressed,  the  distance  of  its 
centre  of  gravity  from  the  upper  surface,  and  the  specific  gra- 
vity of  the  fluid  ;  which  is  the  proposition  in  other  words. 

Cor.  1.  The  entire  lateral  pressure  of  a  vessel  zs>fiose  sides 
are  perpendicular  to  the  base,  is  equal  to  the  weight  of  the 
fluid  contained  in  a  rectangular  prism^  whose  altitude  is  that 
of  the  fluid,  and  base  is  a  parallelogram ,  one  side  of  which  is 
equal  to  the  altitude  of  the  fluid,  ana  the  other  to  tKe  semiperi'- 
meter  of  the  vessel. 

Cor.  2.  Thepressure  against  one  side  of  a  cubical  vessel 
filled  with  a  fluid  is  equal  to  half  the  pressure  against  the 
bottom.  And  the  whole  pressure  against  the  sides  and  hot^ 
tom  is  equal  to  three  times  the  weight  of  the  fluid  in  the 
vessel,    ^ 

Cor.  S.  If  abcj>,  cdef  (fig.  2.  pi.  XVI.),  are  two  rectangks 
whose  common  breadth  is  cd,  standing  vertically  in  a  fluid. 
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whose  upper  surface  is  ss^^  then  tmll  the  pressures  upon,  the 
rectangles,  abcd  and  cdef  ie  as  ac*  awd  ae*— ac*. 

For  if  G  and  ^  be  the  respective  centres  of  gravity  of  the 
two  rectapglesy  we  shall  have  pressure  upon  aucd  :  pressure 
4l{HW.CD£f : :  A9GD  •  IG :  CEkEF  •  Ig  ; :  AC  •  |  AC :  CK  •  ( AC  +  icB) 
:: :  A€*i  AC :(AB—Ac)* J(ab+ac)::  AC*:Aa*  — ac^.  y 

Cor,  ^  Hence,  if  ae  be  to  ac  as  •  2  to  I,  the  j^resmret 
fupon  ABCD  and  cp£F  tie^iT/  i«  equal. 

39  U  Def.  The  centre  of  pressure  is  that  point  of  a  surfao^ 
Sisainst  iKrhich  any  fldid  presses^  through  which  the  resultant  of 
all  the  individual  pressures  passes,  or  to  which,  if  a  force  equal 
to  the  whole  pressure  were  applied  in  a  contrary  direction^  it 
would  keep  the  surface  at  rest 

392.  Prop.  If  a  plane  surface  which  is  pressed  by  ajhdd 
he  produced  to  the  horizontal  surface  of  it,  and  their  commor^ 
intersection  be  regarded  as  the  axis  ^suspension,  the  centre  of 
percussion  zpillJ>e  the  cemtre  of  pressure. 

Let  ABCP  (fig.  3.  pi.  XVI.)  he  the  horizontal  surface  of  the 
fluid  which  presses  upon  the  plane  eif:  produce  this  plane  till 
it  meets  the  siu-face  of  the  fluid  in  the  line  mn;  and  let  o  be 
tke  centre  of  pressure^  From  any  point  p  of  the  surface  pressed 
draw  the  vertical  pm,  meeting  thb  horizontal  surface  in  «|; 
and  in  the  plane  cb  draw  from  m  the  line  itim  perpendicular 
to  MK.  The  prefsure  uponj9j(art,  39Q.)  is  ^9  p^pm^  and  it« 
effect  to  turn  tne  plane  about  mn  is  as  p'pm^p^/i,  by  the 
joature  of  the  lever :  also,  its  effect  to  turn  the  plane  about 
Ni  iszsp-pm'  MN.  In  Uke  manner^  if  the  plane  eif  b^ 
supposed  to  revolve  about  the  axis  liN,  and  to  atrike  w 
obstacle  at  o^  the  percussive  force  of  th^  particle  p,  by  which 
h  endeavours  to  move  the  plane  about  mn,  will  be  asp  'pmf 
or  as  p*pm*pu\  and  its  force  to  turn  the  plane  about  Kl 
will  be  as^*pM  •MN,  or  as  /)»/ww>mn.  And  the  like  cot* 
r^spondence  between  the  percussive  and  the  pressive  forces, 
of  any  other  particles  in  the  plane  ef,  may  be  shewn  in  the 
same  manne^.  (Consequently,  the  percussive  forces  of  the 
whole  of  the  particleft,  whereby  they  endeavour  to  move  the 
plane  in  the  two  directions,  have  the  same  relation  as  the  forces 
of  pressure,  and  therefore  the  centres  of  pressure  and  percussiCMi 
are  coincident. 

CoR.  1.  Hence,  the  theorems  given  for  the  centre  of  pet- 
pussion  in  arts.  318,  3ig.  may  be  applied  to  the  determination 
of  dbe  centre  of  pressure.  ^ 

CoR.  2.  Hence  also  appears  the  mistake  of  those  who  assert 
that  the  centres  of  percussion  and  of  pressure  do  not  coincide. 
They  ar^  the  centres  of  oscillation  wad  of  pressure  yihidi  do  Qot 
coincide  universally.    See  arn.  320. 


36a  HYDROSTATICS.^  [BooKin.^ 


SCHOLIUM. 

S93.  To  adopt  the  general  formulae  for  the  centre  of  percus-^ 
^on  to  the  instance  of  the  centre  of  pressure,  it  vill  be  proper 
to  make  a  slight  change  in  the  notation. '  Let  d  be  the  distance 
JTrom  MN  of  any  particle,  or  of  any  horizontal  lamina  of  the 
fluid  in  contact  with  the  plane  eif  ;  let  2  be  the  length  of  such 

laiiiina,  and  d  its  depth  (being  considered  as  evanescent),  then 

-wHlJd  be  its  area;  also,  let  ^ be  the  distance  of  the  centre  of 
gravity  of  the  plane  eif  from  the  line  mn,  where  that  plane 

intersects  the  surface;  and  let  the  horizontal  distance  of  Id 
from  the  line  Ni  be  denoted  by  A:  then,  with  respect  to.  the 

Ime  MN  the  formula  (art*  318.)  will  become-^^ — f-  or  -^ — r; 

and  with  respect  to  the  line  Ni,  the  formulae  (art.  319.)  will 

^  flBdd  flmdd 

become  -^   .-  or  -=^ — '-r. 
fldd         "i*"-^ 

A  few  examples  are  here  added  to  illustrate  the  use  of  these 
theorems.  , 

I.  Let  a  reservoir  which,  contains  water,  or  any  other  fluid 
(its  specific  gravity  being  s)j  have  one  of  its  sides  plane  and 
vertical:  if  we  imagine  a  right  line  drawn  vertically  upon  this 
plane,  its  length  being  A,  and  the  distance  of  its  centre. of 
gravity  from  the  surface  of  the  fluid  ^,  the  pressure  exerted 
upon  this  line  will  be  5  ^  A  (art.  390.)*  Let  the  distance  of  the 
superior  extremity  of  the  line  A  from  the  surface  of  the  fluid 
be  a,  and  make  a+^=:e,  so  shall  e  be  the  distance  of  the  lower 
extremity  of  the^  line  A  from  the  horizontal  surface  of  the 
fluid.     Then,  to  find  the  centre  of  pressure  of  the  line  A, 

fldNi  . 

we  take  the  complete  fluent  of  the  expression :-  (/  being 

■    fldd 

constant)  which  is  »%^_  Jy  or,  when  the  variable  d  becomes 
equal  to  e  we  have  rrr— ^>  for  the  distance  of  the  centre  of 

pressure  from  the  horizontal  surface  of  the  fluid.  When  one 
of  the  extremities  of  the  line  A  coincides  with  tliis  surface  w^ 
have  a=0,  and  e=A,  and  the  distance  of  the  centre  of  pressure 
becomes  -f-  A. 

II.  If  upon  the  vertical  line  A  we  construct  a  rectangle,  of 
which  the  horizontal  base  is  A,  the  whole  pressure  upon  it  will 
be  shiK,  and  the  distance  of  the  centre  of  pressure  fix>m  the 


CsAP.  L]  Centre  of  Pressure.  .  361 

surface  of  the  fluid  will  be  ^A~"»!  the  same  as  we  have  1u«t 

found.  And  this  centre  must  evidently  be  found  upon  the 
vertical  line  which  divides  the  parallelogram  into  two  equal 
parts. 

If  the  upper  horizontal  side  of  the  parallelogram  coincide 
with  the  surface  of  the  fluid  (as  the  side  ab  of  the  parallelo- 
gram ABCD,  fig.  2.  pi.  XVI.)  its  tendency  to  turn  about  its 
base  will  be  JsAX*  •  -^K  =  ish7\?,  and  its  tendency  to  turn  about; 
one  of  its  vertical  sides  will  be  JsAX**  JA=|sA*A*:  thus  the 
first  of  these  efforts  will  be  to  the  second  as  ^shX^ :  {sh'^K^,  oi; 
as  2A. :  3A ;  which  reduces  to  2  :  3,  when  the  rectangle  becomes  i 
a  square. 

III.  To  determine  the  centre  of  pressure  in  the  triangle  cab 
(fig.  4*  pU  XVI.)  whose  side  A  B  is  horizontal,  and  which  is 
placed  vertically  in  a  fluid  whose  horizontal  surface  is  ss'. 
Through  c,  the  summit  of  the  triangle,  draw  the  vertical  line 
scp,  also  the  line  eg  bisecting  the  base  ab,  and  any  line  tr 
parallel*  to  ab.  Make  cp  =  A,  ab  =  h,  cs  =  a,  sp  zzcr-f-X  =e, 
the  distance  of  the  horizontal  line  in  which  lies  the  centre  of 
gravity  of  the  triangle  from  s=:^  (that  is,  if  cg  =  -|CQ,  the 
distance  between  ss'  and  ^=%  the  angle  vcank,  sMzid,  tr 
=/,  CM=c=d~a. 

The  whole  pressure  upon  this  triangle  will  be  represented  by 
s^ihh'^  ziis^Xh.  And  to  find  the  depth  of  the  centre  of 
pressure  below  ss^  we  must  find  the  fluent  of  the  expression 

r- r,  or  vrr-T.     In  order  to  this  we  have  cp  :  ab  ;  :  cm  : 

ABC. a'  jixfc  - 

TR,  pr  A : A: :  c :  /  =—  =  — (d— a),  which  substituted  for  /  in 
J'ld*d,  gives— /(d'  -  ad')d  =  —  (^*  — jad')  +  c.     The  con- 

A  A 

stant  quantity  c  may  be  determined  by  considering  that  the 
fluent  must  vanish  at  the  point  c,  that  is,  when  /  =  0,  or  when 
d— a  z=  0,  that  is,  when  a  zz  a.  Hence,  making  the  substitu<- 
tipB,  we  have 

— (T^*-'fflO  +  c  =  0,  whence  c  =^25;^** 
and  the  correct  fluent  is — {{d^—^d^  +  A^"*)- 

A 

Hence  then,  for  the  whole  triangle,  in  which  sm  =  sp,  ox 
d  2  e,  we  substitute  e  for  d  in  the  fluent,  and  divide  by  the  de- 
nonuniator  -|^AA  of  the  general  expression,  which  gives  for  the 
depth  of  the  centre  of  pressure  of  the  whole  triangle  the  value 

'iL*         >  which  is  evidently  independent  of  the  base  h  qf 
the  triangle. 
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When  the  vertex  of  the  triangle  is  at  the  horizontal  8urfiic«J 
of  the  fluid  e  rr  A,  a  =  0,  ^  =  |X,  and  the  expression  become* 

IX. 

IV.  To  determine  the  distance  of  the  centre  of  pressui©  from 

the  vertical  line  CP.     Here  we  must  take  the  formula  ^ » ^  .  » 

fm 

in  which,  h  represents  mn  =  c  tan  i  =2  (d-^fl)  tan  ft.  Stt)>* 
stituting  this  value  of  h,  and — (d-fl)  for  /,  its  value  found 

above,  we  have  fl^dd  =  — —-f{^  *—  2fl(?  +  d^d)  dt  =: 
— ^!^(id*— ftfd^  +\»^*d*)  +  c.  In  this  case,  also,  tfte  fluent 
vanishes^  when  <i  =:  a;  whence  we  have  ■  ^ox"^^  +  c  ?=  0,  «h) 


c=s rr— a*: 


A  tan  A; 

isT 

htxnk 


SO  that  the  correct  fluent  is — ; —  (i^*  -^  4^cP+i<i*d*  »»  rto^X 
Hence,  making  d  =  e,  and  dividing  by  J  Idd  =  iJXA,  we  have 
for  flie  distance  sought,  tan  k  •  ^-^+^''^-^ ^ 

1.  When  the  triangle  is  isosceles  the  angle  k  rzO,  and  the 
preceding  value  vanishes,  as  it  obviously  ought  to  do ;  for  in 
that  case  the  triangle  is  symmetrical  with  respect  to  CP,  and  the 
pressures  are  in  equilibrio  about  that  line. 

2.  When  the  triangle  is  right-angled,  and  has  its  base  or 
horizontal  side  ab  n  A  one  of  the  sides  about  the  right-angle, 
that  is,  when  ca  ^coincides  with  cp,  then  is  A  =1  £X  tan  k, 

or  tan  A:  =  r~,  which  transforms  the  expression  for  the  centra 
of  piressure's  distance  from  sp 

3.  Finally,  Mhen  the  vertex  of  the  triangle  is  at  the  surface 
ss'  of  the  fluid,  a  =  0,  e  =  A,  J  =  |A,  and  .the  expression  be-? 
comes  JA  tan  k ;  m  bieh,  for  the  right-angled  triangle,  reduces 
to  f  A. 

4.  When  the  triangle  has  its  vertex  at  the  horizontal  surface 
of  the  fluid,  the  tendency  to  turn  about  the  base  is  to  that  t<l^ 
turn  about  the  perpendicular  let  fall  from  the  vertex  upon  tb^ 
b&se  as  1  to  3  tan  k ;  and,  in  the  case  of  the  right-angled  trf- 
angle,  as  2X  to  3A:  which,  when  the  legs  of  the  triangle  are  ^ 
equal,  reduces  to  the  ratio  of  S  to  3t  As  in  the  ease  o£  tlie 
rectangle  and  square. 
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If  c  and  AB  lie  on  diiTerent  sides  of  ss^,  that  is^  if  part  of 
the  triangle  is  out  of  the  fluid,  no  other  change  will  be  neces- 
sary in  the  preceding  expressions  than  a  change  of  signs  in  those 
terms  which  contain  uneven  powers  of  a.  So  that  this  simple 
transformation  will  accommodate  the  preceding  general  the- 
orems to  the  case  of  trapezoids. 

V.  If  the  radius  of  a  circle  be  r,  and  J  the  distance  of  its 
centre  below  the  surface  of  the  fluid  in  the  plane  of  the  circle, 
then  is  the  distance  of  the  centre  of  pressure  from  the  upper 

surface,  in  the  same  plane,  expressed  by  J  +  — ;  which  wheu 

the  upper  part  of  the  circle  just  touches  the  surface  becomes 
•Jr.  The  investigation  of  this  is  left  for  the  student's  exercise. 
It  is  hardly  necessary  to  remark,  that  the  results  of  the  oper- 
ations in  this  scholium  may  be  safely  applied  in  the  analogous 
enquiries  relative  to  the  centre  of  percussion. 

394.  Prop.  To  enquire  generally  into  the  results  of  all  the 
pressures^  upon  any  surface  plane  or  curved^  regular  or  irrer* 
gularj  both  in  the  vertical  and  the  horizontal  direction. 

This  is  usually  performed  by  foreign  authors,  by  means  of 
the  calculus  of  partial  difierences.  But  another  niode  of  in-r 
^estigation  is  pursued  here,  which  is  likely  to  carry  more  con- 
tiction  to  the  mind  of  a  learner.  Had  the  vertical  pressure 
alone  been  the  object  of  investigation,  it  might  be  determined 
far  more  concisely. 

I.  Whatever  the  figure  of  a  body  may  be,  we  may  alwaya 
imagine  it  to  consist  of  an  assemblage  of  an  intinite  number  of 
indefinitely  small  laminae  respectively  parallel,  and  the  surface 
•f  each  lamina  as  an  assemblage  of  many  trs^pezoids,  their 
number  indeed  being  infinite  likewise,  when  the  surface  in  c6n« 
tact  with  the  fluid  is  curved.  Hence,  to  estimate  the  result  of 
the  pre.ssures  of  a  fluid,  whether  upon  the  interior  surface 
•f  a  vessel  which  contains  it,  or  upon  the  exterior  surface  of 
a  body  immersed  in  it,  we  must  first  estimate  the  result  •A 
the  pressure  upon  the  surface  of  a  trapezoid  whose  height  b 
evanesc^mt. 

Conceive,  therefore,  abed  (fig.  5.  pi.  XVI.)  a  trapezoid 
whose  two  parallel  sides  are  aby  cd,  and  whose  height  hk  is 
infinitely  small  with  regard  to  those  sides.  To  resist  the  pres- 
auret  upon  this  surface  we  must  apply  to  the  centre  of  gravity 
g  of  the  trapezoid  a  force  p  perpendicularly  to  its  plane,  the 
Talue  of  which  is  expressed  by  the  product  of  the  surface  of  the 
trapezoid  into  the  distance  og  of  its  centre  of  gravity  from  the 
horizontal  surface  abcd  of  the  fluid. 

To  determine  the  effect  of  this  force  p  both  in  the  vertical 
and  the  horizontal  direction^  conceive  a  vertical  plane  cd  ve  to 
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pass  through  the  line  cJ,  and  a  horizontal  plane  ab  et  through 
the  line  ab ;  the  common  intersection  of  these  planes  being  £F  9. 
then,    having  drawn  the   vertical  lines  ce,  dF,  meeting   the 
horizontal  plane,  in  e  and  f,  join  &£  and  ^f:  again,  through - 
the  direction  pg  of  the  force  p,  conceive  a  plane  kih  perpen- 
dicular to  cd,  and  of  which  HgK  and  hi  are  the  intersectioua, 
with  the  two  planes^  abed  and  FEcd :  this  plane  will   be  per- 
pendicular to  the  planes  abed  and  vEcd,  because  cd  is  their, 
common  intersection  :  finally,  fropx  the  point  k,  where  ab  and 
Hg  meet,  draw  Ki  perpendicular  to  the  plane  FEcrf,  this  line 
must  necessarily  be  perpendicular  to  hi. 

Tlie  construction  effected,  resolve  the  force  p  (represented 
byg'N)  into  two  others  which  are  also  in  the  pls^ne  kih,  of. 
\vhich  the  horizontal  one  is  gL,  and  the  vertical  one  gM.  Call- 
ing these  component  forces  l  and  m,  we  have,  by  the  nature, 
of  the  parallelogram  of  forces  p  :  l  :  M  : :  gN  :  gL  :  gM  : :  gK 
:  gL  :  LN  : :  hk  :  HI  :  ik,  the  triungles  gLN,  hik^  being  evi- 
dently similar*  Multiplying  th«  three  latter  terms  by — — 
•  Qg,  which  will  not  change  the  ratip,  we  sh^ll  have  P  ;  l:  M  : : 

ab  +  cd  ab  +  cd  ah  +  cd 

HK  • -J-- •  6g:  Hi.^^-^.qg^  :iK'-~|- •  G*. 

Now  it  may  be  observed,   1  st.  That  h  k  •  ^  ^     is  the  sur- 

face  of  the  trapezoid  abed,  2dly.  That  since  ce  and  d^  are 
parallel,  as  likewise  cd  and  ef,  we  have  ed  =  f^,  therefore 

ah  +  cd  a2)  +  EF        ,  .   ,         ^  .      ^, 

IK- — r — =:iKX — ^-^,  which,  of  consequence,  is  the  sur- 

face .  of  the  trapezoid  <ii£F.  3d]y.  That,  because  the  height 
of  the  trapezoid  abed  is  evanescent  with  reapect  to  the  sides  ah. 
and  cd,  Ejp,  which  is  equal  to.  ed,  may  be  taken  both  for  cd 

^nd  for  ^i;  so  that  hi  — - —  reduces  to  hi  -ef,  which  is  the 

surface  of  the  rectangle  BcdF,  We  have,  therefore,  p  :  l  :  m  : : 
abed  •  Gg :  BcdF  •  Gg :  afeA  •  Gg.  But  we  have  supposed  that 
the  force  p  is  expressed  by  aded  •  Gg ;  consequently,  the  hori- 
zontal force  L  is  denoted  by  Ecdv  •  Gg,  and  the  vertical  force  m 
by  flFE J  •  Gg. 

As  the  triangle  may  be  considered  as  a  trapezoid,  of  whicl> 
one  of  the  parallel  sides  vanishes,  the  same  thing,  therefore, 
obtains  for  any  evanescent  triangle. 

Conceiving,  now,  that  from  the  angles  a^  d,  c,  6,  lines  are 
drawn  to  fall  perpendicularly  upon  the  plane  abcd,  tliese  per- 
pendiculars will  be  the  edges  of  a  prismatic  frustrum,  of  virbich 
the  horizontal  base  is  equal  to  avis^b,  and  the  inclined  bas<^ 
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nbcd ;  or,  as  ab  and  cd  are  supposed  indefinitely  near,  the  so- 
lidity of  the  prismatic  frustrum  will  not  differ  sensibly  from  that 
of  the  prism-  which  has  the  same  horizontal  base,  and  whose 
height  is  Gg :  but  this  latter  is  equal  to  «fe6  •  Gg,  which  is 
precisely  the  expression  above  found  for  ^he  vertical  force  m. 
Hence  it  appears,  that  this  force  is  equal  to  the  weight  of  a 
prismatic  Jrustrum  of  thejiuid  whose  inclined  base  is  abed, 
and  horizontal  base  the  projection  of  abed  upon  the  horizojital 
surface  ab€D, 

II.  Let  us  next  consider  any  solid  whatever  cut  into  an  in- 
definite number  of  horizontal  laminae,  such  as  ABD£a6cf^(fig% 
tJ'  pi.  XVI.),  and  that  perpendicularly  to  the  centre  of  gravity 
of  the  surface  of  each  trapezoid  into  which  the  contour  of  the 
laminae  is  divided,  forces  are  applied,  each  represented  by  the 
product  of  the  surface  of  the  corresponding  trapezoid  into  the 
distance  of  its  centre  of  gravity  from  the  horizontal  surface 
a'd^.  These  forces  are  the  pressures  of  a  heavy  fluid,  sus- 
tained by  the  interior  surface  of  the  laminae  ABDEabde  of  a 
vessel  which  contains  it ;  they  are  also  the  pressures  of  such  a 
fluid  which  would  be  sustained  by  the  exterior  surface  of  a 
solid  whose  contour  is  the  same,  and  which  is  immersed  to  the 
«ame  depth.  Bi^t  it  is  manifest  that  if  each  of  those  forces  p, 
v\  p'^,  &c.  were  decomposed  into  two  others,  the  one  vertical, 
the  other  horizontal,  each  vertical  force  would  be  represented 
by  the  weight  of  a  prismatic  frustrum  of  the  fluid  whose  in- 
clined base  is  one  of  the  trapezoids  in  the  contour  of  the  lamina, 
and  its  horizontal  base  the  projection  of  that  trapezoid  upon 
the  uppe;*  surface  of  the  fluid*  Therefore  the  sum  of  these 
vertical  forces,  or  the  single  vertical  resulting  force,  will  be  re- 
presented by  the  sum  of  the  weights  of  sul  those  prismatic 
frustrums :  and  the  same  property  may  obviously  be  extended 
to  every  other  horizontal  lamina,  we  may  conclude,  then, 

1 ,  That,  if  a  vessel,  of  any  figure^  be  full  of  a  fluid,  and 
have  over  every  part  of  the  sides  and  bottom  a  perpendicular 
column  of  thejiuid  reaching  to  the  surface,  the  whole  vertical 
pressure  of  thejiuid  upon  the  bottom  and  sides  of  that  vessel 
will  be  equal  to  the  weight  of  the  whole  fluid. 

2.  That,  if  a  body,  as  aedbm  (fig,  7.  pi.  XVI.)  of  which 
AiBF  is  the  greatest  horizontal  section,  is  immersed  in  a  fluid  to 
any  df^th  whatever,  and  if  we  drop  the  consideration  of  the 
pressure  sustained  by  the  upper  part  a  mb,  the  vertical  effort  of 
ike  fluid  to  raise  the  body  is  equal  to  the  weight  of  the  volume 
cf fluid  which  is  comprised  between  the  surface  a^d^,  the  surface ' 
AiBFE,  and  the  convex  surface  formed  by  perpendiculars  let  fall 
firom  all  the  points  of  the  perimeter  aibf  upon  the  plane  a'd''; 
that  is f  equal  to  the  sum  of  the  weights  ^ fluid  in  the  prism 

'aibfAijiFy  and  the  space  aibfc^* 
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III.  If  we  would  now  estimate  the  pressure  sustained  by  the 
superior  surface  ambfi  of  the  body,  we  shall  see,  by  the  same 
kind  of  reasoning,  that  the  result  in  the  vertical  direction  tend* 
ing  to  force  the  body  downwards^  is  an  effort  equal  to  the 
weight  of  the  volume  comprised  between  the  horizontal  projec- 
tion aibf\  and  the  upper  surface  ambfi  of  the  body  li',  then^ 
from  the  jBrst  of  these  efforts  we  deduct  the  second,  it  will  ap- 
pear that  the  body  is  pushed  vertically  upwards,  with  an  effort 
equal  to  the  weight  of  a  volume  of  the  fluid  equal  to  that  of 
the  body  immersed.  We  conclude  therefore  that,  if  a  body  is 
immersed  in  any  Jluid  whatever y  it  will  lose  (relatively}  as 
much  of  its  weight  0s  is  equal  to  the  w^ght  of  the  quantity  of 

fuid  it  displaces. 

IV.  With  regard  to  the  resultant  of  all  the  vertical  forces 
whose  magnitude  we  have  just  determined,  it  is  easy  to  see  that 
It  must  pass  through  the  centre  of  gravity  of  the  volume  of 
fluid  displaced.  For,  if  we  conceive  this  volume  decomposed 
into  an  infinite  number  of  evanescent  vertical  filaments,  the 
effort  made  by  the  fluid  to  push  each  filament  vertically  will 
be  expressed  by  the  weight  of  a  quantity  of  fluid  equal  to  that 
filament.  Therefore,  to  obtain  the  distance  of  the  resultant 
from  any  vertical  plane  whatever,  we  must  multiply  the  mass 
of  each  filament  (considered  as  of  the  same  nature  with  the 
fluid)  by  its  distance  from  this  plane,  and  divide  the  sum  of 
the  products  by  the  sum  of  the  filaments ;  which  is  precisely 
the  rule  that  must  be  followed  to  find  the  centre  of  gravity  of 
the  volume  displaced.  Therefore,  universally,  a  body  immersed 
either  wholly  or  in  part  in  a  heavy  fluids  and  at  re^^  receives 
from  the  Jiuid  pressures  which  are  together  equivalent  to  a  ver- 
tical force  directed  upwards  through  the  centre  of  gravity  of 
the  Jluid  displaced  by  the  body,  and  equal  to  the  weight  of  m 
quantity  of  the  Jluid  so  displaced  by  the  immersed  part  of  the 
body. 

Indeed  we  may  readily  assign  a  reason,  d  priori,  of  this :  for, 
supposing  a  forc6  acting  on  a  body  without  heaviness  retains  it 
in  equilibrio  when  immersed  either  wholly  or  partly  in  a  heavy 
fluid ;  if  we  substitute  for  the  immersed  part  of  the  body,  that 
is,  for  the  fluid  it  displaces,  an  equal  and  similar  portion  of  the 
same  fluid  become  solid  (as  ice,  and  the  density  unchanged), 
the  equilibrium  will  still  obviously  subsist :  consequently,  die 
pressure  of  the  fluid  upon  the  immer;sed  body  will  be  altogethjer 
equal  and  directly  opposed  to  the  weight  of  this  solid;  aoi 
must,  therefore,  pass  through  its  centre  of  gravity  in  order  t» 
sustain  it  in  eqiulibrium, 

V.  It  now  remains  for  us  to  consider  how  the  horixontal 
forces  are  disposed  of. — If  we  take  any  one  of  the  konzgntal 
laminae  into  which  either  the  fluid,  or  the  solid  immersed  in  the 
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fluid,  may  be  imagined  to  be  divided,  and  through  the  sides  ab<, 
tCf  cdy  8cc.  (fig.  6.  pi.  XVI.)  of  the  inferior  section  conceive 
vertical  planes  to  pass,  and  to  be  terminated  by  the  superior 
section ;  these  planes  will  form  the  contour  of  a  prisrfi  whose 
height  is  that  of  the  lamina,  and  each  face  of  the  prism  will 
have  (I)  the  measure  of  its  surface  proportional  to  the  value 
ef  the  horizontal  force  to  wbich  it  is  perpendicular.  But,  as 
all  these  faces  are  of  the  same  altitude,  their  surfaces  are  pro- 
portional to  their  bases  a6,  be.  Sec.  and  consequently  the  ho- 
rizontal forces  are  respectively  in  the  ratio  of  the  sides  a6,  hc^ 
lie.  And  as  the  altitudes  of  these  faces  are  evanescent,  we 
may  r^ard  all  these  forces  as  applied  in  the  same  horizontal 

f>lane  abcdef^  and  to  be  each  respectively  proportional  to  the 
ength  of  the  side^  on  the  middle  of  which  it  acts  perpendi 
cularly.  Now  i(  has  been  shewn  (art.  53.),  that  if  any  number 
of  forces  represented  in  magnitude  and  direction  by  the  sides 
of  a  polygon  taken  in  order,  act  simultaneously  upon  the  same 
point,  they  will  be  mutually  destroyed,  and  the  point  continue 
at  rest :  also  (art.  Sly.),  that  when  any  number  of  forces  are  in 
€quilibrio  when  applied  to  different  points  of  a  body,  they  are 
the  ^same  as  would  be  in  equilibrio  about  a  single  point ;  and, 
since  the  directions  of  the  several  forces  P,  p',  p",  &c.  in  the 
present  case  would,  if  produced,  form  a  polygon  similar  t9 
ubtdefy  'Ae  consequences  just  referred  to  will  apply  to  them 
likewise :  and,  in  like  mamier,  to  the  pressures  upon  any  other 
horizontal  laminae.  Consequently,  the  efforts  which  result  in 
the  horizontal  direction,  from  the  pressure  of  a  heavy  Jiuid  upon 
the  surface  of  any  body  immersed  in  it,  are  mutually  destroyed. 

SCHOLIUM. 
395.  From  the  preceding  doctrine  of  the  pressure  of  fluids, 
an  important  practical  maxim  may  be  deduced.  We  have  seeii 
that  ia  any  vessel  containing  a  heavy  fluid,  the  parts  that  are 
deepest  below  the  surface  sustain  a  proportionally  greater  pres- 
sure. If,  therefore^  we  have  to  construct  ah  assemblage  of 
vertical  pipes  or  tubes,  to  elevate  water  or  any  other  jluid,  we 
may  run  into  a  superfluous  expense,  by  giving  the  same  thick- 
ness to  the  material  in  every  part.  For,  if  the  substance  be 
uniformly  thick,  and  the  lower  parts  are  sufficiently  strong, 
the  upper  parts  are,  of  consequence,  much  thicker  than  neces- 
sary. The  method  suggested  by  theory  is,  ^hile  we  give  to 
the  whole  assemblage  die  same  interior  diameter,  to  give  a  safe 
and  sufficient  thickness  to  the  material  at  Uie  lowest  part,  ai^d' 
let  it  gradually  diminish  to  the  top,  in  the  same  ratio  nearly  as 
the  diminution  in  the  depth  of  the  fluid.  The  same  maxim 
may  also  find  an  application  in  the  construction  of  sluice-gates, 
dams,  banks,  8cc«    And  in  all  such  cases  it  is  adviseable  to  de- 
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termine;  first,  the  adequate  strength  to  resist  the  pressure  at  thc^ 
greatest  depth ;  as^  by  this  means,  safety  may  always  be  ensured 
%\  ithout  any  waste  of  materials. 

To  take  a  simple  example,  suppose  the  half  figure  ACD  (fig* 
10.  pi.  III.)?  to  he  the  profile  of  a  bank,  whose  summit  a  is  on 
a  level  with  the  surface  of  the  water,  AC  being  the  vertical  face 
of  the  bank,  pm  and  CD  two  horizontal  sections;  and  let  the 
water  be  supposed  to  act  upon  the  face  amd  by  its  hydrostatic 
pressure.  The  part  apm  may  be  moved  from  its  place  either 
by  turning  upon  the  point  P,  or  by  sliding  along  the  line  pm  ;  in 
either  case  separating  from  the  lower  part  pcdm.  The  ques* 
tion  is  reduced  to  the  finding  such  a  curve  amd,  that  eveiy 
portion  of  it  as  apm,  may  of  itself  be  in  equilibrio  upon  its 
base  PM.  Putting  ap  =  z,  pm  =  y^g  =  the  specific  gravity 
of  water,  ^  that  of  the  bank;  then  the  horizontal  thrust  of 
the  water  with  respect  to  the  point  p  is  '\g%^y  and  the  mo- 
ment of  the  weight  of  the  profile  apm  with  respect  to  the  same 

point  p  is  equ^l  to  ^f})^  multiplied  by  the  horizontal  distance 

of  the  centre  of  gravity  of  the  profile  from  the  point  A,  which 

distance  is  ~4-,     To  favour  the  stability  of  the  bank,  let  us 

drop  the  consideration  of  the  adhesion  of  the  profile  apm  to 
the  line  pm,  and  of  the  vertical  pressure  of  the  water,  and  there 
will  result  the  equation 

Solving  this  in  the  usual  way,  we  have  js  =:^a  /j.       Thus 

the  face  amc  is  the  hypothenuse  of  a  right-angled  triangle^ 
whose  base  qd  i»  to  its  altitude  CA,  as  Vg  to  V'g''. 

The  conditions  of  the  stability  necessary  to  prevent  the 
sliding  of  the  profile  apm  along  the  base  fm,  will  be  found  in 

the  equation  \g'^  zz  n^Jyz, ;  whence  gz  =  n^jf,  or  y  :z::  g: 

7ig^;  where  n  is  a  constant  quantity  to  be  determined  by  expe- 
riment, which  multiplied  into  the  weight  of  matter  ponderating 
upon  a  given  section,  shall  measure  the  counteraction  arising 
from  friction  and  adhesion  to  horizontal  motion  in  the  direction 
of  that  section. 

In  pipes  employed  for  conveying  liquids,  the  thickness 
should  be  every  where,  in  the  compound  ratio  of  their  intern^ 
diameters,  the  perpendicular  height  of  the  liquid,  and  its  spe- 
cific gravity,  directly,  and  the  tenacity  or  strength  of  the  mate« 

jials  inversely;  that  is  ^  a— ,  or  as  —  when  g  is  constan!. 
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Now,  it  has  been  found  by  experiment  that  a  tube  of  lead  of 
1 6  inches  diameter,  and  6f  lines  in  thickness,  sustained  water 
having  a  head  or  charge  of  50  feet.  And  that  a  tube  of  cop- 
per of  6  inches  diameter,  with  a  charge  of  water  of  SO  feet, 
required  half  a  line  in  thickness.  From  this,  suppose  we  wished 
to  find  the  thickness  .of  a  leaden  pipe  of  12  inches  diameter, 
to  bear  a  head  of  40  feet,  we  should  have  from  the  stanclard  ex« 

.       ^  «B^         600x16        ,^„-  J    ,         ^       ad      480x12 

penment  sOi—  a — tj — oc  14-77;  and  then /a— =  ■  .,„    = 

3-89,  or  lew  than  4  lines. 

When  the  conduit  pipes  are  borizoatal  and  made  of  lead, 
their  thickness,  according  to  Bossut,  should  be  2  J,  3, 4,  5,  6,  7, 
8,  lines,  when  their  diameters  are  1,  1  J,  2,  3,  4|,  6,  7,  inches. 
When  the  pipes  are  made  of  iron,  their  thickness  should  be  1, 
3,  4fy  5,  6,  7>  8,  lines,  when  their  diameten  are  i,  %  4,  6,  8, 10, 
12 f  inches,  respectively. 

To  the  farther  appUcatiaa  of  these  principles,  reference  vmj 
be  made  to  the  table  of  tlie  relative  teuaciti^  of  bodies  towarcw 
the  end  of  chap.  5.  b6ok  i. 
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CHAPTER  II. 


On  the  Determination  of  the  Specific  Gravities  of  Solid 

and  Fluid  Bodies. 


^9^.  The  term  specific  gravity  has  already  been  defined  ie 
art.  383.  The  object  of  the  present  chapter  is  to  explain  the 
piihciples  on  which  the  different  methods  of  ascertaining  the 
specinc  gravities  of  solid:^  and  fluids  are  founded,  and  to  ^¥6 
some  account  of  the  best  of  those  methods.  Previous  to  wmch 
it  may  be  proper  to  make  a  few  observations,  naturally  deduced 
from  the  definition  of  specific  gravity  and  the  nature  of  bodies 
in  general. 

1.  The  specific  gravities  of  bodies  are  in  the  same  proportion 
as  their  weights,  when  the  magnitudes  of  the  bodies  are  equal. 

2.  Where  the  weights  of  the  bodies  are  equal,  the  specific 
gravities  are  inversely  as  theit  magnitudes. 

3.  When  the  specific  gravities  are  equal,  their  weights  are 
directly  as  their  magnitudes. 

4.  When  neither  the  magnitudes  nor  the  specific  gravities  arje 
equal,  the  weights  of  bodies  are  as  their  magnitudes  and  spe- 
cific gravities  conjointly. 

TV 

To  express  these  relations  algebraically,  let  —  represent  the^ 

IMT 

ratio  of  the  weights  of  two  substances,  —  the  ratio  of  thei 

magnitudes,  and  —  that  of  their  specific  gravities ;  then  wil 

the  general  relation  of  these  quantities  be  expressed  by  th 

equation  — =  —  •  — .     In  estimating  the  weights,  magnitudes 

and  specific  gravities  of  substances,  some  standard  quantitie 
are  always  assumed  to  which  other  bodies  are  referred  t  thi 
letters  w,  m,  and  s,  may  represent  these  standards,  and  each  o 
them  might  be  assumed  equal  to  1 ;  but  such  assumption  woul 
not  correspond  with  the  measures  and  weights  now  in  use. 
will,  therefore,  be  more  eligible  tliat  m  should  represent  tlu-  '^ 
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magnitude  of  some  known  measure  which  may  be  assumed  for 
unity,  as  a  cubic  inch^  a  cubic  foot^  &c.  and  s  any  convenient 
number  in  the  geometrical  progression  1,  10,  100,  1000,  &c. 
Now  it  has  been  found,  that  the  density  of  rain-water  is  more 
nearly  uniform  in  diflferent  circumstances  of  time  and  plafce, 
than  any  other  substance,  whether  solid  or  fluid ;  and  by  a 
fortunate  coincidence  it  happens,  that  the  weight  of  a  cubic  foot* 
of  rain-water  is  exactly  1000  ounces  avoirdupoise.  If,  then,  we 
make  w  zz  1000,  w  z=  1,  and  s  z=  1000,  we  shall  obtain  w  zr  M 
X  s,  that  is,  the  weight  of  any  body  in  avoirdupoise  ounces  will 
be  equal  to  the  product  of  the  magnitude  in  cubic  feet  ^  into  the 
specific  gravity  taken  from  that  scale  in  which. the  specific  gra^ 
vify  of  rain-water  is  1000.  Hence  it  appears,  that  a  know-' 
ledge  of  the  specific  gravities  of  homogeneous  bodies  will  en- 
able us  to  determine  their  weight,  without  actually  weighing 
them,  provided  we  can  ascertain  their  magnitudes :  and  con-  ^ 
versely,  however  irregular  the  shape  of  bodies  may  be,  if  we\ 
know  their  weights  and  specific  gravities,  we  may  readily  deter- 
mine their  magnitudes  in. feet,  namely,  6y  dividing  the  weight 
in  (woirdupoise  ounces,  by  the  specific  gravity,  or  by  the  weight 
of  a  xubic  foot  in  avoirdupoise  ounces. 

But  in  philosophical  subjects  the  weights  of  bodies  being  for 
the  most  part  small,  are  estimated  in  Troy  ounces  or  grains,  the' 
magnitudes  being  referred  to  a  cubic  inch  as  a  standard.  .  Now. 
a  Troy  ouncd  is  to  an  avoirdupoise  ounce  as  480  to  4ST| :  con- 

■ 

sequently  ^^  x  -~  =  '52746  of  an  ounce  Troy,  or  253*181 

grains,  the  weight  of  a  cubic  inch  of  water.     And  hence  the 
magnitude  of  a  solid,  estimated,  in  cubic  inches,  is  =:  ^, 

when  the  weight  w  is  in  grains ;  or  =  ,  when  the  weight 

is  known  in  Troy  ounces.    /And  conversely,  the  weight  esti- 
mated in  grains  =  253*  181  x  m  x  s,  when  the  magnitude  m  is' 
in  cubic  inches;  and,  if  estimated  in  Troy  ounces,  w  =  '52746- 
X  M  X  s.    In  all  these  case^  s  being  the  specific  gravity,  id 
terms  corresponding  to  1000,  for  that  of  rain-water. 

Hence  also  we  may  shew  bow  to  determine  very  accurately, 
the  diameter  d  of  any  small  sphere,  whose  specific  gravity  i$  s 
(to  that  of  water  1000),  its  weight  w  being  known  in  grains. 
For  the  content  of  a  sphere  whose  diameter  is  1  being  *523598, 
we  have  1  :  0\523598  : :  253-181  gr.  (the  weight  of  a  cubic, 
'inch  of  water)  :  132*5648  gr.  the  weight  of  a  «phere  of  water, 
whose  diameter  is  1  inch.  Therefore,  since' the  weights  are  as 
the  magnitudes  and  specific  gravities  conjointly;  and  the  inag-; 

BB  2 
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lutvdes  of  spheres  are  as  the  cubes  of  their  duoneters^  we  have 
185['5648'D'«y5~  =:  w;   whence  we  find  D  r:  V96l^0B 

After  a  manner  not  Yeiy  widely  different,  may  various  other 
useful  rules  and  theorems^  applicable  to  the  admeasorement  of 
bodies  either  regular  or  irregular,  be  easily  deduced.  What  is 
done  above  is  intended  chiefly  as  a  specimen  of  the  method; 
but  it  serves  at  the  same  time  to  shew  the  importance  of  ail 
acquaintance  with  the  specific  gravities  of  different  substances^ 
We  now  proceed  to  exhibit  the  most  useful  propositions  in  this 
branch  of  our  subject. 

S^.  Pkop.  ui  body  immersed  in  a  fluid  mil,  when  lefi  to 
itself,  sink,  if  its  specific  gravity  be  greater  than  that  rfthe 
fluid:  it  will  rise  to  the  surface  andflomt  there,  if  its  spgc^ic 
grmity  he  less  than  that  of  the  fluid:  but,  if  the  apedfle  gra^ 
vities  of  the  solid  and  fluid  be  equal,  the  body  wiU  rest  in  any 
part  wherever  it  happens  to  be  placed. 

1.  For  the  body  endeavours  to  descend  by  its  own  weighty 
and  is  supported  by  a  force  equivalent  to  the  weight  of  an  equal 
bidk  of  fluid,  or  of  as  much  fluid  aa  will  fill  the  qpace  occupied 
by  the  body.  If,  therefore,  the  body  be  heavier  than  the  fluid, 
bulk  for  bulk,  its  w^ht  wiU  be  greater  than  the  upward  pres*- 
sure  of  the  fluid  which  is  to  counteract  it,  and,  conaequ^dy, 
this  latter  pressure  is  not  sufficient  to  prevent  Uie  body  from 
sinking. 

2.  If  the  body  be  specifically  lightei*  than  the  fluid,  its  pres- 
sure downwards  will  be  less  than  the  upward  pressure  or  the 
water  at  the  same  depth ;  consequents^ ^  in  tliis  case  aW  the 
greater  force  will  overcome  the  less,  and  the  surplus  cause  the 
boidy  to  rise. 

3.  When  the  body  and  the  fluid  are  of  the  same  specific 
gmvity,  equal  masses  of  each  are  of  the  same  weight,  amd  eon- 
sequently  the  force  with  which  the  body  tends  to  deseend^ 
Sffird  the  force  which  opposes  the  descent,  are  equal  lo  each 
other;  and  as  they  act  in  contrary  directions,  die  body  will  Test 
between  them,  so  as  neither  to  sink  by  iC6  ow»  weight,  nor  to* 
ascend  by  the  upward  pressure  of  the  fluid. 

CoR.  1.  If  by  any  contrivance  the  specttk  gravity  of  «  soM 
can  be  so  vkrved,  as  to  be  onu  while  grestter,  wMii&tless,  and 
then  equal  to  the  specific  gravity  of  £e  fluid  wbevMO-it  is  kn- 
snersed,  the  body  will  sink,  or  rise,  or  remaia  suspended^  ae- 
cordmg  to  the  variations  of  its  specific  gravity. 

This  is  the  case  in  the  experiment  with  those  little  ghss 
images  (which  soune  philosoplieni  exhibit  ia  their  js^tures) 
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which  are  made  to  ascend  iiv  descend^  or  remain  BnspeHded,  at 
pleasure. 

CoE.  £.  If  a  solid  specifically  heavier  than  a  fluid  be  im- 
mersed ^o  a  depth  viiiich-is  to  its  thickness,  as  the  specific  gra- 
vity of  the  solid  to  that  of  the  fluid^  and  the  pressure  of  the  fluid 
fi-om  above  be  removed,  the  body  will  be  su&taiiied  by  die  Aui^. 
For  tfae  fN-easure  from  above  being  removed,  the  foody  is  in  Ikut 
sanoe  «taete  with  respect  to  tfie  contrary  pressnpe,  as  though  with 
the  saiae  weight  it  filled  the  whole  «pace  to  tfie  ^urfiaoe  of  iSbik 
fluid;  ihat  is,  as  though  its  «pedfic  .gravity  and  tfiat  of  llie  AmA 
were  equal. 

This  serves  for  the  explication  of  the  common  experiment  of 
making  lead  swimf  in  consequence  of  being  fitted  to  the  bottom 
of  a  glass  tube« 

Cor.  3.  Hence  also  we  see  the  meaning  of  the  "proposition, 
that  all  bodies  when  4m»iereed  in  njluid  iose  the  weight  of<m 
equal  bulk  of  that  fluid  (art  394.  III.)-  The  weight  is  not 
otherwise  lost  than  as  it  is  sustained  by  the  action  of  a  contrary 
force.  And  it  therefore  becomes  obvioua,  why  the  weight  of  a 
bucket  of  water  is  not  pepceived  while  it  is  in  the  water ;  it  ift 
not  because  that  weight  is  destre^fed,  but  because  it  is  supported; 
not  because  fluids  do  not  gravitate  when  they  are  in  fluids  of  the 
same  sort,  but  because  there  is  a  pressure  m  a  contrary  direc- 
tion which  is  precisely  equal  to  their  gravity. 

Cor.  4.  The  weights  thus  lost,  by  immerging  the  same  body 
in  different  fluids,  are  as  the  specific  gravities  of  the  fluids. 

CoR.  5.  Bodies  of  equal  weight,  but  different  bulk,  lose  in 
the  same  fluM  weights  which  are  rec^Mrocaily  as  the  ap^fic 
gravities  of  the  bodies,  or  directly  as  dteir  tmlks. 

Cor.  €•  Tbe  whole  wei^t  of  a  liody  which  wfll  doait  in  a 
fluid,  is  equal  to  die  weight  of  as  much  of  the  fluid  as  4ie  im- 
mersed part  of  the  body  cbsplaces. 

Co&.  7.  Hence  the  magnitude  of  the  whole  body  is  to  that 
of  the  part  immersed,  as  the  specific  gravity  ef  the  fluid  to  that 
of  tliQ  body.  And,  if  the  body  be  any  prism  with  its  base  kept 
horizontal,  the  altitude  of  the  prism  will  be  to  the  depth  im* 
mersed,  as  the  specific  gravity  of  the  fluid  to  that  of  the  body. 

Cor.  ^.  And  because,  when  the  weight  ef  a  body  taken  in  a 
fluid  is  subtracted  from  its  weight  out  of  the  fluid,  the  difference 
is  the  weight  ef  an  equal  volume  of  the  .fluid;  this,  therefture,  is 
to  its  weight  in  the  air,  as  the  specific  gravity  of  the  fluid  is  to 
that  Oif  the  body. 

Consequently,  if  w  be  the  weight  of  a  body  in  air, 

w^  its  we^bt  in  water,  or  any  bther  fluid ; 
8  tbe  apeofic  gravi^  of  the  lM>dy, 
« the  fiqpecific  f  ravkjr  of  Jtfae  fluid. 
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we  shall  have  w— w' ;  w  : :  s  :  s ;  whence 

s  =: r^9  the  specific  gravity  of  the.  body, 

and  s  =  --^ s^  the  specific  gravity  of  the  fluid. 

So  that  the  specific  gravities  of  bodies  are  as  their  weights  in  the 
air  directly,  and  their  loss  in  one  and  the  same  fluid  inversely. 
,  CoR.  9.  H^nce,  for  two  bodies  connected  together,  or  mixed 
together  into  one  compound  of  different  specific  gravities,  we 
may,  supposing  there  is  wo  penetration  of  dimefisions,  easily  de- 
duce the  necessary  equations. 

.  Let  the  respective  weights  and  specific  gravities  be  denoted 
thus : 

H  =  weight  of  the  heavier  bo^y  in  air,  ?  g  -,  j^g  -g       .  gravity 
h'  =  weight  of  the  saiaae  in  water,         \  F     •  5        J ' 

L  =:  weight  of  the  lighter  body  in  air,  5  g,_j  aravitv 

l'  =  weight  of  the  same  m  water,         y  r    •  &        ^ ' 

c  =  weight  of  the  compound  in  air,     /    /, 
c'  =  weTght  of  the  same  in  ^.atCr,        J  «  '  =  ^^  spec  gravity  ; 
s  zzihe  specific  gravity  of  water.    Then, 

1st.  (h  —  hO  s  =:hs. 

£d.  (l  -  l')  s'  ==hs.  * 

3d.  (c  —  c')  s'^  =  cs. 

4th.  H  +  L  =  c. 

5th.  h'  +  l'  =  d. 

From  which  equations  any  of  the  above  quantities  may  be 
found  in  terms  of  the  rest. 

;  If  the  body  l  be  of  less  specific  gravity  than  water,  then  l' 
must  be  considered  as  negative,  and  to  find  its  specific  gravity 
we  must  have  recourse  to  a  compound  mass,  as^  c :  thus,  because 
from  eqiia.  4  and  5,  L  /—  l'  :=  (c  —  &)  —  (h  —  h')  ;  and  from 

equa.  2.  s'  =: j ;  consequently,  substituting  for  l  —  l'  its 

value,  we  have  s'  =  . — -r — z jr'.     Or,  if  we  deduce  the  va- 

'  (C  — C)— (H— h')  ' 

lue  of  s'  from  the  last  equa.  we  shall  thence  find  s'  = -^. 

,^  CS  — HS' 

398.  Prop.  If  a  vessel  contain  two  immiscedble  fluids  (such 
as  water  and  mercury)^  and  a  solid  of  some  intermediate  specie 
gravity,  be  im7nersed  under  the  surface  of  the  lighter  fluid  and 

float  on  the  heavier;  the  part  of  the  solid  immersed  in  the 
heavier  fluid  is  to  the  zohole  solid,  as  the  difference  between  the 
specific  gravities  of  the  solid  and  the  lighter  fluid  to  the  dif 

ference  between  the  specific  gravities  of  the  two  fluids. 
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;.  Let  the  specific  gravity  of  the  heavier  fluid  be  s,  the  part  of 
the  body  immersed  in  it  =>:  b  ;  the  specific  gravity  of.  the  lightf^r 
fluid  =  s\  the  part  of  the  body  immersed  in  it  =  b^;.  and  let 
the  specific  gravity  of  the  body  be  s.  Let  also  the  area 
of  the  horizontal  section  of  the  solid  coinciding  with  the 
contiguous  surfaces  of  the  two  fluids  be  =  A^  and  its  per- 
pendicular distance  from  the  upper  surface  of  the  lighter 
fluid  be  =  d.  Then  (art.  394.)  the  pressure  against  the  section 
A  from  the  lighter  fluid  will  be .  Acf  —  bV  ;  which^  added  to 
the  weight  of  the  solid  (b  +  b')  s,  will  give  the  whole  force  by 
which  this  section  of  the  solid  is  urged  downwards.  And  the 
pressure  upward  against  the  same  section  is  Ad.+  BSi  .  But  as 
the  solid  is  sustained  in  equilibrio  by  these  contrary  forces^  they 
must  be  equal;  that  is,  Ad  —  bV  +  (b+  b')  s  =  Ad  +  b«: 
whence  we  find  bs  +  b's  =  bs  +bV,  or  b  :  b  ' : :  s  —  / :  «— s, 
or  lastly,  b  :  B  +  b'  : :  s  —  / : :  5  —  /> 

CoR.  1.  The  analogy  b  :  b'  : :  s  —  s' :  5  —  s,  may  .be  thus  ex- 
pressed in  words :  /Is  the  part  of  the  solid  within  the  heavier 
fluid  ^  to  the  part  zmthin  the  lighter;  so  is  the  difference  between 
the  specific  gravities  of  the  solid  and  lighter  fluid  to  the  dif" 
ference  between  the  specific  gravities  of  the  heavier  fluid  and  the 
solid. 

.  Cor.  2.  When  the  specific  gravity  of  the  lighter  fluid  is 
very  small,  compared  with  that  of  the  heavier  or  that  of.  the 
solid,  then  we  may,  without  any  sensible  error,  use  the  propor- 
tion b  :  b  ^7  B : :  s  :  5.  Thus,  if  the  lighter  fluid  be  air,  the 
heavier  water,  and  the  solid  elm-wood,  their  specific  gravities 
being  l|,  1000,  and  600  respectively,  then  would  the  ratio  of 
(^0  -  If:  1000  -  II  or  588{:  988|  be  yery  nearly  equal  to  that 
of600:1000. 

Cor.  3.  Hence  also  it  appears,  diat  the  common  rule  for 
ascertaining  the  specific  gravities  of  a  fluid  and  a  lighter  solid 
by  the  ratio  of  the  part  immersed  to  the  whole,  is  not  accurately, 
though  nearly,  true ;  because  the  air  is  a  heavy  fluid,  and  there- 
fore every  solid  floating  on  a  fluid  and  in  air,  is  in  fact  a  solid  of 
intermediate  specific  gravity  floating  between  two  immisceable 
fluids.  We  may,  however,  render  the  rule  accurate,  by  sub- 
ducting  the  number  expressing  the  specific  gravity  of  air  from 
the  two  numbers  expressing  the  specific  gravity  of  the  solid  and 
the  fluid  on  which  it  floats ;  the  remainders  will  express  the  ac- 
tual ratio  between  those  specific  gravities,  and  may  be  reduced 
to  the  usual  standard  by  a  simple  and  obvious  analogy. 

.  •  399.  Prop.  To  find  the  specific  gravity  of  a  body. 

This  may  be  done  generally  by  means  of  the  hydrostatic 
balance^  which  is  a  kind  of  balance  contrived  for^the  exact  and 
easy  determination  of  the  weight  of  bodies^  ei^ier  in  the  aiTrPi* 
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Mfben  immersed  in  water ;  (aee  vol.  IL  for  a  description  of  tliis 
inaCrument).    The  problem  may  be  divided  into  three  caaes,- 
aabeiow. 

I.  Wktn  the  body  is  heavier  than  water':  weigh  it  both  in 
ynbdTf  and  out  of  water^  and  the  difference  of  ^eae  weights 
will  express  the  weight  lost  in  water.  Then  if  B  represent  die 
wei^t  of  the  body  out  of  water,  B^  its  weight  in  water,  s  its 
specific  gravity,  and  $  the  specific  graiity  of  water,  the  first 
equation  in  cor.  9«   art.  397^  will  become  (b  —  b')  s  =  Bs, 

tilience  we  find  s  = j- ;  consequently  the  general  rule  in 

words  at  lesgth  is  this : 

Ab  the  weight  lost  in  water 

Is  to  the  whole  or  absolute  weight ;  ^         , 

So  is  the  specific  gravity  of  water 

To  the  specific  gravity  of  the  body. 

II.  When  the  both/  will  not  sink  in  water,  being  specijieally 
lighter.  la  this  case  attach  to  it  a  piece  of  Another  foody 
heavier  than  water,  'so  that  the  mass  compounded  of  the  two 
may  sink  together.  Weigh  the  denser  body  and  the  compound 
body  separately,  both  out  of  the  water  and  in  it ;  and  find  how 
much  each  loses  in  water,  by  subtracting  its  weight  in  water 
^om  its  weight  in  air ;  and  subtract  the  less  of  these  remainders 
frctti  the  greater.     Then  use  this  proportion : 

As  the  last  remainder 
Is  to  the  weight  of  the  light  body  in  air ; 
So  is  the  specific  gravity  of  water 
To  the  specific  gravity  of  the  body. 
This  also  follows  from  cor.  9.  art.  S97,  where  it  was  shewn 

that  s'  = 


L« 


(c-co-(«-"Hr 

III.  When  the  specific  gratnty  of  a  fluid  is  required.  Talce 
a  piece  of  some  body  of  known  specific  gravity;  weigh  it  both 
in  and  out  of  the  fluid,  and  find  the  loss  of  weight  by  taking  the 
difierence  of  these  two  :  then  say, 

As  the  whole  or  absolute  weight 
Is  to  the  loss  of  weight ; 
So  is  the  specific  gravity  of  the  solid 
To  the  specific  gravity  of  the  fluid. 
This  rule  flows  evidently  from  cor.  4?.  art.  397. 
On  the  same  principle,  Hkewise,  depends  the  use  of  the  by* 
drometer,  as  will  soon  be  seen  (art.  401.). 

400.  Prop.  To  find  the  respective  weights  of  two  known  ih* 
gredients  in  a  given  compound. 

If  we  adopt  the  notation  in  cor.  9.  art.  3^7.  and  make  fase  of 
the  4th  and  0th  equatioiis  there  given,  namely,  B'f-I^C;^ 
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and   — I-  i-  =  -5,  we  shall  thence  find  h  ;c  p-^^  c,  and  t  =:. 

L-i  ^>B^*     From  M'hence  we  deduce  the  following  rule  in  words* 

at  length : 

Take  the  three  diflerences  of  every  pair  of  the  three  specific 
gmviticrs,  viz.  the  specific  gravities  of  the  compound,  and  oi 
each  ingredient ;  and  nmltiply  each  specific  gravity  by  the  dif- 
ference of  the  other  two  i  then  say. 

As  the  greatest  product 

Is  to  the  whole  weight  of  the  compound; 

So  is  each  of  the  other  two  products 

To  each  respective  weight  of  tfie  two  ingredients. 
Cor.  If,  instead  of  finding  the  weights,  we  were  to  find  the 
magnitudes  M  and  m'^  of  the  two  ingredients,  the  specific  gra<^ 
vities  being  as  above ;  we  should  have  the  weight  of  M  =:  SM, 
and  the  weight  of  m'  =:  s'm^  while  the  weight  of  the  compound 
would  be  s''(m  +  m^-  Hence  vee  should  have  sm  +  s'**' 
rr  s'''m  4-  fif'u\  an  equation  similar  to  that  in  art.  39S.  and, 
consequently,  similar  analogies,  viz.  m  :  m' : :  s''— s':tB  — s"; 
and  m:  M  +  m':  :  s"— s':  s  — s'. 

It  is  here  supposed  that  the  magnitude  M  +  m'  of  the  com- 
pound is  equal  to  the  sum  of  the  magnitudes  of  the  two  parts 
when  separate.  But  it  very  frequently  happens  that  the  mag- 
nitude of  the  mixture  is  less  than  this  sum ;  a  circumstance 
which  is  probably  occasioned  by  two  causes,  the  different  mag- 
nitudes of  the  constituent  particles  of  the  two  bodies,  and  their 
chemical  affinity.  But  this  rule  is,  notwithstanding,  of  use  in 
determining  the  quantity  of  penetration  or  rarefiiction,  by  com- 
paring the  computed  magnitudes  or  densities  with  those  which 
are  dfacovered  by  observation. 

On  the  Hydrometer. 

401.  The  Hydrometer^  or  Areometer,  is  an  instrument  con* 
trived  to  measure  the  specific  gravity  of  water  and  other  fluids  \ 
and,  indeed,  has  sometimes  been  made  use  of  to  determine  the 
specific  gravity  of  solid  bodies.  The  general  principle  ^n 
which  the  construction  and  use  of  the  h}drometer  depends  is 
contained  in  cor.  4.  art.  S97.  from  which  it  follows  that  a  body 
specifically  lighter  than  several  fluids  will  serve  to  find  out  their 
specific  gravities,  because  it  will  sink  deepest  in  the  fluids  whose 
specific  gravity  is  the  least.  Thus,  if  ab  (fig.  9.  pi.  XVI.)  be 
a  small  uniform  glass  tube,  hermetically  sealed,  having  a  scale 
.  of  equal  divisions  marked  upon  it,  with  a  hollow  ball  of  about 
an  inch  in  diaimeter  at  bottOQi^  and  a  smaHer  ball  c  under  it^ 
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communicating  with  the  first ;  into  the  little  ball .  is  put 
mercury  or  small  shot,  before  the  tube  is  sealed,  so  that  it  may 
sink  in  water  below  the  ball,  and  float  or  stand  upright,  the 
divisions  on  the  stem  shewing  how  far  it  sinks.  If  this  in- 
strument be  dipped  in  common  water,  and  sink  to  D,  it  will 
sink  only  to  some  lower  point  £  in  salt  water ;  but  in  port  wine 
it  will  sink  to  some  higher  point  f,  and  in  brandy  perhaps  to  b. 
It  is  evident  that  ixn  hydrometer  of  this  kind  will  only  shew 
that  one  liquid  is  specifically  heavier  than  another;  but  the 
true  specific  weight  of  any  liquid. cannot  be  determined  without 
a  calculation  for  this  particular  instrument,  the  tube  of  which 
should  be  truly  cylindrical.  Besides,  these  instruments  will  not 
serve  for  fluids  whose  densities  are  much  different. 

402.  Mr.  Clarke  constructed  a  new  hydrometer,  shewing 
whether  any  spirits  be  proof,  or  above  or  below  proof,  and  in 
what  degree.  This  instrument  was  made  of  a  ball  of  copper 
(because  ivory  imbibes  spirituous  liquors,  and  glass  is  apt  to 
break),  to  which  is  soldered  a  brass  wire  about  a  quarter  of  an 
inch'  thick;  upon  this  wire  is  ms^rked  the  point  to  which  it 
exactly  sinks  in  proof  spirits ;  as  also  two  other  marks,  one 
above  and  one  below  the  former,  exactly  answering. to  one-^tenth 
above  proof  and  one-tenth  below  proof.  There  are  also  a 
number  of  small  weights  made  to  add  to  it,  so  as  to  answer  to 
the  other  degrees  of  strength  besides  those  above,  .and  for  de« 
termining  the  specific  gravities  of  different  fluids. 
.  403.  Dr.  Desaguliers  contrived  an  hydrometer  for.  deter- 
mining the  specific  gravities  of  different  waters  to  such  a  degree 
of  nicety,  that  it  would  shew  when  one  kind  of  water  was  but 
the  40,000  part  heavier  than  another.  It  consists  of  a.  hollow 
glass  ball  of  about  3  inches  in  diameter,  charged  with  shot  to  a 
proper  degree,  and  having  fixed  in  it  a  long  and  very  slender 
wire,  ot  only  the  40th  part  of  an  inch  in  diameter,  and  divided 
into  tenths  of  inches,  each  tenth  answering  to  the  40,000  part, 
as  above.     See  his  Exper.  Philos.  vol.  2.  p.  234. 

404.  Mr.  Nicholson  has  made  an  improvement  by  which  the 
hydrometer  is  adapted  to  the  general  purpose  of  finding  tiie 
specific  gravity  both  of  solids  and  fluids,  (fig.  8.  pi.  XVI.).  a 
is  a  hollow  ball  of  copper  ;*'b  a  dish  aflixed  to  the  ball  by  a  short 
slender  stem  d  ;  c  is  another  dish  affixed  to  the  opposite  side 
of  the  ball  by  a  kind  of  stirrup.  In  the  instrument  actually 
made,  the  stem  d  is  of  hardened  steel,  77  of  an  inch  in  diameter, 
and  the  dish  c  is  so  heavy  as  in  all  cases  to  keep  the  stem  ver- 
tical when  the  instrument  is  made  to  float  in  any  liquid.  The 
parts  are  so  adjusted  that  the  addition  of  1000  grains  in  the 
upper  dish  b,  will  just  sink  it  in  distilled  water  (at  the  tempera- 
ture of  60°  of  Fahrenheit's  thermometer)  so  far  that  the  e^ribce 
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shall  intersect  the  middle  of  the  stem  d.  Let  it  now  be  required 
to  find  the  specific  gravity  of  any  fluid.  Immerse  the  instru- 
ment in  it,  and  by  placing  weights  in  the  dish  b  cause  it  to 
float,  so  that  the  middle  of  the  stem  d  shall  be  cut  by  the  sur- 
face of  the  fluid.  Then,  as  the  known  weight  of  the  instru- 
ment, added  to  1000  grains,  is  to  the  same  known  weight  added 
to  the  weights  used  in  producing  the  last  equilibrium,  so  is  the 
weight  of  a  quantity  of  distiHed  water  displaced  by  the  floating 
instrument,  to  the  weight  of  an  equal  bulk,  of  the  fluid  under 
examination.  And  these  weights  are  in  the  direct  ratio  of  the 
specific  gravities. 

Again,  let  it  be  required  to  find  the  specific  gravity  of  a  solid 
body  whose  weight  is  less  than  1000  grains.  Place  the  instru- 
ment in  distilled  water,  and  put  the  body  in  the  dish  b.  Make 
the  adjustment  of  sinking  the  instrument  to  the  middle  of  the 
stem,  by  adding  weights  in  the  same  dish.  Subtract  those 
weights  from  1000  grains,  and  the  remainder  will  be  the  weight 
of  the  body.  Place  now  the  body  in  the  lower  dish  c,  and  add 
more  weight  in  the  upper  dish  b,  till  the  adjustment  is  again 
obtained.  The  weight  last  added  will  be  the  loss  the  solid 
sustains  by  immersion,  and  is  the  weight  of  an  equal  bulk  of 
water.  Consequently  the  specific  gravity  of  the  solid  is  to  tliat 
of  water,  as  the  weight  of  the  body  to  the  loss  occasioned  by 
the -immersion.  Mr.  Nicholson  says,  "  This  instrument  was 
found  to  be  sufficiently  accurate  to  give  weights  true  to  less 
than  one-twentieth  of  a  grain.'*  iiichohonh  Fhilosophi/,  vol. 
II;  p.  16.     See  also  the  art.  Gravimeter  in  our  second  volume. 

405.  The  areometer  invented  by  M.  de  Parcieux  in  1766, 
and  presented  to  the  Academy  of  Sciences,  is  very  simple  in  its 
structure,  and  at  the  same  time  very  convenient  in  application, 
and  furnishes  very  accurate  results.  This  instrument  consists 
of  a  small  glass  phial,  about  two  inches^  or  at  most  two  inches 
and  a  half,  in.  diameter,  and  seven  or  eight  inches  long.  Its 
*i>ottoto  inust  not  be  bent  inwards  (as  bottles  and  phials  com- 
monly are),  lest  iair  should  be  lodged  in  the  cavity  when  it  is 
immersed  in  any  liquid.  The  mouth  is  closed  with  a  very  tight 
cork  stopper,  into  which  is  fixed,  without  passing  through  it,  a 
Yery  straight  wire  (of  iron  or  of  brass)  about  a  line  in  diameter, 
and  twenty-eight  or  thirty  inches  long.  The  bottle  is  then 
loaded  in  such  a  manner,  by  introducing  into  it  small  grains  of 
shot,  that  the  instrument  when  immersed  in  the  lightest  of  the 
liquids  to  be  compared,  sinks  so  as  to  leave  only  the  end  of  the 
ynxe  above  its  surface,  while  in  the  heaviest  the  wire  is  immersed 
some  inches.  This  may  be  properly  regulated  either  Jl>y  aug- 
ineilting' or  dimini^ng  the  weight  in  the  bottle  ;  or  by  attach- 
inga  liHledish^  or  basis  to  the  top  of  the  wire>  and  changing  the 
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weights  in  it ;  or  by  varying  the  thickness  of  the  wire.  "To 
perform  experiments  of  this  kind  it  will  be  necessary  to  have 
a  vessel  for  the  reception  of  the  fluid  to  be  tried ;  a  convenient 
size  would  be  a  cylinder  of  3  or  4  inches  in  diameter,  and  as 
many  feet  in  length  :  it  may  be  made  of  tin  plate  ;  and  a  scale 
divided  into  inches  and  lines  may  he  carried  up  above  one  side 
of  the  vessel,  which  will  s^ve  to^  measure  the  different  depths 
of  immersion  in  the  fluid,  by  noting  the  division  on  the  scale 
against  which  the  top  of  the  wire  stands.  M.  de  Parcieux 
recommends  the  use  of  two  instruments  of  this  kind  at  once, 
in  order  that  two  fluids  may  be  compared  at  the  same  instant. 

The  areometer,  when  thus  constructed^  will  exhibit  very 
sensibly  the  least  difference  in  the  specific  gravities  of  different 
Kquors,  or  the  changes  which  the  same  liquor  may  experience, 
in  this  respect,'  under  different  circumstances.  Indeed  M. 
Montucla  says,  ^'  we  have  seen  an  instrament  of  this  kind,  the 
motion  of  which  was  so  sensible,  that  when  immersed  in  water 
cooled  to  the  usual  temperature,  it  sunk  several  indies  wkil« 
the  rays  of  the  sun  fell  upon  the  water,  and  immediateiy  rose 
on  the  rays  of  that  luminary  being  intercepted.  .  A  very  Mnafl 
quantity  of  salt  or  sugar  thrown  into  the  water  mad^4t  aho 
rise  some  inches.'^    Huiton*$  Montucla^s  Recreations,  voi.  ii. 

406.  We  here  add  a  few  articles  respecting  the '^theory  of 
this  areometer;  observing,  by  the  by,  that  the  same  theory 
may,  with  slight  and  obvious  modifications,  be  applied  to  tli« 
examination  of  any  other  instrument  of  a  nearly  similar  kktdl 

Lets^  denote  the  specific  gravity  of  the  fluid, 

c  the  capacity  or  volume  of  the  phial, 

w  the  total  weight  of  the  areometer, 

l  the  length  of  the  part  of  the  wire  immersed, 

r  its  semidiameter, 

ir  the  multiplier  3*141593. 
Then  will  ner^  represent  a  section  of  the  wire  parallel  lib  itfe 
axis,  and  irr*/  the  content  of  the  wire.  And  when  the  aiiKO^ 
meter  is  in  equilibrio,  if  we  consider  that  it  displaces  a  portion 
of  the  fluid  whose  weight  is  equal  to  its  own,  we  shall  haVe  v^^ 
«  (c  +    rH) ;  whence  we  deduce 

10  J  I       to  — rs 

£  zn  — r— — ,  and  /  =  — 7-. 

407.  Let  us  first  consider  the  equation  /=  *-^^«     Here  the 

quantity  w^cs  expresses  the  difference  between  the  weight  orf 
the  areometer,  or  that  of  the  liquor  displaced,  and  due  weigiit 
of  the  quantity  displaced  by  the  {diial  only:  it  is  therefore  the 
weight  of  the  fluid  displac^  by  the  part  of  the  wire  vriiicli  k 
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immersed  in  it  But,  considering  the  minuteness  of  the  dia- 
meter,  and  consequently  of  the  radius  r,  the  difference  »*-c«  ia 
a  very  small  quantity,  equal  perhaps  to  a  few  grains;  so  tbt|t  a 
very  inconsiderable  variation  in  s  or  in  «>  must  cause  a  great  one 
in  if  which  is  tlie  leis^;th  of  the  portion  of  the  wire  plunged  in 
the  fluid.  ^ 

The  variations  of  /  are  more  especially  sensible  when  r  va* 
riesy  because  it  is  the  square  7'^  which  is  a  divisor  in  its  value : 
thus,  then,  we  may  see  how  it  happens  that  this  areometer  is 
so  well  calculated  to  render  manifest  the  slightest  differences  in. 
specific  gravities. 

Suppose  that  when  the  specific  gravity  s  becomes  5^,  the 
length  /  of  wire  immersed  is  changed  to  l\  and  we  shall  have , 

f  m  — iT" :  subtracting  the  value  of  /'  from  that  of  /,  and  mak- 

ing  the  necessary  deductions,  we  shall  have  /— /^=-    ;,  ;  this 

is  the  difference  in  the  depth  immersed,  occasioned  by  the  dif- 
ference of  density,  which,  cateris  paribus^  is  proportional  to  w. 
Thus  we  may  augment  the  sensibility  of  the  instrument,  re- 
lative to  the  variation  of  specific  gravity,  either  by  augmenting 
Wf  the  weight  of  fluid  displaced  by  the  areometer  (which  may, 
be  accomplished  by  enlarguig  the  phial,  or  by  putting  in  more 
shot,  or  by  loading  the  dish  at  the  top),  or  by  diminishing 
the  diameter  of  the  wire ;  and,  in  general,  all  other  things  being 

equal,  —  will  express  the  sensibility  of  the  instrument  with  re- 
gard to  the  specific  gravity  of  the  fluid. 

408.  But  when  the  specific  gravity  remains  the  same^  the  sen- 
sibility of  the  instrument,  the  quantity  by  which  it  sinks  by  the 
addition  of  a  little  weight,  depends  only  upon  that  little  zceiglU 

€nd  r*.     To  prove  this,  resume  the  equation  /  =:  —^  :  if  the 

areometer  be  charged  with  the  little  weight  eo,  I  becomes  i% 

:wbA  we  have  V  zz  ^--^^— »  Taking  the  first  of  these  equations 

from  4e  second,  there  will  remain  ^— /  =^~  :  so  that  the  va- 

riatioQ  in  the  immersion  Z'— /  is  proportional  to  —;  when  s  is 
constant  *. 

♦  la  using  the  aicometer  ii  is  often  requisite  to  kiww  the  diameter  of 
the  wire:  to  those  who  have  not  a  micrometer  M.  Prony  recommeuds  the 
following  method : 

Measure  the  length  of  the  wire  cxacdy ;  weigh  it  ho^h  iu  water  and 
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We  see,  thereforo,  that  two  areometers  may  be  equally  sen- 
sible when  the  specific  gravity  varies,  and  that  the  one  of  them 
may  have  need  of  an  additional  weight  to  descend  an  equal 
quantity  when  the  specific  gravity  remains  the  same.  Those, 
however,  which  have  the  little  basin  at  top  are  preferable,  be- 
cause they  are  more  solid,  the  wire  being  made  thicker ;  but 
chiefly  because  by  means  of  them  we  may  ascertain  more  pre 
cisely  the  difference  of  specific  gravities. 

409.  If  the  specific  gravity  s  becomes  /,  and,  in  order  to 
retain  the  areometer  at  the  same  depth,  it  be  necessary  that  the 

weight  w  become  w-^-w,  we  have  (art.  406.)  /  =  — ^^— rr-.     Di- 
viding  t*his  equation  by  the  equation  s  =;  -^ — — ,    there    re- 


in the  air,  and  take  the  difference  of  these  two  weights.  Calling  l  the 
whole  length  of  the  wire,  d  the  difference  between  its  weight  in  air  and 
in  \^ater,  s  the  specific  gravity  of  water,  and  d  the  diameter  of  the  wire ; 

then  is  D  =  2  V  .    This  may  be  done  very  expeditiously  by  means  of 

logarithms.  . 

To  find  the  thickness  of  the  wire  in  an  areometer  aheady  constructed, 
we  must  charge  the  little  basin  at  the  top  of  the  wire  with  a  certain 
weight,  and  examine  how  far  this  causes  the  instrument  to  descend  r 

then  we  must  put  in  the  formula  d  =  2  v^ ,  for  d  the  little  weight 

with  which  the  areometer  was  charged,  and  for  l  the  depth  of  immersion 

it  occasioned.    This  follows  from  the  equation  /'  —  /  =  — —,  which  gives 


2r=:D=2  \/    ,.    ,.. 

This  may  not  be  an  improper  place  to  describe  a  method  of  finding 
the  radii  of*^ small  cylinders  (such  as  axles  in  fine  machinery),  first  giveii, 
we  believe,  by  Mr.  Atwood;  which  is  this. — Having  fixed  to  the  ex- 
tremity of  a  very  fine  and  flexible  line  a  weight  sufficient  to  keep  it 
stretched,  fasten  the  other  extremity  to  the  axle  whose  radius  is  required  ; 
the  line  being  stretched  by  this  weight,  measure  by  a  scale  of  equal  parts 
any  convenient  length,  6  inches,  for  example,  and  mark  the  extremities 
of  the  length  so  measured.  Then  holding  the  axle  horizontally,  let  the 
measured  part  of  the  line  be  wound  rouna  it  in  the  form  of  a  helix,  the 
circumferences  being  every  where  contiguous.  Count  the  number  of 
revolutions,  and  parts  of  a  revolution,  and  represent  this  number  by 
n;  also  measure  the  length  of  the  cylinder  occupied  by  the  helix,  and 
let  this=a;  and  the  length  of  the  helix,  or  line  first  mentioned  =x; 

then  will  the  radius  of  the  cylinder  =  —i-- — r-i.    *'  The  exactness  of  this 

method  may  be  known,"  says  Mr.  Atwood,  **  by  observing  that,  if  the 
cylinder  be  truly  made,  and  the.  process  carefully,  repeated  with  different 
values  of  x,  n,  and  a,  the  radius  deduced  will,  however,  always  come  out 
the  same,  to  the  fourth  or  even  the  fifth  decimal  place.*'  '  .   ^ 
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suits  —  = — -,  a  formula  expressing  the  ratio  of  the  specific 

gravities. 

This  equation  stated  as  an  analogy  gives  s^ :  s  ::w  +  •»  :w, 

whence  s^—s  :  s ::  w  :ze),  and  /  —  5  =— ,  a  formula  which  gives 

the  difference  of  the  specific  gravities. 

When  this  theorem  is  applied  to  different  waters,  we  majr 
always  suppose  one  of  them,  as  s=l()00  ounces  averd.  without 
apprehending  aay.  sensible  error  in  the  value  of  s^— 5 :  for  the 
quantity  w  Ibeing  only  a  few  grains,  s  may  undergo  variations 

of  6  or  7  units,  without  the  product —  w  undergoing  any  such 

change  as  to  affect  the  accuracy  of  the  result.  So  that  in  find- 
ing the  difference  between  the  specific  gravities  of  two  waters 
it  is  not  absolutely  necessary  to  know  one  of  them  with  great 
precision. 

When  we  would  make  experiments  with  an  areometer  whose 
weight  is  exactly  tnown,  it  will  be  proper,  by  means  of  the 

equations—  1=  • — -,  and  /  — 5  n  -,  to  construct  a  table  which 

may  contain  the  ratios  and  the  differences  of  specific  gravities, 
answering  to  the  different  values  of  w  between  1  and  40  or  50 
grains :  such  a  tabic,  but  little  extended,  will  be  easy  to  calcu- 
late, and  will  save  the  labour  of  a  distinct  computation  for  every 
individual  experiment, 

4 10.  Previous  to  giving  a  table  of  medium  specific  gravities, 
we  shall  just  remark,  that  all  bodies  of  homogeneous  or  unor- 
ganised texture  expand  by  heat,  and  contract  by  cooling.    The 
expansion  and  contraction  by  the  same  change  of  temperature 
is  very  different  in  different  bodies.     Thus,  ws^er  when  heated 
from  60**  to  100**  increases  its  volume  nearly  ttt  of  its  bulk ; 
mercury  only  ttt,  and  Qiauy  substances  much  less.     Hence  it 
follows,  that  an  experiment  determines  the  specific  gravity 
only  in  that  very  temperature  in  which  the  bodies  are  exa- 
mined.    It  will  therefore  be  proper  always  to  note  this  temr 
perature ;  and  it  will  be  convenient  to  adopt  some  very  useful 
temperature  for  such  trials  in  general :  perhaps  about  6Qi'  of 
Fahrenheit's  thermometer  is  as  convenient  as  any.     It  may  al- 
\?ay8  be  procured  in  these  climates  vvithout  inconvenience.     A 
temperature .  near  to.  freezing,  would  have  some  advantages,  be- 
cause water  changes  its  bulk  very  little  between  the.  tempers^ 
ture  32^*  and  45\     But  this  temperature  caimot  always  be  ohi- 
tained.     It  will  much  conduce  to  the  facility  of  the  comparison 
to  know  the  variation  which  heat  produces  on  pure  water.    The 
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following  tMe,  taken  from  the  interesting  observations  of  Dr. 
Blagden  and  Mr.  Gilpin  (Phil.  Trans.  1792,  or  New  Abridge- 
ment^ vol.  XVII.  p.  263.),  will  answer  this  purpose. 


^v^ 

lemper- 

sitiirp  nf 

Bulk  of 

Specific 

Water. 

Water. 

Gravity. 

30 

- 

35 

99910 

1 .00090 

40 

99070 

1 .00094 

45 

99914 

1.00086 

50 

99932 

1 .00068 

55 

99962 

1 .00038 

60 

100000 

1 .00000 

65 

1000.50 

099950 

70 

100106 

0-99894 

75 

100171 

0-99830 

80 

100242 

0.99759 

85 

100320 

0.9968 1 

90 

100404 

0*99598 

95 

100501 

O.990O2 

100 

100602 

0.99402 

Those  gentlemen  observed  the  expansion  of  water  to  be  very 
tinomalous  between  32'  and  45*^,  a  fact  which  has  been  snbse- 
quently  traced  through  all  its  gradations  by  numerous  philoso- 
phers. This  is  distinctly. seen  during  the  gradual  cooling  .of 
water  to  the  point  of  freezing.  It  contracts  for  a  while,  and 
then  suddenly  expands.  But  we  seldom  have  occasion  to 
measure  specific  gravities  in  such  temperatures. 

Liquor-merchants  often  avail  themselves  of  this  circumstance 
t)f  the  expansion  of  fluids  by  heat,  by  contrivhig  to  make  their 
chief  purchases  in  the  winter.  M.  Homberg  and  M.  Eisen- 
schmid  found  the  absolute  weight  of  a  cubic  inqh  of  brandy  to 
i>e  4  drs.  42  grs.  in  the  winter,  ^nd  only  4  drs.  32  grs.  in  the  sum- 
mer;  and  in  spirits  of  nitre  the  difference  was  greater  jrtiH. 
And,  taking  the  average  with  respect  to  spirits  m  general,  it  is 
found  that  32  gallons  in  the  winter  will  expand  to  33  gaHons 
in  the  height  of  summer. 
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A  TABLE 

/"  the  Specific  Gravities  of  different  Bodies. 


Lead, 


.  11353 


ore  of,  cubic 75S7 

ditto  horuFd :. 6079 

ore  Df  black  lend,  6745 

ditto  white  lead,  40S9 

ditto  ditto  TJIreoui, 6^58 

ditto  l«d  lead,  6027 


MetalSi 

r.enide,.- 4064 

-,  glatiof, 4946 

-,  moltiD, 6703 

giais  of,  natural, 3594 

molttn, 5T63      ^—^  ditto  ntnrnitt,  S935 

nativa  orpimcDt,   5453     Mangonese,  strinled, 4756 

molten 9823     MolybdEnB 4739 

f  native, 9()30  Mercury,  solid  oc  oonsealed  ...15633 

1  oreof.in  plumes,...  4371       .fluent ....13568 

>t,  nut  hiimmered, ^  8396  .     ,  natuml  calx  of,        ..  9330 

to,  irite-drawn, S544      — ,  precipitate,  psrM,...  ID87I 

4,  ttMnmon. 7824      , — ,  precipiute  red 839» 

lolien 78ia      -.brown  rirahar,  I03IB 

lu#,  glus  of,  ...t 9441      ,  red  cinabar,  . ..  6903 

not  hammered, ,.  7789  Nickel,  molten,                            7807' 

hesama  wire-drainii ...  8ST6     ,  are  of,  called  Kupfai^ 

we  of  Koft  copper,  or  nickel  of  Sale        6648 

ral  Teidigr. 357»  .              Kupfer-nickel  of  Bohe- 

ra.  of  34  carets,  melted,  mia, 660T 

lot  hammered, 19S58      Platina,  crude,  in  grains, 1S603 

same  haiiimeied 19383      ,  puriBed,  not    him- 

risianHandard.SScar.  mered,  I9J00 

jammered, 17489      ..ditto  hammered,  ...90337 

Mme  hammered, 17589      ■    ,  ditto  wire-drawn,  ...9104^ 

Jiea,  of  Geo.  H I7IS0     — .  ditto  tolled, SS069 

iiMBofGeo.llI 17639  silver   Tir^in,  1!  ileaien,  fine, 

ankhgoldcuio 1765S  not  hammered 10474 

lUudducats, 19359      ,  ditto  hammered 10511 

iket  ttsndiird,  SO  car.  — — ,  Patii  standnrd,    10175 

Mmmered, 15709     .ihillingof  Geo.  ll. 10000 

uufchunniered, ....  15775  ,  rtJtling  of  Oeo.  Ilk  •...  109H 

t, 7907      ,  FtCTWheoin I...  10408! 

<tM  Carron,  7348  Tin,  pnreCoitiitta,  mdled,  and 

to,at  Sollierham 7157  not  hardened, 7391 

'.cither  bordenedornot,  7788      ,  the  came  Uardened    7999 

ther  Umpered  nor  hard-  — ,  of  Malacca,  not  h^irdcned,  799? 

It 7833      .the  same  har^eued,      7307 

ideoed,  but  not  tern-  — >— ,  ore  of,  red,  ...  6935 

<,_ 7840     ,oreaf,black 6901" 

nperedaiulbardened,..   7818      —~,  ore  of,  white, 60oK 

to  Hot  hardened 7816      Tungslea, 606S 

prinnatic, 733S      Uranium 6440 

wspeculir 5818      Wolfram, 7119 

to  lenticular,  SDI'i       Zinc,  molten, . .,.. 71?l 

I-  c  c        . 
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Precious  Stones. 

Beryl,  or  aqna-marine  oriental,  3549 

— --.  ditto  occidental S72S 

Chrfsolite,  of  the  jewellers 2783 

-,  of  Brazil 9692 

Crrttol,  pure  rock  of  Mad^at- 

car.  965a 

,  of  Brazil, 8653 

■ .European 2055 

■ ,i..5ecol'jureil,         ....  1610 

,ys\l(nf  ,.„  86S4 

.TioJet,  or  amethyst,    3654 

,  whBearaethyat,  S651    . 

• ,  CarthiginiuQ S657 

-; ,  black  265* 

Diamond,  whileorieiiUil 3531 

■)  ro)e-cotoured  orient.  3531 

.orange  ditto,  „ 3S50 

,,5re«iiditlo, ,.  ..  3584 

rblueditto, .' 35*5 

■ .BraailiaD,  3444 

■    ^: ,  jellow,  3519 

JEmeratd,  oCPi:ru,  2775 

Garnet, of  Bohamia 4189 

,Df  Sjrrifl, .....  ...  4000 

,  dodecaedral, .  ...  4063 

.Tolcanic,  24  ftces, 8468 

Oirasul 4000 

Hyaciriih,  common _.„  3687 

largor.  of  C>ylon  4*16 

fluertz,  crystallised, 3655 

.inlbemass, 8647 

-. ,  brown  cryalallisBd 2S47 

■ .fragile, 2640 

-■      M,  milky, S658 

——,  fat,  or  greasy,  ..._ 3646 

Ruby,  orienul, 4263 

- — ,  Spinel), 3760 

,  Ballas, 36*6 

,  Brazilian,    3531 

Sapphire,  oriental _ 3994 

.ditto  white, 3991 

- "     ■   ■  -,  ofpujrs 4077 

,  Br«zillan 31S1 

Spar,  white  parkling 8595 

.reddlllo, „ 3438 

—r—i  gtten  dine S704 

,  blue  siiarkliDF, .'....  8693 

,  green  and  white  ditto 3105. 

,  transparent  ditto, 3564 

-: ,  adamantine,     ■,  3873 

Topaz,  oriental, 4011 

I         .-,  pistachio  ditto, 4061 

,  Brazilian, 3536 

,  of  Saxe, 3564 

,*hite  ditto, 3554 

VeimiUoD, 4330 


Silicioui  Sloner. 


,  cloudy, 36S5 

,  ipeckled 3607 

.veined,....- 8657 

,  stained, 2632 

Calcedony,  common, 3616 

^  transparent, 3664 

. ,  veined 3606 

,  reddish, 3665 

,  bluish,. '258'7 

.  onyx, .» 3615 

Camellao,  pale,  3630 

,  specki.ed, 2612 

,  veined, 8633 

fOayx, B633 

,  stalactite,  .._.._,....  2591 

,  simple, _  8613 

Flint,  white, S594 

,  black,  8588 

,  vPined, -  2612 

,  Egyptian,  856* 

lade,  white,  S950 

-■ — ,  green ; 2966 

,  olive,  2983 

Jasper,  ctearEreen,  S359 

———,  brownish  green, 9681 

-f — .—.red, 9661 

,brown, 3691 

,  yellow, 2710 

.violet,..; 37U 

.cloudy, i7SS 

.Teined 2696 

,onyi S8I6 

. ,  red  and  yellov, 2750 

-,  bloody S6l!» 

.-....,  8114 


Opal, 
Pearl, 

Pebble,  ojiyi, ,.„..,  9664 

,  of  Reones, 3654 

,  English, 3600 

'    ,  veirtad, 3618 

.stained, 3«7 

PrashiDi, , 3561 

Sardonyx,  pure, „  9608- 

,  pal 3606 

.speckled 26«. 


—  , blackish, 3«9» 

,  black  prism.bexaedral,    3364. 

-,  octaedral, 3886- 

-,  tourmalin  of  Ceylon,  ...  30£4 

',  antique  bauUles,  2923 

-,  Brazilian  emerald,  . ...  31ift 

'.civuiiform,  ».....^.^.^  338^ 
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Stooe,  paving, 2416 

■— — ,  cQtlen, aill 

,  grind, S143 

,  mill, 2484 

Various  Stones,  Earths,  Sgc. 

AlBbatter,  oriratBl  white,  8730 

,  do.  scmi-tranaparenl,  a769 

■ .yelloiv, 2699 

,  stained  brown, 8T4* 

,*eiiKd, 8691 

,  of  PiedmODt, 2693 

■ ,af Malta S699 

,  Spanish  saline,  B713 

,  of  Valencia,  S6S8 

,  of  Malaga,  3iT6 

Amber,  yellaiT  tramparent, ....   I0T8 

Ambergri*, 9S6 

Aniiantho>,long, 909 

.than 2313 

Albeitos  ripe, 2578 

Bai^tesfromGianli'Caasewar,  £864 

Bitumen,  ofJidea 1104 

Brick, 2000 

Cbalk,  Spanish,  2790 

,  Coarse  Brianpon,  B787 

.  British, 2784 

GTpaam,  opaque,  916S 

,  >eini-tr9nsparent,  .  ..  2306 

— i ,anediHo 8274 

■     ,  rhoinboidal, 2311 

.ditto  10  feces,  2S12 

,  eunei  form  crystal  11  aed,  8306 

Glass,  greCD,         S642 

,  "hit* 2893 

— ,  hottie, 2733 

,  Leith  cryatal, 3189 

,  fluid 3329 

Granite,  red  Egyptian, S6S4 

Hone,  white  raior, 2876 

Lapis  nephriticus,  2894 

Lazuli 3054 

Hematites, 4360 

■  Caiaminaris,  5000 

— —  Jodaiens, 2300 

Hanali 2370 

timestflne,  3179 

'     ,  irbiteOuor, 3156 

-  -    ■ — ,  green 31S2 

Marble,  gippD,  Compnnlan 874* 

,  red, S7B* 

■ — ■ ,  white  Cassara,   2717 

-,  white  RiriBD. 283B 

I  ,  PyrenFan, 2726 

——,  h  lack,  Biscay  an S696 

■,  BrocatFlle 2650 

' — i.Castilian,^ 2700 

■',  Valencian, 2710 

—~,  white  OrenadaD, 2705 
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Marble,  Siennien, 267S 

,  Roman  violet, 2755 

.African, 2708 

^,*iolet  Italian, 2853 

jNorwegian, 2728 

,  Siberian, 271t 

,  jtreen  ^yptian, 866S 

—  -   -,  Swiaseriand, 2714 

.French 3649 

Obildlan  (tone, 2348 

Peal,  hard 1839 

PhotphoruB, 1714 

Porcelains,  Seve 2146 

,  Limoget, 9341 

.,  China,  2385 

Boiphyiy,  red, 276S 

,  gre*D, 367S 

,  red,  from  Danphiny,    279S 

— : >  red,  from  Curdoue,.,    9754 

itnia,  from  ditto,  ...  B7M 

Pyrites,  coppery, 4954 

,  feruginom  cubic,    3900 

,dittoTound, 4101 

.ditto,  of  St.  Domingo,..  3440 

Serpentine,opalte,peen  Italian.  2438 

,  ditto,  veined  black  and 

oliTe, 2594" 

,  ditto  rod  aud  black,..   3627 

• >,semi-tnDqia.graJDed,  3586 

,  ditto  Qbrous. 3000 

,  ditto  frum  Danphiny,  2669 

Slate,  common, 3673 

,  new^ 8854 

.black  stone, 2186 

,  fle*h  puliahed,  _ 2766 

Stalactite,  transparent, 33M 

,  opake, 2478 

Stone,  pumice, 915 

— — ipriimatic  basalles 2723 

. ,  touob,  _ 2415 

,  Sib«Han  blue,     89»S 

.orieotfll  ditto.    2771 

.common,  2530 

,  Briitol, 2510 

,  Burford 9049 

.PortUnd 3*96 

.rMr Wm 

,  Eotten,  ..„ 1981 

,  bard  paving, 2469 

,  rock  of  Chatillon 2I» 

,  clicard,  from  Brachet, ...  235T 

,  ditto  from  Ouchain 2274 

,  Notte-Daine,  2378 

^->-,  St.  Maur, 20M 

—.St Cloud, 2201 

Sulphnr,  native 3W3 

,  molten,    1991 

Talc,  of  Muscovy, 2792 

.black  crayon, 3089 

,diUoOernian, 8846 

,  yellow, 86SS 
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T*lc,  black,  .^ 9900 

■^— (White, 270* 

Liquort,  Oils,  ^c. 

Acid,  tulphurio, 1841 

— ^,  dilto  highly  concentrated,  2123 

.nitric,  1971 

- — "iilillo,  highly  ooiiCBntraled,  ISSO 

■  .muriatic 1194 

-^— ,  iiilaoetou*,      1093 

— — ,  nhii-eoeeKUH,  „ lOU 

—,  diilil  led  ditto, 1010 

—tflauiic,- ISOO 

— — ,Mctic 1063 

-~— ipboapborlc, 1568 

^— ^brmic, 99* 

Alcobul,  oQintnercral, 837 

.hi|hlr  reoUfied, ,; 839 

■"       '  ,aiiied  with  wuii 

IJ-ietbtaktrfiol 833 

]i-l6tlu  ditto 867 

13-lGtbi  ditto 882 

1!-I^i  ditto 895 

lI-16thidjtto 908 

10-I6thi  ditto 920 

9-l6lbiditlo 939 

8-I6thjditto 9*3 

l-lBths  ditto 959 

6-16tbiditl« seo 

S-iethlditto 667 

4-16lfasdiUo 973 

3-16tlu  ditto 979 

3-i6tbi  ditto 985 

l-16ih  ditto  993 

AmnMniao,  liquid, 897 

Beer,  ftla, 1093 

— .biowD, 1034 

CjPder, 101$ 

EHwt,  lulpbarii^ 739 

—— .oitric, 909 

■     "  .aoatie, 866 

Iil[lt,wi>inul>i I03O 

— — ,  cow"*. , 1O33 

',  etre-i,' '.....  1041 

,  gonL's 1035 

• ,  mare's, 1034 

,  con's  clarified,    1019 

Oil,  CESentlal,  ot  turpentine,  ...  870 

-^.easentiattOflaTendcT,  89* 

,  ditto,  of  dovei, IU3S 

,  ditto,  of  clDOamon,    10*4 

— ,  of  olives 91S 

— ,of  ■■cetalmondi, 917 

— .ofOlbertg, 916 

— .liweed, 940 

— ,  of  walnuts,  .: 933 

— ,  of  whale,    923 

— ,  of hempieed, 936 


Oil  of  p<^)IHn, 92^^' 

,  tapeseed 91? 

Spirit  of  wine.    SeeAlcohol. 

TutpeniiDe,  liqaid 99r 

Urine,  human, 1011 

Water,  rain, !«00 

,  dlitilled, 1000 

,  sea,  (Bierage) 1036. 

• ,  of  Dead-sea, 184C»' 

Wine,  Burjundy, 992 

— ,  BourdeaUK, 994 

.Madeira, 103« 

,  Pott,  997 

,CBtiarj- 103i 

Retiw,  Gumt,  and  Animal 
Subitancts,  ^c. 


Aloes, 


1380' 


,  liepatic, 1359 

Aiafatida, 133S 

B<^es-WHx,  yeilov,. 965 

,  white, 969 

Bone  of  an  01, 1656 

Butter,  «« 

Calculns  humanna '. ITOO 

■,ditto, 19*0 

,  ditto, 1*34 

Camphor, 989 

C<^l,opokp 11*9 

-,  Madagascar,          1060 

— ~,  Chinese, 1063 

Crsssamentiini,  Human  bloud,...  1126 

Dragon's  blood, 1305 

Elemr,  1018 

Fat,  beef, 9S3 

—.bo^t, 937, 

— ,  mnttoo, 924 

— .TCal, 934 

Galbanum, ISie 

Oamboge 1223 

Gum,  amuianiac, 1S07 

,  Arabic,  1*59 

.Euphorbia, 112* 

.seraphic, 1901 

. .traeacantb 1316 

,  bdtliiuni. 137? 

—',  scammoay  oF  Smyroa,  ...  .127* 

,  ditto  of  Aleppo,  123S 

Gun-powder,  shaken 982 

,  iu  a  loose  heap, ...  836 

,  solid, 11*5 

Honey,  1430 

Indigo, 76* 

Ivory 18« 

Juice  ofllquotice, 1739 

of  Acacia, ^...-  15IJ 

Labdanum, „ 1184 

Lard M 

HaUiC, 103* 
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Myrrh, 136o 

Op»um,  1336 

Scammony.    See  Gum. 

Serum  of  human  blood,  1030 

spermaceti,  943 

Storax,  1110 

TaUow,  ^ 942 

Terra  Japonica,  1398 

Tragacantb.    See  Gum. 

Wax.    See  Bees^wax. 

7—*,  shoemaker's, ,...  897 

Woods, 

Alder,  800 

Apple-tree,  , 793 

Ash,  the  truuk, 845 

Bay-tree, 822 

Beech, ^ 852 

Box,  French,  912 

' ,  Dutch, 1328 

*— ,  Brazilian  red, ^ 1031 

Campechy-wood, 913 

Cedar,  wild,  596 

,  Palestiue, 613 

-— ,  Indian, *.  1315 

•— ,  American, 561 

Citron, 726 

Coco-wood, 1040 

Cherry-tree,  715 

pork, , 240 

Cypress,  Spanish, 644 

Bbony,  American, ,  1331 


Etibny,  Indian,  1209 

Elder-tree, 695 

Elm,  trunk  of, 671 

Filbert-tree, 600 

Fir,  male, 550 

— ,  female, 498 

Hazel, 600 

Jasmin  Spanish, 770 

Juniper-tree, .^....  656 

Lemon-tree, 703 

Lignum-vitse, 1333 

Linden-tree, ,...  604 

Logwood.     SeeCampechy. 

Mastick-tree, 849 

Mahogany, 1063 

Maple, ,  750 

Medlar, ^ 944 

Mulberry,  Spanish, 897 

Oak,  heart  of,  60  years  old, 1170 

Olive-tree, 927 

Orange-tree, 705 

Pear-tree, ...  661 

Pomegranate-tree,  1354 

Poplar, SdS 

— ,  white,  Spanish, 529 

Plum-tree, 785 

Quinre-tree, 705 

Sassafras, i 482 

Vine, 1327 

Walikut, 671 

Willow, , 585 

Yew,  Dutch, 788 

— ,  Spanish,  807 


Weight  and  Specific  Gravities  of  different  Gases. 

Fahrenheit's  Thermom.  55**  Barometer  SO  inches, 

8p«c.  Gran  Wt.  Cab-  Foot 

Atmospheric  air, 1-2  .,m,^ 525-0  grs. 

Hydrogen  gas, 0«1  43*75 

Oxygen  gas, 1»435  '627-812 

Azotic  gas, 1.182  ., 517*125 

Nitron^gts,  ., 1-4544 636-333 

Ammoniac  gas,. ,     •7311 319*832 

Sulphureous  9cid  gas,  2*7611..... 1207-978 

III  this  talkie  the  weights  and  specific  gravities  of  the  principal  gases  are  giyeni 
^s  they  correspond  to  a  state  of  the  barometer  and  thermometer  which  may  be 
chosen  for  a  medium.  The  specific  gravity  of  any  one  gas  to  that  of  another 
will  not  conform  to  exactly  the  same  ratio  under  diflerent  degrees  of  heat  au4 
pther  presf  uves  of  the  atmosphere^ 
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CHAPTER  Iir 


Equilibrium^  Stability ^  and  Oscillations  of  Floating 

Bodies. 


'  411.  Among  the  different  bodies  which  float  on  the  surface 
of  a  fluid^  the  most  important  are  ships  and  other  vessels  em- 
ployed on  seas,  rivers,  and  canals,  in  commerce.  It  is  of  much 
consequence  to  determine  the  stability  of  such  vessels,  and  the 
positions  they  assume  when  they  float  freely  on  the  water. 
The  principles  on  which  the  stability  of  the  different  positions 
depend  flow  naturally  from  what  has  been  already  done,  and 
may  be  here  illustrated  and  explained*  Two  or  three  defini- 
tions are  premised. 

:  Defs.  1..,  The  plane  of  floatation  is  the  horizontal  surface  of 
the  fluid  in  Which  the  vessel  floats. 

£.  The  line  of  support  \s  the  vortical  line  passing  through  the 
qentre  of  gravity  of  (he  part  of  the  solid  or  vessel  immersed. 

3.  The  metacentre  is  the  point  of  intersection  of  the  axis 
passing  through  the  centre  of  gravity  (round  which  the  body 
revolves  through  an  indefinitely  small  angle)  and  the  line  of 
support. 

412.  That  a  body  floating  upon  a  quiescent  fluid  may  be  in 
equilibrio,  something  more  is  necessary  than  that  the  weight  of 
the  body  should  *be  equal  to  that  of  the  fluid  displaced :  for  this 
condition  only  ensures  an  equality  of  the  upward  push  of  the 
fluid  and  the  weight  of  the  body ;  and  these  two  vertical  forces 
cannot  destroy  each  other  unless  they  are  directly  opposed: 
they  must  therefore  pass  through  the  same  point;  that  is  to  say, 
the  right  line  which  joins  the  centres  of  gravity  of  the  floating 
body  and  of  the  fluid  displaced  must  be  vertical.  Without  this 
condition  the  two  vertical  forces,  though  equal,  cannot  annihi- 
late each  other's  effects ;  and,  of  consequence,  the  body  ynll 
have  about  its  centre  of  gravity  a  rotatory  motion,  as  if  that 
point  wefe  fixed. 

Indeed,  positions  may  be  assumed  in  which  the  circumstances 
just  recited  concur,  and  yet  the  solid  will  take  some  other  po- 
sition in  which  it  will  permanently  float.  If  a  cylinder,  for  ex- 
ample, having  its  specific  gravity  to  that  of  the  fluid  on  which 
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it  floats  as  3  to  4,  and  its  axis  to  the  diameter  of  its  base  as  3 
to  1 9  be  placed  on  the  fluid  with  its  axis  vertical^  it  will  sink  to 
a  depth  equal  to  a  diameter  and  a  half  of  the  base;  and  while 
its  axis  is  preserved  in  a  vertical  position  by  external  force,  the 
centres  of  gravity  «f  the  whole  soHd  and  of -.the  immersed  part 
will  remain  in  the  same  vertical  line :  but  when  the  external 
force  that  sustained  it  is  removed,  it  will  decline  from  its  upright 
position,  and  will  permanently  float  with  its  axis  horizontal* 
If  the  axis  be  supposed  to  be  half  the  diameter  of  the  base,  and 
be  placed  vertically,  the  solid  will  sink  to  the  depfh  of  three- 
eighths  of  its  diameter ;  and  in  that  position  it  will  float  pect 
manently.      If  the  axis  be  made  to  incline  to  the  vertical  line, 
the  solid  will  change  its  position  until  it  settles  permanendy 
M'ith  the  axis  perpendicular  to  the  horizon. 

Def.  Whether  a  solid  float  permanently,  or  overset  when 
placed  on  the  surface  of  a  fluid,  so  that  the  c^itre  of  gravity 
of  the  solid  and  that  of  the  part  immersed  shall  be  in  the  same 
vertical  Une,  it  is  said  to  be  in  a  position  of  equilibrium  ;  and 
of  this  equilibrium  there  are  three  species,  viz.  the  equilibrium 
of  stability^  in  which  the  solid  floats  permanently  in  a  given 
position ;  the  equilibrium  of  instabHUVy  in  which  the  solid, 
though  the  two  centres  of  gravity  alreadfy  mentioned  are  in  the 
^ame  vertical  line,  spontaneously  oversets,  unless  supported  by 
external  force ;  and  the  equilibrium  of  ind^erence,  or  the 
insensible  equilibrium,  in  which  the  solid  rests  on  the  fluid  in- 
different to  motion,  without  tendency  to  right  itself  when  in- 
clined, or  to  incline  itself  further. 

These  states  of  a  floating  body  are  also  those  in  which  the 
stability  may  be  said  to  be  positive^  negative,  and  nothingy  re- 
spectively. 

4«13.  From  the  properties  in^i^stigated  in  the  chapter  on  the 
centre  of  gravity,  it  follows  that  the  right  line  which  joins  the 
centres  of  gravity  of  a  body  and  of  a  segment  of  that  body 
formed  by  any  plane  whatevea*,  must  pass  through  the  centre 
of  gravity  of  the  other  segment :  in  the  case  which  we  propose 
to  treat  here,  the  plane  cutting  the  body  is  the  upper  surface  of 
the  fluid,  or  the  plane  of  floatation ;  and  we  conclude  that,  in 
order  that  a  body  may  be  in  equilibrium  upon  a  fluid  which  is 
specifically  heavier  than  itself,  the  right  line  which  passes 
through  the  centres  of  gravity  of  the  body  and  either  of  the 
segments  formed  by  the  plane  of  floatation  must  be  perpendi- 
cular to  that  plane.  Thus  the  general  problem  of  tfie  deter- 
mination of  the  positions  of  equilibrium  with  regard  to  a  homo- 
geneous body  in  a  fluid  is  reduced  to  die  following. 

Prop.  To  cut  by  a  plane  a  body  of  given  figure  in  such 
manner  that  the  capacity  of  either  of  the  segments  shall  be  to 
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that  of  the  whole  body  in  a  giten  ratio ;  and  that  the  right  line 
which  passes  through  the  centre^  of  gravity  of  the  body  and  those 
of  its  segments  shall  be  perpendicular  to  the  intersecting  plane^ 
The  ratio  of  the  segments  into  which  the  body  must  be  cut, 
or  of  either  of  them  to  the  whole  body,  will  depend  upon  the 
ratio  of  the  specific  gravities  of  the  body  aud  the  fluid :  and  the 
|)ositions  of  equilibrium  of  any  body  will  be  given  by  the  roots 
deduced  from  die  equations  of  equilibrium,  and  the  equation 
defining  the  nature  of  thp  body.  We  cannot  here  enter  much 
into  the  detail :  but  shall  merely  present  a  few  obvious  ex- 
amples. 

414.  It  is  manifest,  then,  that  right  prisms  and  cylinders  of 
any  base  whatever,  if  homogeneous,  will  have  two  positions  of 
equilibrium ;  viz.  when  the  generating  axis  is  placed  vertically, 
and  when  it  is  placed  horizontally.  The  equilibrium  obtains 
also,  with  regard  to  solids  of  revolution,  and  symmetrical  bodies 
relative  to  any  line,  when  that  line  is  placed  vertically.  Hence, 
a  floating  sphere  will  continue  at  rest  in  any  position ;  because 
it  is,  in  every  position,  symmetrical  with  respect  to  the  line  of 
support  passing  through  its  centre  of  gravity. 

Moreover,  prismatic  or  cylindric  bodies,  and  in  general  those 
which  are  symmetrical  with  regard  to  a  plane  (as  are  all  which 
need  be  considered  in  the  theory),  have  their  positions  of  equi- 
librium, when  that  plane,  relatively  to  which  they  are  sym- 
metrica], is  vertical:  in  which  case  we  have  only  to  ascertain 
the  positions  of  equilibrium  for  an  area  or  vertical  section  of  the 
body,  perpendicular  to  that  with  respect  to  which  the  whole  is 
symmetrical. 

415.  Let  us  propose  an  instance  for  more  particular  examina- 
tion, in  the  calculus  of  which  it  will  appear  in  what  manner 
different  positions  of  equilibrium  of  a  body  will  be  furnished  by 
the  same  equation. 

Suppose  that  the  body  is  a  triangular  prisniy  which  Jlcals 
with  its  ends  vertical,  and  its  edges  horizontal. 

Here  we  must  consider  two  cases:  1st.  That  where  the 
bases  of  the  prism  have  an  angle  f  immersed  in  the  fluid,  and 
the  other  two  E,  h,  out  of  it  (fig.  10.  pi.  XVI.).  2d.  The 
reverse  of  this,  wher^  the  two  angles  e,  h,  are  immersed  (fig. 
11.).  The  two  cases  may  be  treated  at  the  same  time ;  for  the 
method  in  each  is  the  same. 

Let  xx'  be  the  plane  of  floatation.  To  determine  the  line 
MN,  in  which  this.plane  ^ould  intersect  the  triangle,  we  must 
find  FM,  and  fn.  Call  the  first  of  these  x,  the  second  y:  and 
taking  p  in  the  middle  of  eg  we  may  represent  the  data  thus : 
FE=fl,  FH=6,  FP=A',  angle  pfe=w,  hfp=w;  and  let. the 
ratio  of  the  specific  gravities  of  the  solid  aud  4liid  s=r.to4. 
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Then,  that  the  weight  of  the  solid  may  be.  equal  to  that  of  the 
fluid  displaced,  we  must  have. 

In  the  first  case  (fig.  10.)  . .  r .  feh  =  fmn  ; 
In  the  second  case  (fig«  1 1.)  •  •  ^  •  feh  =  hbmn. 

Now  the  triangles  fmn,  feh,  having  the  angle  f  common, 
have  their  areas  proportional  to  the  rectangles  of  the  sides  about 
that  angle :  that  is, 

FEH  :  FMN  : :  FH  X  FE :  FM  X  FN  : :  a& :  Ty ; 
whence  feh  —  fmn,  or  hnme  :  feh  iiab-^xyiab; 
consequently  .ry  =  rab,  and  xyznab  {I  —  r) . . .  (1 ). 

These  two  equations  include  the  condition  of  the  equality  of 
the  vertical  pressures,  upwards  and  downwards. 

Let  us  next  find  equations  to  satisfy  tlie  second  condition  of 
^e  centres  of  gravity  residing  in  the  same  vertical  line.  Ndw 
if  PR  be  taken  =  ^vt,  r  (art.  114.)  will  be  the  centre  of 
gravity  of  the  triangle  fe  ;  in  like  manner,  if  q  be  the  middle 
point  of  mn,  and  qg  =:  -f-QF,  6  will  be  the  centre  of  gravity 
of  the  triangle  fmn:  the  right  line  rg,  or  its  parallel  ipq, 
vnll  therefore  be  vertical  in  the  case  of  the  equilibrium  ;  and 
this  condition  will  evidently  be  expressed  by  Jthe  equation  pm=: 
PN,  in  both  figures.  From  the  point  p  demit  upon  the  sides 
FE,  FH,  the  perpendiculars  pa,  pd  :  then  will  pa  =  A:  sin  ^i, 
PD  ==  A  sin  w,  FA  =  A  cos  m,  fd  =  A  cos  n.  Therefore  nd  = 
A  cos  n  —  y,  and  am  =  A:  cos  m  —  x.  But  pm  =  pn  gives 
Ap'^  +  am*  =  pd*  +  DN* :  that  is,  A*  sin^m  =  <fc  cos  m  —  jr)* 
==  A*  sin*w  +•  [k  cos  n  — •  yf ;  from  which,  by  reduction,  we 
find 

y*  —  2kyco8n^x^  —9,kxcosm. 

If  for  y  in  this  equation  we  substitute  separately  each  of  iu 
values  deduced  from  the  two  equations  No.  1,  there  will  result 
two  equations  containing  only  x  and  known  quantities,  and 
which  will  express  the  conditions  of  equilibrium  for  the  re- 
spective cases  of  figs.  10.  and  1 1.    They  are  as  follows : 

X*  —  2fcr3  cosm  +  2abkrx •  cosn  —  r^a^b^ =0  ?  ,Tr  v 

a*-3Ai3cosm+2(l -r)<i6Aa;.cosn— (l-r)«a96«    =0?   *  * '  ^"^^ 

These  equations  being  of  the  fourth  degree,  and  having  the 
last  term  negative,  have  at  least  tz(?o  real  roots  (Lacroix's  Alg. 
Ng.  219.):  but  the  roots  may  be  all  four  real,  and  then 
the  disposition  of  the  signs  indicate  that  three  of  the  roots  are 
positive,  and  the  fourth  negative.  This  latter  root  is  obviously 
useless  in  the  present  case,  because  the  solicitation  of  gravity 
being  constantly  downwards,  the  right-line  fm  can  only  be 
placed  on  one  side  with  regard  to  the  point  f.  There  must, 
consequently,  be  either  one  or  three  positions  of  equilibrium, 
^hich  will  be  determined  by  the  positive  roots  of  the  equations 
marked  (II.)    The  correspomding  values  of  ^  will  be  furnished 
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by  the  equations  (I.)    We  must  always,  however^  have  xKa^ 

4 16.  The  precediiig  reasonii^s  may  now  be  applied  to  the 
isosceles  triangle,  as  the  most  likely  to  occur  in  practice  :  and 
to  prevent  the  <;alcu]us  from  being  very  complicated,  let  us 
merely  consider  the  case  where  one  angle  only  of  die  triangle  is 
immersed  in  the  fluid :  the  other  case  being  easily  deduced  by 
transforming  in  the  results  r  into  1  -=-  r,  as  may  be  shewn  by 
comparing  together  .either  the  equations  No.  II.  or  those  of 
No.  I.  Here,  therefore,  we  have  mznn,  and  azs.b^  from  which, 
there  arises 

^  =  fl*r,  and  x^  —  2kx^  cos  m  4-  2d^rkx  cos  m  —  r*ii*  =€. 

'the  factors  of  the  second  degree  of  this  latter  equation  be- 
ing x^  —  aV=  0,  .and  x*  —  2kx  cos  m  +  a^r  z=  i),  w«  thence  con- 
clude, taking  only  the  positive. roots,  that, 

x=:a^/rf  and  x=A  cos m±,  \/{Ji^  cos  *i«-*^flV) 
whence,  y^Xj  and  y=A:  cos  mrp  V(A^  cos  *m—  a*r). 

The  first  root  indicateis  that  there  will  be  only  one  position  of 
equiUbrium  when  eh  is  horizontal:  and  the  same  applies  to 
the  case  of  fig.  11.  The  other  positions  are  given  by  the  other 
two  roots ;  but  they  must  be  such  as  to  correspond  with  die 
conditions  of  the  remarkable  limits:  for  we  ought  to  have  x<a, 
and  every  root  real ;  and  from  this  we  find 

Safe  cos  m— a*  ,  fc*  cos*  •» 

,.> and  r  < — 

Tn  like  manner  we  shall  find  the  limits  for  the  second  case, 
by  changing  r  into  1  —  r ;  whence  there  results 

2a  —  2fc  cos  m  ,  a*— fc*  cos*  m 

r  < and  r  > — 


a« 


If  we  suppose  the  triangle  equilateral  we  shall  have  i=a:flf\/|, 
and  90s  «i  r:  -v/|. ;  therefore  cos  mzz\a\  and  the  preceding 
limits  will  become — 
First  case,  r  >  i,  and  r  <  -j% :  second  case,  r  <  4,  and  r  >  5t?* 

417.  Prop.  When  a  floating  body  is  in  equilibrio  in  any 

Jluid,  and  an  extraneous  cause  as  an  impulsion  move  the  body, 

it  is  proposed  to  determine  whether  this  perturbation  will  permit 

th^e  body  to  return  to  its  first  position ^  or  constrain  it,  on  the 

contrary  f  to  move  still  further  from  that  of  equilibrium. 

As  the  investigation  of  this  problem  in  its  utmost  extent 
would  lead  into  very  tedious  and  complex  discussions,  we  shall 
premise  three  hypotheses,  in  order  that  we  may  obtain  compa- 
ratively simple  results. 

1 .  We  suppose  the  floating  body  to  be  symmetrical  wi|b  re- 
spect to  a  vertical  plane  passing  through  its  centre  of  gravity 
when  the  whole  is  at  lest^  and  of  supb  a.JdfLd  that  wje  need 
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only  resolve  the  problem  for  the  area  of  a  plane  section  of  tlie 
body.  \ 

2.  We  conceive  the  derangement  to  be  indefinitely  smalL 
Thus,  in  fig.  12.  pi.  XVI.  where  ab  is  the  plane  of  floatation, 
G  the  centre  of  gravity  of  the  floating  body  dfe,  and  o  the 
centre  of  gravity  of  afb,  or  of  the  fluid  displaced  when  the  line 
AB  coincides  with  the  plane  of  floatation ;  the  incHnaiion  of 
the'  body  will  then  be  the  angle  gov  formed  by  go  and  the 
vertical  line  ov  passing  through  the  centre  of  avb ;  and  we  put 
this  evanescent  angle,  or  the  arc  which  measures  it,  :;=a. 

3.  We  disregard  the  vertical  motion  of  the  cenlrp  of  gravity 
of  the  body  as  indefinitely  small;  and  suppose  that  the  new 
position  is  consistent  with  the  equality  of  the  weights  of  the 
body  and  of  the  fluid  displaced.  Thus  wilLthe  portion  ACa^ 
which  is  moved  out  of  the  "fluid,  be  equal  to  the  part  bc^, 
which  has  entered  it  in  consequence  of  the  motion. 

Granting  these  suppositions,  the  equal  areas  Aca  and  bc6 
may  be  regarded  as  isosceles  triangles,  since  we.  may  suppose 
AC  =  ac  and  CB  =  c& :  hence  it  will  follow  that  ac  =  c6 ; 
that  is,  the  intersection  c  of  the  two  lines  of  floatation  is  in  the 
middle  of  ab. 

The  upward  pressure  of  the  fluid  on  avb  is  equal  to  the 
weight  of  a  lamina  of  that  fluid  of  an  equal  magnitude ;  and 
this  vertical  force  acts  at  the  centre  of  gravity  of  a^b.  So 
that,  as  it  is  necessary  to  know  this  centre,  we  shall  proceed  to 
assign  its  position.  In  order  to  this,  it  may  be  observed,  that 
aF6  =  AFB  +  CBft  — Aca;  and  if  we  conceive  the  laminse  of  the 
fluid  equal  to  these  areas,  it  is  evident  that  the  moment  of  the 
upward  pressure  of  the  fluid,  taken  with  relation  to  any  vertical 
whatever,  is  equal  to  the  sum  of  the  moments  of  the  fluid  la- 
minse  of  which  the  volumes  are  afb  and  cb6,  minus  the  moment 
of  the  lamina  Aca.  Let  us  then  estimate  these  moments  with 
respect  to  the  vertical  oi.     So  shall  we  have 

I.  The  moment  of  the  weight  of  the  fluid  laminae  afb  is 
w  •  Gv ;  w  representing  the  weight  of  the  body,  or  that  of  the 
fluid  displaced. 

II.  Representing  by  w  [cb£]  the  weight  of  a  volume  of  fluid 
equal  to  cb6,  we  have  for  the  moment  of  this  weight  its  pro- 
duct by  the  distance  qi :  the  point  q  being  the  foot  of  the  per- 
pendicular demitted  upon  cb  from  the  centre  of  gravity  of 
€B&,  that  is,  taking  cq  n  fed.  Thus  the  moment  of  <:b^ 
is  w  [cBb]  X  qu 

IlL  Lastly,  the  moment  of  Aca  is^  in  like  manner,  w 
£Aca]  X  pi\  making  pc  nfac.  Where,  as  this  latter  force 
tends  to  produce  a  motion  in  the  contrary  direction  to  the 
former,  it  must  be  taken  negatively;  and  since,  moreover. 
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It  ought  to  be  subtracted  from  the  two  others^  4t  becomes  posi- 
tive, and  the  moment  m  of  the  pressure  of  the  fluid  upon  apb 
is  (because  csi  =  Aca)  expressed  thus;  m  =5  (w  x  <Jv)  +  w 
[cb6]  X  jpJ". 

Now,  since  the  fluid  is  supposed  homogeneous^,  th«  areas 
AFB  and  Bcb  are  proportional  to  the  weights  of  the  quantities 
of  fluid  to  which  they  are  respectively  equal ;  that  is  to  say,  i£ 
we  put  the  surface  afb  =  s,  since  cb  =  c6,  and  moreover  bc 
n  CB  X  sin  A  =  A  •  cb,  we  have  the  triangle  cb^  =  Ja-  cB'CB^: 
therefore^ 

s  :  w  : :  }a  (bc)*  :  w  [cb4]  =  t"  a  (bc)*. 

But  pq  =  |tfi,  and  av  =?  a  •  go.  Puttmg  therefore  00  zs  Oi 
W^d  ab  =  6  =  2bc,  there  results 

M  =  A  •  w  (a  +  ^^) (i.) 

418.  Since  we  consider  the  body  as  if  it  were  retained  by  a 
fixed  axe  passing  through  G,  the  preceding  value  of  m  will  mea- 
sure the  pressure  of  the  fluid.  So  that,  if  we  would  compare 
together  these  pressures  upon  different  bodies,  we  must  consider 
them  in  reference  to  the  same  angle  of  inclination  A,  and  the 
relative  stabilities  will  be  measured  by 

CoR.  If  the  solid  be  of  an  irregular  form^  the  stability  will 

he  as  the  sum  of  all  the  wY-j^  ±  aj. 

-  By  stability  we  would  here  be  understood  to  mean  the  resist- 
ance which  a  body  opposes  to  its  change  of  position ;  tbat  is, 
the  effort  made  by  the  fluid  to  retain  the  body  in  its  position  of 
equilibrium,  or  to  carry  it  further  from  it.  In  fig.  12.  we  have 
placed  the  centre  of  gravity  of  the  body  belozo  that  of  the  fluid 
displaced,  whence  it  follows  that  the  body  is  not  homogeneous : 
and  this  is  what  happens  most  frequently  (ships  of  war  being 
excepted),  because  it  is  customary  to  dispose,  in  the  inferior 
parts  about  f,  some  substances  specifically  heavier  than  the 
materials  of  the  floating  body.  If  the  centre  of  gravity  of  the 
body  were,  on  the  contrary,  higher  than  that  of  the  fluid  dis- 
placed, it  would  be  necessiary  to  take  a  as  negative :  on  this  ac- 
count we  have  put  in  the  formulae  (ii.)  the  double  sign  ±  before 
the  quantity  a. 

419.  The  value  ii.  may  (in  conformity  with  art.  412.)  be 
cither  positive,  nothing,  or  negative.  1st.  When  the  centre  of 
gravity  of  the  body  is  lower  than  that  of  the  fluid  displaced^  the 
stability  will  be  positive  so  long  as  a  retains  the  upper  «ign; 
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and  it  will  be  positive  in  the  contrary  case,  when  o  is  below  G, 

whenever  a  <  -— .     In  these  cases  the  pressure  of  the  fluid 

tends  obviously  to  carry  back  the  body  to  its  first  position.  This 
tendency  is,  besides,  the  stronger,  as  the  value  (ii)  is  the  greater. 
We  see  also  the  advantage  of  having  the  floating  body«narrower 
towards  the  bottom  than  towards  the  plane  of  floatation ;  and 
the  corresponditig  advantage  of  making  the  upper  parts  of  suck 
materials  as  have  the  least  specific  gravity. 

2dly.  In  the  two  other  cases  the  centre  of  gravity  of  the  body 

is  higher  than  that  of  the  fluid  displaced :  if  we  have  a  >  --^y 

the  stability  is  negative,  and  the  aggregate  pressure  tends  to 
move  the  body  in  the  opposite  direction,  or  so  as  to  increase  the 
angle  a  ;  for  then  the  centre  of  gravity  of  avb  being  on  the  other 
ride  of  Gi  must  cause  the  body  to  proceed  further  from  its  first 

position  of  equilibrium.     If  a  r=^  — -,  the  stability  is  nothing  or 

indifferent;  and  the  total  pressure  does  not  exert  any  such  efifort 
calculated  to  turn  the  body,  because  the  centre  of  gravity  of 
apb  is  then  upon  Gt,  and  consequently  in  the  same  vertical  line 
as  6. 

420.  If  the  quantity  (ii)  be  divided  by  w,  the  weight  of  the 
fluid  displaced,  the  quotient  will  express  the  distance  from  the 
vertical  gz  to  the  direction-of  the  resultant  of  the  upward  pres- 
sure of  the  fluid  :  that  distance  being  taken  rz  gw,  we  have 


GU 


If  b  is  positive,  the  vertical  oi  falls  to  the  left^pf  the  cemls^ 
of  gravity  of  the  fluid  displaced ;  in  this  case  G/TOiust  be  taken 
to  the  right  of  Gi:  the  same  thing  obtains  in  the  contrary  case^ 

provided  that  we  have  gv  <  ~-,  the  vertical  ng  intersecting 

die  right  line  go  in  a  point  g  more  elevated  than  c.    But  if,  m 

the  latter  case,  gv  =  -To^j  we  have  then  g;i  zz  0,  atid  g  tuUh 

upon  Gi.     Finally,  if  we  have  gv  >  -r—-,  and  g  constantly 

1#8 

higher  than  o,  the  line  on  must  be  taked  to  the  left  of  gi^  and 
die  point  g  will  fall  below  g.  To  find  the  distance  Qg  it  may 
be  observed  that  Gg  •  sin  A  =s  gw,  or,  because  an  evanescent  air 

may  be  substituted  for  its  sine,  A.*  Qg  ss  on ; 

•J 

wherefore  . . .  Gg  =:  ^  ±  a    •  •  • .  (iv,) 
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The  point  g  corresponds  wilh  our  definition  of  metacentre 
(?irt.  411.),  we  may  therefore  announce  the  result  of  this  inves- 
tigation thus:  the  stability  of  a  body  or  vessel  is  positive^  no^ 
thirtgy  or  negative,  according  as  the  metacentre  is  more  elevated, 
the  samey  07'  lowtr  than  the  centre  of  graxfUy  of  the  body* 

421.  Puop.  If  the  floating  body  be  a  homogeneous  rectan-^ 

gular  parallelopipedf  whose  altitude  is  perpendicular  to  the  suT" 

fuce  ofthefluidjits  stability  will  be  proportional  to  the  differ*' 

ence  heticeen  the  sixth  part  of  the  square  of  the  breadth  of'  the 

base  and  the  product  of  the  square  of  the  altitude^  into  the  dtf" 

ference  between  the  number  expressing  the  specific  gravity  of  the 
solid  and  its  square,  that  of  the  fluid  being  unity. 

Let  h  be  the  height  of  the  solid^  b  the  breadth  of  the  base^ 
amd  5  the  specific  gravity  of  the  solid ;  then,  will  the  cube  of  the 
line  coinciding  "with  the  plane  of  floatation  ir  &^  as  befoi'e^  the 
Iieight  of  the  part  immersed  =  sh,  and  s  the  space  proportional 
to  the  part  immersed  =  sbh\  go  the  distance  between  the 
centres  of  gravity  of  the  whole  body  and  of  the  part  immermd 

^\h  ^  ish  =  --^*     Consequently  the  stability  which  vanei^ 

"^  157  ±  «*>' ''"'«« ^«  Tali* -- 2-  =  "6-  -  t** •  (*  -  «  )]• 

As  an  example  to  illustrate  this  proposition^  suppose  the  height 
of  the  parallelopiped  equal  to  the  breadth  of  the  base,  or  A  =  i, 
and  let  it  be  required  to  ascertain  the  specific  gravity  of  the 
^olid^  when  it  will  float  in  the  equilibrium  of  indifference* 

Here  —  zz  A*  •  (5  —  5*),  or,  since  A  =  i,  we  have  5*  —  5  =  ^\\ 

whence  s-\±  v/(J  -  ^)  =  J  ±  I  -/S  =:  -78868  or  -21132 
nearly,  either^f  which  may  be  taken  for  the  specific  gravity  of 
the  solid,  thanbf  the  fluid  being  unity.  If  the  fluid  were  rain- 
water, the  bodies  would  have  nearly  the  same  specific  gravity  as 
apple-tree  and  cork* 

422.  Prop.  If  the  floating  body  be  an  homogeneous  cylinder 
whose  axis  is  vertical,  its  stability  will  be  as  the  quotient  of  the 
square  of  the  radius  of  the  base  divided  by  four  times  the  height 
ef  the  part  immersed,  diminished  by  the  distance  between  the 
centres  of  gravity  of  the  whole  solid  and  the  part  immersed. 

Let  DEFG  (fig.  2.  pi.  XVII.)  be  the  section  of  the  cylind^ 
coinciding  with  the  plane  of  floatation,  ab  any  line  in  that  sec- 
tion, or  the  breadth  of  any  variable  vertical  section  of  the 
cylinder;  cg  =:  r,  cv  =  x ;  then  JVB  n  2  V(r*  —  2*),  and  ab^ 


r 
vT 


Also  r^{r^  —  a?*)*  =:  r*  Xi  of  the  circle  whose  radius  is  r,  when 
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jt  hiCrea^s  from  0  to  r ;  and  x*  (r*  —  af'y  dirx^  --  ^  —  -^, 

&c.  and  the  quantity  generated  —  "V  ""  i  o?  "^  liJs'  ^*  ^^^^^ 

>vhen  X  increases  from  0  tor,  becomes  r^  x  (j-  —  tV  ""  iV^  8ic.) 
s=  r*  X  ^  of  a  circle  whose  diameter  is  unity  (vide  JluaL  per 
Equationes,  pa.  74.)  =r  r*  x  -^  of  a  circle  whose  radius  is  r# 

Consequently,  the  whole  quantity  genecated  by  (r*  —  x^)^  will 
be  r*  x  (t  —  -rV)  of  a  circle  whose  radius  is  r  =  r*  x  A  of  that 
circle  =  r*  x  tV*''^  =  tt*^-  Hence  the  sura  of  all  the  ab* 
iti  one  semicircle  ==  8r*  x  ^ywr*,  =  l^r^,  and  the  sum  of  all 
the  ab'  in  both  semicircles  =  S^r*;  while  the  volume  of  the 
part  immersed  is  equal  to  its  depth  {d)  x  circle  defg  =  7tdr\ 

Therefore  y*—  =  =  ^ ;  and  the  general  expression  for 

*  CO* 

the  stability  (li)  is  proportional  to  —  —  go,  as  in  the  propo-^ 

9ition, 

Cor.  If  s  be  the  specific  gravity  of  the  solid,  that  of  the  fluid 
being  unity,  and  h  the  height  of  the  cylinder,  then  wilt  the 

depth  of  the  part  immersed  =  sh,  and  go  =  "~^-  so  that  the 

stability  of  the  cylinder  will  be  proportional  to  — -— ,  and 

will  vanish  or  become  indifferent  when  r-r  =  -"s— .  or  when 

5*  -  s  =  -  ^^,  or  ^  =  J  ±  A/(i  -  ^):  where  the  ex- 
pression undc^r  the  radical  vanishes  if  r  =  A  v^  J,  or  2r*  =  h\ 
So  that,  if  the  specific  gravity  of  the  cylinder^  half' that  of 
the  fluid,  and  the  radim  of  the  base  be  to  the  mght  of  the  cy- 
Under  as  I  to  V%  the  cylinder  mil  float  in  a  state  of  insensible, 
equilibrium. 

Cor.  2.  Ifs:sii,  then  in  the  ease^of  insensible  equilibrium 
r  will  be  to  has  /^S  to  2^2.  And  li  szz  ^we  shall  have  the 
mme  ratio, 

423.  Prop.  Considering  the  fluid  as  non»resisting^tIie float-' 
ing  body  will  oscillate  incessantly  about  a  horizontal  axis  pass- 
ing through  its  centre  of  gravity,  according  to  laws  analogou& 
to  those  of  bodies  in  a  vacuum:  it  is  proposed  to  examine  the 
particular  nature  of  these  oscillations,  regarding  them  as  inde^ 
finitely  small. 

Supposing  that  the  vertical  line  passing  through  the  centre  of 
gravity  of  the  body,  in  its  equilibrated  position^  has  been  in*- 
clined  by  the  quantity  f  then,  denoting  by  a  the  inclination  of 
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the  body  at  the  end  of  the  time  t,  and  by  a  the  arc  described 
by  the  point  placed  at  the  unit  of  distance  from  G  (fig.  1 2. 
pi.  XVI.),  we  shall  have  A  =y  —  a.  Now  the  angular  accele-' 
rating  force,  as  has  been  seen  in  the  Dynamics,  is  the  quotient 
of  the  sum  of  the  momenta  of  the  moving  forces  divided  by  the 
momentum  of  inertia  1  the  dividend,  being  the  total  verticsd 
pressure  of  the  fluid,  is  given  by  the  value  art*  418.  i.;  the 
divisor  is  ulc^,  m  being  the  mass  of  the  body,  and  k^  the  quo-' 
tient  of  the  momentum  of  inertia  (with  respect  to  an  axe  pass- 
ing through  the  centre  of  gravity)  divided  by  the  mass.  Hence,* 
as  the  weight  w  of  the  body  is  equivalent  to  gM  (art  108.)  we 
bave^  for  the  angular  accelerating  force, 

(hit  \ 
a  +  ~y  -r  A*,  there  will  arise  -^ 

=  JL  (y—  a).     Multiplying  this  by  a,  we  obtsun  for  the  fluent 

■  •  ■  • 

/4-y  =  —  (2/a  —  a:*J  +  c,  a  constant  qtiaHtity.    Here  -?-  is 

•  ■ 
the  angular  velocity;  so  that  at  the  same  time  that  T^O,a=0,. 

and  0=0,  which  gives 


'Vr 


Taking  the  fluents  again,  we  have 

To  correct  mis  we  must  consider  that  when  /  =  0,  of  ziOy 
wd  c^  =  0 ;  whence  we  find 

•t?  =  cos(/y^-f-),  or«  =/(i  cos  (t  y^-f))- 

The  variables  comprised  in  this  equation  are  the  arcs  a  and 
:  where,  if  we  attribute  successively  to 

/  \/  -f-  the  values  . .  0,  Jir,  «*,  |*,  2«',  8cc. 

we  find  . .  •  0,    /,  2/*,  f^    0,  &c.  for 

the  corresponding  values  of  a ;  which  shews  that  the  moving' 
bcKly,  after  describing  the  descending  arc  /,  v^ill  describe  an 
ascending  arc^  in  the  same  time,  then  return  and  rise  the  coin 
tra  ry  way^  and  so  on.  It  is  obvious  also^tiiat  the  time  o£  making 


v/f= 
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a  complete  oscillation  is  given  by  taking  it=zt    /-psince  that 
hypothesis  gives  a  =  2^  as  it  ought  to  do.    Hence  there  results 

This  dxpression  for  the  dme  does  not  comprise  the  quantity^*; 
whence  it  follpws,  thdt  the  vibrations  are  isochronal :  and^  by 
comparing  the  aboVI^  i^ith  the  value  of  f  for  the  simple  pendu- 
lum vibrating  in  indefinitely  small  arcs  (art.  269.)y  it  will  appear 
that  diey  exactly  agree :  consequently ,  the  chief  circumstances 
traced  tnere  apply  iinmediately  to  the  present  case.  Now  if  we 
restore  the  value  of  /  we  shall  have 

,  _    Uku 


12a8  +  63' 

au  expression  which  shews  Ae  length  of  the  synchronal  simple 
pendulum. 

And.  for  the  time  of  oscillation. 

121 


=**\/i 


^T* 


g(l«as  +  A«) 

424.  By  way  of  applying  these  principles,  take  the  instance 
of  a  prismatic  body,  such  that  the  transverse  section  of  the  im- 
mergied  part  in  the  position  of  equilibrium  is  an  isosceles  tri- 
angle, of  which  the  vertices  of  the  equal  angles  ^e  in  the  plane 
of  floatation :  the  upper  part  of  the  section  may  have  almost 
any  variety  of  form*  L«t  b  represent  the  semjkbase  of  the  isos- 
celes triangle,  which  la  the  transverse  section  of  the  part  im- 
mersed, h  the  height  of  this  triangle,  and  d  the  distance  of  the 
upper  surface  of  the  fluid  from  the  centre  of  gravity  of  the 
body :  the  distance  of  that  surfcK^e  from  the  centa^^f  gravity  of 
the  triangle  immersed  will  be  -^h :  consequentQpbie  distance 
between  the  centres)  of  gravity  of  the  body  and  of  the  fluid  dis** 
placed  will  be  a  =  rf  —  ^A ;  the  area  immersed  will  be  s  sc  bh^ 
and  the  value  (418.  ii.)  of  ^e  stability  will  be 

^  (3JA  -  A*  +  2«*) 

which  may  be  either  positive,  nothing,  or  negative,  as  in  the 
various  cases  before  specified.    The  length  of  the  synchronal 

pendulum  will  be  s:  ■*.'-<  <  *■■■** 


We  may  here  remark,  that  the  oscillations  of  a  floating.body 
ir\  jSnite  angles  are  not  analogous  to  those  of  a  cycloidal  pendu* 
lum :  for  the  force  of  stability  yaries  in  a  proportion  very  dif- 
ferent from  that  of  t^e  distance  froni  quiescence,  unless  the  arcs 
of  vibxatioii  b^  of  evMescentRM^^mtiide. 
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4^5.  The  determination  of  the  stability  and  the  time  of  os- 
cillation of  floating  bodies^  a  sketch  of  which  is  given  in  this 
chapter,  is  by  no  means  a  matter  of  mere  curiosity ;  bat  is,  when 
considered  more  at  large,  of  considerable  practical  importance. 
Those  students  who  wish  to  pursue  this  subject  may  read  with 
much  advantage  the  admirable  treatise  by  Leonard  Euler,  en- 
titled Thiorie  Completie  de  la  Construction  et  dela  ManoBUvre 
des  P^aisseauXf  or  the  English  translation  by  colonel  Henry 
Watson ;  and  an  ingenious  paper  in  the  Philosophical  Trans- 
adtions  for  1796,  by  Mr.  Atwood.  In  ships  of  war  and  mer- 
'  chandise  the  calculations  are  very  complex  and  operose,  and 
not  always  so  accurate  as  is  desirable ;  but  iu  river  and  canal 
boats  the  regularity  and  simplicity  of  the  form  of  the  vessel 
itself,  together  with  the  compact  disposition  and  homogeneal 
quality  of  the  burden,  render  the  computations  far  more  easy. 

In  that  valuable  miscellany  TillocVs  Philosophital  Maga'^ 
zine,  there  is  a  paper  on  this  subject  by  Mr.  John  ISnglish ;  flrom 
which  we  shall  make,  an  extract,  shewing  the  application  of  the 
principles  to  river  and  canal  boats. 

''  Vessels  of  this  kind,**  says  Mr.  E.  "  arc  generally  of  the 
same  transverse  section  throughout  their  whole  length,  etcept 
a  small  part  in  prow  and  stem,  formed  by  segments  of  circlen 
or  other  simple  curves ;  therefore  a  length  may  easily  be  nsmgaed 
such,  that  any  of  the  transverse  sections  being  multiplied  there- 
by, the  product  will  be  equal  to  the  whole  solidity  of  the  resieL 
The  form  of  the  section  abcd  is  for  the  most  part  either  rect- 
angular, as  in  fig.  IS.  pi.  XVI.  trapezoidal,  as  in  fig.  1. 
pi.  XVII.  or  mixtilineal,  as  in  fig.  14.  pi.  XVI.,  in  all  which 
MM  represej^  the  line  of  floatation  when  upright,  and  £¥ 
that  when  flnned  at  any  angle  mxe  ;  also  o  represents  the 
centre  of  gravity  of  the  whole  vessel,  and  b  that  of  the  part 
immersed. 

''  If  the  vessel  be  loaded  quite  up  to  the  line  ab,  and  the 
specific  gravity  of  the  boat  and  burden  be  the  same,  then  the 
point  G  is  simply  the  centre  of  gravity  of  the  section  abcd; 
but  if  not,  the  centres  of  gravity  of  the  boat  and  burden  must 
be  found  separately,  and  reduced  to  one  by  the  common  me- 
thod, namely,  by  mviding  the  sum  of  the  momenta  by  the  sum 
of  weights,  or  areas,  which  in  this  case  are  as  the  weights* 
The  point  r  is  always  the  centre  of  gravity  of  the  section 
MM  CD,  which,  if  consisting  of  different  figures,  must  also  be 
found  by  dividing  the  sum  of  the  momenta  by  the  sum  of  the 
weights  as  common.  These  two  points  being  found,  the  neit 
thmg  necessary  is  to  determine  the  area  of  the  Wo  equal  tri* 
W^hs  MxiS;  MXF,  thei^centres^f  gravity  0,  Oi  and  the  perp^o* 


Gu  A  p.  IIL]  Stability^  SfC.  of  Boai$.  403 

dicular  projected  (Ustance  nn  of  these  points  on  the  water 
line   EF.      This  being  done^  through  ii  and  parallel  to  kf 
draw  RT  =  a  fourth  proportional  to  the  whole  area  mmcd, 
either  triangle  mxe  or  mxf^  and  the  distance  nn ;  through 
T,   and  at  right  angles  to  rt  or  ef,  draw  ts  meeting  the 
vertical  axis  of  the  vessel  in  s  the  nietacentre;  also  through 
the  points  g,  b,   and  parallel   to   st^  draw  ngw  and  bv  ; 
moreover  through  s^  and  parallel  to  bf^  draw  wsv,  meeting 
the  two.  former  in  v  and  w ;  then  sw  is  as  the  stability  of 
^e  vessel,  which  will  be  positive,  nothing,  or  negative,  ac- 
cording as  the  point  s  is  above,  coincident  with,  or  below,- 
the  point  o.     If^  now  we  suppose  w  to  represent  the  weight 
of  the  whole  vessel  and  burden  (which  will  be  equal  to  the 
aectioR  mmcd  multiplied  by  the  length  of  the  vessel),  and  p. 
to  represent  the  required  weight  applied  at  the  gunwale  B  to. 
sustain  the  vessel  at  the  given  angle  of  inclination ;  we  shall 
always  have  this  proportion:  as  vs:  sw  : :  w :  p :  which  pro* 
portion  is  general,  whether  sw  be  positive  or  negative ;  it  must 
only  in  the  latter  case  be  supposed  to  act  upward,  to  prevent 
an  overturn. 

^'  In  the  rectangular  vessel,  of  given  weight  £ind  dimensions, 
iitA  whole  process  is  so  evidient,  that  any  further  explanation 
would  be  unnecessary.  In  the  trapezoidal  vessel,  after  having 
found  the  pomts^  a  and  r,  let  ad,  bc,  be  produced  untu 
they  meet  in  k.  Then,  since  the  two  sections  mmcd,  efdc 
are  equal,  the  two  triangles  mmk,  efk,  are  also  equal ;  and 
therefore  the  rectangle  ek  x  kf  =  km  x  km  =  km^;  and  since 
the  angle  of  inclination  is  supposed  to  be  known^  the  angles  at 
£  and  F  are  given.  Consequently,  if  a  mean  proportional  be 
found  between  the  sines  of  the  angles  at  £  and  f^  we  shall  have 
the  following  proportions :  ^ 

'^  As  the  mean  proportional  thus  found ;  sin  il  B : :  £:m  :  kf, 
and  as  the  said  mean  proportional^:  sin  Z.  f  : :  km  :  KE ;  there- 
fore me,  mf  become  known;  from  whence  the  area  of  either 
triangle  mx^  or  mxF|  the  distance  nn,  and  all  the  other  requ^- 
sitesy  may  be  found. 

^<  In  the  mixtilineal  section,  let  ab  =9  fo^t  =  108  inches, 
the  whole  depth  =  6  feet  s  72  inches,  and  the  altitude  of 
mm  the  line  of  floatation  4  feet  or  48  ipcbes  j  also  let  the  two 
curvilinear  parts  be  circular  quadrants  of  two  feet,  or  24  inches 
radius  each.  Then  the  area  of  the  two  quadrants  =  004-7 80S 
square,  inches,  and  the  distance  of  their  centres  of  gravity  fron) 
the  bottom  =  13*8177  inches  very  nearly;  also  the  area  of  th.e 
included  rectangle  abie  ss  1440  square  inches,  and  the  alti- 
tude of  its  centre  of  gravity  12  inches;  in  like  manner,  the 
area  of  the  rectangle  Aucd  will  be  found  :;;i  5 184  squai*^  inch^, 
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afid  the  altitude  of  its  centre  of  gravity  48  inches :  dierefore  we 
siMdl  have 

""^^^"f"*}- 904.7808  K  13.817  -  MS01.989660W 
M^^^*«} -5184.       X48       .M88M. 

-   _      -    --         .       ■  I  -     -  '' ' *- 


7528-780$  278613*98966016 

^^  Now  the  sum  of  the  momenta,  divided  hf  the  sum  of  tlt« 
areas,  will  give  ^^^I^^IH^^J  =  37>006  inches,  the  altitude. 

"528*7808 

of  Gf  the  centre  of  gravity  of  the  section  Abcd  above  the 
bottom.  In  like  manner,  the  altitude  of  b,  the  centre  of 
gravity  of  the   section  mmcd,  will  be  found  to  be   eqtiat 

1*809398966016        ^.  ^„,    •     .  j  ^i      xi.   •      j-r 

' '  "^3^7808      ~  g^«934  inches;  and  consequently  their  dif- 

fefence,  or  the  value  of  gr  =:  12*072  inches,  will  be  found. 

'*  Suppose'  the  vessel  to  heel  15^,  and  we  shall  have  the  fol^ 
lovnng  proportion ;  namely,  As  radius :  tangent  of  IS"": :  Mxrz 
54  inches  :  14*469  inches  =  me  or  MP;  and  consequently' the 
area  of  either  triailgfe  mxe  or  mxf  =  390'663  square  inches. 
Therefore,  as  49367808  :  390*663  : :  72  =  /?/*  =  4  ab  :  5-6975 
inches  =  et;  arid,  again,  as  radius  :  sine  of  15** ::  12«07€  =y 
Cti, :  3'1245  inches!  zi  An  ;  consequently  rt  —  rn  =  5'6915  -*- 
3*1245  =r  2*573  ibeheg  r;;^  sw,  the  stability  required. 

''  Moreover,  as  the  sitae  of  15*^:  radius  : :  5*6975  =tt  rt  : 
22*013  ==  As,  to  which,  if  we  add  24-334,  the  altitude  of  the 
point  A,  we  shall  have  46-947  for  the  height  of  the  metjsi- 
centre,  which  taken  from  72f,  the  whole  altitude,  there  re^ 
mains  25*05^  from  which,  and  the  half  width  =  54  inches, 
the  distauc^Tas  is  found  rz  59-529  inches  very  nearly,  attd 
the  angle  s6y  =  80*  06'  4^'';  from  whence  sv  =  5d-645 
inches, 

"  Again :  Let  us  suppose  the  mean  length  of  the  vessel  to 
be  40  feet,  or  480  inches^  and  we  shall  have  the  weight  of  the 
whole  vessel  equal  to  the  area  of  the  section  mmcb  n 
4936-7808  multiplied  by  480  =  2369654-784  cubic  inches  of 
water,  vWch  Weighs  exactly  85708  pounds '  avoirdupoise,  al- 
lowing the  cubic  foot  to  weigh  62-5  pounds. 

''  And,  finally,  as  sv  :  sw  {i.  e.)  as  58-645  :  2-575  :  : 
85708  :  3760  +  the  Weight  on  the  gunwale  which  will  sustain 
the  vessel  at  the  given  inclination.  Therefore  a  vessel  of  the 
above  dimensions,  add  weighing  38  tons,  5cwts.  28lbs.  vwU 
rejjuire  a  weight  of  1  ton,  IS  cwts.  64  lbs.  to  make  her  in* 
dine  15°. 

*^  In  this  e^^ample,  the  deflecting  power  has  been  supposed- 
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to*act  perpendicularly  on  the  gunwale  at  B ;  but  if  the  vessel 
is  navigated  by  sails^  the  centre  velique  *  must  be  found ;  wilh 
which,  and  the  angle  of  deflection,  the  projected  distance 
thereof  oa  the  line  sv  may  be  obtained ;  and  then  the  power, 
calculated  as  above,  necessary  to  be  applied  at  the  projected 
point,  will  be  that  part  of  the  wind's  force  which  causes  the 
vessel  to  heel,  and  conversely,  if  the  weight  and  dimensions  of 
the  vessel,  the  area  and  altitude  of  the  sails,  the  direction  and 
velocity  of  the  wind,  be  given,  the  angle  of  direction  mfty  be 
found." 

*  The  centre  velique  (a  term  first  used  by  M.  Bovg^r)  |s  Ac  centre  of 
gravity  of  the  equivalent  saW ;  that  is,  of  the  sail  whbse^position  and  ina^« 
nitade  are  suchi  as  cause  it  to  be  acted  upon  by  Hie  ^md' When  the  vessel  tt 
flailing,  in  a  manner  equivalent  to  l^e  action  of  the  wind  upon  a)l  thesaill 
toiler  Myhich.the  vjossel  actually  ca^riei*  S^e  al^  JS^ei  on  VesBcl^ 
B<K>kI]U.  Qhap-ii-  §  I0»  U./and  l^^^v^t  9ydroijyua(Qii}i^..f^i;ti/pK- 
1^,  13,  14* 


.  ■   *  / 
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and  the  altitude  of  its  centre  of  gravity  4S  inches:  tU« 
shall  have  ^=^ 

Momentum  of  the 'l^gQ4.Ygj,8  ^  13.817  »  18501>989flPf 

two  quad.  J 

Momentum  of  the  ?  ^  j^^Q.        j^  ^        0  17880- 

rectan.  oirttf  ( 
Momentum  of  tlicl   ^51  g^.        ^  48        ■■9488?         ' 

rectaii.  ABcd      j . 

75287808  27^ 

"  Now  the  sum  of  the  momenta,  div*  .  ;  . 

.„     .         «78613-98966016  „-  .  ..  * 

areas,  will  give ,75387808  ""  ""  ^^''     i 

of  G,  the  centre  of  gravity  of  tb 
bottom.    In  like  manner,  the  r     -  , 
gravity  of  the    section  MMcp/ 

Iiy93j896|ai6  ^  g  .^^,V       ::• 

4936.7808  s  5    .  o^anl 

ference,  or  the  value  of  gb;,  ? '       •  .,1  the  flame 

'*  Suppose  tha  vessel  y'; .' : }  ^^  s  thread. 

lowing  proportion;  nar.'*f  |^'  "  .^  diameters^  and  oni 

54  inches  :  14»469  inr  l|  J  •  ^  mto  water,  the  fluid  wj 

area  of  either  triai^'     *  .^s  than  the  surface  of  the  \^ 

Therefore,  as  493^  ^ater  degree  as  the  tube  is  s^^^ 

inches  =  bt  ;  ato'  ^q  of  the  fluid  in  the  tube  above  ths 

cm  3-1245  inc^       .ervoir,  being  nearly  in  the  reciprocal  j 

3*1^45  =2*5'    J  of  the  tube:    so  that  the  diameter  of 

"  Moreo-     ^gd  into  the  altitude  of  the  fluid  in  it  (above 

22-01 3  =  •  /JJS)  is  nearly  a  constant  quantity  for  the  same  fl 

point  B;  -^^Jtquantity  is  found  by  experiment  to  be  about  - 

centre,  *^^h»u  the  fluid  is  water  ;  -036  of  an  inch  for  vin« 

mains  f.^^^  per  deliquium ;  and  -024  of  an  inch  for  sv^eet 

Ae    //  ^ksilver  is  put  into  the  tube,  the  contrary  to  all 

^^    i^A»C^  ;  for  that  fluid  stands  lower  within  the  tube  thai 

11^    ;^!!^iii  the  vessel, and  the  lowtr  as  the  tube  is  smaller. 

§  iimons  the  Tarious  methods  of  determining  the  diameter  of  a  unl 
^'IJary  tube,  the  following  seems  the  best  and  most  accurate.  ] 
f^  the  tube  a  certain  quantity  of  mercury  whose  weieht  in  troy  m 
ji  W9  and  measure  carefully  the  length  /  of  the  tube  which  it  occui 

then  is  the  diameter  (/=  0192523^— .    For,  the  spec! fie  gravit 

nicrcurv  being  13668,  a  cubic  inch  \4reighs  3435*16  grains;  h 
1  :  <i«/  +  '785398  :  :  3435*l6  :  w.      Whence,  by  multiplying  means 

extremes,  &c.  we  find  c/ =  V ^^ r"rr"i='019«523^!f 

3435- 16  X -785398  X/  "         V   ^ 

If /be  the  whole  length  of  the  tube  in  inches,  and  w  the  difference  in 
grains  between  its  weight  when  empty  and  when  full  of  mercury , 
same  theorem  will  obviously  ascertain  the  diameter. 
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On  the  Phenomena  of  Attraction  in  Capillary  Tubes. 

426.  The  appellation  capillary ^  in  a  general  sense,  is  f^iven 
to  any  thing  on  account  of  its  extreme  fineness,  because  it  in 
-that  respect  resembles  hair.  In  physics,  capiUaryiubes  are  smaN 
pipes  of  glass  whose  canals  are  extremely  narrow.  Hie  mter* 
nal  diameter  of  these  tubes  may  vary  from  -rv  to  -nr  of  an  incli : 
indeed  Dr.  Hook  affirms  that  he  drew  tubes  in  the  flame  of  a 
lamp  much  smaller,  and  resembling  a  spider's  thread. 

If  several  capillary  tubes  of  different  diameters,  and  open  at 
both  ends,  be  immersed  a  little  way  into  water,  the  fluid  will  be 
seen  to  stand  higher  in  the  tubes  tban  the  surface  of  the  water 
^  widiout,  and  this  is  in  a  greater  decree  as  the  tube  is  smaller ; 
the  height  of  the  surface  of  the  flmd  in  the  tube  above  that  of 
the  fluid  in  the  reservoir^  being  nearly  in  the  reciprocal  ratio 
of  the  diameter  of  the  tube :  so  that  the  diameter  of  the 
tube  *  multiplied  into  the  altitude  of  the  fluid  in  it  (above  that 
in  the  reservoir)  is  nearly  a  constant  quantity  for  the  same  fluid, 
This  constant  quantity  is  found  by  experiment  to  be  about  •048 
of  an  inch  when  the  fluid  is  water  ;  -036  of  an  inch  for  vinegar 
or  ol.  tar.  Mr  deliquium ;  and  -024  of  an  inch  for  sweet  oU. 
When  quicksilver  is  put  into  the  tube,  the  contrary  to  all  this 
takes  place  ;  for  that  fluid  stands  lower  within  the  tube  than  its 
surface  in  the  vessel^  and  the  lower  as  the  tube  is  smaller. 

*  Amons  the  various  methods  of  determining  the  diameter  of  a  uniform 
capillary  tube,  the  following  seems  the  best  and  most  accurate.  Pour 
into  the  tube  «  certain  quantity  of  mercory  whose  weight  in  troy  gndm 
is  w,  and  measure  carefully  the  length  /  of  the  tube  which  it  occupies  ^ 

then  is  the  diameter  (/=  0192523^-^.    For,  the  specific  gravity  of 

mercury  being  13568,  a  cubic  inch  \Veighs  3435*16  grains;  hence 
I  :  d*l  +  -785398  :  :  3435*16  :  to.      Whence,  by  roultiplymg  means  aad 

_ .  *  w  W^  to 

'   extremes,  &c.  we  find  rf=  V ^        ,='019<523v^^ 

3435- 16X •785898 X/  ^         ^    I' 

If /be  the  whole  length  of  the  tube  in  inches,  and  w  the  differeAce  in  troy 
grains  between  its  weight  when  empty  and  when  fuU  of  mercniy,  the 
same  theorem  will  obviously  ascertain  the  diameter. 
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Another  phenomeuon  of  these  tubes  is,  that  sach  of  them  as 
would  naturally  only  discharge  water  by  drops,  when  electrified 
yield  a  continued  and  accelerated  stream ;  and  the  acceleration 
is  proportional  to  the  minuteness  of  the  tube.  Nay,  the  effect 
of  electricity  is  so  considerable  that  it  produces  a  continued 
stream  from  a  very  small  tube,  out  of  which  the  water  would  not 
drop  at  all  previous  to  the  excitation  by  electricity.  But  we 
shall  not  attempt  here  any  explanation  of  this  phenomenon  of 
the  continued  stream  :  our  present  object  being  merely  to  state 
the  most  approved  method  of  accounting  for  the  ascent  and  sus- 
pension of  fluids  in  these  tubes,  according  to  the  principle  of 
attraction  or  of  adhesion. 

In  accounting  for  these  phenomena  of  capillary  tubes  we 
mnst  deviate  from  the  method  we  have  generally  followed 
hidiertOy  of  demonstrating  a  series  of  connected  propositions  : 
for  the  mode  of  elucidation  we  adopt  has,  at  most,  only  proba- 
bility on  its  side;  and  we  would  not  willingly  delude  the 
student  with  an  appearance  of  strict  demonstration,  when  that 
kind  of  proof  is  incompatible  with  our  present  knowledge  of  the 
subject. 

427.  It  will  be  necessary  first  to  premise  that  the  attraction 
between  the  particles  of  glass  and  water  is  greater  than  the 
cohesive  attrac^on  between  the  particles  of  water  itself.  For  if 
this  were  not  the  case,  the  Ifeast  quantity  or  drop  of  water  ap- 
plied to  the  underside  of  a  glass  tube  placed  horizontally 
'would  not  adhere  to  it,  but  fall  down  immediately  in  the  direc- 
tion of  gravity ;  whereas  this  does  not  happen  till  the  bulk  and 
weight  of  the  drop  be  so  far  increased  as  to  exceed  the  attractive 
power  of  the  glass;^  and  then  it  falls  off. 

Since,  then,  we  fitid  such  a  strong  attractive  power  exerted 
at  the  surface  of  glass,  it  will  be  natural  to  conceive  that  such 
power  must  act  sensibly  on  the  surface  of  a  fluid  that  is  not 
viscid  (water,  for  instance)  contained  within  the  small  cavity  of 
a  glass  tube,  and  that  it  will  be  proportionally  stronger  as  the 
internal  diameter  of  the  tube  is  the  smaller:  for  that  the 
efficacy  of  the  power  to  hold  up  the  fluid  in  the  tube  will 
follow  the  inverse  {H'oportion  of  the  diameter  will  be  highly 
probable,  if  we  consider  that  only  such  particles  as  are  in  con- 
tact with  the  fluid,  and  those  immediately  all^ove  the  surface,  can 
affect  it. 

428.  Hence  most  philosophers  assert  that  the  suspension  of 
the  Jiaid  in  capillary  tubes  is  owing  to  the  attraction  of  the 
narrow  ring  of'  glass  contiguous  to  the  upper  surface  of  the 

flui4*  The  reasoning  addaced  is  of  this  kind :  Every  ring  of 
glasts  below  the  surfoce  attracts  the  water  abc^ve  it  as  much 
doWfiwarda  at  it  attracts  the  y^ater  below  it  upwar|ls>  and  con- 
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aequently  can  contribute  nothing  towards  the  sup|)ort  of  the 
column :  and  the  action  of  the  lowest  ring  upon  all  die  fluid  of 
the  tube  within  its  surface  of  attraction,  must  either  concur 
with  the  force  of  gravity  to  bring  the  fluid  downwards,  or  acting 
upon  it  at  right  angles  can  have  no  effect  in  suspending  it 
within  the  tube.  The  fluid,  therefore,  can  only  be  supj^rted 
by  the  ring  of  glass  contiguous  to  its  upper  surface,  which, 
attracting  upwards,  opposes  the  action  of  gravitation  by  whidi 
the  fluid  is  solicited  downwards.  And  the  same  kind  o£ 
reasoning  may  be  applied  to  the  fluid  raised  between  paniUeL 
planes  of  glass. 

4(29.  The  preceding  reasoning  being  admitted,  it  will  follow, 
in  conforfnity  vvith  the  experiments,  that  in  capillary  tubes  the 
heights  to  which  thejiuid  rises  by  virtue  of  the  attraction  art  in-- 
versely  as  the  internal  diameters,  for  the  fluid  being  sob- 
pended  by  the  action  of  the  annulus  of  glass  contiguous  to  tbe 
upper  suiface,  and  th^  distance  to  which  the  attraction  of  glass 
upon  any  one  fluid  reaches  being  unvarie4>  the  force  which  sus- 
tains the  fluid,  will  be  as  the  number  of  attracting  particles,  that 
i^,  as  the  circumference,  or  as  the  diameter  of  the  upper  rin^^ 
or  of  the  tube.  Let  q,  q,  then,  represent  the  quantities  of.  fluid 
to  be  raised  in  two  tubes  of  different  bores;  j^,d,  the  .re8|^ti¥e 
internal  diameters;  and  H,  A^ the ^heigbts  to  wbi^  fluids lise  in 
the  tubes :  ;then,  'because  Q,  q^  represent  two  cylinders  of  the. 
fluid,  we  have a:q: : d^h  :  €Ni ;  and,  from  the  ^nature  of  diis 
attraction,  which  is  as  the  diameters  of  the  tubes,  J>  id: :  a :  ^  ;, 
consequently  u^H  :  d^h  ;:  j>  i  d,  or  dh  :  dh  ::  I .:  1,  ot,  flnally, 
J}  :d::  h:  H» 

Dr.  Juritiy  who  first  offcHred  this  solution  of  the  phenojuenoni. 
says,  the  effect  ia  the  same  in  vacuo  as  in  the  air :  but  in  his 
time  the  air-pumps  would  not  exhaust  sufficiently  to  determine 
this  point:  the  pumps  which  are  now  made  may  perhaps  shew 
that  the  water  will  not  be  supported  after  a  very  great  degree 
of  exhaustion. 

Mr.  Martin  aays,  the  power  by  which  the  fluid  is  raised  wiU 
keep  it  in  the  tube  for  any  time  without  .exhaling  or  evapora- 
tion ;  as  he  tried  by  hanging  several  capillary  tubes  thus  charged 
with  their  fluids  for  months  toj^ether  in  tjie  summer  sun,  whose 
heat  did  not  appear  to  diminish  the  fluids  in  the  least  sensible 
degree. 

430.  Another  curious  curcumstance  ascribed  to  the  same 
cause  is  the  following:  Between  ttm  glass  plates^  meeting  on 
one  side,  and  kept  open  at  a  smail  distdtice  on  the  other,  water 
will  rise  unequally;  and  its  upper  mifcice  wUlform  a  hyper^ 
bolic  curve,  in  which  the  altitudes  of  the  several  points  above 
the  surface  ofthefmd  in  the  reservoir  wiU  be  to  one  OMOiher 
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redprocalfy  us  their  perpendicular  distances  from  ihe  Une  in 
which  the  plates  meet.  This  was  first  observed  by  Dr.  Brook 
Taylor,  and  is  thus  accounted  for  on  the  same  hypoliiem  a9 
before.  Let  AB  (fig.  3,  pi.  XVII.)  be  the  horizontal  surface 
of  the  fluid  in  the  reservoir,  af  the  line  in  which  the  plates 
meet,  hoikl  the  curve  formed  by  the  surface  of  the  saspended 
fluid ;  QB,ic,  KD,  LB,  perpendiculars  to  ae,  shewing  the  heights 
of  the  respective  points,  g,  i,  K,  l,  above  the  horizontal  surniee 
AB,  and  AB,  AC,  AD,  A£,  perpendiculars  to  af,  measurinr  the 
distances  of  the  same  points  from  the  line  in  which  the  planes 
meet:  these  heights  and  distances  are  reciprocally  propoir* 
tionaL  For  let  die  lines  gb,  ic,  kd,  le,  represent  pillars  of 
fluid  of  an  equal  evanescent  breadth :  those  portions  of  the 
glass  plates  which  by  their  attraction  support  these  pfflars^ 
betn^  of  equal  breadth,  will  sustain  equal  quantities  of  fluid; 
that  IS,  the  {Mllar s  will  be  equal.  But  the  pillars  may  be  con<* 
sidered  as  parallelopipeds^  which  are  equal  when  their  bases  and 
altitudes  are  reciprocally  proportional.  And  the  bases,  being, 
of  equal  breadth^  are  as  their  lengths ;  that  is,  as  the  intervals 
between  the  plates :  and  since  these  intervals  continually  in- 
crease as  the  distance  from  the  line  af  incresHBes,  these  intervals 
at  the  points  b,  c^  d,  e,  are  as  their  distances  ab,  ac,  ad,  ae^ 
from  the  line  af.  Since,  then,  the  heights  of  the  pillaFs  are 
reciprocally  as  the  intervals,  the  heights  gb,  ic.  Sec.  are  reci- 
procally as  the  distances  ab,  ac,  &c.  and  hgikl  is  abyperbolft 
whose  asymptotes  are  af  and  ae. 

431.  If  two  long  glass  planes  are  first  smeared  overwilh  oil 
and  then  set  together  at  their  ends,  and  inclined  to  eacb  odier 
under  a  very  small  angle,  and  a  drop  of  the  oi}  so  placed  be- 
tween them  as  to  touch  both  planes,  it  will  unmediately  begin 
to  move  towards  the  touching  ends,  or  angles  of  the  planes ; 
and  that  motion  will  be  continued  with  an  accelerated  velocity, 
by  reason  of  the  increasing  action  of  the  planes,  on  account  of 
the  decreasing  distance  between  them,  and  the  larger  portion  of 
touching  surface  on  each  side  of  the  drop. 

432.  If  glass  be  applied  to  any  other  fluid  whose  particles 
attract  each  other  more  strongly  than  glass  attracts  dien^,  all 
the  phenomena  of  such  a  fluid  in  capillary  tubes,  and  between 
glass  planes,  will  be  just  the  reverse  of  those  which  we  have 
stated  as  taking  place  with  regard  to  water.  Now  quicksilver 
is  sudi  a  fluid,  and  di^efore  it  will  stand  lower  within  a  capil- 
lary tube  than  without  (art.  4fi6.);  the  surface  will  be  convex, 
and  not  concave,  as  in  water ;  and  between  die  planes  it  will 
move  the  contrary  way.  But  if  a  basin  or  dish  be  made  of 
copper  or  brass^  and  polished-well  within,  and  then  tinned  all 
over,  mercttry  put  into  such  a  vessel  will  eveiry-wfaew  unite 
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with  the  till,  and  maj  perhaps  be  said  to  wet  it,  as  water  does: 
glass ;  and  the  mercury  put  into  this  mercurial  basin  will,  if 
clean,  be  attracted  and  rise  all  around  the  sides,  and  have  the 
same  phenomena  with  water  put  into  a  wet  glass,  transparency 
alone  excepted. 

.  433.  If  water  rise  in  any  capillary  tube  t  to  a  certain  height, 
and  another  vessel  be  put  hito  the  water,  having  the  upper  end 
capillary  and  of  the  same  diameter  as  the  tube  t,  but  the  lower 
part  of  any  greater  size ;  then,  if  the  air  be  drawn  out  of  this 
vessel  by  suction  until  the  water  enters  into  the  capillary  part,  it 
vrill  stand  at  the  same  altitude  as  in  the  tube  T  after  the  suction 
ceases  and  the  air  is  admitted  into  the  capillary  part  In  this 
case  the  cylindrical  part  of  the  irregular  vessel  whose  diameter 
and  height  equal  those  of  the  capillary  tube  seems  to  be  sup- 
ported by  the  same  power  as  the  water  in  the  latter,  that  is,  by 
the  attraction  of  the  glass  annulus  contiguous  to  the  upper 
surface  of  the  fluid :  and  the  other  part  surrounding  this  capil- 
lary cylinder  is  supported  by  the  pressure  of  the  air  upon  the 
surface  of  the  water  in  the  reservoir;  which  is  proved  hence^ 
that  if  the  whole  be  placed  under  the  receiver  of  an  air*pump, 
and  the  air  exhausted  from  the  surface  of  the  vessel,  the  water 
will  not  be  supported  as  before. 

434.  The  opinion  that  the  suspension  of  the  fluid  in  capillaiy 
tubes  is  occasioned  by  the  attraction  of  the  glass  annulus  conti- 
guous to  the  upper  surface  has  been  pretty  generally  acquiesced 
in:  but  the  ingenious  Dr.  Hamilton  is  of  opinion,  on  the  con- 
trary (see  his  Essays),  that  the  fluid  is  supported  by  the  loz&er  an- 
nulus contiguous  to  the  bottom  of  the  tube;  this  he  imagines  will 
first  draw  up  a  plate  of  water  immediately  under  it,  and  then  a 
succession  of  plates,  till  the  weight  of  the  whole  is  equivalent  to 
the  attraction  of  that  annulus.  A  similar  opinion  is  embraced 
by  Dr.  Matthew  Young,  But  Dr.  Parkinson  and  Mr.  Fince 
object  to  Dr.  Hamilton's  solution.  Mr.  Vince  says,  ^'  If  this 
were  the  case,  the  quantity  supported,  and  consequently  the  alti- 
tude of  the  fluid,  would  depend  upon  the  orifice  at  the  bottom ; 
whereas  experiments  show  that  the  altitude  at  which  the  fluid 
is  supported  depends  upon  the  diameter  of  the  tube  at  the 
upper  surface  of  the  fluid,  without  any  regard  to  the  form 
of  the  tube  below  it.  Again,  if  in  a  capillary  tube  water  will 
stand  at  the  altitude  of  an  inch  above  the  surface  of  the  fluid  in 
the  vessel,  and  you  depress  the  tube  till  there  be  only  an  inch  of 
it  above  the  surface,  the  water  will  then  not  rise  to  the  top  of 
the  tube,  and  if  you  depress  the  tube  still  lower,  the  water  will 
not  rise  to  the  top.  Thus  there  will  always  be  an  annular  sur- 
face of  the  tube  above  the  fluid,  which  is  .a  strong  argument  in 
favour  of  the  fluid  being  supported  by  the  attraction  of  such  a 
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surface.  If  die  fluid  were  raised  by  the  attraction  of  the  anniilus 
at  the  bottoniy  when  the  length  of  the  tube  above  the  surface 
was  less  than  an  inch^  the  fluid  ought  to  run  over,  and  thus  a 
perpetual  motion  would  be  formed/'     Hydrostatics^  p.  68. 

4S5.  Still,  though  the  attraction  of  tl)e  glass,  and  perhaps  of 
the  annulus  immediately  above  the  upper  surface  of  the  fluid  in 
the  tube,  be  the  chief  cause  of  the  ascent  of  any  fluids,  yet  it 
must  be  allowed  that  the  nature  and  quality  of  each  particulaf* 
fluid  is  to  be  regarded  in  most  of  the  phenomena,  which  are  not 
proportioned  to  the  attracting  power  of  the  glass  solely,  but  to 
that  conjointly  with  the  various  disposition  of  fluids  to  yield  io 
it :  nor  is  the  density  of  the  fluid  of  primary  consideration ;  i^ 
being  manifest  from  experiment,  that  some  lighter  fluids  i/nll 
rise  to  a  less  height  than  others  which  are  much  heavier.  Nor, 
again,  does  it  depend  on  the  viscidity  or  tenacity  of  parts ;  for 
hard  white  varnish  (very  thick  and  viscid)  and  spint  of  whie 
ascend  nearly  to  the  same  height.  From  experiments  it  likewise 
appears  that  heat  and  cold  are  not  concerned  in  this  ascent  of 
"fluids,  very  hot  water  standing  at  the  same  height  as  cold.  And 
a  solution  of  any  salt  in  water  makes  but  very  little  difierence  in 
the  heights. 

Mr.  Martin  made  and  repeated  frequently  a  series  of  experi- 
ments on  several  fluids,  to  ascertain  the  altitudes  at  which  they 
would  be  sustained  in  a  tube  whose  internal  diameter  was  abou^ 
•^,  or  more  accurately  ^  of  an  inch :  the  results  are  given 

below : 

Alt.  Alt 

Common  spring  water  i  *2i7fcA.  Red  wine     .     •     •     Qrlbinch, 
Spirit  of  urine. 
•Tincture  of  galls 
•Recent  urine       .     . 
Spirit  of  salt       .     . 
Ol.  tar.  perdeliq. 
Vinegar    .... 
Small-beer      .    •    . 
Strong  spirit  of  nitre 
Spirit  of  hartshorn 
•Cream      .     .     .     • 
Skimmed  milk 
Aqua  fortis    .     .     . 

M.  Clairaut,  in  his  excellent  work  on  the  figure  of  the  earth, 
says,  "  ^fhe  truth  is,  that  when  we  compare  the  elevation  of  the 
same  fluid  in  two  different  tubes,  the  attraction  of  each  surface 
is  the  result  of  all  the  particular  attractions  exerted  b^  the 
difierent  moleculae  of  the  glass  upon  all  those  of  the 'liquid 
which  are  at  distances  small  enough  to  be  subjected  to  the 
effect  of  these  attractions.'^ 


v\ 

White  wine      .     .       *15 

M 

Ale    .     .     .     .     .      -75 

\'l 

OL8ulp.percampanum*65 

•9 

Oil  of  vitriol     .     .       -65 

'9 

Sweet  oil     r     .     .       '6 

'95 

Oil  of  turpentine  .       '55 

•y 

Geneva        .     .     .       *S5 

•«5 

Rum  .     .     .     •     .       '5 

•85 

Brandy    ....       *5 

•8 

White  hard  varnish      "'5 

•8 

Spirit  of  wine      .         '45 

•75 

Tincture  of  Mars        "45 
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The  Abbe  Hauy,  in  his  TraitS  Elementaire  de  Physiguef 
adopts  the  same  hypothesis,  and  ingeniously  applies  it  to  the 
elucidation  of  various  phenomena :  see  my  translation  of  that 
work,  vol.  i.  p.  170. 

SCHOLIUM. 

The  celebrated  Laplace  has  published  several  distinct  essays 
on  capillary  action.  A  syllabus  of  one  of  these  is  given  in  ^ 
note  to  the  translation  of  Haiiy's  Philosophy  just  cited.  In 
another  published  in  the  Journal  de  Physiqtie^  Dec.  1 806, 
Jieadopts  a  method  which  is  very  simple  and  general,  and  re- 
sembles in  some  measure  the  mode  of  demonstration  employed 
in' Dr.  M.  Young's  Analysis,  although  it  is  certainly  much 
more  unexceptionable.  He  begins  with  sliewing  diat  the 
weightof  the  fluid  supported  in  any  prismatic  and  vertical  tube^ 
is  eduftl  to  the  length  of  the  interior  circumference  of  the  prism^ 
omKtipUed  by  a  certain  constant  quantity ;  and  that  this  quanr^ 
jdtyjfor  the  same  fluid  is  proportional  to  the  excess  of  twice  ^e 
attractive  force  of  the  solid  above  that  of  the  fluid.  His  rea^ 
jsoning  is  exhibited  in  a  condensed  form,  in  the  remainder 
of  this  scholium.  The  attraction  of  a  capillary  tube,  which 
tends  to  elevate  the  column  of  fluid  contained  in  it,  consists  of 
two  equal  parts,  one  of  which  is  derived  from  the  action  of  the 
portion  above  the  fluid  on  the  upper  part  of  the  column^  the 
other  from  that  of  the  end  of  the  tube  on  the  imaginary  conti- 
nuation of  the  base  of  the  column,  a  little  below  the  tube ;  and 
these  forces  are  opposed  by  the  attraction  of  that  part  of  the 
fluid  which  forms  an  imaginary  continuation  of  the  tube,  tending 
to  draw  the.  column  downwards,  in  the  same  manner  as  each  of 
the  other  forces  draws  it  upward..:  so  that  the  weight  of  the 
fluid  elevated,  must  be  proportional  to  the  excess  of  twice  the 
density  of  the  solid  above  that  of  the  fluid.  Mr.  Laplace  com- 
pares this  proposition  with  the  experiments  of  Gellert  on  rect- 
angular  and  triangular  tubes,  and  finds  that  they  agree  as  well 
as  could  be  expected  from  the  degree  of  accuracy  with  which 
these  experiments  appear  to  have  been  performed.  Secondly^ 
if  the  vessel,  into  which  the  tube  is  immersed  contain  fluids  of 
different  kinds,  the  weight  sustained  in  consequence  of  the  capil- 
lary  action  will  be  the  same  as  if  the  vessel  contained  only  tiliat 
fluid  in  which  the  lower  end  of  the  tube  is  situated;  the  only 
effective  action  being  exerted  on  this  fluid.  Thirdly,  if  the 
tvhe  be  wholly  immersed,  and  its  superior  part  be  in  one,  and 
its  inferior  in  another,  of  two  fluids  contained  in  the  vessel,  the 
weight  of  the  portion  of  the  lower  fluid  raised  above  its  natural 
levels  considered  as  situated  in  the  upper,  will  be  equal  to  the 
difference  of  the  weights  of  ,the  two  fluids  which  would  be  se- 
parately supported  in  the  same  tube.  Fourthly^  wheriB  the  tqbe 
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is  inclined  to  the  horizon^  the  relative  weight  of  the  fluid  ele- 
vated will  be  the  same  as  when  it  is  vertical,  and  the  actual 
quantity  raised  will  be  inversely  as  the  sine  of  the  angle  formed 
by  the  tube  with  the  horizon.  Fifthly,  the  space  between  two 
parallelopipeds,  the  one  being  placed  within  the  other,  may  be 
considered  as  a  single  tube.  Snthly,  if  the  parallelopipeds  be 
of  different  substances,  the  weight  of  the  fluid  raised  may  be 
determined  from  the  length  of  the  line  of  contact  of  each  with 
the  surface,  considered  as  acting  independently  of  the  other  in 
raising  its  appropriate  weight.  Seventhly,  the  angle  formed  by 
the  termination  of  the  fluid  is  investigated  with  (he  assistance  of 
the  author's  former  demonstrations ;  his  reasoning  may  again 
be  thus  briefly  expressed,  as  in  the  fourth  paper.  Supposing 
the  fluid  to  be  elevated  in  a  very  narrow  space  of  a  givejn 
breadth,  the  half  of  this  breadth  being  the  radius,  the  secant  of 
|he  angle  of  contact  will  become  equal  to  the  radius  of  curva^ 
ture  of  the  surface,  which  is  always  inversely  as  the  height  of  the 
elevated  column ;  hence,  the  cosine  of  the  angle  of  contact  will 
be  directly  as  the  height ;  that  is,  as  the  difference  between  the 
density  of  the  fluid  and  twice  that  of  the  solid,  the  whole  density 
of  the  fluid  being  represented  by  the  radius.  Lastly,  for  discs 
of  the  same  diameter  raised  from  a  given  fluid,  the  squares  of 
the  forces  required  to  separate  them  are  proportional  to  the 
magnitude  of  the  attraction ;  and  if  different  fluids  be  thus  coni- 
pared,  the  squares  of  the  forces,  divided  by  their  specific  gravi- 
ties, will  shew  their  comparative  attractions.  It  must  however 
be  observed  in  all  cases,  that  where  the  attractive  power  of  the 
solid  is  greater  than  that  of  the  fluid,  it  must  always  be  supposed 
to  be  covered  by  a  thin  stratum  of  the  fluid,  which  becomes  the 
immediate  igent  in  all  the  effects  of  the  capillary  force. 

Dr.  Thomas  Young,  also,  in  an  ingenious  paper  on  the  cohe- 
sion of  fluids,  published  in  the  Philosophical  Transactions  for 
1805,  has  developed  many  analogous  results.  See  also  his 
Natural  Philosophy,  vol.  ii.  p.  649.  After  all,  however,  the 
theory  of  capillary  action,  is  without  an  experimentum  crucis,  or 
a  fact  which  will  compel  those  who  know  it,  to  adopt  one  mode 
of  explication  only. 
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IntrodiLCtory  Remarks. 

436.  Hydrodynamics  is  that  part  of  mechanical  science 
%vbich  relates  to  the  motion  of  non-elastic  fluids,  and  the  forces 
M^ith  which  they  act  upon  bodies. 

This  branch  of  mechanics  is  the  most  difficult,  and  the  least 
advanced :  whatever  we  know  of  it  is  almost  entirely  due  to  the 
researches  of  the  moderns ;  for  the  only  work  on  the  mecha^ 
lusm  of  fluids  which  has  reached  us  from  the  ancients' is  the 
piece  of  Archimedes  in  two  books,  De  Insidentibus  humido,  in 
which  the  inquiries  respect  solely  the  sinking  and  floating  of 
bodies  in  fluids,  their  relative  gravities^  levities,  situati<His,  and 
positions,  while  in  equilibrio.  We  find,  it  is  true,  some  fainti  • 
and  rules  upon  the  motion  of  fluids  in  a  treatise  attributed  to 
Septus  Julius  Frontinus,  inspector  of  public  fountains  at  Rome, 
under  the  emperors  Nerva,  Cocceius,  and  Trajan,  entitled  De 
jlqua  ductibus  urbis  Roma  commentarius ;  but  they  are  not  of 
sufficient  importance  to  deserve  much  attention  by  a  student  of 
this  science.  Benedict  Castelli  was  the  £rst  who  opened  the 
v^ay  to  a  true  measure  of  the  flux  of  waters,  in  his  treatise  Delkt 
mesura  delC  Acque  Currenti;  which  measure  he  found  to  depend 
mpon  the  area  of  the  section,  and  the  velocity  of  the  water, . 
conjointly.  The  most  valuable  and  important  discoveries  and 
theorems  in  this  department  of  science  are  given  in  Sir  Isaac 
Newton^s  PriHcipia^  book  II.;  the  Hydrodynamique  of  Daniel 
Bernoulli  \  the  Traite  des  Fluides  by  M.  D*Alembert ;  ihe  JEx-- 
amen  maritimo  Theorico  Practico  of  X).  George  Juan;  the 
Hydrodynamique  -of  M.  Bossut ;  Principes  d^Hydrdulique  by 
Id*  Buat;  and  the  Handbuch  der  Mechanik  und  aer  Hydraulik 
by  Mr.  Eytelwein.  To  these  may  be  added  an  ingenious  paper 
on  the  Motion  and  Resistance  of  Fluids  by  Mr.  Fince,  m  the 
Philosophical  Transactions  for  1795;  those  by  the  late  Dr. 
Matthew  Yotmg  in  the  Irish  Transactions;  and  Dr.  Thomas 
Ypun^9  Investigations  relative  to  the  Motion  of  Water  in  PipeSr 
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437.  Could  we  know  with  certainty  the  mass,  the  figure,  and 
the  number  of  particles  of  a  fluid  in  motion,  the  laws  of  its  mo- 
tion might  be  determined  by  the  resohition  of  this  problem^ 
viz.  to  find  the  motion  of  a  proposed  system  of  small  free 
bodies  actings  one  upon  the  other  in  obedience  to  some  given 
exterior  f%rce:  We  are,  however,  very  far  from  being  in  pos- 
session of  the  data  requisite  for  the  solution  of  this  problem : 
and  even  if  we  were  in  possession  of  them,  it  is  doubtful  whe- 
ther we  should  be  much  further  advanced ;  as  it  might  be  ex- 
tremely difficult  to  deduce  any  convenient  practical  results  from 
the  intricate  and  complex  expressions  which  might  stand  at 
the  foot  of  the  investigation.  The  wisest  philosophers  have 
had  their  doubts  with  regard  to  every  abstract  theory  concern- 
ing the  motion  of  fluids ;  and  the  greatest  geometers  and  ana- 
Ijpsts  affirm  that  those  methods,  which  have  directed  them  to 
such  curious  and  useful  conclusions  in  the  mechanics  of  solid 
bodies,  do  not  furnish  any  conttlusions  with  rCfspect  to  fluids  but 
such  as  are  loo  getieraF  and  uncertain  for  the  greater  numbd*  of 
particular  cases.  Oh  these  accounts  a  detailed  exhibition  of 
the  theory  alone  w6uld  scarcely  be  of  any  utility :  we  shaH, 
&etefore,  enter  but  little  hito  tte  theoretical  part  of  Hydrody* 
liamics^;  but  present  merely  a  few  propositions  that  afre  least 
dubious  in  their  natiire,  and  endeavour  to  supply' tiie  defieiency 
by  slatmg^ther  results  of  some  eif  this  most  ingeiiious>  carefti^ 
and  satisfactory  experiments-  with  which  we  are  acquainted; 

The  motion  of  the  waiter  in  puitips,  depending  in  part  upon 
the  principles  of  Pneuitintic^,  will  be  treated  of  in  our  fifth 
book. 
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CHAPTER  L 

On  Ute  Liacfuirge  ef  FlutdSy  fhi-tntgh  Jperturis  in  tiit 
Bottom  and  Sides  (^  Vessels,  and  on  Spoutij^ 
Mtuds, 

* 

.  4SCL  Pmop.  Ifufldid  run  through  any  tube,  whkh  u  kept 
^mUinuaUy  fully  and  the  velocity  ofthejtuid  in  every  part  ^ 
sne.  and  the  same  section  be  the  same,  the  velocities  in  differeM 
sections  will  be  inv^sely  as  the  areas  of  the  sections.  j 

'  For  as  tlie  tube  is  sdways  eqtiaSy  full^  the.samis  quantity  oT 
llttid  will  run  through  every  section  in  the  4anie  time :  but  tbjs 
'fiuantitj  passing  through  any  section  s  with  the  velocity  y  i^i 
any^  given  time  manifestly  varies  a?  s  and  v  conjointly,  or  as 
4*y;  and,  in  like  manner,  the  <juantity  passing  through  anj 
^&er. section  s  ^ith  velocity  v  must  vary  as  ^^v  in  a  giTW 
time:  ^consequently  we  must  have  ^^y  ^  s^v^  and  s  :>s : : 

. ,  It  is  supposed  in  this  propositiop  that  the  changes  iq  thie 
(jfiam^lers  of  the  tube  are  continual^  9^4  no-where  abrupt  so  a9 
to  break  the  law  of  continuity  in  the  aides  of  die  tube :  for  if 
there  be  any  angles,  or  considerable  sinupaiUes  in  the  tube>  th^ 
anrill  produce  eddies  in  the  motion  of  the  fluid,  and  the  propo- 
sition will  not  obtain. 

489.  Prop.  If  a  fluid  pndng  through  a  vmp  small  mfice 
ifi  the  bottom  of  a  vessel  be  kept  €onstantly  at  me  same  height 
in^  the  vessel,  by  ieing  supplied  as  fflst  above  as  it  runs  tmt 
below,  the  velocity  of  the  effluent  fluid  will  be  equal  to  that 
whieh  a  heavy  body  would  acquire  in  faUing  freely  through 
the  height  of  the  fluid  above  the  oriflte. 

I«t  MNOP  (fig.  4;  pi.  XVIL)  represent  »  vessel  filled  widi 
a  fluid  up  to  the  level  gh  ;  MP  the  bottom  in  which  ia  the 
aperture  en  {very  small  compaiPed  with  m^);  cikd  tile 
column  of  the  fliiid  standing  directly  dbove  the  apeHiMPd^  apd 
CABD  the  lowest  plate  of  the  fluid  imhiediately  contiguous  to 
the  aperture.  Also  let  v  denote  the  velocity  which  a  heavy> 
body  would  acquire  in  falling  freely  through  bH  the  height  of 
the  plate,  and  v  the  velocity  acquired  by  the  same  plate  during 

,  VOL.  I.  E  E 


418  HYDRODYNAMICS.  [Book  IV*. 

its  descent  through  the  same  space  until  it  is  discharged  by  the 
pressure  of  the  column  cikd.  If  we  suppose  the  lowest  plate 
of  fluid  ACBD  to  fall  as  a  heavy  body  through  the  height  bo, 
its  moving  force  will  be  its  own  weight.  Again,  suppose  it  to 
be  accelerated  by  its  own  weight,  together  with  the  pressure  of 
the  ambient  fluid,  about  the  column  cikd,  that  is,  (art.  386.) 
by  the  weight  of  the  column  cikd,  through  the  same  space, 
that  is,  while  it  is  accelerated  from  quiescence  until  it  is  actually 
discharged:  then  (by  what  has  been  shewn  in  Dynamics,  art. 
228.),  the  velocity  in  the  former  case  will  be  to  that  in  die 
latter  as  the  moving  forces  and  the  times  in  which  they  act 
directly,  and  the  quantities  of  matter  moved  inversely.  But 
the  moving  forces  are  to  each  other  as  the  heights  bd  and  kd  ; 
the  times  in  which  they  act  are  inversely  as  the  velocities,,  the 
space  through  which  thebody  is  accelerated  being  given ;  and 
the  quantities  of  matter  moved  are  equal :  therefore,  v  iv  :: 

-r- :  — f  whence ©* : v* : :  bd : kd, ovviri:  \/bd  :  Vkd.  Now 

•V  is  the  velocity  which  a  heavy  body  would  actually  acquire  in 
falling  through  the  space  b  d  ;'  consequently  v  the  velocity ^f 
the  effluent  fluid  is  that  which  a  heavy  body  would  acquire  in 
falling  through  kd,  the  whole  altitude  of  the  fluid  above-flid 
orifice.  -     '  ' 

CoR.  1.  In  the  same  manner  it  may  be  shewn,  that  if  a  pipe 
be  inserted  horizontally  in  the  vessel  MNor  (fig.  5,),  the  plate 
of  fluid  ACBD  will  be  discharged  with  the  same  velocity 
as  before  (if  its  centre  of  pressure  be  of  the  same  depth) 
whatever  be  the  thickifess  of  the  plate;  this  velocity  not' de- 
pending upon  a  continual  acceleration  through  the  length  of 
the  tube,  otherwise  the  effluent  fluid  could  not  attain  its  full 
velocity  until  a  column  had  been  discharged  whose  base  is 
equal  to  the  orifice  and  height  equal  to  the  length  of  the  tube: 
whereas  we  find  by  experience  that  this  full  velocity  can  be 
attained  by  the  thinnest  plate  which  can  be  let  escape  from  the 
aperture. 

CoR.  2.  The  velocities  and  quantities  discharged  at  different 
depths  are  as  the  square  roots  of  the  depths. 

Cor.  3.  The  quantity  run  out  in  any  time  is  equal  to  a  cy- 
linder^ or  prism,  whose  base  is  die  area  of  the  orince,  and.  its 
-altitude  the  space. described  in  that  time  by  the  velocity  ac^ 
quired  by  falling  through  the  height  of  the  fluid. 

So  that  if  h  denote  the  height  of  the  fluid, 
u  the  area  of  the  aperture, 
g,  33|  feet,  or  38^  inches, 
and  i  the  time  of  effluxj 
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%e  shall  have  for  the  quantity  discharged  i^rrznt,^  9^h ; 
Or,  livlien  a  and  A  are  in  feet     .    .     .     Q  =  8*0208flr/v'A/feet; 
When  a  and  h  are  in  inches    .     .     •     g=:27'73S7tf/y^A,inch, 
If  the  orifice  is  a  circle  whose  diameter 

is  rf,  then  •785398  d*  ralust  be  sub-. 

stituted  for  (2; 
And,  when  d  and  h  are  in  feet     .     .     Q=r6*2&952rf*/v/A,feet^ 
When  d  and  h  are  in  inches    .     .     .     Q=2r78592d*/v^A,inc. 

And  from  either  of  these  it  will  be  easy  to  find  either  a,  i,  or 
hy  when  the  other  three  quantities  are  given. 

Cor.  4.  The  force  with  w4iich  the  effluent  water  impinges 
i^ainst  any  quiescent  body  is  projportional  to  the  altitude  of  the 
fluid  above  the  oi^ce. 

For  the  force  is  as  velocity  x  quantity  of  matter ;  but  the 
.quantity  discharged  in  a  given  time  is  as  the  velocity :  therefor^ 
the  force  is  as  the  square  of  the  velocity,  that  is,  by  the  demon- 
stration of  the  proposition,  as  tbe  height  of  the  fluid. 

Cor.  5.  Hie  water  spouts  .out  with  die  same  velocity  whe^ 
ther  it  be  downwards,  or  upwards,  or  sideways;  because  the  pres- 
sure of  fluids  is  the  same  in  all  directions  at  the  same  depth. 

Cor.  6.  Hence,  if  the  adjutage  be  turned  upwards,  the  jet 
will  ascend  to  the  height  of  the  surface  of  the  water  in  the 
vessel.  And  this  is  confirmed  by  experience,  from  which  it 
appears  that  jets  really  ascend  nearly  to  the  height  of  the! 
reservoir;  the  small  quantity  abated  arising  from  the  friction 
against  the  sides,  the  resistance  occasioned  by  the  oblique 
motion  of  the  fluid  in  the  bended  pipe,  and  the  resistance  of 
the  air. 

SCHOLIUM. 

440.  What  is  said  in  this  proposition  and  corollaries  of  the 
velocity  of  the  effluent  water,  is  true  only  of  the  middle  fila- 
ment of  particles  which  issue  through  the  centre  of  tlie  aperture, 
which  are  supposed  in  theory  to"  experience  no  retardation, 
atkd  which,  in  fact,  sufiner  no  other  retardation  than  what  arises 
from  the  resistance  of  the  air,  and  their  mutual  adhesion  and 
attrition  against  each  other.  But  those  which  issue  near  the 
edges  of  the  aperture  undergo  a  greater  attrition,  and  therefore 
suffer  a  greater  retardation.  Henc^  it  follows  that  the  mean 
velocity  of  the  whole  column  of  effluent  fluid  will  be  con^der-^ 
ably  less  than  according  to  theory. 

Sir  Isaac  Newton,  who  examined  every  subject  that  came  be- 
fore him  with  peculiar  accuracy,  first  discovered  a  contraction 
in  the  vein  of  effluent  water ;  and  found,  that  at  the  distance 
of  about  a  diameter  of  the  orifice  the  section  of  the  veiu  conr 
tracted  nearly  in  the  subduplicate  ratio  of  2  to  1.   ^  Hence  he 
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concluded  that  the  velocity  of  the  water,  after  its  exit  from  Ibf 
aperture,  was  increased  in  this  proportion,  the  same  qaantitj 
passing  in  the  same  time  throiigh  a  narrower  space.  From  dp^ 
quantity  of  water  discharged  in  a  given  time  du-ougfa  that  narrow 
section,  he  found  that  its  velocity  there  was  that  which  a  heavy 
body  would  acquire  in  falling  through  the  height.of  the  water 
above  the  orifice;  and  since  the  velocity  there  was  greater  than 
immediately  in  the  orifice  in  the  subdaplicate  ratio  of  2  to  I,  be 
concluded  that  the  velocity  of  the  effluent  water  in  the  ^itf  ce 
was  equal  to  that  which  a  heavy  body  would  acquire  in  falling 
through  half  the  altitude.  But  all  this  is  true  only  of  the  m€an 
velocity;  for  there  is  no  cause  which  cad  actaallylnccelerata  dif 
water  after  its  exit  from  the  orifice,  whatever  causes  may  con* 
tribute  to  its  retardation.  The  manner  in  which  the  mean 
velocity  of  the  water  is  increased  after  its  discharge,  thovgh  tb^ 
actual  velocity  of  the  several  particles  continues  unvaried,  might 
be  easily  explained:  but  it  need  not  be  dwelt  upon  here.  A 
circvmstance  of  considerable  importance  in  the  escape  of  fli^ds 
through  a  horizontal  oiifice  seems  to  have  been  entirely  ne- 
glected by  most  writers;  we  allude  to  a  whirling  motion :  thf 
fluid  will  revolve  about  the  aperture,  and  at  some  distance  from 
it,  and  escape  with  a  revolvmg  motion ;  the  fluid  rushes  from 
aU  sides  in  spiral  streams  to  supply  die  continual  waste.  This 
circumstance  will  be  explained  more  distincdy  in  a  subsequent 
proposition :  but,  excepting  that,  the  remainder  of  this  chapter 
will  be  treated  in  conformity  with  the  common  hypothesis; 
ivhich,  when  corrected  by  the  experiments  in  the  ensuing  chap- 
ter, will  furnish  tolerablj^  correct  results. 

441.  Prop.  When  a  vessel  is  l^  gradually  to  discharge 
itself  by  an  orifice  in  the  bottom.,  if  the  area  <f  the  section 
parallel  to  the  bottom  be  every^where  the  same,  the  velocity  of 
the  surface  cf  the  fluid,  una  consequently  the  velocity  of  the 
^ux  will  be  uniformly  retarded. 

.  .  For  (art  438.)  the  velocify  of  the  descending  surface  is  to  the 
velocity  at  the  orifice,  as  the  area  of  the  orifice  to  die  area  of 
the  surface,  which  is  a  constant  ratio ;.  consequently,  the  veloci^ 
of  the  descending  surface  varies  as  the  velocity  at  the  orifice,  or 
as  v^  A,  by  cor.  2.  of  the  last  article ;  that  is,  the  velocity  of  the 
descending  surface  varies  as  the  square  reot  of  the  space  which 
it  has  to  describe :  so  that  this  exacdy  corresponds  with  the  caae 
of  a  body  projected  perpendicularly  upwards  (art.  244»«)|  where 
the  velocity  is  as  the  square  root  of  the  space  to  be  described< 
whence,  as  the  retarding  force  is  constant  in  the  instance  re;- 
ferred  to,  it  must  also  be  constant  in  the  case  before  us^  and  tb^ 
iretardadon  uniform. 


•A      •* 
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Comparing  this  with  the  imtnce  just  po&ted  oat^  t^e  deduce 
lliese  obvious  corollaries: 

CaK.  1.  The  quantities  of  water  in  a  prismatic  vessel  dis* 
chmi^d.  through  an  aperture  in  the  bottom  decrease  in  equal 
times  as  the  series  of  odd  numbers,  1,  3,  5, 7,  9,  Sic  taken  in 
an  inverted  order. 

Gob.  2.  Hence,  if  it  were'proposed  to  construct  a  clepsydra, 
•r  water  clock,  l^y  means  of  a  prismatic  or  cylindric  vessel,  hav« 
ing  an  orifice  at  the  bottom,  let  the  altitude  db  (fig.  9.  pi.  XVII.) 
which  will  be  completely  exhausted  in  a  given  time,  i$j  H 
hours,  be  determined  experimentally.  Call  that  hei^t  144, 
and  set  off  from  the  bottom  towards  the  top,  portions  increaa- 
iQg.as  the  odd  numbers,  1^  3,5,  7,  8cc.  up  to  23;  they  will 
aMirk  Ibe  spaces  tfux>ii|^  which  the  upper  snrisce  of  the  flmd 
wJA  aucceasively  descend  in  each  hour  of  the  eidiansdon.. 

Cob*  3.  The  quantity  of  water  contained  in  an  upright 
prismatic  vessel  is  half  diat  which  would  be  discharged  m  this 
time  of  the  entire  {pradiiaL  evacuation  of  the  vessel,  if  die  water 
be  kept  always  at  the  same  altitude. 

442.  Pbop.  Tb  determine  the  time  of  emptyir^  a  vessel  of 
maier  byanorifice  in  the  bottom  ofity  or  in  the  side  contiguous 
to  the  bottom,  the  height  of  the  orifice  being  very  small  compared 
with  the  altitude  ofthejtuid. 
Let  a  =  the  area  of  the  aperture ; 

h  s  the  whole  height  of  the  fluid  above  the  aperture ; 
or  1=  the  vertical  space'deacended  by  the  upper  isuriace  ill 

any  time  t\ 
A  =:  the  area  of  the  upper  surface; 
g  =  32-^  as  before,  the  measure  of  the  force  of  gravity* 
Then  will  the  velocity  of  the  effluent  fluid  at  aay  time  be 
represented,  not  by  V^gh  as  in  art.  4^9.  but  by  ^\ig{h-- xJl. 
This  velocity  will  vary  continually,  because  x  increases,  and  the 
difference  A  »;r  dimipishes  contiimally,,  but  it  may  be  regarded  as 

constant  during  the  indefinitely  small  time  ti  no  that  in  the 

time  t  tfiere  will  escape  through  the  orifice  a  prism  of  the 
fluid  which  has  tibat  orifice  a  for  its  base,  and  '•[2^(A— jt}]  for 
its  altitude.    Thus  the  quantity  of  fluid  discharged  during  the 

insCant  Ms  r:  ^  ^X^g{h'^x)\  But  durii^  the  same  time 
^.upper  surface  has  descended  throu^  the  space  x,  and  the 
viHRsd  haa  lo^t  a  prism  or  cylinder  of  die  fluid  whose  height  is  i 
and  base  a,  that  is,  a  prism  whose  capacity  is  hi*    Hence  we 

have  Axz::at  ^[2g (A-*< ^)]; 

and  •..••...  t  =B  — ~il-— - (I.). 
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As  the  area  A  will  be  given  in  functions  of  or,  by  the  forro  of 
the  vessel,  the  second  member  of  this  equation  may  be  consi- 
dered as  containing  only  the  variable  quantity  x;  and  it  will  be 
yery  easy  in  most  eases,  by  simply  finding  me  fluents,  to  di^ 
pover  the  successive  depressions  and  discharges  of  the  fluid  in 
any  vessel  of  known  form. 

443.  By  way  of  application,  take  the  following  example^: 
.    I.  Let  the  vessel  be  an  upright  pri$m  or  cylinder^    Here  the 
lirea  A  will  be  con»tant,  because  every  horizontal  section  of  the 
prism  will  be  equal  to  its  base*    Hence  we  have 

Now  when  the  time  t  is  nothing,  the  depression  of  the  nppev 
torface  A  of  the  fluid  is  nothing  also :  thus  we  have  at  the  same 
time  xr:0,  and  *=0;  this  condition  determines  the  constant 

Quantity  c  =  -^^^  Vh ;  and  give?  for  the  idroe  of  depressing 

the  upper  surface  through  the  space  of, 

To  find  the  time  of  completely  emptying  the  vessel,  we  have 
Only  to  make  xzzhy  in  which  case  the  preceding  expression  will 

Ibecome t 


A  /2& 


CoK.  The  time  just  found  is  double  that  in'  which  an  equal 
tjuantity  would  be  discharged,if  the  vessel  were  kept  constantly 
full.     For,  in  art.  439.  cor.  3.  we  have  Qssflfv'C^gA),  where, 

if  e=Ai,  we have<=j;^  =  ^V^=^^-^, chichi. 

half  the  preceding  value  of  ^ 

Hence  the  result  of  this  example  cortesponds  wifli  cor.  2. 
tirt.  441,  as  it  manifestly  ought  to  do. 

II.  Let  the  vessel  be  any  solid  ofrOtation^  of  which  the  axis 
is  vertical.  Here  a  will  be  the  area  of  a  circle  which  has  for  its 
radius  the  ordinate  v  of  the  generating  curve:  that  is,  if  jr= 
3-141,'>l»3„  we  shall  have  A=^9y*.  Intro4ucing  this.valu^  intp 
the  equation  marked  I.  we  have 

^-^•/vfc) '^"^'^ 

In  any  particular  (examples  it  will  be  necessary  to  put  fqf  ^ 
its  value  deduced  in  terms  of  ;r  from  the  equation. of  the  ^eneri^t- 
ing  cufve,  and  to  Arid  the  fluents,  which  will  lie  corrected  dv 
making  at  the  same  time  ^=0,  and  .r=sO.  ^         - 

I II.  Let  the  solid  of  rotation  be  a  paraboloid  with  its  vertex 
downwards.    Ifp  be  the  parametier  of  the  generating  parabola^ 
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the  equation  of  the  curve  will  be  y*=rj5X,  when  the  origin  of 
the  curve  is  supposed  at  v  (fig.  2.  pi.  XIII.),  the  point  where 
we  conceive  the  aperture  to  be ;  or  if  we  transfer  the  origin  to 
A,  the  equation  will  bey=p(A—x):  this  substituted  for  y  in 
equation  II.  gives 

■  Determining  the  constant  quantity  as  above  directed,  we 
obtain  for  the  correct  fluent 

.  '   '=l^-(A^-(A-*)^) (IV.) 

If  we  make  A  =  x,  we  have  t  =  -^  ^~  =  ^  a/. 

=  -^y — t  where  s  is  the  area  of  the  upper  surfiice  of  the' 

4uid  at  the  beginning  of  the  exhaustion,  and  h  the .  whole 
height;?   •  ■  i.:-  ■    •         .■■••■'•.:•  .  /  .     r   ■  . 

«  The  above  may  suffice  as  a  specimen  of  the  method,  pn  the 
supposition  that  the  velocity  of  efflux  is  that  due  to  the  wkok 
hieight  of  the  fluid,  A  very  ingenious  and  complete,  paper  on 
this  subject,  according  to  the  hypothesis  that  the  velocity  is  that 
due  to  ^a^the  height  of  the  fluid  above  the  aperture,  is  given 
by  Dr.  Hutton  in  his  Mathematical  Miscellany. 

444.  Prop.  If  tlie  water  of  a  reservoir  which  flows  throrugh 
a  horizontal  aperture  be  influenced  by  any  foreign  motioUj  it 
wilt  form  a  hollow  whirl  above  t/ifs  orifice  itself . 

Let  DQ  (fig.  6.  pi.  XVII.)  represent  a  horizontal  plane' near 
the  orifice  ef,  through  which  the  fluid  of  the  reservoir  mn 
flows.     A  fluid  particle,  d,  situated  in  this  plane,  has  a  motion 
DB  inclined  (o  the  axis  ab;  which  may  be  decomposed  into 
two  DC,  CB.     Let  us  suppose  the  plane  dq  to  descend  parallel 
to  itself  along  the  axis  with  the  motiop,  and  then  enquire  into 
the  motion  of  the  particle  d  on  the  plane  dq  ;  a  n^otion  which 
impresses  upon  all  the  particles  situated  in  the  plane  dq  a 
centripetal  force  tqwards'the  centre  c.     Let  any  other  horizontal 
motion  whatever,  not  coincident  in  direction  with  dc,  be  im- 
pressed upon  the  same  particles :  «qder  the  joint  influence  of 
the  two  moving  forces  the  particles  will  describe  round  the 
centre  c  areas  proportional  to  the  times,  and  by  the  equilibrium 
of  these  motions  they  may  assume  a  horizontal  circular  rotation. 
• .  Imagine  that,  during  this  horizontal  circulation,  the  particle 
D  in  its  approach  towards  the  center  c,  as  in  a  spiral,  shall 
describe  circular  orbits,  of  which  the  diameters  are  successiyeTy 
ditninished:  put  the  rotatory  velocity  of  the  particle  npv;  ils 
distance  cd  from  the  centre  nr;  the  time  of  one  revolution  =^f : 
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then,  since  the  areas  mu^  he  as  tke  times,  we  shall  have  peaHf 
vo:  — y ^ocr*;  and  the  centrifugal  force  Qf  the  p^rticl^  i>  wil( 

a  — .    Indeed,  when  the  particles  which  revolve  at  the  swh 

face  of  the  funnel  at  mn  are  observed,  it  is  seen  &at  the  effect 
which  really  takes  place  in  nature  is  conformable  to  ^ocr*  rerf 
nearljr*    Since/ therefore,  the  centiifugal  force  in  ^pproachii^ 

the  centre  c  increases  as  -rri  it  will  become  sufficient  to  fona 

an  equilibrium  against  the  upper  pressure  sd,  which  prodncef 
the  'centripetal  force  dc:  a  cavitjr  kkthp.v  will  therefore  be^ 
formed,  round  which  the  whirling  fluid  will  support  itself  by  the 
centrifugal  force  of  its  rotation. 

Let  DQPR  represent  a  circular  fluid  zone,  the  particles  oC 
which  revolve  about  the  cavity  rp  accprdiiig  to  the  law  hei* 
indicated.  Let  the  gravity  of  a  fluid  particle  be  :sir,  c&rrfli^ 
Rpz=^b^  DXr:z,  xz^is,  and  the  Telocity  of  the  particle  if^^v* 
iiP  the  centrifugal  force  of  the  paiticle  d  were  equal  to  in^ 
gravity,  its  velocity  (art  283,  cor.  S.>  would  be  equal  to  diat  el 

a  body  falling  by  gravity  alone  through  the  space  ^P-*    Ab» 

as  a  heavy  body  fsdls  in  one  second  through  the  space  16-^  feet 
^Igi  the  velocity  of  the  particle  l^  will  be  represented  by 

\/(2g  •  iii)  —  \/lg{a + i)}.  The  c^trifugal  force  in  the 

circle  is  as  t^ ;  therefore  the  centrifugal  force  of  d  will  actaally 
be  :z  -t^Ejr-    And  since  the  centrifugal  force  a  — ;  taking. 

rTTTi  5  h-n — TT  ' '    7^i*T.  •  a  fourth  tena,  tve  shaH  have  the 

Centrifugal  force  of  the  element  of  dx  inii^=-^.Y^     ;  and 

that  of  the  fifannent  dx  itself=~^^-3+e.    When  2r=0,  Ac 

fluent  =sO,  whence  c  =  "^uu"  :  and  taking  zv^b,  the  eeiiUii* 

f^gal  force  of  the  filament  i^b  will  be  s;  -^r  •'  (2a -f  by  N^HK 

die  quantity  bw  is  the  gravity  of  die  fllawnt  te:  hence  the 
gravity  of  this  filament  is  to  its  centrifugal  force  as  t^  {fki^^b),, 
to  2a^g.  ■'    ■  * 

445.  When  the  fluid  zone  Dispa  is  nearer  the  orifice  bf,  Ae 
pressure  sn  increases;  whence  the  centrifugal  ferce  of  Ae 
zone  must  also  be  increased^  in  coinequence  of  tte  radiuB-  ftc  of 
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flie  cmyitj  beiog  diminished  1  hence  we  inay 'determine  tlie 
aatiure  of  the  cure  which  forms  the  vertical  section  of  the 
fcflvit;  K&T.  For  greater  simplicity,  let  it  be  supposed  that 
ike  sides  of  the  tessel  md,  nq,  have  die  same  shape  as  those  of 
ttfie  cavity  itself;  so  that  DRsd  may  be  constant*  Let  ac=7S, 
and  CR=y«  In  the  preceding  formula  substitute  y  for  a ;  and, 
since  the  gravity  of  the  filament  dm  is  to  that  of  die  filament 
si>  as  i  to  jr,  we  shall  have,  by  composition  of  ratios,  the  cen- 
ttifiigal  force  of  die  filament  dr  to  the  pressure  sd,  as  bt^ 
^0jr+i)  to  9gxj^0  In  order  that  there  may  be  im^  equilibrium, 
tbis  last  must  be  a  ratio  of  equality,  that  is,  60^  (2y + i)  s  2gxy^ 

whence  we  deduce  xy^ y —  =0,  for  the  equatitm 

•  T» 

i»f  the  curve  kkt.  This  is  the  64th  species  in  Sir  Isaac 
Newton^  Enumeration  of  Lines  of  the  Third  Order:  its  coa- 
yexity  is  .turned  toward  the  axis;  and  it  has  two  asymptotes^ 
oioe  of  which  is  the  axis  ab,  and  the  other  is  in  mn,  supposing 
the  two  points  mh  to,  be  infinitely  distant. 

If  die  assumed  positions  in  this  and  the  preceding  articles  do 
apt  absolutely  comcide  with  nature,  they  approximate  to  its 
effects  very  nearly.  It  is  not  only  possible,  but  there  does 
actaaUy  exist  in  nature  a  whirling  stream,  of  which  the  cavity 

turns  its  convex  part  to  the  axis^  and  in  which  Ice  :^,  very 

•early  as  is  shewn  by  namerous  experiments. 

If  any  body,  which  floats  at  the  surface  of  the  liquor  after  the 
iiinnel  has  biecn  formed,  be  of  sufficient  size  to, cover  t}ie  whole 
cavity,  it  will  destroy  the  funnel  in  the  upper  part,  and  somet 
times  also  in  the  lowei;.  For  the  body  itself  can  only  turn 
found  its  centre  according  to  the  law  i;  oc  r;  it  therefore  destroys 

by  irictios  the  law  f^  a  —r  in  the  parts  of  the  fluid  conti- 

S toils  to  it,  and  consequently  destroys  the  upper  part  of  the 
nnel,  if  not  the  funnel  itself. 

446.  Pbop.  If  a  notch  or  duice  inform  of  a  rectangle  be  eut^ 
in  the  vertical  side  of  a  vessel  full  of  water  ^  or  any  other  fluid, 
the  quantity  of  water  flowing  through  it  will  be  4*  of  the 
quantity  wki^  would  flew  through  an  equal  orifice  placed 
horizontally  at  the  whole  depths  in  the  same  time ;  the  tessel 
being  constantly  keptjfUll. 

l«t  A  BCD.  (ng.  7.  pi.  XVIL)  be  the  vertical  side  of  the 
reservoir,  bfoh  the  rectangular  notch  in  it,  and  let  lu'/  be  a 
pandklograia  of  evanescent  breadth.    Then  the  velocity  with 
the  water  escapes  at  gh  is  to  the  velocity  with  which  it 
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escapes  through  ihii  as  \/eg  to  \/Ei  (art.  439*  <ior.  2.)^  and 
by  the  same  corollary -the  quantities  discharged  in  a  giv^en  tiflEieF 
through  an  evanescent  parallelogram  at  the  depth 'B6>  and 
the  evanescent  parallelogram  lul,  are  in  the  same  ratio ;  tbAt 
isy  as  GH  to  iKy  the  ordinates  in  a  parabola^KH^  whose  axis  is 
£6,  and  greatest  ordinate  Ch.  Therefore,  the  sum  of  all  thd 
quantities  discharged  through  all  the  parallelograms  ili/,  of 
^which  the  rectangle  efoh  is  composed,  is  to  the  sum  of  all  the 
quantities  discharged  through  as  many  equal  parallelogFams 
.iLt7  at  the  depth  EG  as  the  sum  of  all  the  elements  iic^i  of  the 
parabola,  to  the  sum  of  all  the  corresponding  elements  ii^li  of 
the  rectangle;  that  is,  as  the  area  of  the  parabola  ekhg  to  that 
of  the  rectangle  efgh:  or,  the  quantity  running  through  tfie 
jiotch  EFGH  is  to  the  quantity  running  through  an  equal  h6ri-> 
zontal  area  placed  at  gh,  as  ekhg  to  eobf;  that  is,  as  2  to  3^ 
by  the  nature  of  the  parabola. 

,  .  Cob.  1.  The  mean  velocity  of  the  fluid  in  the  notch  is  equal 
to  two-^thirds  of  that  at  gh.  , 

CoR.  2.  The  quantity  flowing  through  the  rectangle  ILHG 
IS  to  the  quantity  discharged  through  an  equal  rectangle  placed 
horizontaliy  at  gh,  as  tha  parabolic  zone  ikho  is  to  the  r/ectanglip 
iLHG.  As  is  evident  from  the  demonstration  of  the  propo- 
■sition. 

•  447.  Prop.  Tq  determine  the  relation  between  the  time  and 
the  quantity  of  watef,  or  other  non-elastic  fluid,  discharged 
from  a  vessel  through  any  vertical  orifice ;  the  velocity  of  the 
effluent  fluid  at  any  point  being  (as  heretofore)  supposed  that 
^due  to  the  altitufle  of  the  upper  surface  of  the  fluid  in  the  vejssel 
above  that  point. 

Let  xYvz  (fig.  8.  pi.  XVII.)  be  the  vertical  side  of  the  vessel, 
and  am5^m'  a  vertical  orifice  therein,  of  which  the  contour  is  a 
plane  curve;  sb  a  vertical  line  passing  through  A,  the  highest 
point  of  the  orifice;  and  let  mm',  mm',  be  two  horizontal  lines 
indefinitely  near  the  one  to  the  other.  Then,  the  upper  surface 
of  the  fluid  being  supposed  to  pass  through  s,  put  SA=AV 
SB=A,  AP=T,  MTM'n^/,  the  velocity  32  ^f.  which  gravity  com- 
municates at  the  end  of  a  second  =^,  and  the  time  ==f :  so 
shall  ABr:A  — A',  and  pp=*'. 

I.  We  propose  first  .to  ascertain  what  will  be  the  Aschargie 
iq)  at  this  orifice  during  a  deterihiiiate  iimeTj  supposing  t^ 
vessel  is  all  that  time  kept  full  up  to  the  level  of  %, 

Now  the  velocity  of  the  fluid  discharged  through  the-de- 
ttientary  trapezoid  ^^Vm'm,  whose  surface  is  yxy  niay  be  coil- 
sidered  as  that  due  to  the  height  sp==  A' +ar:  coBteequewtJy,  if 
ioT  a  we  substitute  its  value  yx,  and  for  A  its  value  in-  the  fir* 
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formula  io  art.  439.  cor.  3.  wc  shall  have  for  the  quantity  dis- 
charged through  that  trapezoid  in  the  time  t 

Therefore  the  quantity  discharged  duiing  the  time  t  through  the 
portion  of  the  orifice  amm^  is  equal  to 

Thus  taking  the  fluent  contained  between  xtzO^  andx=:AB 
^=A— A',  we  have  for  the  quantity  of  efflux  sought 

q-tV2g{fyxV[h'+x)+c) (i.) 

Here  it  may  be  observed^  that  as  the  nature  of  the  line  which 
lounds  the  orifice  is  considered  as  known,  we  may  alwayj 
Substitute  for  y  a  function  of  x,  and  in  finding  the  fluent  there 
^ill  in' fact  be  no  other  variable  quantity  than  x\  and  of  course 
'^e  constant  quantity  c  will  be  determined  by  cousidering  that 
^when  j:=Oy  the  quantity  discharged  is  also  =0.  And  when  c 
is  known,  the  whole  quantity  discharged  is  readily  found  by 
introducing  into  the  value  of  the  discharge  through  amm^^  for  x 
its  value  A— A'. 

448.  Let  s  be  such  a  height  as  if  the  fluid  issued  from  all 
points  of  the  orifice  with  the  velocity  due  to  that  height,  the 
total  discharge  through  the  orifice  would  be  the  same  as  has 
place  naturally,  conformably  to  equation  i. ;  then  will  the  velocity 
of  the  issuing  fluid  be  =  V^2g5,  and  the  discharge  through  the 
elementary  trapezoid  M^Mm^m=yir,  in  the  time  ^,  will  be 

represented  by  t*/2gsj'yxi  and^since  this  ought  to  be  equal 

to  the  value  of  q  in  equation  i.  we  shall  by  making  that  equa-^ 
laty,  and  reducing,  find 

^"       (/yH-cOV       ^7 

The  fluent  of  the  denominator  must  manifestly  be  taken 
between  the  same  values  of  x  as  that  of  the  numerator ;  and 
the  constant  quantity  c'  is  determined  by  considering  that  when 
x=0  the  portion  amm^=0  also. 

The  quantity  5,  which  we  have  just  shewn  how  to  determine, 
is  generally  called  tlie  mean  height  of  the  fluid  above  the 
orifice:  the  rule  for  finding  this  height  is  obviously  pothii^ 
more  than  to  divide  the  value  of  q  found  equa.  i*  art,  447*  by 
the  product  of  t4/2g  into  the  surface  oftheorijice,  and  to  square 
the  quotient. 

/  449*  IL  Let  us  enquire,  secondly,  into  the  relation  between 
die  time  ^md  the  quantity  (tischarged,  supposing  the  vessel 
empties-  Atself;  *thzt  is,  let  us  ascertain^  according  .to  this 
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hypothesis,  the  quantitj  of  fluid  expeHed  4onDg:  a  given 
time.  ' 

This  deteriDiiiation'^I  evidendy  furoish,  at  the -Mine  time, 
the  depression  of  the  upper  surface  of  the.  fliiid  in  the  vetiiel,  of 
Mrhich  the  interior  form  is  known;  be<;ause  the  portioo  of  thQ 
capacity  of  the  vessel  which  is  exhausted  is  equal  to  the  volume 
of  fluid  expelled  at  the  orifice.  Let  us,  in  order  to  solve  this 
branch  of  our  general  proposition,  suppose  that  at  the  com- 
mencement of  the  motieKi  the  surface  of  the  fluid  is  lit.  s,^ 
and  tliat  at  the  end  of  the  given  time  t  it  has  descended  to  k: 
making  sK3=2r,  we  shall  have  to  obtaia  an  eauation  between 
^9  ^  ^f  ^f  ^»  and  h^.  This  may  be  accomplished  thus;  we 
conceive,  at  first,  that  the  vessel  is  kept  constantly  ftdl  to  the 
height  K  during  the  time  t,  and  thence  find,  from  what  has  just 
been  done,  for  the  dischai^e  in  diat  time  the  i»lile  iV^2g 

ryjyiv^(A'+x- #)+€]•    Since  :8i  is  here  snppoaed  constaa^ 

it  will  be  very  easy  to  find  the  fluent  of  this  expression  ^  and  it 
may  be  corrected  as  the  former  fluent,  by  the  condition  diat  when 
xzzil  the  discharge  is  likewise  nothing;  the  whole  fluent  beii|g^ 
found  by  taking  x^h^hf. 

The  value  of  t  V2g  [fyx  •  (A' +x-^+c3r  found  in.  the 

mariner  just  explamed,  comprises  only  z  and  constant  quaift* 
tities:  we  next  suppose  that  the  vessel  empties  during  the 

element  of  time  t  and  that  the  surface  Qq  is  depressed  to  rt, 
through  a  distance  k^zzs;  which,  if  we  put  the  section  q  jr  of  die 
Vessel  =  s,  gives  for  the  quantity  discharged  s«.  Now,  on  this 
hypothesis,  the  descent  through  kA:  may  be  imagined  to  take 
place  with  a  uniform  velocity,  and  the  velocity  at  each  poM 
of  the  orifice  to  continue  the  same  as  when  the  fluid  had  its 
surface  at  k  :  therefore,  since  when  the  velocities  are  equal 
the  quantities  discharged,  vary  as  the  times,  we  have  this; 
analogy, 

whence  *=  £^  yiV(/i'+«-a)  +c]  ^^%g 
and  the  time  #  =  ^/^_^j^^ 

When  the  form  of  the  vessel  is  known,  s  is  given  in  functioBS 
of  z,  and  of  constant  qualities;  on  the  other  hand,  when  the 
integration  indicated  by  the  denominator  is  effected)^  it  contains 
Ukewise  only  the  quantity  %■  and  invariable  ^  quantities  r  m  l&mk 
the  complete  value  of  ^|aay  be  found  l^;  die  fait^pwtioa  of  v/l 
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mipremAosk  which  contains  only  the  tariable  quantity  z.  The 
c<Mi8tant  magnitude  (/will  be  determined  from  the  considerar 
don  that  when  zzzO^tzii).     . 

Now  it  if  known  that  fluents,  such  as  those  in  equations  ^i.) 
and  f  iii.)of  this  proportion,  which  comprise,  under  the  sign  of  m* 
t^ration,  only  one  variable  quantity  and  its  fluxion,  may  always 
be  refemd  to  the  rules  for  the  quadrature  of  curves.  In  effect> 
Utx  be  im  expression  composed  of  the  variable  quantity  x  and 
H  constant  quantity,  the  fluxion  xx  will  be  the  element  of  the 
iorftce  of  a  plane,  terminated  by  a  curve  of  which  it  will  be 

die  ordinate,  x  the  corresponding  abscissa,  andy*x  x  the  sur- 
face itself.  Thus,  granting  the  equation  to  be  j/^r:  x,  and 
aqnaring  tlie  curve,  which  is  designed  by  this  equation,  between 
a  certaita  value  of  ^  and  another  certain  value  of  Xy  determined 
by  the  conditions  of  the  case  in  hand,  the  resulting  surface  WM 

be  equivalent  to  the  value  of /*x  x  taken  within  suitable  limits. 

.  450.  Let  us  now  proceed  to  give  a  few  examples  of  the  ap- 
plication of  the  preceding  formula  to  particular  cases. 

Ex.  I.  Suppose  the  vessel  constantly  kepi  full,  and  the 
orifice  a  rectangle  whose  sides  are  horizontal  and  vertical  re^ 
^ectively. 

Let  the  horizontal  sides  of  the  rectangle  be  eadi  equal  to  b': 
putting  this  value  instead  of  j^  in  the  equation  (i.)  of  art.  44T* 
and  taking  the  fluents,  we  have 

fszti^/Sgx  T  r(A'+^)^+c].  The  constant  quantity,  de- 
lemiided  iiccording  to  the  method  previously  explained,  will 
be  G  s=  —  A'7.     Substituting  this  value  of  c    for  it,  in  the 

eqaation  just  ^ven^  it  becoones  q  isybt  V  ^g  j](A'+a5')^— A'^'^j* 

Then  making,  conformably  to  the  directions  in  art.  447.  x  s 
h'^h^,  we  obtain  for  the  total  discharge  through  the  orifice 

Qzzibty/2g(hi  -A'b (iv.) 

If  the  theorem  above  be  compared  with  the  known  rule  for 
finding  the  area  of  a  parabolic  zone,  it  will  thence  appear  that 
this  value  of  q  furnishes  the  same  result  as  cor.  2.  art.  446. 
A  coitoboration,  if  any  were  needed,  of  the  theoretic  truth  of 
both. 

The  mean  height  of  the  fluid,  detem^ined  by  the  rule  in  art. 
44.  will  be  found 

451«'£x«  IL  Svfipost  the  orifice  a  triangk  ^hgse  vertex  is 
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uppermost^ and  the  base  konzontal,  the  vessel  bdngvorutaMlS 
keptfulL 

Let  the  altitude  of  the  triangle  be  to  the  base  as  m  to  1,  tb^ 
isyzz  mx,  and  the  equation  art.  447.  (i.)  will  become 

q-t^2g  [^fmxxy  (A'  +  jr)  +  c .] 

Making  h''\'X:=:Zj  we  have  x=ik^  and  xzzz  —  U  \  whence  arisen 

fxx  ^/{h9+x)=zf(z-  h')  z*  k  =z/{z^  -  A^?*)  i=|;z*  -  Wz^ 

+  c  =  i  A'  +  a?)*  -r  -j^(// + a^)  4  +  c.   The  fluent  vanishing  when 

or  =  0,  we  have  c  =  —  I'*  +  4  A^=A^^^  ^^  ^'^^  value  of  j 

becomes  ...g=c:mt^/  2g[4  (A'+  x)*  -  ih'(h'  +  x)^+  jjk^^]. 

When  or  =:  A~  A',  we  have  for  the  tobil  discharge  at  the  apcfr 
ture 

a==:^wV2g(3A^+a'A'^-5A'A^ (v.) 

The  area  of  the  triangular  orifice  is  4-iw(A— A^)*,  which  is  the 

va|ue  ofy^  X,  taken  with  reference  to  the  presetit  ipstancje. 

Thus^  V'^^'/y  ^  =  TW^V2g(A-A0'^ 

.whence,  by  the  method  poipted  out  in  arjL  4^8.  we  fin4  ^^P 
mean  height  of  the  fluid  by  the  equation 

*  r       225  (fc-^o*        ^^'•'^ 

452.  Ex.  III.  Le/  Me  orifice  be  a  triangleyas  in  the  pre-: 
ceding  example,  but  hating  its  vertex  downwards,  and  its^tfose 
horizpntql. 

In  this  case  y  =:^  niQi-^h' -^ x),  and,  by  a  calculus  little  mor^ 
difficult  than  the  ^bove^  we  shall  find 

Q  =  AwV2g(2A^+  S A'^-  SAA'*). . . , .  (vii.^ 
And  the  mean  height  of  the  fluid  as  below^ 

*—  295(/i-/»')*  ^^"^'^ 

458.  Ex.  IV.  Suppose  the  orifice  a  circle,  and  the  vessel  Icept 
constantly  full. 

The  general  theorem  (art.  447.  i.)  may  be  most  readily  apr 
plied  to  the  present  example,  by  an  approximation  which  wiU 
be  sufficiently  accurate  for  practice,  thus :  Put  d  ==  the  diame- 
ter of  the  circle,  then  from  the  property  of  that  figure  |  y  =5 
V(rfx— a;*),  whence  the  general  equation  just  referred  to  bci 


comes 


q::z2t^2g/(dx^jcxy(fi'+xyi  +  q}.     .     > 
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M2iingJ*(dx-xx)^{V+  xYi-rzfzky  the  integration  is  re* 

duced  to  the  finding  the  area  of  a  curve  whose  equation  is  2;  = 

{dx—xxY{h'\-xy/\U  origin  being  at  Ae  point  where  a?  +  O. 
We  may  approximate  to  the  quadnrture  of  this  curve  by  the 
method  of  equidistant  ordinates^  adopting  the  first  general  pro- 
position in  Seqt.  II.  Part  iv.  Mutton's  Mensuration.  To  this 
end^  suppose  x  divided  into  four  equal  parts ;  then  shall  we  find 
the  five  ordinates  corresponding  to  the  points  of  division,  by 
substituting  in  the  preceding  equation  for  z  the  values  Oyix 
j-jyT  j:,  and\r :  these  values  found,  we  add  to  the  sum  of  the 
first  and  fifth  four  times  the  sum  of  the  second  and  fourth,  and 
twice  the  third ;  one  third  of  this  latter  sum,  multiplied  into  the 
common  distance  between  the  ordinates,  will  be  the  approximate 

value  of  the  smhcej^z  x;  which^  multiplied  into2/ v^.2g,  pro^. 

duces  at  length 

'U(^dx-^\xxf  {h'+ix)^ 

^  ==  ^  +  adx-^l^x)Hh^+hxf  f ,  ,^  ^  2,-. 

+  2(idx^T%xxf{f/+ixy 

+  i(dx-'xx)^(h'+xf 

If  in  this  equation  we  make  xzzdzzh'^h^y  and.  perform  tfie 
requisite  reductions,  we  shall  have  for  the  total  discharge  at  the 
•rifice 

'  This  theorem  maybe  reduced  to  computation  in  any  par- 
ticular case  with  tolerable  facility.  Had  the  number  of  equi-' 
distant  ordinates  been  much  increased,  the  additional  accuracy 
of  the  approximation  M'ould  not  have  compensated  for  the  ad* 
ditionat  labour  which  would  attend  the  resulting  forn^ula. 

454.  A  rigorous  integration  would  require  the  aid  of  infinite 
series.  If  r  be  the  radius  of  the  orifice ;  n  the  quotient  of  the 
distance  of  its  centre  from  the  upper  surface  of  the  fluid,  di- 
vided by  r ;  and  «*=3-14id93;  we  should  then  have 

.    g  =*^r*v^^2gr/ix(l-^-^  -  &C.)  ......  (X.) 

ands  =5  m  (1  —  rr^  — nsr-i—Scc-) (xi.) 

In  both  these  series  the  first  'three  terms  are  all  which  will  be 
needed  in  practice. 

454.  Ex.  V.  To  determine  in  what  time  t,  the  upper  surface 
nf the  fluids  shall  be  depressed  through  a  vertical  distame  z,  the 
vekel  being  supposed  prismatic^  and  the  orifice  rectangular. 
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The  section  s  of  the  vessel,  aad  the  bresdth  y  of  die  orifice^ 
are  in.  this  instance  constatit  quantities.  According  fa>  the 
mediod  explained  in  art.  449^  we  £i^t  determine  die  qoant^  of 
fluid  which  would  escape  through  the  orifice  during  the  time 
t^  on  the  supposition  that  the  vessel  were  kept  fiiU  to  the  jiieigbt 
h'-^Zi  above  the  upper  part  of  the  orifice ;  for  which  purpose 

We  must  find  the  fluent  of  the  expres^oii  y  f  iV  (h^  -^  x^z)^ 

supposing  z  constant.  This  gives  for  the  discharge  sought  4  y  (A^-^ 
•^  ""  ^}  T  X  c.     But  this  quantity  being  nothing  when  x=^^  we 

have  c  =t:  -  iyih^z)^^  and  the  correct  fluent  is  4  y  L(*^  + 
jr  — z)^— (A'— i:)^J.  Extending  this  to  the  whole  of  the  ori- 
fice by  maJdng  ^=a  A— h\  we  shall  have  ^y  {.(A— a;)^— (A—  zYj  i 
and  if  this  value  be  substituted  for  fy  x^{hf+x*-'Z)+Cfinii^ 
equa.  iii.  449.  it  will  become 


38 


'/r-T~:r:x <''"•> 


If  \re  put  a  for  the  altitude  of  the  orifice,  6  for  its  .breadth, 
and  S  for  the  distance  of  the  upper  sarface  of  the  fluid  from  the 

bottom  of  the  orifice,  we  shall  have  i  =  A*-;f ;  «'=:  —  i;  h^zV 
4-  a ;  h^  zsz  i^  a\  and  the  preceding  equation  wiU  be  trans-^ 
formed  to  this : 

-  — 08/*  e  f    '**  \ 

^='-  ^    ,^   «  /— ' (xui.) 

The  quantity  which  is  found  under  the  sign  of  integration 
in  this  equation  is  susceptible  of  being  made  rational;  but  tl^e 
equation  would  be  very  complicated.  The  most  easy  method 
of  obtaining  a  result  is  to  square  by  approximation  the  curve^ 

which  for  each  valufe  of  i  has  an  ordinate  equal  to  -^r — — *^' 

in  the  same  manner  as  was  adopted  in  the  last  article.  Observe 
ing  now  that  when  i  :p  hyt  zzlO^  die  sulrface  may  be  estimated 
between  the  limits  i  sz  h,  and  9  =s  a ;  and  as  iu  this  case  we 
should  only  have  the  terms  to  transcribe  from  the  preceding 
article,  there  can  of  course  be  no  occasion  to  copy  liere  the 
final  equation. 

If  the  altitude  of  the  orifice  a  be  equal  to  the  hieight  A  of  the 
vessel,  the  time  of  exhaustion  to  any  variable  depth  a^^jeckoned 

from  the  bottom,  would  be  equal  to  ^  ==  .,'   X  — »     **  ' — : 

when  z  r:  0,  this  expression  b  infinite ;  that  is,  ibe^imm  of  eoBH 
plete  exha^tion  is  infinite.       .  -     - 
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;  Tke  student  Mibo  wishes  to  pursue  further  this  part  of  Hydro- 
dynamios  may  consult  PHydtodynamique  di  M.  Bossut^  and 
^e  Select  Exercises  at  the  end  of  Dr.  Hviton^s  Conies,  or  in 
the  Sd  vol.  <rf  his  8vo.  Tracts.  , 

455.  Prop.  If  upon  the  altitude  of  thejiuid  in  a  vessel  as  a 
diameter,  we  describe  a  semicircle,  the  horizontal  space  described 
by  thefluM  spouting  from  a  vertical  orifice  at  any  point  in  the 
diameter  will  be  as  the  ordinate  of  the  circle  drawn  Jrom  thai 
point,  the  horizontal  space  being  measured  on  the  plane  of  the 
bottom  of  the  vessel. 

When  the  aperture  is  vertical,  and  indefinitely  small  ,(as  sup- 
posed here),  the  fluid  will  spout  out  horizontally  with  the  velo^ 
city  due  to  the  altitude  of  the  fluid  above  the  orifice  (art  439.) ; 
and  this  velocity,  Combined  with  the  perpendicular  velocity 
arising  from  the  action  of  gravity,  will  cause  every  particle^  and 
consequently  the  whole  jet,  to  describe  the  curve  of  a  parabola. 
Now  the  velocity  with  which  the  fluid  is  expelled  from  any  hole, 
as  G  (fig.  9.  pi.  XVII.),  is  such  as,  if  uniformly  preserved,  would 
carry  a  particle  through  a  space  equal  to  2fi6  in  the  time  of 
the  falldirough  bg  :  but,  after  quitting  the  orifice,' it  describes 
the  parabolic  curve,  and  arrives  at  the  horizontal  plane  of  in 
the  same  time  as  a  body  would  fall  freely  through  OD ;  so  that, 
to  find  the  distance  de,  since  the  times  are  as  the  roots  of  the 
spaces,  we  have   this  analogy  \/  Gfi  :  v"  oi> :  :  ^bg  :  de  = 

— -^ =  2v/(bg«gd)  =  2GH,  by  the  nature  of  the  circle. 

And  the  same  will  hold  with  respect  to  any  other  poiot  in  bd. 

Cor.  1.  Jf  apertures  be  made  a|  equal  distances  from  the  top 
and  bottom  of  the  vessel  (kept  full  of  the  tluid),  the  horizontal 
distances  to  which  the  water  will  spout  from  these  apertures 
will  be  equal.  For  when  Dg  =  BO,  we  shall  have  2x/(Bg-gD) 
==  2^(BG«Gn))  and  consequently  i)£  the  same  in  both  cases* 

CoR.  2.  When  the  orifice  is  at  the  point  bisecting  the  alti- 
tude of  the  fluid  in  the  vessel,  the  fluid  will  spout  to  the  greatest 
distance  on  the  horizontal  platie ;  and  that  distance,  if  measured 
on  the  plane  of  the  bottom  of  tlie  vessel,  will  be  equal  to  the 
depth  of  fluid  in  it.  For  ik,  the  ordinate  from  the  centre  i, 
is  the  greatest  which  <;aH  be  drawn  in  the  semicircle,  and  df, 
which  is  ss:  2 IK,  is  then  =  2bi  =:  bd. 

Cor.  3.  If  a  right  line  be  drawn  from  b  to  f,  since  bd  =: 
DF,  that  line  bf  will  make  an  angle  of  ^5^  with  bd.  Aujd  all 
the  jets  which  are  formed  by  adjutages  at  o,  i,  f,  8cc.  in  the 
vertical  bd,  will  have  for  a  common  tangent  the  right  line  bf, 
or  its  prolongation* 

;   Cor.  4.  Since  the  distance  to  which  the  fluid  spouts  depends 
upon  the  he^t  of  its  surface  ab  above  the  orifice,  and  not  in 

VOL,  I.  f  p 
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any  <legree  Upon  the  depth  of  the  fluid  below  the  orifice,  k  will 
follow  that  whether  the  fluid  in  any  vessel  reach  do¥nDi  to  may 
horizontal  plane  cf^  or  whether  the  bottom  of  the  vessel  stand 
at  some  higher  point  p,  the  distances  i>b,  df,  to  which  ^^the 
fluid  will  spout  from  the  apertures  g,  t,  will  be  the  same ;  and 
the  maximum  distance  will  be  when  the  fluid  is  expelled  from 
an  orifice  half  way  between  the  planes  ab  and  CF.  If  the 
bottom  of  the  vessel  be  higher  than  the  point  i^  then  the  neai^ 
to  that  point  the  orifice  is  placed  the  greater  will  be  the  distance 
to  which  the  fluid  will  spout  on  cf. 

Cob.  5.  Since  the  middle  filament  of  particles  issuing  from 
an  orifice  in  the  side  of  a  vessel  is  discharged  with  the  full  velo- 
city due  to  the  entire  altitude  of  the  fluid  above  the  orifice  (art. 
440.)^  experiments  made  on  the  distance  or  height  to  which 
fluids  spout  will  be  found  to  agree  very  wellvwith  theory;  but 
it  by  no  means  follows  that  all  the  filaments  should  be  ex-> 
pelled  with  the  same  velocity :  consequently,  the  quantity  of 
the  fluid  discharged  in  a  given  time  may  be  less  than  that 
which  would  be  discharged  if  all  the  filaments  were  expellee) 
with  the  velocity  due  to  the  entire  altitude ;  because  thiji  quan^ 
tity  depends  on  the  mean  velocity  of  all  the  filaments.  Hence, 
therefore,  we  cannot  infer  (as  several  authors  have  done)  from 
these  experiments,  compared  with  those  which  relate  to  the 
height  or  distance  to  which  the  fluid  spouts,  that  the  velocity  of 
the  water  in  the  orifice  is  less  than  that  which  is  due  to  the 
entire  altitude ;« and  that  it  is  accelerated  immediately  after  it 
gets  out  of  it ;  because  the  distance  to  which  the  fluid  spouta 
depends  upon  the  central  filament  only ;  but  the  quantity  dis-t 
charged  on  the  mean  velocity  of  the  whole. 

SCHOLIA. 

456. 1.  If  the  fluid  issue  from  the  orifice  not  horizontally,  but 
in  any  oblique  direction,  it  will  describe  the  curve  of  a  parabola 
very  nearly ;  consequently  the  theorems  given  in  arts.  252.  253. 
for  the  motion  of  projectiles  in  a  non^resisting  medium,  may  be 
applied  to  the  determmation  of  the  various  analogous  particulars 
respecting  the  motion  of  fluids  expelled  from  springs  or  reser- 
voirs. The  letter  i,  which  denotes  the  impetus  in  those 
theorems,  will  here  represent  tlie  height  of  the  fluid  in  the  re^ 
servoir  above  the  orifice,  H  the  greatest  height  to  which  the 
fluid  spouts  above  any  plane  passing  through,  the  apertu^'e, 
and  the  other  letters  the  range,  the  velocity,  &c.  Asr  an. ex- 
ample of  the  use  of  these  formulae,  suppose  that  a  short  pipe 
elevated  in  any  direction  from  an  aperture  in  a  conduit,  throws 
the  water  in  a  parabolic  curve  to  the  distance  or  rai^e  &  on  an 
horizontal  plane  passii^  through  the  orifice,  and  diat  the  greatest 
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height  of  ibe  spouthog  fluid  above  that  place  is  h^  we  may 
theiice  determine  the  height  i  of  the  reservoir  which  supplies  the 
commit,  wUhaut  actually  measuring  the  angle  of  elevation  e  of 
the  pipe.    For  from  art.  253,  we  have  r  =:  2is]n2E^  or  i  z: 

>«d^  =  13;^-      Hence,  —^  =  ^^,  and, byre- 


diiction.  we  find  ^-  =  ^•^^-  =:  ~t =  2  cot  e.    Thus  the 

'  Sh         iiin  *fi  sin  B 

angle  £  will  become  known ;  and  then  either  the  equation  i  =: 
»v  ;^M.  or  I  s  ■  .  ^  ,  wiU  determine  the  Jtieight  of  .the  reser- 

:Voir,  as  required, 

456.  II.  The  foregoing  investigations  relate  to  4he  issuing  of 
a  finid  from  an  orifice  in  a  vessel  at  resti  but  it  may  not  b0 
amiss  to  point  out  the  mode  of  x^onducting  the  enquiry  wh^ 
the  fluid  escapes  from  an  orifice  in  a  vessel  in  motion.    To  as- 
3ume  one  of  the  simplest  cases :  let  a  vessel  supposed  full,  at 
first,  be  raised  by  means  of  a  weight  w  acting  upon  the  vessel 
Arougb  the  intervention  of  a  cord  passing  over  two  fixed  pul- 
leys, so  that  the  weight  hangs  freely  and  draws  up  the  v,essel ; 
and  let  it  be  proposed  to  investigate  the  circumstances  of  the 
discharge' through  an  aperture,  of  area  a,  in  the  bottom  of  the 
vessel^  during  its  motion  upwards.   Suppose  c  to  be  the  centre 
of  gravity  of  the  total  mass  of  the  vessel  and  water  which  it 
contains,  m  denoting  that  mass.     Suppose,  also,  that  if  the  two 
ioiasaes,  w  and  m,  were  left  to  the  'free  actjon  of  gravity,  they 
would  descend,  in  an  instant,  flirough  the  small  equal  spaces 
wtr,  ox,  (easily  conceived  virithont  a  diagr9m),^  but  jthat,  be- 
cause of  the  mutual  action  of  the  two  masses  w  and  m  through 
the  intervention  of  the  cord  which  unites  them,  w  descends  only 
dirough  wZ:,  and  m  ascends  through  the  equal  sp^ce  oy.  Then, 
the  q^uantity  of  motion  lost  by  w  being  equal  to  the  quantity 
gained  by  u  in  the  same  direction,  if  g  be  put  for  the  force  of 
gravity,  andy*  for  the  shnple  accelerating4brce  measured  by  wA: 
or  oy,  we  shall  have  w  (g  — /)  =:  m  (g  +/),  whence  we  obtain 

•^^*^  w+M  '  *°*  consequently  xy  =  xg  +  oy  =  ^  +  g^j-^  == 

^^^T  »  the  expression  of  the  force  which  carries  upwards  each 

particle  of  the  mass  u :  so  that,  if  there  should  be  impressed 
^n  equal  and  contrary  motion  upon  all  the  particles  of  the 
system  the  whole  would  be  in  equilibrio.     But  in  this  latter 

case,  by  reason  of  the  force  -^^  which  would  act  vertically 

*       "^  W+M  ^ 

downwards  on  each  particle  of  the  fluid,  every  point  of  the 
bottom  or  fides  of  the  vessel  would  experience  a  pressure, 

pf2 
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which  is  to  tfae  pressure  which  e^qh  such  point  sustains  when 
the  fluid  is  subjected  to  the  action  of  gravity  sbgly,  as  ^—  to 

gf  or  a3  2v  to  w  +  m«  Hence,  putting  h  for  the  hdght  of 
water  in  the  vessel  regarded  as  inimoveable,  the  height  due  to 
the  velocity  at  the  orifice,  in  the  hypothesis  of  the  problenii 

will  be  A 


W+M 


Therefore,  to  express  Ae  elementary  quantity  of  liquid  g 
which  will  issue  during  the  instant  of  time  Y,  we  have  only  to 
substitute  in  the  first  theorem  in  cor.  3,  art.  439.  A  ;=r—'  for  A, 

•  •;•■'• 

,t  for  t,  and  g  for  q,  it  will  thus  become  adapted  to  the  present 
case,  smd  be  o  n:  2at  \  /j^^ . 

V     W+M 

The  vessel  being  imagined  to  empty  itself  by  the  aperture  a, 
without  receiving  fresh  supplies  of  the  liquid,  call  the  variable 
height  of  the  liquid  x,  the  horizontal  section  of  the  vessel  at  the 
surface  of  the  liquid  x,  (this  being  a  function  of  x  given  by  the 

form  of  the  vessel),  then  we  shall  have  Q  ~  —  xjp,  and  u  = 
A  +JxXf  A  being  a  constant  quantity.      Therefore  '^  xi  zz 

Sat  k/S^II—  :  and  t  =  -f^^^^^^A^), 

If  the  vessel  be  a  solid  of  revolution  and  the  altitude  the 
axis,  and  the  figure  be  required  so  that  in  equal  times  the  sur- 
face of  the  liquid  in  the  ascetiding  vessel  shall  be  depressed  by 

equal  quantities  ;  then  must  jf  =  —  «ir,  n  being  a  given  co- 
efficient :  afterwards,  supposing  y  the  ordinate,  and  of  conse-^ 
quence  x  =  iry%  %  being  =  S'l41593,  freeing  the  equation  of 
radicals,  putting  the  expression  /xi?  of  jity^Xf  on  one  side  of  the 

equation,  th^  processof  differentiation  will  give  an  equation  of 
this  form  y'is  +  ^yx  4-  cri  =  0,  b  and  c  b^Jng  given  constant 

quantities.    Whence  we  obtain  the  *'  separate  equation*'  —  => 


Recurring  to  the  eqi:iation/  =  g^^^^,  it  is  obvious  tjiat 
when  w  =:  M,  /  ==  0,  and  ~r~  ^l*     Of  course,  th^  vessel  is 


f+  M 


at  rest,  ^t  leaqt  during  an  instant,  wh^n  th^  discharge  of  the 

quantity  2at  ^/Igh,  will  destroj'  the  equilibrium,  and  the  vessel 
will  ascend*  /^ 
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If  W  =  0,  then  - —  =:  0,  the  pressure  of  the  fluid  on  the 

bottom  M'ill  vanish,  and  none  will  issue  through  the  orifice. 

When  M  exceeds  w,  the  vessel  will  descend;  and,  to  deter- 
mine the  discharge,  y*  must  be  regarded  as  negative.     In  this 

cise,  however,  the  height  due  to  the  velocity  is  h • 

For  problems  analogous  to  this,  the  reader  may  consult 
Bossut's  Hydrodynamique,  part  ii.  cap.  8,  and  the  controversial 
papers  .between  Mr.  Dawson  and  Mr.  Wildbore^  in  Hutton'ai 
Mathematical  Miscellany. 

Another  interesting  application  of  the  theory  ofhyctf odytoamics, 
is  to  the  motion  of  water  in  rivers;  for  which  sefe  Pldyfais^a 
Outlines  of  Natural  Philosophy ,  vol.  i.  p.  191-^197;  Du 
Buatf  Principes  dCHydraulique  ;  and  Bossut,  Hydrodynamique^ 
tom.  ii.  p.  254 — ^288. 


<    4S8    ) 


CHAPTER  ir. 


Account  of  Experiments  mode  by  different  Philosopher  if 
on  the  Discharge  of  Water  through  Apertures  and 
Tubes;  and  the  practical  Deductions  from  those  Ex- 
periments. 


457*  Thb  greater  psari  of  the  propositions  and  theorems  m 
the  precedhig  chapter  are  foanded  upon  the  hypothesis,  that 
the  whole  of  the  fluid  particles  issuing  from  a  horizontal  orifice 
in  ai  vessel  is  ei^pelled  with  the  velocity  due  to  the  height  of  die 
fluid  in  the  reservoir  above  that  orifice ;  and  the  whole  of  the 
particles  discharged  through  an  evanescent  horizontal  element 
of  a  vertical  aperture,  with  one  and  the  same  velocity.  But  this 
hypothesis,  as  we  have  hinted  more  thim  once,  is  not  altogether 
consistent  with  fact.  For,  when  water  issues  from  an  orifice^ 
the  particles  M'ill  flow  from  all  sides  towards  the  orifice^  with  an 
accelerated  motion,  and  in  all  directions.  If  the  orifice  be  ho« 
rizontal,  that  filament  of  particlesf  which  answers  to  its  centre 
will,  as  Dr.  M.  Young  observes,  descend  in  a  vertical  line,  and 
suffer  no  other  resistance  than  ^at  of  the  frl6tion  caused  by  the 
excess  of  its  velocity  above  that  of  the  collateral  filaments,  or 
by  the  retardation  which  arises  from  the  attraction  subsisting' 
between  them.  The  other  filaments  are  soon  compelled  to 
turn  from  their  vertical  course,  and  to  approach  the  orifice  in 
spiral  curves,  (art.  444.) ;  and,  when  they  arrive  at  it,  their 
directions  become  more  or  less  horizontal,  according  as  they 
pass  nearer  to,  or  further  from,  the  edge  of  the  orifice.  The 
motion,  therefore^  may  be  decomposied  into  two  directions ;  the 
one  horizontal,  which  is  destroyed  by  the  equal  and  contrary 
resistance  of  the  filaments  which  are  diametrically  opposite^  the 
other  vertical,  in  proportion  to  which  the  quantity  of  water  dis- 
charged is  to  be  estimated.  Hence  it  appears  that  the  vertical  ve- 
locity of  the  filaments  decreases  from-the  centre^of  the  orifice  to 
)  the  circumference ;  and  that  the  total  discharge  is  less  than  if  the 
filaments  had  issued  vertically,  as  that  filament  does  which  cor- 
responds tp  the  centre  of  the  orifice.    It  ako  follows  that  the- 
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filaments  which  are  nearer  to  the  centre,  moving  faster  than 
those  which  are  nearer  to  the  edges,  the  vein  of  the  fluid,  after 
it  has  issued  from  the  aperture  (if  that  be  circular)  will  form  a 
conic  frustrum  whose  greater  base  is  the  aperture ;  that  is  to 
say,  its  diameter  will  diminish  to  a  certain  distance,  because  the 
exterior  filaments  are  gradually  drawn,  in  consequence  of 
their  mutual  attraction,  by  the  interior  filaments  whose  velocity 
is  greater,  whence  follows  a  diminution  in  the  diameter  of  the 
vein. 

This  diminution  in  the  section  of  the  vein  is  often  called  the 
contraction  of  the  vein ;  and  the  vein  itself,  Arom  the  orifice  to 
the  greatest  diminution,  is  called  the  vena  eoniracta,  the  conh 
tracted  vein. 

The  contraction  of  the  stream  is  found  to  take  place  not  oidy 
when  water  is  discharged  from  horizontal  apertures,  but  when 
the  discharge  is  from  vertical  apertures,  or  apertures  inclined  to 
the  horizon  in  any  manner  whatever:  in  these  latter  cases, 
however,  the  form  of  the  contracted  vein  is  by  no  means  so  re- 
gular as  in  the  discharge  from  horizontal  orifices ;  the  stream 
often  assumes  a  very  curious  form,  having  for  a  small  distance 
from  the  aperture  the  appearance  of  a  plaited  band. 

When  the  orifice  is  horizontal  and  circular,  the  length  of  the 
contracted  vein  is  very  nearly  equal  to  the  semi-diameter  of  the 
orifice :  and  Polenus  makes  the  ratio  of  the  diameters  of  the 
contraction  and  of  the  aperture  to  be  as  5|  to  6i ;  Bernoulli^  5 
to  7 ;  Chev.  Du  Buat,  6  to  9 ;  Bossut,  41  to  50 ;  Michelotti,  4 
to  5  ;  Fefiiuri,  nearly  4  to '5.  And  the  latter  author  has  shown, 
by  many  experiments,  that  die  contraction  of  the  stream  takes 
.place  at  a  greater  distance  under  strong  charges  than  in  those 
which  have  but  little  elevation.  The  ratio  of  the  surface  erf"  the 
section  of  the  fluid  vein  at  the  place  of  greatest  contraction,  ta 
the  area  of  the  orifice,  does  not  much  depend  on  the  figure  of 
the  orifice ;  but  this  ratio  is  subject  to  variations,  to  which  we 
should  have  regard  when  the  side  or  the  bottom  of  the  vessel  is 
more  or  lest  thick,  or  when  an  additiomil  tube  is  adapted  to  the 
orifice.  The  situation  of  the  orifice  with  respect  to  the  sides  of 
the  vessel  has  likewise  a  certain  influence  on  the  contraction ; 
but  tlie  difierences  thus  occasioned  may  be  generally  neglected 
in  practice.  We. may  infer  from  what  h»s  now  been  said, 
that  to  obtain  formula  which  will  furnish  results  applicable  to 
pra<:tice,  we  should,  in  the  difierent  cases,  substitute  for  the 
actual  area  of  the  orifice  the  area  of  the  smallest  section  of  the 
contracted  vein.  This  reduced  area  should  be  considered  as  the 
true  orifice  through  which  the  discharge  b  made,  and  its  vertical 
distance  from  the  upper  surface  of  the  fluid  as  the  height  due 
to  the  velocity  of  die  fluid  issuing  throuj^  this  little  <Mrifice. 

458.  From  the  preceding  remarks  the  necessity  of  giving 
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flxtensioQ  to  tbe  theory  of  Hydrqdjmmica,  by  combiaiDg  witii 
it  die  resntts  of  experiBMOts,  nauM  ttc  pretty  obvious:  we  shall 
io  thia  chapter,  therefore^  give  aconciMviewofthe  moit  useftd 
GOnclusiona  deduced  from  the  experiments  of  ditferent  philosoi- 
phers,  commencing  with  those  of  M.  BotttU,  which  appear  to 
navcbeeo  very  numerous,  judicioiu,  and  exact. 


We  propose  to  determine  from  the  experiments,  first,  wh^  is 
tht  rtitio  betueen  the  area  of  the  contraction  of  the  vein  and  that 
^the  orifice;  Hcondly,  the  quantity  of  ditcharge  through  thin 
platet ;,  thirdly,  the  tUacharge  thmtgh  addiiitimU  tubei,  their 
length  being  email  compared  with  the  depth  of  the  water  m  the 
re§ervoir. 

In  M.  BoBsut's  first  exper imenta,  the  apertures  for  the  efflux 
of  die  water  wsm  til  pierced  perpendicularly  in  plates  about  |  a 
line  Uiiclc 

M.Ba«iif  ha»gi«eaiahis//ydn»2^nain*fue(tomeII,  ptt.46.) 
the  following  table  relative  to  the  discharge  through  orifices 
pierced  in  thin  plates :  the  measure  b  the  Peris  foot  royaly 
which  is  Io  theEogliab  foot  a  a  1535  to  1440,  or  1066  to  1^000.: 
4he  fourth  column,  which  expresses  the  relation  between  the  re- 
sults of  tfae«xperiiaent«atid  those  of  the  theory,is  fromM.Proi^. 


m 
pfi 

■|"?8- 

lilt 

■■llii 

1  . 

4381 

2722 

0-62133 

'i 

6196 

3g46 

0-62073 

s 

1589 
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0-62064 

4 

sies 
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092034 

5 

9791 

6075 
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G 

10132 
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7 

11592 
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8 
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0-61911 

9 

13144 

S13B 

0-61892 

10 

13855    ' 

8574 

0-61 88S 

It 

14530 

8990 

0-61873 

12 

15180 

9384 

0-61819 

IS 

15797 

9764 

0-61810 

14 

16393. 

10150 

0-61795 

IS 

16968 

10472 

0-617I6 
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It  appears  from  tbia  table  that  the  actual  discharges,  as  well 
as  those  reaiilling  from  the  theory,  are  sensibly  propor<tioi)al  to 
the  square  roots  of  the  depths  of  fluid  in  the  reservoir.  Thus, 
for  example^  if  we  take  the  depths  4  and  9,  whose  square  roots 
are  aa  S  to  S ;  die  corresponding  actual  discharges  taken  from 
the  third  column^  are  5436  and  8135  :  and  these  nuntibers  are 
▼ery  nearly  in  the  ratio  of  %  to  3,  the  ratio  being  2  id  2*9931. 

If  the  numbers  in  the  last  column  are  multiplied  together, 
and  the  .15  th  root  of  the  last  product  taken,  we  shall  have 
'&19SS  fcMT  the  tiue  mean  of  the  effective  discharges,  compared 
with,  dudi  theoretic  discharge  1 ;  and  the  arithmetical  mean  be* 
twcen  the  mmobera  in  the  last  column  standing  against  the 
heights  7  and  8,  is  *61938  :  the  mean  ratio  between  the  actual 
and  tibeoretic  discbarges,  then,  is  not  widely  distant  from  that 
of^6fijD  I:  whence  it  foUows-,  from  the  remarks  in  art.  457, 
dul^'62  i»  the  number  by  which  we  must  multiply  the  real  area 
of  the  orifice  to  obtain  the  area  of  the  smallest  section  of  the 
contracted  vein. 

4i59.  Another  set  of  experiments  made  by  M.  Bo$sut,  with 
different  apertures,  are  the  following,  in  which  the  water  was 
kept  constandy  at  the  altitude  of  1 1  feet,  8  inches,  1(>  lines, 
from  the  centre  of  each  aperture. 

«  \  '      '  No.  of  cubic  inches 

.  furnished  in  1  min. 

1.  With  an  horizontal  circular  aperture,  ^  lines  diameter '  23 1 1 

2.  With  a  circular  horizontal  aperture^  I  inch  diameter     9281 

3.  With  a  circular  horizontal  aperture,  2  inches  diameter  37203 

4.  With  a  rectangular  horizontal  aperture,  1  inch  by  3 

lines        ........        2933 

5.  With  a  square  horizontal  aperture,  the  side  1  inch       11817 

6.  By  a  square  horizontal  aperture,  die  sides  2  inches      47361 

Constant  heights  feet. 

I,  Lat^iral  circular  aperture,  6  lines  diameter       •       •      201S 
8.  Lateral  circular  aperture^  1  inch  diameter        .      .      8135 

Constant  height  ^feet. 
9.  Lateral  circular  aperture,  6  unes  diameter      «      •      1353 
10.  Lateral  circular  aperture^  1  inch  diameter      ^      .       5436 

Constant  heisht  7  lines. 

II.  By  a  lateral  and  ciK:ular  orince,  1  inch  diameter  6S8 

From  the  preceding  experiments  we  may  make  the  following 
deductions: 

1.  *The  quandties  of  flwd  discharged  in  equal  tunes  from 
different  sized  aperturesf,  the  dititude  of  ^  fluids  being  the 
same>  are  nearly  to  each  other  as  the  areas  of  the  apertures.' 
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Thus  in  the  second  and  third  experimenXis  ihe  areas  of  the 
apertures  are  as  one  to  four,  and  the  water  discharged.  9281 
cubic  inches  to  S7203  is  nearly  in  the  same  ratio. 

2.  ^  The  quantities  of  water  discharged,  in  equal  times,  by 
the  same  aperture,  with  different  altitudes  of  the  reservoir,  are 
nearly  as  the  square  roots  of  the  corresponding  altitude  of  the 
water  in  the  reservoir  above  the  centre  of  the  aperture/  Conn 
paring  together  the  eighth  and  tehth  experiments,  in  which  the 
respective  altitudes  of  the  reservoir  were  of  9  and  4  feet,  of 
which  the  square  roots  are  d  and  2,  we  find  the  water  dis- 
charged by  the  first  was  8135  cubic  inches,  the  second  5436 
cubic  inches  nearly  in  the  proportion  of  S  to  2,  as  before  ob- 
served. , 

3. '  That,  in  general,  the  quantities  of  water  c&charged  m 
the  same  time,  by  different  apertures  and  under  uneqUfli  alti- 
tudes of  the  reservoirs,  are  to  each  other  in  m.  compottfid  ratio 
of  the  areas  of  the  apertures  and  the  square  root^  of  Ihe  alti- 
tudes.' 

4« '  That,  on  account  of  the  friction,  the  smallest  apertures 
discharge  less  water  than  those  diat  are  larger  and  of  s  aimibur 
figure,  the  water  in  the  respectM  reservoirs  beii^  at  the-  stnie 
height' 

5.  ^That  of  several  apertures  whose  areas  are  equal,  that 
which  has  the  smallest  circumference  will  discharge  more  water 
than  the  others,  the  water  in  the  reservoirs  being  at  tfaevsame 
altitude,*  and  this  because  there  is  less  friction.  Hence  circular 
apertures  are  most  advantageous,  as  they  have  leas  rubbiiig  sur*^ 
face  under  the  same  area. 

Hence,  then,  to  make  the  formuUe  in  the  theory,  for  instance, 
those  in  cor..  3.  art*  439.  furnish  such  results  as  would  agree  with 
experiments,  we  must  deduce  the  aperture  a  in  those  dieorems 
in  the  ratio  of  '62  to  1 ;  or  multiply  the  quantities  resulting 
from  the  theorems  as  they  now  stand  by  the  decimal  '62  ^  or, 
lastly,  if  great  accuracy  be  required,  take,  instead  of  the  constant 
multiplier  *62,  the  number  standii^  against  the  height  of  fluid 
in  the  reservoir  above  the  orifice,  in  the  last  colunm  of  the  table 
in  the  preceding  article :  thus,  if  the  altitude  of  the  fluid  be  10 
fieet,  the  multiplier  will  be  '61883. 

460.  If  the  water,  instead  of  flowing  through  an  aperture 
pierced  in  a  thin  substance,  pass  through  the  end  of  a  vertical 
tube  of  the  same  diameter  as  ih»  aperture,  there  is  a  much 
greater  discharge  of  water,  because  the  contracted  stream  is 
greater  in  the  first  instance  than  in  the  second.  In  the  fioUow- 
ing  expwiments  the  constant  height  of  the  w^ter  in  the  reservoir 
above  the  upper  aperture  of  the  tube  was  11  feet  ^  iachea  lb 
liues^  the  diameter  of  the  tube  I  inch. 
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Diiferent  lengths  of  the  tube  expressed  in      i 

lines. 


— — •—•■^ — ■  I 

Number.ot  cuDic. 


inches  of  water 


discharged  in  1 


The  stream  filling  the 
tube, 

ig  I     The  water  not  filling 
the  tube. 


} 


9282 


It  appears,  on  comparing  the  first  three  experiments,  that  the 
longer  the  vertical  tube  is,  the  greater  is  the  discharge  of  the 
water,  because  die  contfaction  of  the  stream  is  less ;  it  is,  how* 
^ver^  always  somewhat  c<^tracted,  even  when  it  appears  to  fill 
the  tube. 

.  By  comparing  the  quantities  of  water  discharged  in  the  third 
and  fourdi  experiments,  we  find  the  two  discharges  12168, 
9^2,  are  to  each  other  nearly  in  the  proportion  of  13  to  10; 
but  we  have  seen  that  the  water  discharged  through  a  thin  aper* 
ture  without  any  contraction  in  the  stream,  would  he  to  the^: 
satne  aperture  widi  a  contracted  stream  as  1  to  *62,  or  as  16  to 
1^'  from  henee  we  may  conclude,  that,  the  altitude  in  the 
reservoir 'and  the  apertures  being  the  same,  the  discharge 
through  i^^thin  aperture  without  any  contraction  in  the  stream^ 
the  discharge  through  an  additional  tube,  and  the  discharge 
through  a  similar  aperture  with  a  contracted  stream,  are  to  each 
other  nearly  as  the  numbers  16,  13,  10:  these  proportions*  are 
sufficiently  exact  for  practice.  Hence  it  is  plam  that  an  addi- 
tional tube  only  destroys  in  part  the  contraction  of  the  stream, 
which  contraction  is  greatest  when  the  water  passes  through  a 
i  thin  aperture  from  a  mrge  reservoir. 

If  the  additional  tube.,  instead  of  being  vertical,  or  {^aced  at 
the  bottom  of  the  reservoir,  wereborizontal,  or  placed  in  the  side, 
Jt  would  furnish  the  same  quantity  of  water,  provided  it  was  of 
the  same  length,  and  that  the  exterior  aperture  was  at  the  same 
distance  from  the  surface  of  the  vmter  in  the  reservoir. 

If  the  additional  tube, instead  of  being  cylindrical,  were  conical, 
baving  its  lai^est  base  nearest  the  reservoir,  it  would  cbschai^e 
a  greater  quantity  of  water;  The  most  advantageous  form  that 
\€an  be  given,  in  order  to  obtain  the  greatest  quantity  of  water 
IB  a  given  time  by  a  given  aperture,  is  that  which  the  stream 
fltssuwies  in  coming  out  of  the  aperture;  i,  e.  the  tube  must  be  of 
the,^rm  of  a  truncated  cone/  whose  largest  base  thould.be  of 
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the  same  diameter  as  the  aperture ;  the  area  of  .the:  sm^II  base 
should  be  to  that  of  the  larger  base  as  10  to  16;  and  the  distatice 
from  one  base  to  the  other  should  be  the  semidia meter  of  the 
largest  base ;  and  the  efflux  of  water  will  be  as  abundant  as  it 
would  be  thiough  a  thin  aperture  equal  to  the  smallest  base,  and 
where  the  stream  was  not  contracted.  This  form  may  be  ap- 
plied where  it  is  necessary  to  obtain  a  certain  quantity  of  water 
from  a  river,  an  aqueduct,  &c.  by  a  canal  or  lateral  tube. 

On  comparing  the  efflux  of  water  through  additional  tubes  of 
different  diameters,  and  with  different  altitudes  of  the  water  in 
the  reservoirs,  the  following  results  were  obtained;  the  addi- 
tional tubes  were  two  inches  long,  and  yi*ere  vertical  and  placed 
at  the  bottom  of  the  reservoir. 


Constant  altitude  of  the  water 
above  the  tubes. 


Exp.  I 
2 


. 


3  feet  10  inches  i 


3 
4 

5 
6 


Diameter  of  the  tubes 
expressed  in  lines. 


67    Wttt^r  fil^dg  tfaei 
10  \      tube 


2  feet 


67    Th(B '•vatef  tiot 
103  following  the  sides 

^7    The  water  filling 
10  \      the  tube 


8 


6 1   The  water  not 
105      filUng  the  tube 


Number 
in  1  min. 


C  16^9 
i4703 


1 


129^ 
3598 


C1222 
{3402 


[  ^5 
(2603 


It  results  from  these  experiments,  1.  'That  the  discharges  by 
different  additionid  tubes,  with  the  same  altitude  of  the  reser-» 
voir,  are  nearly  in  proportiott  to  the  area  of  the  apertures,  or  to 
the  squares  of  the  diameters.  2.  That  the  discharges  of  water 
by  additional  tubes  of  the  49iame  diameter  with  different  alti^ 
tudes  of  water  in  the  reservoir,  are  nearly  proportional  td  the 
square  root  of  the  altitude  of  die  reservoir.  S.  That  iB;ge>r 
neral  the  discharges  of  water  in  the  same  time,  through  different 
additional  tubes,  with  different  altitudes  of  water  in  the  same 
reservoir,  are  to  each  other  nearly  as  the  product  of  the  square 
pf  the  diameters  of  the  tubes  by  the  square  root  of  ^  altitude 
of  the  reseiToirs/    Sp  that  additional  tubes,  transmittii^  water, 
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'oUow  (amongst  tb  em  selves)  the  same  laws  as  through  the  ^in 
>rifice.  Ilie  following  table  was  formed  from  the  foregoing 
izperimenls. 


Hi 

n-.i 

Ht^ 

11^  a 

l|i 

tsi 

■S-.--S 

.=  3™. 

=  .a5 

*n. 

^asis 

-s-s-s-ls 

■S'lf  t 

||s 

Isil 

W  ft 

pi 

liii 

jilJ 

1 

43fil 

3539 

2722 

0-81781 

2 

6169 

5002 

38+6 

0-80729 

S 

75S9 

6126 

4710 

0-8()724 

4 

S763 

7070 

5436 

0-80631 

a 

&797 

1900 

6075 

0-80638 

6 

10732 

8654 

6(>54 

0-80638 

7 

11.592 

9340 

7183 

0-80473 

8 

18392 

9915 

7672 

0-80496 

a 

I3U4 

10579 

8135 

0-80435 

10 

13855 

11151 

8574 

0-80483 

u 

14.530 

11G9S 

8990 

0-80477 

12 

15180 

1^20.5 

9384 

0-ii0403 

13 

15"91 

12699 

9764 

0-80390 

1-t 

16393 

13197 

10i:iU 

0-^0382 

15 

16968 

13620 

10473 

O-S027O 

The  mean  of  the  numbers  in  the  last  column  of  this  table  is 
somewhat  less  than  81  ;  we  may,  however,  in  most  cases,  take 
'dl  as  a  very  good  approximation  to  the  truth :  uaing  it  as  a  con- 
stant co-efficient  in  the  formula  for  the  value  of  Q  given  ia  cor. 
3-  art.  439.  when  we  wish  to  know  ihe  discharge  through  a 
cyliDdric  tube  of  the  dimensions  specified  at  the  bead  of  column 
the  third.  'ITius  we  shall  have  q  =  -81  at  v'(2g^);  the  dimen- 
sion* being  all  in  feet,  or  all  in  inches. 


461.  We  now  pass  to  M.  Bosmt's  experimeots  oo  the  ex- 
haustion of  vessels  (which  have  no  extraneous  supfdy)  by  little 
orifices. 

The  experiments  upon  the  time  of  complete  exbausiion  of 
Tessels  which  empty  freely  are  not  easy  to  make,  at  least  in  y 
conclusive  manner:  for,  besides  that  in  sqme  cfues  the  com- 
plete e;(haHGtion  \yould,  vcccrdins  to  ihe^keoiy^  require  an 
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-unlimited  time^  it  is  found  that^  when  the  siirfaee  of  ihe  Wiier 
arrives  within  a  small  distance^  as  two  or  ikree  inches,  ^>  a 
horizontal  orifice,  it  forms  above  that  orifice  a  conical  or  nither 
conoidal  funnel,  which  diminishes  the  efiect,  and  makes  the 
conclusion  of  the  discharge  uncertain,  it  is  best,  iherefo^^  not 
to  make  experiments  upon  the  time  of  total  discharge,  but  upod 
the  time  in  which  tiie  upper  surface  is  depressed  through  a  cer- 
tain vertical  distance  x,  the  greater  the  better,  proiAded  the 
upper  surCace  has  not  sunk  so  low  as  to  permit  the  formation 
of  the  funnel  just  spoken  of. 

It  was  shewn  (art.  443.  equa.  ll.)  lliat  when  the  -primitive 
height  of  the  water  in  a  prismatic  vessel  was  i=  h,  the  constant 
section  of  the  vessel  =  a,  the  time  t  employed  bj  the  fluid  to 
descend  through  die  space  a:  was  expressed  by  this  equation ; 

Now  when  the  orifice  a  is  supposed  pierced  in  a  thin  plate 
we  must  substitute  the  contracted  orijSce  *62  a,  and  the  formula 
will  become 


63x8*0308  a 

When  the  opcartilre  is  a  circle,  and  its  dianieter  d,  we  have 
'7B5S9Sd^!ssa:  this  value  of  a  substituted  for  it  in  the  pre* 
ceding  equation  gives 

^  = -51208  ^  [v/A- •(A-a:)], 

the  dimensions  being  given  in  English  statute  feet ;  or  if  the 
dimensions  are  in  terms  of  the  Paris  foot  royal,  theu 

This  latter  theorem  may  be  applied  to  the  experim^its  made 
by  M.  Bossut,  in  order  to  compare  the  results  which  it  gives 
with  those  which  are  furnished  by  the  experiments :  the  whole 
is  comprised  in  the  following  table. 


The  constant 
section  a  of 
the  vessel  is 
9V(ia«re  feet, 
rhe  primi- 
tive height  h 
of  the  water 
is  11-667  Pa- 
ris feet. 


Diameter  of  the 
horizontal  cir- 
cular orifice,  or 
value  of  d» 


-0S33S3 
•166666 

ifmm ■      ■ 


{ 

{ 


Depression  of 
the  water,  or  va- 
lue of  9* 


Feet. 
4 

4 

9 


Time  of  the  de- 
pression of  Uie 
water* 


Seconds. 
445*5 

1224*5 

n2- 

306- 


Time  of  the  de- 
pressiooy  calcu- 
lated by  the  last 
theorem. 


Seconds. 

449-04 

1221*2 

110-76 

305*25 
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'  Hence  "we  see  that  the  difference  between  the  results  of  the 
computation  and  those  of  the  experiments  are  extremely  small : 
much  smaller  indeed  than  might  be  expected,  considering  the 
many  circumstances  which  may  contribute  to  vary  the  times 
given,  by  observation.  So  that  we  may  regard  the  formuha 
guren  in  this  article  as  sufficiently  correct  for  practice;  at  least 
within  the  limit  suggested  by  me  formation  of  the  conoidal 
fiinneL .  What  has  been  here  said  applies  principally  to  hori- 
2ontal  apertures;  but  it  may  be  applied  without  fear  of  material 
Qsrror  to  small  laterial  orifices,  when  the  fluid  in  the  reservoir 
stands  higher  than  the  upper  side  of  the  orifice,  and  taking  for 
the  height!  A  the  distance  of  the  centre  of  gravity  of  the  orifice 
from  the  upper  surface  of  the  fluid. 

For  an  account  of  Bossut's  experimental  researches  on  the 
motion  of  water  in  rectangular  canals^  see  Hydrodynam.  tom.  ii. 
p.  811-^253. 

Experimental  Enquiries  qf  Ventun. 

462.  The  experiments  and  researches  of  M.  J*  B.  Venturis 
professor  of  natural  philosophy  at  Modena,  are  neither  so 
extensive  nor  so  iniporti^nt  as  those  of  M.  Bossut :  but  as  he 
has  noticed  two  or  three  curious  circumstances  relative  to  the 
motion  of  fluids,  which  seem  to  have  escaped  the  observation 
of  \preceding  philosophers,  we  shall  present  the  reader  with  a 
concise  account  of  the  result  of  his  enquiries* 

I.  In  any  fluid  those  parts  which  are  in  motion  carry  along 
with  them  the  lateral  parts  which  are  at  rest. 

To  shew  the  truth  of  this  proposition  M.  Fenturi  introduced 
a  horizontal  current  of  water  into  a  vessel  filled  with  the  same 
fluid  at  rest.  This  stream  entering  the  vessel  with  a  certain 
velocity,  passes  through  a  portion  of  the  fluid,  and  is  then 
received  in  an  inclined  channel,  the  bottom  of  which  gradually 
rises  until  it  passes  over  the  border  or  rim  of  the  vessel  itself. 
The  efiect  is  found  to  be,  not  only  that  the  stream,  itself  passes 
out  of  the  vessel  through  the  channel,  but  carries  along  with 
it  the  fluid  contained  in  the  vessel ;  so  that  after  a  short  time  no 
more  of  the  fluid  remains  than  was  originally  below  tbeapertute 
at  which  the  stream  enters.  .  This  fact  is  adopted  as  a  priqciple 
or  primitive  phenomenon  by  the  author,  under  the  denomination 
of  the  lateral  communication  of  motion  in  fluids,  and  to  this  he 
refers  many  important  hydraulic  facts.  He  does  not^undertake 
to  give  an  explanation  of  this  principle,  but  shews  that  the  mutual 
attraction  of  the  particles  of  water  is  far  from  being  a  sufficient 
cause  to  account  for  it. 
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IT.  If  that  part  of  an  additional  cylindric  tube  .ivbich  is 
nearest  the  side  of  the  reservoir  be  contracted^  accordmg  to  the 
form  of  the  contracted  vein  of  fluid  which  issues  through  a  hole 
of  the  same  diameter  in  a  thin  plate,  the  expenditure  will  be 
the  same  as  if  the  tube  were  not  contract^  at  all ;  and  the 
velocity  of  the  stream  within  this  tube  will  be  greater  than  that 
of  a  jet  through  a  thin  plate  in  the  ratio  of  121  to  100. 

III.  The  pressure  of  the  atmosphere  increases  the  expence 
of  water  through  a  simple  cylindrical  tube,  when  compared  with 
that  which  issues  through  a  hole  in  a  thin  plate,  whatever  may 
be  the  duection  of  the  tube. 

IV.  In  descending  cyhndrical  tubes,  the  upper  ends  of  which 
possess  the  form  of  the  contracted  vein,  the  discharge  is  such  ai 
corresponds  with  the  height  of  the  fluid  above  the  inferior  ex- 
tremity of  the  tube. 

V.  In  an  additional  conical  tube  the  pressure  of  the  atmo* 
sphere  increases  the  expenditure  in  the  proportion  of  the 
exterior  section  of  the  tube  to  the  section  of  the  contracted  veio, 
v/batever  may  be  the  position  of  the  tube,  provided  its  internal 
figure  be  adapted  throughout  to  the  lateral  communication  of 
motion. 

VI.  In  cylindrical  pipes  the  expenditure  is  less  than  through 
conical  pipes,  which  diverge  from  the  place  of  the  contracted 
vein,  and  have  the  same  exterior  diameter. 

For,  in  the  space  between  the  inverted  contracted  vein  and 
the  sides  of  the  cylinder,  eddies,  or  circular  whirls,  are  pro4uced, 
as  in  a  basin  which  receives  water  by  a  channel;  and  thesWe* 
tard  the  efflux  of  the  stream,  and  produce  a  corresponding 
failure  in  the  effect. 

VII.  By  means  of  proper  adjutages  applied  to  a  given  cylindric 
tube  placed  horizontally,  it  is  possible  to  increase  the  expen- 
diture of  water  through  that  tube  in  the  proportion  of  24  to  K), 
the  charge  or  height  of  the  reservoir  remaining  the  same: 

For  this  purpose,  the  inner  extremity  of  the  tube  AD  (flg.  1 1. 
pi.  XVII.)  must  be  titted  at  ab  with  a  conical  piece  of  the 
lorm  of  the  contracted  vein;  this  increases  the  expenditure  as 
12- 1  to  10.  Every  other  form  will  afford  less.  If  the  diameter 
at  A  be  too  great  the  contraction  must  be  made  beyond  b,  and 
the  section  of  the  vein  will  be  smaller  than  the  section  of  the 
tube.  Secondly,  at  the  other  extremity  of  the  pipe  BC  apply  a 
truncated  conical  tube  cd^  of  which  let  the  length  be  nearly  nine 
times  the  diameter  c,  and  its  external  diameter  D  must  be  l*8c. 
This  additional  piece  will  increase  the  expenditure  as  24  to  12*1. 
So  that  the  quantity  of  effluent  water  will  |>e  increased  by  the 
two  adjutages  in  the  ratio  of  24  to  10.  All  this  is  on  tbe 
supposition  that  the  pipe  bc  has  no  elbows  or  sinuosities. 
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y III.  The  (expenditures  out  of  a  straight  tube,  a  curved  tube 
in  aquadrantal  arc,  and  an  elbowed  tube  having  the  angle  90% 
(each  being  posited  horizontally)  are  att.par*  nearly  as  70^50, 
and  4.5. 

IX.  The  internal  roughness  of  a  pipe  diminishes  the  ex- 
penditure, though  die  friction  of  the  water  against  these  as- 
perities does  not  form  any  considerable  part  of.  the  cause.  A 
right-lined  tube  may  have  its  internal  surface  highly  polished 
Aroughout  its  whole  length ;  it  may  every-where  have  a  dia- 
ifieter  greater  than  the  orifice  to  which  it  is  applied;  but,  not- 
withstanding the  expenditure  will  be  greatly  diminished  if  the 
pipe  should  have  enlarged  parts,  or  swellings :  for,  by  reason  of 
these  sudden  changes  in  the  interior  dimensions  of  the  pipc^ 
inuch  of  the  motion  will  be  consumed  in  eddies.  This,  as  M. 
Ventwi  remarks,  is  a  very  interesting  circumstance,  to  which, 
l^rhaps,  sufficient  attention  has  not  been  paid  in  the  construC'- 
tion  of  hydraulic  machines.  It  is  not  enough  that  elbows  and 
contractions  are  avoided ;  for  it  may  happen,  by  an  intermediate 
enlargement,  that  the  whole  advantage  may  be  lost,  which  may 
have  been  procured  by  the  ingenious  dispositions  of  the  otfaef 
parts  of  the  machine. 

The  above  comprises  what  to  us  appeared  most  important 
in  'b/LVentun*s  researches,  relative  immediately  to  the  subject  of 
hydrodynamics.  Those,  however,  who  are  desirous  of  seeing  a 
iQore  detailed  account  of  this  ingenious  author's  experiments, 
tnay  consult  Mr.  Nicholson's  translation  of  his  work  '^  On  the 
Lateral  Communication  of  Motion  in  Fluids/*  sold  by  Taylor, 
Hblborn. 

Practical  Conclusions  qf  Mr.  Et/telwein. 

463.  Mr.  Eytelwein  published,  at  Berlin,  in  IBOI,  a  treatise 
entitled  Handouch  der  Mechanik  undder  Hydraulik-j  from  the 
second  part  of  which,  relative  to  hydrodynamics^  we  shall  extract 
a  few  particulars. 

.  I.  In  the  chapter  on  the  motion  of  water  flowing  out  of 
jreservoii-s^  and  on  the  contraction  of  the  sjtream,  this  philoso- 
pher makes  the  area  of  a  section  at  the  distance  of  about  hal^ 
its  diameter  from  the  orifice  about  ii  of  that  of  the  aperture: 
hence  the  diameter  is  reduced  to  t«  The  quantity  of  water  dis- 
charged is  very  nearly,  but  not  quite,  sufficient  to  fiill  this  section 
with  the  velocity  due  to  the  height :  for,  finding*  more  accurately 
the  quantity  discharged,  the  orifice  must  be  supposed  diminished 
to  -619,  or  nearly  !•  Hence  the  square  root  of  tihe  height  may 
be  multiplied  by  5  instead  of  8  (an  approximate  root  of  64| ) 
for  the  mean  velocity  in  a  simple  orifice* 
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II.  If  we  apply  the  shortest  pipe  that  will  cause  the  stream 
to. adhere  every-where  to  its  sides,  which  will  require  its  length 
to  be  twice  its  diameter;  the  discharge  will  be  about  4^  of  the 
full  quantity,  and  the  velocity  may  be  found  by  taking  61  for  a 
multiplier. 

III.  The  greatest  diminution  is  produced  by  inserting  a  pipe 
so  as  to  project  within  the  reservoir;  probably  because  of  uie 
greater  interference  of  the  motions  of  the  particles  approaching 
Its  orifice  in  all  directions:  in  this  case  the  discharge  is  reduced 
nearly  to  a  half. 

IV .  A  conical  tube  approaching  to  the  figure  of  the  contrac- 
tion of  the  stream  procured  a  discharge  of  '92,  and,  when  its 
cidges  were  rounded  off,  a  discharge  of  '98,  calculating  on  its 
least  section. 

V.  Mr.  Eytelwein  is  of  opinion  that  the  assertion  of  Venturi 
(^art.  462.  vii.)  is  too  strong,  and  observes,  that  where  the  pipe 
is  already  very  long,  scarcely  any  effect  is  produced  by  the 
addition  of  such  a  tube.  He  proceeds  to  describe  a  number  of 
experiments  made  with  different  pipes,  where  the  standard  of 
$:omparison  is  the  time  of  filling  a  given  vessel  out  of  a  large  re- 
servoir, which  was  not  kept  always  fiill,  as  it  was  difficult  to 
avoid  agitation  in  replenishing  it;  and  this  circumstance  was 
perfectly  indifferent  to  the  results  of  the  experiments.  They 
confirm  the  assertion  that  a  compound  conical  pipe  may  increase 
the  discharge  to  twice  and  a  half  as  much  as  through  a  simple 
orifice,  or  to  more  than  half  as  much  more  as  would  fill  the 
whole  section  with  the  velocity  due  to  the  height:  but  where  a 
considerable  length  of  pipe  intervenes  the  additional  orifice 
appears  to  have  little  or  no  effect. 

VI.  The  first  chapter  concludes  with  a  general  table  of  the 
coefiicients  for  finding  the  mean  velocity  of  the  water  discharged 
by  the  pressure  of  a  given  head  under  different  circumstances. 

1.  For  the  whole  velocity  due  to  the  height,  the  coefiicient  by 
which  its  square  root  is  to  be  multiplied  is  8*0208. 

€.  For  an  orifice  of  the  form  of  the  contracted  stream,  TS, 

3.  For  wide  openings,  of  which  the  bottom  is  on  a  level  with 
that  of  the  reservoir;  for  sluices  with  walls  in  a  line  with  the 
orifice;  for  bridges  with  pointed  piers,  7*7. 

4.  For  narrow  openings,  of  Which  the  bottom  is  on  a  level 
with  that  of  the  reservoir;  Ifor  smaller  openings  in  a  sluice  with 
side  walls;  for  abrupt  projections  and  square  piers  of  bridges, 
6-9. 

5.  For  short  pipes,  from  two  to  four  times  as  long  as  their 
diameter,  6.6. 

6.  For  openings  in  sluices  without  side  walls,  5*1. 

7.  For  orifices  in  a  thin  plate,  5,  . 
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;  VII.  In  the  chapter  on  the  discharge  by  rectangular  orifices 
in  the  side  of  a  reservoir,  extended  to  the  surface,  this  author 
makes  u^e  of  the  same  principles  as  we  have  adopted  in  art.  446. 
and  shews  that  the  quantity  of  water  discharged  may  be  found 
by  taking  two-thirds  of  the  velocity  due  to  the  mean  height,  and 
allowing  for  the  contraction  according  to  the  form  of  the  opening. 
.  On  comparing  the  factors  here  deduced  by  Eytelwein  from 
his  researches,  with  those  in  our  account  of  Bossut's  experi- 
ments, it  will  be  found  that  there  is  no  very  great  disagreement 
between  them :  though  Bossut's  manifestly  claim  the  preference 
in  point  of  accuraqy.  A  further  account  of  Eytelwein's  labours 
(by  Dr.  T.  Young)  may  be  seen  in  Nicholson's  Journal^  Nos. 
9, 10.  N.  S. 
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464*  Dr.  Matthew  Youngs  the  late  bishop  of  Clonfor^  paid 
particular  attention  to  the  various  circumstances  connected 
with  the  discharge  of  fluids  from  orifices  of  different  kinds;  but 
he  appears  to  have  been  most  successful  in  his  enquiries  into 
the  cause  of  the  increased  velocity  of  efflux  through  additional 
tubes.  This  chapter  will,  therefore,  be  terminated  by  an  extract 
from  his  paper  in  vol.  VII.  of  the  Transactions  of  the  Royal 
Irish  Academy y  which  contains  some  judicious  remarks  relative 
vto  his  own  experiments,  and  applicable  at  the  same  time  to  some 
experiments  made  by  Mr.  Professor  Vince. 

*'  When  a  tube  mnrs  (fig.  10.  pi.  XVII.)  is  inserted  into  the 
vessel  ABCD,  it  is  found  that  the  velocity  is  increased  nearly  in 
the  subduplicate  ratio  of  the  length  of  the  pipe;  and  that  it 
approaches  nearer  to  that  subduplicate  ratio  according  as  the 
length  of  the  pipe  is  increased. .  To  account  for  this  increase  of 
velocityhasappeared  a  matter  of  some  difficulty,  since  the  water 
cannot  issue  at  r$  with  a  greater  velocity  than  it  enters  at  mn\ 
.and  it  does  not  appear  how  the  velocity  at  mn  can  be  increased 
by  inserting  a  tube  beneath  it.  In  order  to  explain  the  cause  of 
.this  effect,  we  are  to  consider  that  the. whole  force  with  which 
the  plate  mn  is  pressed  down  is  the  weight  of  a]columnof  water 
equal  to  emnf  together  with  the  weight  of  a  column  of  air.  of 
the  same  base,  reaching  to  the  top  of  the  atmosphere ;  and  the 
whole  force  with  which  it  is. pressed  up  is  the  weight  of  an 
-equal  column  of  air,  diminished  by  the  weight  of  a  column  of 
water  equal  to  mnrs\  therefore. the  actual  force  with  which  the 
plate  mn  is  pressed  down  is  the  weight  of  a  column  of  water 
equal  to  efrs :  the  velocity  therefore  witb  which  the  plate  mn 
will  issue  through  the  orifice  mn  will  be  the  same  as  through 
she  orifice  rs  in  the  vessel  a6cd;  that  is,  equal  to  the  velocity 
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wluch  a  heavy  body  iKtovld  aoqnire  in  fklliiig  tfirott|^  die  altitude 
&:  and  all  ihe  plates  of  water  in  the  tube  mnrs  will  detcead 
with  the  ffaitae  velocity ;  for  they  cannot  dcficendfaster^  because 
otherwise  there  would  be  a  vacuum  laft  in  the  tube,  which  is 
prevented  by  the  upward  pressure  of  the  atmosphere.  Aad  die 
velocity  of  tbe  effluent  water  will  be  the  same,  whatever  be  the 
jyressure  of  die  atmosphere,  provided  the  weight  of  k  column  of 
ttr  of  the  same  base  with  rs,  and  whose  height  is  equal  to  that  of 
Ae  atmosphere,  be  either  greater  than  or  equal  to  the  weight  of 
die  pUlar  of  water  mnrs.  This  m^ht  be  proved  experimentally 
by  a  vessel  of  water  with  a  pipe  inserted  in  the  bottom  placed 
under  an  exhausted  recmen  But  as  the  operation  of  exfaaus^ 
tk>n  is  obstructed  more  by  the  evaporation  of  water  than  of 
mercury,  it  will  be  better  to  use  mercury  in  these  experiments. 
Now  if  D  be  die  defect  of  the  gauge  from  the  standard  altitude, 
it  will  measure  the  pressure  of  the  air  on  the  surface  of  the 
inencOry  in  the  vessel:  let  a  be  the  altitude  of  the  mercury  in 
di^  vessel:  above  the  upper  orifice  of  diepipe^  and  p  the  length 
tl  the  pipe ;  dien  ike  whole  force  presnng  downwards  the  plate 
of  mercury,  which  is  immediately  in  die  upper  orifice  of  die 
fiipe,  will  be  sd+a;  and  the  whole  force  presai^  the  same 
{date  upwards  will  be  D— p  ;  and  die  difierence  between  these 
forces  vnll  be  the  absolute  force  pressing  the  same  plate  of  mer- 
fcuTj  downwards :  while  d  is  greater  than  p,  this  absolute  foice 
^1  consequendy  be  equal  to  a+p;  vdien  ds=p,  d—  p  vamdies, 
and  the  force  pressing  the  plate  downwards  is  ssD+As^p+a^ 
bencfe  therefore  no  variation  in  die  time  of  the  efflux  wiH  be 
perceived,  while  the  altitude  of  the  mercury  in  the  gauge  is 
e^ual  to  or  less  than  the  difference  between  the  lengdi  of  the 
pit>e  and  the  standard  altitude.  When  o  is  less  iban  p,  the 
force  upwards  is  also  nothing;  and  therefore^  as  before,  the 
arhole  n>rce  pressing  the  plate  downwards  is  zid+a;  and  A 
being  given,  it  decreases  according  as  n  decreases;  and  whiHi 
D  yanishes,  that  is,  when  the  receiver  is  absolutely  exhausted, 
die  force  becomes  equal  to  a,  and  die  time  of  the  efflux :  will 
be  the  same  as  if  the  pipe  had  not  been  insertad  in  the  h^Uiom 
of  the  vessel.  To  try  the  truth  of  these  things  by  experimeal, 
I  inserted  a  tube  7*8  inches  long  in  a  cylindrical  vessel,  and, 
closing  the  orifice  of  the  pipe,  I  filled  the  vessel  widi  mercury 
to  the  height  of  6  inches ;  then  placing  die  apparatus  under 
the  receiver  of  an  air-pump,  when  die  barometer  was  at  M 
inches,  and  die  gauge  at  28*S,  the  time  of  die  efflux  vras  26  a»* 
ootids;  when  tfaeexperimentwas  repeated  precisely  in  the  BUtUb 
nmnner,  but  in  die  open  air,  the  time  of  me  efflux  wasonly^t^ 
aeconds.  Now  as  die  gauge  stood  at  £8*5,  die  defect  D'mM» 
30— 26 '5=1*5,  and  the  pressure  on  ^  plate  of  mevetury  «is 
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5b6+ 1  i  =74 ;  in  the  open  air  the  pressure  was  =  6  +  7*8=  1 3*8 :. 
therefore  the  ratio  of  die  velocity  of  efflux  in  both  cases,  whicli 
is  the  same  with  the  reciprocal  ratio  of  the  times,  was  \/7i  to 
V^^IS-S,  or  as  2-78  to  3-7 ;  but  2*73  is  to  87  as  19  to  26,  very 
nearly. 

'^  No  difference  was  observed  in  the  times  of  the  efflux,  when 
in  the  open  air  and  exhausted  receiver,  unless  the  gauge  stood 
higher  than  ^Z2\  inches;  that  is,  unless  the  height  of  the  mercury 
in  the  gauge  was  greater  than  the  diff(^rence  between  the  length 
of  the  pipe  and  the  standard  altitude.  In  another  experimenfji 
when  the  gauge  stood  at  27*9,  the  height  of  the  barometer  was 
99*9 ;  the  defect  therefore  was  =:  2,  and  the  pressure  n:  8« 
But  V8=2-828,  and  •13'8=3-7;  but  2828:  37  ::  19:24, 
and  by  experiment  the  time  of  the  efflux  appeared  to  be  2S 
seconds.  When  the  efflux  is  made  in  vacuo,  it  is  obvious  to 
observe  that  the  pipe  is  not  filled  dilring  the  efflux,  as  it  is  while 
the  discharge  is  made  in  the  open  air. 

465.  *^  Since  the  column  of  water  in  the  pipe  nmr$  adds  to 
the  pressure  which  the  plate  mn  sustains,  by  diminishing  the 
upward  pressure  of  tlie  air  through  the  pipe,  it  appears  that  it 
produces  this  increase  of  pressure  in  the  plate  mn  alone,  without 
proiducing  any  lateral  pressure  in  the  water  which  is  on  a  level 
with  mn\  for  it  is  manifest,  that  if  an  aperture  were  made  in 
i»B  or  Mc,  the  velocity  of  the  water  issuing  through  it  would  not 
bo  affected  by  the  insertion  of  the  pipe;  and  consequently  that 
the  plate  .^7),  which  is  immediately  in  the  orifice  of  the  pipe,  is 
the  only  one,  on  the  same  level,  whose  tendency  downwards  is 
increased  by  the  insertion  of  the  pipe.  Hence  the  particles  of 
vrater  at  the  edge  of  the  aperture  having  their  perpendicular 
pressure  increased  by  the  weight  of  the  colunm  mnrs^  without 
any  increase  of  their  lateral  pressure,  they  will  issue  through 
tbp  orifice  mn  more  perpendicularly;  the  sides  also  of  the  tube 
Witt  obstruct  the  converging  motion  of  the  particles,  and  conse- 
quently, on  botii  these  accounts,  the  quantity  of  water  discharged 
Uirpugh  a  pipe  thus  inserted  will  exceed  that  discharged  through 
a  simple  orifice,  in  a  greater  ratio  than  the  sub-du|>Iicate  of  me 
height  of  the  water.  And  according  as  the  length  of  pipe  increases, 
the  ratio  of  the  quantity  of  water  actually  discharged  by  expe- 
riment, to  that  which  should  be  discharged  according  to  theory, 
will  increase ;  because  the  ratio  of  die  perpendicular  to  tue 
h<>risontal  pressure  increases,  in  the  ratio  of  the  sum  of  the 
d^pth  of  the  vessel,  and  length  of  the  pipe,  to  the  depth  of  the 
vessel.  -  It  follows  therefore,  that  experiments  made  in  this  man- 
per  will  approach  nearer  to  coincidence  with  theory  than  when 
made  with  a  simple  orifice  x  except  either  when  the  tube  is  so 
long  as  that  the  friction  of  the- fluid  against  the  sides  o£  the  tube 
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shall  produce  a  sensible  effect^  or  when  it  is  so  short  as  not  to 
be  sufficient  to  give  the  particles  a  vertical  direction.  AH 
"which  agrees  very  well  with  the  experiments  made  by  the 
ingenious  Mr.  Vince,  of  which  he  has  given  us  an  account  in 
the  Phil.  Trans,  for  the  year  1 795.  Thus  he  tells  us,  that  having 
inserted  a  tube,  a  quarter  of  an  inch  in  length,  into  a  cylindrical 
vessel  1 2  inches  deep,  he  found  that  the  velocity  did  not  sensibly 
differ  from  that  through  the  orifice;  the  cause  of  which  he  dis- 
covered to  be  this,  that  the  stream  did  not  fill  the  pipe,  but  that 
the  fluid  was  contracted,  as  when  it  flowed  through  the  simple 
orifice.  When  the  pipe  was  half  an  inch  long,  inserted  into  a 
vessel  of  the  same  depth  as  before,  the  velocity  of  the  water 
from  the  pipe  and  from  the  orifice,  which  ought  by  theory 
to  have  been  as  \/12*5  to  \/12,  or  49  to  48,  was  by  experi- 
iment  found  to  be  nearly  in  the  proportion  of  4  to  3.  Now  if 
the  ratio  of  49  to  48  be  increased  in  the  ratio  of  7  to  6  (because 
this  is  the  ratio  of  the  diminution  of  the  velocity  on  account  of 
the  contraction  of  the  vein,  and  this  contraction  either  nearly  or 
entirely  vanishes  in  a  pipe),  we  shall  have  the  ratio  of  3*57  to  S. 
When  the  pipe  was  an  inch  long,  the  velocity  from  die  pipe 
and  from  the  orifice,  which,  according  to  theory,  ought  to  have 
been  as  v^l3  to  v^  12,  or  as  26  to  25,  appeared  by  experiment 
very  nearly  in  the  ratio  of  4  to  3 ;  now  if  the  ratio  of  26  to  25  be 
increased  in  the  ratio  of  7  to  6,  we  shall  have  the  ratio  of  3*64 
to  3.  When  he  made  use  of  longer  pipes,  the  velocity  of  the 
effluent  water  by  experiment  approached  nearer  to  that  which 
ought  to  have  been  discharged  according  to  theory;  so  that  in 
long  pipes  the  difference  between  theory  and  experiment,  he 
says,  was  not  greater  than  what  might  be  expected  from  the 
friction  of  pipes,  and  other  causes  which  may  be  supposed  to 
retard  the  velocity.  When  he  inserted  a  pipe  of  the  same 
diameter  with  the  aperture,  which .  terminated  in  a  truncated 
cone  fixed  in  the  orifice  (see  the  Philosophical  TVansactions 
for  the  year  1795),  he  expected  that  the  quantity  of  water 
discharged  in  a  given  time  would  have  been  diminished,  because 
the  water,  issuing  through  the  orifice  mn,  would  have  room  to 
form  the  vena  contractu  in  the  enlarging  cone ;  but  he  found 
that  the  same  quantity  of  water  was  discharged  as  if  the  pipe 
had  continued  throughout  of  the  same  diameter  with  the  orifice; 
The  reason  of  this  is  manifest  from  what  has  been  said,  for  the 
pressure  of  the  air  will  hot  suffer  the  truncated  cone  to  remain 
partly  empty,  as  it  would  be  if  the  vena  contracta  were  formed; 
it  wul  therefore  continue  full,  and  consequently,  the  water  will 
pass  through  it  in  the  same  manner  as  if  the  water  in  the  conCj 
surrounding  the  pipe  77Ki&>i>  were  congealed.  /  ^       - 

466.  "  Mr.  Vince  likewise  inserted  into  the  bottom  of  the' 
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vessel  a  perpendicular  pipe,  in  form  of  a  truncated  cone,  the 
narrower  part  being  fixed  in  the  orifice,  by  which  he  found  the 
ettLux  to  be  increased  more  than  if  he  had  inserted  a  cylindricsd 
pipe  of  the  same  length,  whose  diameter  was  equal  to  that  of  the 
narrowest  part  of  the  conical  pipe.  This  effect  may  be  explained 
on  the  same  principle  by  which  we  account  for  the  augment 
ation  of  the  diameter  of  a  vertical  vein  of  water  through  a 
simple  orifice,  when  the  velocity  of  the  efflux  is  considerable. 
For  when  a  perpendicular  pipe  is  inserted,  the  velocity  of  the 
'discharge  being  considerably  increased,  the  resistance  from  the 
adr  will  be  so  likewise;  and  thus  the  diameter  of  the  v^in  has  a 
tendeiiC.  to  enlarge  itself:  now,  in  the  widening  cone,  the  pip^ 
admits  of  this  augmentation^  at  the  same  time  that  it  increases 
the  velocity ;  but  the  cylindrical  pipe,  though  it  equally  increases 
ihefreloci^,  yet  it  does  nc3rt  permit  the  vein  to  eqlarge  itself,  and, 
by  thus  confining  it,  the^efflux  is  obstructed,  and  the  quantity, 
discharged  in  a  given  time  is  diminiAed.  Accordingly,  under 
the  receiver  of  an  air-pump,  even  in  a  moderate  degree  of  ex«- 
kaustioa,  there  is  no  difference  perceived  between  the  velocities, 
with  which  a  fluid  is  discharged  through  a  conical  or  cylindrical 
j)ipe.** 

For  more  on  this  subject  consult  Mr.  Vince's  paper  in  Phil* 
JTfjoju.yfA.  Ixxxv.  or  Tsew  Abridgement y  vol.  xyij.  p.  466, 
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CHAPTER  III. 


On  the  Eject  qf  Water  upon  the  Motion  tf  Water- 

wheels. 

■  •        .       >  ■ 

467*  Water-mi tiiS  ^ae  distinguished  into  fdnr  kinds :  Brwufi- 
fhilh,  undershot-mllU,  overshot'-millsj  and  mills  with  horizontal 
i^heds;  of  which,  however,  the  latter  kitid  is  \^j  far  the  leasfr 
cbmnion,  being  very  disadvantageous  and  deficient  in  point  nf 
iltiiity.  In  a  breast-mill  the  water  falls  down  upon  the  wheel 
at  righft-angles  to  the  float-boatds  or  buckets  pkced  all  round 
the  wheel  to  receive  it:  if  float-boards  are  used,  the  wate^facts 
only  by  its  impulse ;  ^but  if  buckets,  it  acts  also  by  the  weight  oi 
water  in  tlie  buckets  in  the  under  quadrant  of  the  wheel,  which 
is  considerable.  In  the  undershot  wheel  float-boards  only  are 
used,  and  the  wheel  is  turned  merely  by  the  force  of  the  current 
running  under  it,  and  striking  upon  the  boards*  In  the  overshot*- 
wheel  the  water  is  poured  over  the  top,  and  thus  acts  principally, 
though  not  altogether,  by  its  weight ;  for  the  fall  upon  the  upper 
part  cannot  be  very  considerable,  lest  it  should  dash  the  water 
out  of  the  buckets.  Hence  it  is  evident  that  an  undershot- 
wheel  must  require  a  much  larger  supply  of  water  than  any 
other;  the  breast-mill  the  next,  unless  the  fall  is  very  great; 
and  an  overshot-mill  the  least. 

It  was  long  believed  that  the  float-boards  of  an  undershot- 
wheel  ought  to  be  so  proportioned  that  when  one  of  them  was 
in  a  vertical  position,  or  at  the  middle  of  its  immersion,  the  next 
board  should  be  just  entering  the  water;  but  it  is  now  well 
known  that  the  more  float-boards  such  a  wheel  has,  the  greater 
and  more  uniform  will  be  its  effect.  According  to  the  expe- 
riments made  by  M.  Bossut  on  this  subject,  a  wheel  furnished 
with  48  float-boards  produced  a  much  greater  effect  than  one 
furnished  with  24 ;  and  the  latter  a  greater  effect  than  one  with 
12;  their  immersion  in  the  water  being  equal.  And  the  same 
thing  will  appear  from  some  of  the  experiments  of  Mr*  Snieaton^ 
dt^cribed  va  the  fourth  chapter  of  this  book* 
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It  iSf  abo^  well  estabiished^  that  in  fluids,  which  may  b^  re« 
garded  as  of  indefinite  extent,  when  a  surface  is  struck  directly 
by  a  current,  the  force  of  the  impulsion  is  equal  to  the  weishi 
dfa  column\)f  that  jluidy  whose  base  is  the  surface  ifnpelled, 
and  altitude  the  height  due  to  the  velocity  of  the  current.  When 
the  stream  is  comprized  within  a  canal  whose  section  is  exactly 
occupied  by  the  surface  struck,  the  altitude  of  the  column  must 
be  double  the  height  due  to  the  velocity  with  which  the  im- 
pulsion is  made.  Hence  the  absolute  measure  of  the  force 
with  which  a  given  fluid,  moving  with  a  given  velocity,  strikes 
a  given  surface,  may  be  easily  ascertained.  Take,  for  example, 
water  moving  with  a  velocity  of  1  foot  per  second,  and  striking 
a  surface  of  a  foot  square.    The  base  of  the  equivalent  column 

if  i* ;  its  altitude,  —  =:  ^ ;  the  weight  of  a  cubic  foot  62|lbtf, 

ayoirdupois.     Consequently  the  weight  of  the  column  is  1'  yt 

.— .  X  62  J  =  -grl  =3  rrr,  or  nearly  Ilk  avoirdupois,  inthecasie 

of  an  indefinite  fluid.  When  the  fluid  is  confined  to  a  narrow 
channel;  the  measure  is  f  a  pound.  Hence,  it  appears  that  if 
th^  several  measures  be  in  feet,  the  force  of  the  direct  impuU 
0ion  in  pounds,  will  be  indicated  either  by  the  product,  or  by 
liie  half  product,  of  the  surface  struck  into  the  square  of  the 
velocity,  according  as  the  fluid  is  indefinite  or  definite. 

468.  The  varying  force  which  communicates  motion  to  water« 
wheels,  and  the  resistances  occasioned  by  friction,  tenacity,  and 
various  other  causes,  render  the  application  of  the  theory  to 
practice  in  these  cases  extremely  difficult.  From  this  reason 
probably  it  happens  that  the  art  of  constructing  machines  t» 
be  moved  by  the  force  of  water  has  been  almost  wholly  prao-* 
tical;  the  best  improvements  having  generally  been  deduced 
from  constant  observation  and  reiterated  experiments.  Sincf^ 
die  theory  of  mechanics  is  confessedly  inadequate  to  the  com*- 
j^^te  investigation  of  every  circumstance  in  the  motion  of  hy^ 
draulic  machines,  it  has  been  thence  supposed  that  the  same 
laws  of  motion  would  not  extend  to  all  branches  of  mechanic8| 
but  that  different  principles  were  t6  be  accommodated  to  the 
motion  and  mutual  action  of  different  kinds  of  bodies.  If  this 
viFere  truly  the  case,  the  science  of  mechanics  would  fall  far  short 
of  that  superior  excellence  and  extent  which  it  is  generally 
allowed  to  possess.  But  it  is  highly  probable  that  there  is  no 
kind  of  motion,  whether  of  the  most  simple  or  complicated  na« 
ture,  but  what.niay  be  referred  to  the  same  principles  as  were, 
assumed  at  the  commencement  of  this  work  (art  21.) :  and  if 
we  are  not  enabled  to  investigate  thd  effects  from  the  data  in 
every  case  which  can  arise,  the  deficieticy  must  not  be  imputed 
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to  tke  first  principleB  of  mechanics^  but  to  the  want  of  methods 
of  applying  pur  mathematical  knowledge  to  the  pe.culiar  cir*. 
corns tances  under  discussion ;  or  to  our  inability  to  reduce  to 
computation  the  various  causes  of  resistance  and  olistruction  to 
the  moving  forces.  For  these  reasons^  however,  we  shall  not, 
dwell  long  upon  the  theory  of  the  motion  of  water-wheels ; 
but  shall  merely  exhibit  a  few  propositions,  the  consideration 
of  which  may  enable  the  student  to  appreciate  more  exactly 
the  value  and  importance  of  the  jexperimental  rtesearches  of 
Smeaton,  and  some  other  practical  writers. 

469.  PrjOp.  If  a  stream  of  water  impinge  on  theftoat-boards 
Qfan  undersf^ot'Wheel,  and  escape  from  it  the  very  instant  after 
it.  has  made  its  impact,  the  quantity  of  water  which  actually 
impinges  against  the  wheel  will  be  to  the  whole  quantity  which 
passes  by  it  in  a  given  time,  as  the  difference  between  the  velo^ 
cities  oftJie  water  and  of  the  wheel  to  the  absolute  velocity  of 
the  water. 

Let  WH  (fig.  2.  pi.  XVIII.)  be  the  wheel,  ba  the  stream 
of  water,  aqd  let  the  float-board  f  first  receive  the  impact  from 
the  water  at  f,  and  quit  it  at  c ;  also  let  df  be  to  fc  as  the 
absolute  velocity  of  the  water  to  the  velocity  of  the  flpatrboard* 
Then,  when  f  arrives  .at  c,  the  particle  at  d  will  have  passed, 
at  F  ;  and,  taking  d£  =:  fc,  all  the  water  in  the  space  de  M;.ill 
pass  by  the  wheel  without  impinging  agaiQst  it:  for  it  cannot 
in^pinge  on  the  float  f,  because  that  float  eqierges  from  tiie 
water  at  c ;  neither  can  it  impinge  on  th^  subsequent  float,  ber 
cause  it  has  already  passed  it.  Therefore  the  whole  quantity 
of  water  which  passes  by  the  wheel  in  a  given  time  is  to  that 
which  actually  impinges  against  it,  as  df  to  £F. 
•  Cob.  1.  Hence  we  may  correct  the  mistake  of  Mr.  Waring, 
in  his  New  I)octripe  of  Mills,  who  lays  it  down  as  a  funda- 
mental principle,  that  while  the  stream  is  invariable,  whatever 
be  the  velocity  of  the  wheel,  the  same  number  of  particles  or 
quantity  of  the  fluid  must  strike  it  somewhere  or  other  in  a 
given  time.  See  the  Sd  vol.  of  the  Transactions  of  \l^e  Ame* 
l*ican  Society,  page  144. 

CoR.  2.  The  force  of  the  impinging  water  i>  as  the  square  of 
the  difference  between  the  velocities  of  the  wheel  and  the  water. 

For  the  force  is  as  the  relative  velocity  into  the  quantity  of 
impinging  matter,  and  the  latter  is  mapifestly  as  the  relative 
velocity ;  therefore  tlie  fprjce  will  be  as  the  sqiiare  of  the  rela? 
tiye  velocity,  .  .    , 

470.  Prop.  If  w  be  a  weight  fastened  to  a  line  which  is 
wound  round  the  horizontal  axis  of  an  under'shat  water-wheel, 
A  the  altitude  of  a  column  of  water  equivalent  to  the  force  (f 
the  impact  of  the  water  on  the  wheel,  when  the  wheel  is  quiesceut^ 
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V  the  velocity  with  which  the  water  impinges  on  thefloat-boards^ 

V  the  velocity  of  the  circumference  of  the  wheel,  r  the  radius  of 
the  wheel,  and  r  the  radius  of  the  axle;  then  will  the  velocity 

of  the  wheel  6^  v  —  v  —  y  a  /  ^. 

V        AR 

For  the  relative  velocity  with  which  the  water  strikes  the 
wheel  is  V— I?:  whence,  because  the  force  of  the  stroke  is  as 
the  square  of  the  relative  velocity,  we  have  v*  :  (v  —  i?)'^ : :  A  :  f, 
the  force  of  the  water  to  turn  the  wheel,  when  its  velocity  is  «? ; 

and  F  =  a(^  "T~/ >  or  t?  =  v  —  v  •  \/  T*     ^^^  ^^^  accelera- 

Uon  of  the  wheel  will  cease  when  die  force  of  the  water  to  turn 
the  wheel  is  equal  to  the  force  of  the  weight  which  opposes  it; 

that  is,  when  fr  =  wr,  or  f  =  — .   Hence,  substituting  this  va- 
lue of  F  for  it  in  the  preceding  value  of  v,  there  results  v  = 
— ,  for  the  velocity  of  th.e  wheel  when  its  acc^lerati(Ml 

ceases. 

This  conclusion,  it  should  be  observed,  is  true  only  on  the 
hypothesis  that  the  water  escapes  from  the  wheel  as  fast  as  it 
impinges. 

Cob.  1.  The  expression  f  =  a(^^^V,  found  above,  is  the 

*  • 

aame  m  effect  as  the  expression  f  =^( )*  found  in  art. 877. 

II.  Only  we  have  now  made  a  change  in  the  notation,  to  suit- 
it  for  more  easy  recollection  in  the  enquiry  before  us.  Hence, 
pi^suing  similar  methods  to  those  adopted  in  the  place  just 
referred  to,  we  may  deduce  similar  practical  inferences;  and 
wnich,  without  a  repetitioi)  of  the  investigation,  may  be  ex- 
pressed as  below. 

CoR.  2.  If  the  weight  w  vary,  its  momentum  will  be  the 
greatest  possible  when  the  wheel  has  acquired  its  uniform  veto- 

-^i/y,«/w  =  -5^. 

CoR.  3.  The  greatest  momentum  generated  in  the  ascending 
weight  will  be  z=  ^\av. 

Cor.  4.  When  the  momentum  of  the  ascending  weight  w  is 
a  maximum,  that  weight  will  be  ^of  the  weight  which  would, 
if  suspended  from  the  axle,  balance  the  force  of  the  stream. 

Cor.  5.  When  the  momentum  of  the  ascending  weight  is  a 
maximum,  the  velocity  of  ih^  z^heel  mil  be  j  (^  the  absolute 
Telocity  of  the  stream.    •  ' 
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Cob.  &  When  the  uniform  velocity  ^f  the  ascending  weight  w 

is  a  maximum,  the  radius  of  the  wheel  wilt  be  =  — . 

For  the  radius  of  the  wheel  being  r,  and  that  of  the  axle  r, 
the  uniform  velocity  of  the  ascending  weight  will  be  found  by 

—  into  the  fraction  -j  ;  that  is,  the  velo-, 
city  o(w  will  be  =  -j^  v  —  y     /  -jjjjf  :  which,  supposing  &  va- 

riable,  and  making  the  fluxion  =  0,  gives  it  =::  — • 

47l<  Proi^.  If  the  velocity  of  the  stream  be  given,  the  great- 
est j^ect  will  be  as  the  quantity  of  water  expended. 

ror,  by  cor.  3.  last  prop,  me  greatest  effect  is  as  ^Av; 
that  is^  since  -^^  is  constant,  the  effect  is  in  a  ratio  compounded 
of  the  force  of  impact  and  the  velocity  of  the  stream :  but  die 
force  of  the  impact  is  as  the  quantity  of  water  expended  and 
velocity  conjointly ;  conseqtiently  the  effect  is  as  the  quantity 
of  water  expended  and  the^  square  of  the  velocity ;  or,  if  the 
velocity  be  given,  as  the  quantity  of  water  expended. 

CoR.  1.  When  the  expence  of  water  is  the  same,  the  greatest 
effect  will  be  as  the  square  of  the  velocity. 

CoR.  2.  The  expence  of  water  being  the  same,  the  effect  wHl 
be  as  the  height  of  the  head  of  water.  .       i 

For  v  =  \/2gJr  ^^  hence  h  oc  v*. 

CoR.  3.  The  aperture  being  the  same,  the  effect  will  be  as 
the  cube  of  the  velocity. 

For  the  effect  is  as  q  (the  quantity  of  water)  into  v^ ;  ^d 
M'hen  the  aperture  is  given  Q  oc  v,  whence,  effect  oc  v*. 

472,  Prop.  If  all  the  water  which  passes  by  an  undershot 
wheel  be  supposed  to  impinge  against  it,  the  force  of  the  stream 
•will  be  simply  in  the  direct  ratio  of  the  relative  velocity. 

Because  the  number  of  particles  which  strike  the  wheel  ill  a 
given  time  is  given,  whatever  be  the  velocity  of  the  wheel* 

CoR.  1.  According  to  this  hyp\)thesis,  v  the  velocity  of  the 

wheel  will  be  equal  tov—  v — . 

For,  in  this  case,  we  have  v  :  v  —  « : :  a  :  f,  whence  t^  s:  y 
—  — ;  which,  by  substituting  for  f  its  value  — ,  becomes  v^v 


ywr 

All 


CoR.  2.  Retaining  the  same  hypothesis,  if'm  vary,  its  mo*' 
mentum  will  tte  ^^,  when  it  is  a  mammuvu 
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For  ^ce  the  imiforin  relocity  of  the  circumference  of  the 

wheel  is  =z  V ,  which,  multiplied  into—,  gives -5- 

for  the  uniform  veloc.  of  the  ascending  weight  w :  hence  its 

momentum  is  — — ;  which  being  a  maximum  we  make 

its  fluxion  =  0,  considering  ts)  as  variable,  whence  results  w  = 


CoR.  8.  On  the  same  supposition^  the  velocity  of  the  wheel 
will  he  half  the  velocity  of  the  stream^  when  the  effect  is  a 
^maximum. 


Tier 


For,  by  cor.  1.  v  n  v ;  and  in  the  case  of  4e  last 


AR 


AR 


cor.  «p  ss  —  •     Puttii^  this  for  v  in  the  former  equatioii,  it  ils 

transformed  to  v  =  v  —  - —  =z  Jv. 

Cob.  4.  StiU  retaining  the  same  hypothesis^  the  greatest  mo^ 
fnentum  generated  in  the  ascending  weight  will  bess^A^v.  • 

For  Jv  •  —  =  -^  is  the  uniform  velocity  of  the  ascedding 
weight ;  and  the  weight  moved  w  is,  by  cor.  2.  r:  — .  Conse- 
quently— .^  =  "jAy,  the  momentum. 


SCHOLIUM. 

473.  In  practice,  the  velocity  of  the  wheel  when  the  ma- 
chine is  in  its  greatest  perfection  will  be  betweeh  bne-*third 
wd  one-half  of  the  velocity  of  the  stream.  For  the  water  does 
not  all  escape  the  instant  after  it  has  made  the  impact,  but  is 
confined  by  the  channel  for  some  time :  so  that  the  succeeding 
water,  which  would  otherwise  pass  by  the  \vheel  inefficaciously , 
drives  the  confined  water  against  the  float^oards,  and  therefore 
acts  in  the  same  manner  as  if  it  actually  impinged  against  the 
wheel.  Experiments  shew  that  when  the  most  work  is  done  ifi 
a  given  time  the  velocity  of  the  wheel  is  much  nearer  the  half 
than  the  third  of  the  velocity.  See  the  following  chapter,  art* 
483. 

The  discrepances  between  the  results  of  the  experiments  and 
the  conclusions  from  the  preceding  theory  arise,  as  before  sug- 
gested, from  our  ignorance  of  the  mfierent  circumstances  which 
'alSiact  the  motion.  It  may  not  be  amiss  to  point  out  how  the 
investigation  might  be  conducted  supposing  these  things  to  he 
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discovered.  To  this  end  let  it  be  considered,  that  the  moving 
ibrce  will  generally  consist  of  the  impact,  and  the  weight  of 
such  portion  of  the  water  as  may  tend  to  move  the  wheel  by 
its  gravity:  this  entire  moving  force,  whether  determined  by 
theory  or  by  experiment,  may  be  denoted  as  before  by  a.  After 
the  moving  force  which  impels  the  circumference  of  the  wheel 
has  been  determined,  the  resistance  opposed  to  this  force  must 
be  found ;  for  on  the  relation  between  the  moving  force  and 
the  resistance  will  depend-  the  acceleration  of  the  machine* 
The  resistaiice  will  arise,  1 .  from  inertia.  This  may  be  r€;adily 
estimated :  for  let  the  distance  of  the  centre  of  gyration  of  the 
wheel  from  that  of  motion  be  ^ ,  the  wheel's  weight  w,  and  the 
other  quantities  as  in  the  general  notation  of  this  chapter,  then 
will  the  inertia  of  the  wheel,  which  resists  the  communication 

of  motipn  to  the  circumference,  be  expressed  by  r~-y  (art.  310. 

R 

cor.  4.).  And,  in  a  nearly  similar  manner,  the  inertia  of  any 
parts  of  the  system  may  be  obtained,  knowing  the  weight,  figure, 
and  position,  by  some  of  the  rules  in  chap.  IV.  of  book  II. . .  • 

2.  If  the  machine  be  one  that  raises  water  or  other  weights,  the 
weight  raised,  allowing  for  its  mechanical  effect  on  the  point 
whose  acceleration  is  sought,  must  be  subducted  from  the 
moving  force  before  found ;  and  this  will  be  a  constant  quantity. 

3.  There  are  likewise  other  kinds  of  resistance  homogeneal  Xxi 
weight,  viz.  those  of  friction,  tenacity,  &c.  which  vary  in  some 
ratio  of  the  velocity  of  the  machine :  and,  in  order  to  proceed 
with  the  investigation,  the  exact  quantity  of  weight  to  which 
the  friction  is  equal,  when  the  wheel  moves  with  a  given  velo- 
city, must  be  known,  as  well  as  the  variation  of  the  resistances 
in  respect  of  the  velocities ;  circumstances  which  must  be  de- 
termined by  experiment.  If  then  the  force  equivalent  to  the 
friction,  &c.  be  subtracted  from  the  moving  force,  the  re- 
mainder will  shew  the  moving  power  by  which  the  circumfer- 
ence may  be  considered  as  actually  impelled ;  and  this,  divided 
by  the  inertia  of  the  mass  moved,  will  give  the  force  which 
accelerates  the  circumference.  Thus,  if,  when  the  velocity  of 
the  wheel's  circumference  is  v,  the  friction  is  equal  to  the 
weight  Q  applied  at  the  circumference,  and  varies  in  the  Tttb 
power  of  the  velocity,  we  shall  have  the  force  which  accelerates 
the  circumference,  as  follows: 

A  /'V— 1>  \  J  R*  .     WRr  R*g»° 

«^+W  \    V    /  j>»  w  +  wg"         v°(to+w)g** 

whence,  if  x  be  the  space  which  has  been  described  by  the  cir- 
cumference when  the  velocity  is  Vy  and  g  =  32^  feet,  the  prior 
ciples  of  acceleration  will  give  us  this  equation : 
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w  ^  r    A         /l!I^\»       ^ «.     tt'ifci^ R*gi?°      "I       - 

7""'Lto+w^  \  V  /  ^  e*  «'+V  v"(w+w)eO  ^  * 
And  from  diis  if  v  be  determined  in  functions  of  x,  and  con- 
stant qoantitieSy  the  velocity  comitiunicated  to  the  wheel  may  be 
ascertained.  It  is  only  by  taking  all  these  circumstances  into 
the  account  that  we  can  produce  an  exact  coincidence  between 
theory  and  matter  of  fact.  Further  observations  may  be  seen 
in  Atwood's  Treatise  on  Motion,  8cc.  §  vi. 

474.  Prop.  In  ant/  proposed  overshoUwheel  to  compute  the, 
^ective  weight  of  water  in  the  buckets. 

An  overshot  unloaded  is  considered  as  perfectly  in  equilibrio 
upon  its  axis :  but  when  it  is  loaded,  the  equilibrium  is  destroy- 
ed ;  because  the  weight  of  the  water  lies  all  upon  one  moiety  of 
the  circumference,  and  causes  it  to  preponderate. 

Let  ACB  (fig.  1.  pi.  XVIII.)  represent  an  overshot -wheel,  of 
which  the  buckets  a,  b,c,  b,  d,  e,  are  loaded  with  water;  and 
let  there  be  supposed  an  equal  quantity  of  fluid  w  in  each 
bucket.  Now  the  centre  of  gravity  of  the  bucket  a  being  di* 
rectly  over  the  axle  c  of  the  wheel  will  have  no  tendency  to 
give  it  a  rotatory  motion,  but  will  merely  cause  it  to  press  more 
lirmly  upon  its  pivots,  just  as  it  would  if  a  weight  a\  equal  to 
that  of  the  water  in  the  bucket  a,  hung  directly  underneath  the 
axle.  But  the  second  bucket,  whose  centre  of  gravity  is  b, 
acts  in  the  same  manner  upon  the  whe^l  as  would  an  equal 
weight  f  hanging  freely  at  the  point/*;  consequently  its  effort 
will  be  proportional  to  the  product  w  x  cf  =  w,  x  sin  acb: 
and  the  same  will  hold  with  respect  to  the  weight  in  the  bucket  * 
e*  The  water  in  the  buckets  c  and  d  act  in  the  same  manner 
as  would  the  equal  weights  c^  and  d^j  banging,  freely  at  the  point 
g ;  their  joint  effort,  therefore,  will  be  proportional  to  'iw  x  ci 
=:  TV  X  26in  acc.  And  the  water  in  the  bucket  b,  acting  at  the 
extremity  of  the  radius,  will  have  its  effect  proportional  to  a;  x 
sin  90  =  WR,  R  being  the  radius  of  the  wheel.  Hjsnce,  U  if 
there  be  12  buckets  about  the  wheel,  as  in  the  figure,  the  arcs 
aby  bCf  CB,  Sec.  will  each  contain  30°:  and  we  shall  have  (0+ 
2sin  S0°  +  2sin  60"*  +l)a;r:  (0+ 1  +  V3+l)w=SlS2050Sw, 
for  the  effective  weight  of  the  water  on  the  wheel,  while  its  real 
weight  is  6w :  iso  that  the  real  weight  of  the  water  is  to  its  ef- 
fective weight  as  6  to  37320508,  or  as  1  to  •G22008. 

2.  If  the  number  of  buckets  were  24,  and  all  supposed  equally 
full;  then,  pursuing  a  similar  course,  we  should  find  (2 sin  15  + 
2  sin  30^  +  2  sin  45°  +  2  sin  60^  +  2  sin  ?6'  +  sip  90°)  X  w  = 
7'585754  w,  for  the  effective  weight  of  water  on  the  wheel,  its 
real  weight  being  120?:  hence  the  latter  will  be  to  the  former 
as  12  to  7-585754,  or  as  1  to  '(532214. 

3.  If  we  suppose  the  number  of  buckets  to  be  so  increased, 
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that  the  weight  may  be  considerod  as  eqi^lly  diffused  over  the 
semi-circumference  asN  of  the  wheel;  uien  will  the  sum  of  all 
the  efforts  to  turn  the  wheel  be  equal  to  the  sum  of  all  the  dis- 
tances^ as  ci  into  i^U  the  corresponding  weights  at  e ;  that  is*  by 
the  nature  of  the  centre  of  gravity,  as  the  semicir.  ^bn  x  ok,  k 
being  the  centre  of  gravity  of  the  semicircular  arc.  Now  by 
art.  118,  cA;  =  '63662  cb:  consequently,  the  actual  weight 
will  be  to  its  effective  weight  as  arc  asN  to  '6S662  x  arc.OBN^ 
or  as  1  to  '63662.  This  being  the  ratio  to  which  the  others 
iapproximate. 

,  4'75,  Prop.  In  an  overshot-wheel  the  machine  will  have  the 
greatest  rotatory  velocity  when  the  diameter  of  the  wheel  is  two^ 
thirds  of  the  height  of  the  water  above  the  lowest  point  of  the 
wheeL 

If  the  wheel  abn  (fig.  1.  pi.  XVIII.)  revolve  with  a  velo- 
city, such  as  a  body  would  acquire  in  felling  through  the  alti- 
tude X  above  the  upper  part  a  of  the  wheel,  the  water  will  fidl 
into  the  buckets  without  any  impulse,  (because  then  v  —  v  =0), 
and  produce  its  effect  by  its  weight  only.  Let  &  ==  a:  +  UN,  the 
height  of  the  supply  of  water  above  the  lowest  point  n  of  the 
jifirheel.  Now,  as  we  have  already  observed  in  the  latter  part  of 
the  preceding  article,  the  sum  of  all  the  effective  forces  of  the 
water^  in  all  the  buckets  of  the  semicircle  anjf,  will  be  equal  to 
the  semicircle  abn  x  oft,  k  being  the  centre  of  gravity  of  ^ 
wmicircular  arc ;  that  is,  it  will  be  ==  the  quantity  of  water 


HEN  •  — ,  acting  at  the  point  b.  But  kc  =  — '■ —  =  ——  ; 
consequently,  the  force  of  all  the  water  to  turn  the  wheel  is  =s 
quantity  of  water  abn  •  — ,  actmg  at  b  =:  quantity  of  water 

2bc,  or  aN,  acting  at  b.  Hence,  if  bc  =  r,  the  whole  force  of 
water  oc  r  x  an  =  r  x  (A  —  ar).  But  the  velocity  of  the  wheel 
IS  V^C^*^);  and,  consequently,  the  force  of  the  water  to  pro- 
duce the  rotatory  motion  of  the  wheel  is  =  r  ^/^gx  —  (A— x): 
this  being  made  a  maximum,  will  require  AV  ~  2hx*  +  jt^  a 
max.  or  its  fluxion  h'^x  —  4A:r;r  -f-  Sx^x  =:  0,  whence  we  find 
X  ^=  -f-A.  Consequently  the  height  of  the  supply  of  water  above 
the  upper  part  of  the  wheel  should  be  one-third  of  the  whole 
height ;  and  the  diameter  of  the  wheel  two-thirds  of  that  heigbti 
that  the  machine  ma}*  have  its  maximum  velocity. 

Cor.  The  velocity  of  an  overshot-wheel,  when  the  water 
produces  its  effect  by  its  weight  only,  and  the  machine  is  in  its 
state  of  greatest  rotation,  is  to  the  velocity  of  an  undershot- 
wheel  as  v^S  to  1,  on  the  supposition  that  all  the  water  esdipei 
from  the  undershot-wheel  tihe  moment  after  it  makes  its  wpact 
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*  For,  h  being  the  height  of  the  water;  the  velocity  of  the  over- 
shot-wheel  will  be  =  ^-^ghftaid  the  velocity  of  the  undershot  =5 
\/fgA ;  consequently,  the  former  is  to  the  latter  as  y^-f  to  v^  j., 
or  as  v^3  to  1. 

476.  Prop.  The  efficacy  of  an  overshoUwheel  is  to  that  of  an 
undershot-wheel y  the  height  of  the  water ^  aperture,  and  di^"  ' 
meter,  being  given,  as  13  to  6  nearly. 

If  A  be  the  altitude  of  the  column  of  water,  whose  weight  is  * 
equal  to  the  force  of  impact  on  the  undershr»t-wheel,  when 
quiescent,  since  the  velocity  of  the  wheel  is  equal  to  j-  of  that  of 
the  stream,  (art.  470.  cor.  5.),  we  shall  have  this  analogy,  3^: 
(3—  If : :  A  :  ^A,  the  weight  which  is  equivalent  to  the  force 
of  the  stream  when  the  machine  is  in  its  greatest  perfection. 
Alienee,  if  v  be  the  velocity  acquired  in  falling  down  the  alti- 
tude A,  tiie  momentum  of  the  wheel  will  be  =  ^A  x  7^=  A^^ 
(art.  470.  cor.  S.),  when  in  its  best  state.  In  the  overshot- 
wheel  the  weight  of  the  water  acting  at  the  circumference  is 
equivalent  to  yA,  and  the  velocity  is  \/  (-f-gA)  when  the  machine 
has  its  most  rapid  rotation.  But  v^fgA  =  vv^} :  consequently, 
the  momentum  of  the  overshot-wheel  =  |:a  x  v  \/f  =  I^av 
iv/^ ;  and  is  to  that  of  the  undershot- wheel  as  yv^j-  to  ^j,  or  as 
f\/3  to  1,  or  as  2*5987  to  1,  or  nearly  as  13  to  5. 

Cor.  In  theory  there  is  no  limit  to  the  weight  which  a  given 
stream  of  water  can  raise  by  means  of  a  water-wheel. 

For  either  the  radius  of  the  wheel  may  be  increased,  or  that 
of  the  axle  diminished,  without  limit.  But  this  is  far  from 
being  the  case  in  practice. 

SCHOLIUM. 

476.  A.  It  must  not  be  concluded,  however,  that  when  an 
ovetshot-wheel  raises  a  given  weight  a  given  altitude  in  the 
least  time,  the  maximum  of  effect  is  produced.  Bossut  has 
shown  (Hydrodynamique,  tom.  i.  p.  542—544.),  that  if  g  be 
the  quantity  of  water  issuing  in  a  second,  and  h  the  height  due 
to  the  velocity  of  the  circumference  of  the  wheel,  the  effect  of 
an  overshot-wheel  varies  as  a  (2r— A).  This  will  manifestly 
be  a  maximum  when  h  vanishes.  Still,  the  conclusion  that 
overshot-wheels  are  the  more  powerful  the  slower  they  move, 
requires  limitations,  which  must  be  prescribed  by  experiment. 
(Vide  art.  48 1—3.) 

Generally,  to  render  any  hydraidic  machine  the  most  perfect, 
or  capable  of  producing  the  greatest  possible  effect,  it  is  requi- 
site, ist.  So  to  construct  it  that  the  fluid  shall  lose  absolutely 
all  its  motion  by  its  action  oq  the  machine,  or  at  least  that  it 
shall  only  retain  precisely  the  quantity  necessary  to  en3ure  its 
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escape  afleir  its  actiou.  2dly.  That  it  shall  lose  all  its  motion 
by  imperceptible  degrees,  and  without  there  being  any  violent 
percussion^  either  on  the  part  of  the  fluid,  or  on  that  of  the  solid 
materials  of  the  machine.  These  being  ensured,  the  form  of 
the  machine  would  be  but  of  small  consequence ;  yet  the  en- 
suring of  both  conditions  is,  in  many  cases,  absolutely  impos- 
sible ;  and  hence  arises  the  necessity  of  judicious  selection  in 
the  kind  of  machine  to  be  adopted. 

The  intelligent  reader  may  advantageously  consult  Fabre, 
Ussai  sur  les  Construction  des  Machines  Hydravliques^  and  the 
treatises  of  Albert  Euler  and  Bossut. 
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CHAPTER  IV. 


Account  of  Mr.  Smeatons.  Experiments  on  Waters 

wheels. 

-  %77.  The  late  ingewous  and  experienced  engineer^  Mr* 
John  SmeatOTiy  paid  very  great  attention  to  the  construction  of 
mills  and  water-wheels ;  and  as  his  experiments  and  observa- 
tions relative  to  these  subjects  were  very  extensive  and  judicioKS, 
we  trust  a  concise  account  of  his  enquiries  will  be  both  in^ 
teresting  and  beneficial. 

In  the  51st  vol.  of  the  Phfi.  Trans.  Mr.  Smeaton  has  given  a 
valuable  paper  on  water-wheels,  of  which  the  following  is  an 
abridgment. 

Having  described  die  machines  and  models  used  for  making 
his  experiments^  he  observes,  that  with  regard  to  power  it  is 
most  properly  measured  by  the  raising  of  a  vtreight ;  or,  in  odier 
MFords,  if  the  weight  raised  be  multiplied  by  the  height  to  which 
it  can  be  raised  in  a  given  time,  the  product  is  the  measure  of 
the  power  raising  it ;  and^  of  consequence,  all  those  powers  arc 
equal  whose  products  made  by  such  multiplication  are  equal : 
for,  if  a  power  can  raise  twice  the  weight  to  the  same  he^ht, 
or  the  same  weight  to  twice  die  height,  in  the  same  time  that 
another  can,  the  former  power  may  be  considered  as  dmible  the 
latter ;  but  if  a  power  can  only  raise  half  the  weight  to  double 
the  height,  or  double  the  weight  to  half  the  height,  in  the  same 
tirme  that  another  can,  the  two  powers  are  equal.  This,  how- 
ever, as  Mr.  Smeaton  remarks,  '^  must  be  understood  only  oi  a 
slow  and  equable  motion  without  acceleration  or  retardation." 
Indeed  this  must  be  looked  upon  merely  as  a  popidar  measure, 
or  abridged  representative,  of  easy  comprehension  and  remeoi- 
brance,  and  tolerably  \(^e]l  adapted  to  the  uses  of  those  engaged 
in  the  construction  of  machines,  when  restricted  to  those  cases 
where  the  power  expended  and  work  performed  ar^  of  Ihe 
same  kind  as  when  a  heavy  body  descends,  and  by  its  prepon- 
derance raises  another  body;  but  it  is  vague, inadequate,  and 
unfit  for  general  adoption  ;  for  the  quantity  (^  motion  extin- 
guished or  wrodmedj  and  not  the  product  of  the  tteight  and 
height,  is  the  true^  tmequivocaly  measure  of  mechanical  power 
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really  expended^  or  the  mechanical  effect  actually  produced ;  and 
these  two  are  always  equal  and  opposite*  Mr.  Smeatoti's 
measure,  however,  is  mostly  applicable  to  the  cases  in  which 
he  adopts  it,  and  as  such  it  was  necessary  to  explain  it,  that  the 
student  might  the  better  understand  die  foundation  of  Mr. 
Smeaton's  rules  and  inferences. 

478.  To  compute  die  eflfects  of  water-wheels  exactly,  it  is 
necessary  to  know  in  the  first  place  what  is  the  real  velocity  of 
the  water  which  impinges  on  the  wheel.  2.  The  quantity  of 
water  expended  in  a  given  time:  and,  3.  How  much  of  the 
power  is  lost  by  the  friction  of  the  machinery. 

1,  With  regard  to  the  velocity  of  the  water,  Mr.  Smeaton 
determined  by  experiments  with  the  machinery  described  in  the 
volume  referred  to,  that  with  a  head  of  water  15  inches  in 
height,  the  velocity  of  the  wheel  is  8*96  feet  in  a  minute.  The 
area  of  the  head  being  105^8  inches,  this  multiplied  by  the 
weight  of  a  cubic  inch  of  water  equal  to  -579  of  an  ounce 
avoirdupois,  gives  61*26  ounces  for  the  weight  of  as  mucb 
water  as  is  contained. in  the  head  upon  one  inch  in  depth;  and 
by  further  calculations  derived  from  the  machinery  made  use 
of,  he  computes  that  264*7  pounds  of  water  descend  in  a  mi- 
nute through  the  space  of  15  inches.  The  power  of  the  water, 
therefore,  to  produce  mechanical  effects  in  this  case  will  be 
264-7  X  15,  or  3970.  Froni  the  result  of  the  experiment, 
however,  it  appeared  that  a  vast  quantity  of  the  power  was 
lost;  the  effect  being  only  to  raise  9*375  pounds  to  the  height 
of  135  inches  :  so  that  the  power  was  to  the  effect  as  3970  to 
9*375  X  135  =  1266,  or  as  10  to  3*18. 

This,  according  to  our  author,  must  be  considered  as  the 
greatest  single  effect  of  water  upon  an  undershot- wheel,  where 
the  water  descends  from  an  height  of,  15  inches ;  but  as  the 
force  of  the  current  is  not  by  any  means  exhausted,  we  must 
consider  the,  true  proportion  betwixt  the  power  and  effect  to 
be  that  betwixt  the  quantity  of  water  already  mentioned  and 
the  sum  of  all  the  effects  producible  from  it.  This  remainder 
of  power,  it  is  plain,  must  be  equal  to  that  of  the  velocity  of 
th^  wheel  itself  multiplied  into  the  weight  of  the  water.  In  the 
present  experiment,  the  circumference  of  the  wheel  moved 
with  the  velocity  of  3*123  feet  in  a  second>  which  answers  to 
a  head  of  1*82  inches;  and  this  height  being  multiplied  by 
264*7,  the  quantity  of  water  expended  in  a  minute,  gives  48 i 
for  the  power  of  the  water  after  it  has  passed  the  wheel ;  an4 
hence  the  true  proportion  betwixt  the  power  and  the  effect  will 
be  as  3849  to  1266;  or  as  11  to  4.  « 

As  the  wheel  revolved .86  times  in  a  minute,  the  velocity  of 
the  water  must  be  equal  to  .86  circumferences  of  the  wheel; 
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which;  according  to  the  dimcDsions  of  the  apparatus  used 
by  Mr.  SmeatoD,  was  as  8(>  to  30,  or  as  20  to  7. — The  greatest 
load  with  which  the  wheel  would  move  was  9lb.  6oz. ;  and 
by  12lb.  it  was  entirely  stopped.  Whence  our  author  con- 
cludes^ that  the  impulse  of  the  water  is  more  than  double  of 
>vhat  it  ought  to  be  according  to  theory :  but  this  he  accounts 
for  by  observibgy  that  in  his  experiment  the  wheel  was  placed 
not  in  an  open  river^  where  the  natural  current  after  it  has  com* 
municated  its  impulse  to  the  float  has  room  on  all  sides  to 
escape,  as  the  theory  supposes,  but  in  a  conduit,  to  which  the 
float  being  adapted,  the  water  cannot  otherwise  escape  than  by 
moving  along  with  the  wheel.  It  is  observable,  that  a  wheel 
working  in  tliis  manner,  as  soon  as  the  water  meets  the  float, 
receiving  a  sudden  check,  it  rises  up  against  the  float  like  a 
wave  against  a  fixed  object,  insomuch  that  when  the  sheet  of 
water  is  not  a  quarter  of  an  inch  thick  before  the  float,  yet  this 
sheet  will  act  upon  the  whole  surface  of  a  float  whose  height  is 
three  inches :  and  consequently,  were  the  float  no  higher  than 
the  thickness  of  the  sheet  of  water,  as  the  theory  also  supposes, 
a  gre^t  pt^t  of  the  force  would  have  been  lost  by  the  water 
dashk^  over  the  float.   (See  art.  467.) 

479.  Mn  Smeaton  next  proceeds  to  give  tables  of  the  velo- 
cities of  wheels  with  different  heights  of  water;  and  from  the 
whole  deduces  the  following  conclusions  :  1 .  The  virtual  or 
effective  head  being  the  same,  the  effect  will  be  nearly  as  the 

Suantity  of  water  expended.  2.  The  expence  of  water  being 
le  same,  the  effect  will  be  nearly  as  the  height  of  the  virtual  or 
effective  head.  3.  The  quantity  of  water  expended  being  the 
same,  the  effect  is  nearly  as  the  square  of  the  velocity.  4.  The 
aperture  being  the  same,  the  effect  will  be  nearly  as  the  cube 
of  the  velocity  of  the  water.  Hence,  if  water  passes  out  of  an 
aperture  in  the  same  section,  but  with  different  velocities,  the 
expence  will  be  proportional  to  the  velocity ;  and  therefore,  if 
the  expence  be  not  proportional  to  the  velocity,  the  section  of 
the  water  is  not  the  same.  5.  The  virtual  head,  or  that  from 
which  we  are  to  calculate  the  power,  bears  no  proportion  to 
jthe  headwater;  but  when  the  aperture  is  larger,  or  the  velo- 
city of  the  water  less,  they  approach  nearer  to  a  coincidence : 
and,  consequently,  in  the  large  openings  of  mills  and  sluices, 
where  great  quantities  of  waters  are  discharged  from  moderate 
beads,  the  head  of  water,  and  virtual  head  determined  from 
the  velocity,  will  nearly  agree ;  which  is  also  confirmed  by  ex- 
perience. 6.  The  most  general  proportion  betwixt  the  power 
and  effect  is  that  of  10  to  S ;  the  extremes  10  to  3*2,  and 
10  to  2-8.  But  it  is  observable,  that  v^here  the  power  is 
greatest,  the  second  term  of  the  ratio  is  greatest  also :  hence 
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we  may  allow  the  proportion  isabsistiDg  in  great  "works  to  be  asf 
three  to  one.  7.  The  proportion  of  velocky  between  the 
water  and  wheel  id  in  general  about  5  to  2.  S.  There  is  no 
certain  ratio  between  the  load  that  the  wheel  will  carry  at  'its 
maximum^  and  what  will  totally  stop  it ;  though  the  propor- 
tions are  contained  within  die  limits  of  20  to  19,  and  20  to 
15;  but  as  the  effect  approaches  nearest  to  the  ratio  of  20  to 
15,  or  of  4  to  3,  when  the  power  is  greatest  either  by  increase 
of  velocity  or  quantity  of  water,  this  seems  to  be  die  most  ap- 
plicable to  large  works;  but  as  the  load  that  a  wheel  ought  to 
nave  in  order ; to  work  to  the  best  advantage  can  be  assigned 
by  knowing  the  effect  that  it  ought  to  produce,  and  the  velocity 
it  ought  to  have  in  producing  it,  the  exact  knowledge  of  the 
greatest  load  it  will  bear  is  of  the  least  consequence  in  practice. 

Mr.  Smeaton/  after  having  finished  his  experiments  on  the 
undershot  mills,  reduced  the  number  of  floats,  which  were  ori« 
ginally  24,  to  12;  Which  caused  a  diminution^  the  effect,  by 
reason  that  a  greater  quantity  of  water  escaped  between  the 
floats  and  the  floor  than  before :  but  on  adapting  to  it  a  circu* 
lar  6Weep  oF  such  a  length  that  one  float  enlei^d  into  tlie  cUrve 
before  the  other  left  it,  the  effect  came  so  near  dMt  of  die  for- 
mer, as  not  to  give  any  hopes  of  advancing  it  by  increasing  the 
number  of  floats  beyond  S4  ini  this  particmar  whed. 

480.  Our  author  next  proceeds  to  examine  die  power  of 
water  when  acting  by  its  own  gravity  in  turning  an  overshot- 
wheel :  "  In  reasoning  without  experiment/*  says  he, "  one^  mi^ht 
be  led  to  imagine,  that  however  different  the  mode  of  application 
is,  yet  that  whenever  the  same  quantity  of  water  descends 
through  the  same  perpendicular  space,  the  natural  effective 
power  would  be  equal,  supposing  the  machinery  free  from 
friction,  equally  calculated  to  receive  the  full  effect  of  the 

Eower,  and  to  make  the  most  of  it :  for,  if  vfe  suppose  the 
eight  of  a  column  of  water  tq  be  80  inches,  and  resting  upon 
a  base  of  aperture  of  one  inch  square,  every  cubic  inch  of 
water  that  departs  therefrom  will  acquire  the  same  velocity  or 
momentum  from  the  uniform  pressure  of  30  cubic  inches  above 
it,  that  one  cubic  inch  let  fall  from  the  top  will  acquire  in  faD* 
ing  down  to  the  level  of  the  aperture :  one  would  therefore 
suppose  that  a  cubic  inch  of  water  let  fall  through  a  spac^  of 
90  inches,  and  there  impinging  upon  anodier  body,  would  be 
'  capable  of  producing  an  equal  effect  by  collision,  as  if  the 
same  cubic  inch  had  descended  through  the  same  space  with  a 
slower  motion,  and  produced  its  effects  gradually.  But,^  how- 
ever conclusive  this  reasoning  may  seem,  it  will  appear  in  the 
course  of  the  fdlowing  deductions,  that  the  effect  of  the  gnn 
vity  oi  descending  bodies  is  veiy  different  from  die  jefiect  of  die 
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stroke  of  such  as  aie  non-elastic,  though  generated  by  an  equal 
inechanical  power." 

Havitig  made  such  alterations  in  his  machinery  as  were  ne- 
cessary for  overshot-wheels,  Mr.  S.  next  gives  a  table  of  ex- 
periments with  the  apparatus  so  altered.  In  tliese  the  head 
was  6  inches,  and  the  height  of  the  wheel  24  inches;  so 
that  the  whole  descent  wafs  SO  inches ;  the  quantity  of  water 
expended  in  a  minute  was  96^  pounds;  which,  multiplied  by 
SO  inches,  gives  the  power =2900:  and,  after  making  the 
proper  calculations,  the  effect  was  computed  at  1914 ;  whence 
the  ratio  of  the  power  to  it  comes  to  be  nearly  as  3  to  2.  If, 
however,  we  compute  the  pou'er  from  the  height  of  the  wheel 
only,  the  power'  will  be  to  the  effect  nearly  as  5  to  4. 

481.  From  another  set  of  experiments  the  following  conclu- 
sions were  deduced : 

1 .  T3ie  effective  power  of  the  water  must  be  reckoned  upon 
the  whole  descent ;  because  it  must  be  raised  to  that  height  hi 
order  to  be  ablie  to  produce  the  sanDe  effect  a  second  time.  The 
ratios  between  the  powers  so  estimated,  and  the  effects  at  a 
fnaximum,  differ  nearly  from  4  to  "3,  and  from  4  to  £.  Where 
the  heads  of  water  and  quantities  of  it  expended  are  the  least, 
the  proportion  is  nearly  from  4  to  3 ;  but  where  the  heads  and 
quantities  are  greatest,  it  comes  nearer  to  that  of  4  to  2 ;  so  that 
by  a  medium  of  the  whole,  the  ratio  is  nearly  as  3  to  2.  Hence 
it  appears,  that  the  effect  of  overshot-wheels  is  nearly  double 
to  that  of  undershot  ones ;  the  consequence  of  which  is,  that 
non-elastic  bodies  when  acting  by  their  impulse  or  collision 
communicate  only  a  part  of  their  originel  impulse,  the  remainder 
being  spent  in  changing  their  figure  in  consequence  of  the 
stroke.  The  ultimate  conclusion  is,  that  the  effects,  as  well  as 
the  powers,  are  as  the  qnaMties  of  water  and  perpendicular 
heights  multiplied  together  respectively. 

2.  By  increasing  the  head>  it  does  not  appear  that  the  effects 
are  at  ail  augmented  in  proportion ;  for,  l^y  raising  it  from  3 
to  11  inches,  the  effect  was  augmented  by  less  than  one-^seventh 
of  the  increase  of  perpendicular  height.  Hence  it  follov^s, 
that  the  higher  the  wheel  is  in  proportion  to  the  whole  descent, 
the  greater  will  be  the  effect ;  because  it  depends  less  upon  the 
impulse  of  the  head,  and  more  upon  the  gravity  of  the  water 
in  the  buckets :  and  if  we  consider  how  obliquely  the  water 
issuing  from  the  head  must  strike  the  buckets,  we  shall  not  be 
at  a  loss  to  account  for  the  little  advantage  that  arises  from  the 
imptJse  thereof,  and  shall  immediately  see  of  how  little  conse- 
quence this  is  to  the  cfifect  of  an  over  shot-wheel.  This,  how- 
ever, as  w^ell  as  other  things,  nfiust  be  subject  to  limitation ; 
for  it  is  necesei^ry  that  the  velocity  of  the  water  should  be  some- 
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what  greater  than  the  wheel|  otherwise  the  latter  wiU  not  only 
be  retarded  by  the  striking  of  the  buckets  against  the  water,  but 
some  of  tiie  power  will  be  lost  by  the  dashing  of  the  water  over 

,the  buckets. 

S.  To  determine  the  velocity  which  the  circumference  of  the 
wheel  ought  to  have  in  order  to  produce  the  greatest  effect,  Mr. 
Smeaton  observes^  that  the  more  slowly  any  body  descends  by 
the  force  of  gravity  vyhen  acting  upon  any  piece  of  machinery^ 
the  more  of  that  force  will  be  spent  upon  it/ and  conseauently 
the  effect  will  be  the  greater^  If  a  stream  of  water  falls  into 
the  bucket  of  an  overshot-wheel,  it  will  be  there  retained  till 
the  wheel  discharges  it  by  moving  round ;  and,  of  consequence, 
the  slower  the  wheel  moves,  the  more  w^ter  it  will  receive ;  so 

.  that  what  is  lost  in  velocity  is  gained  by  the  greater  pressure  of 
water  upon  the  buckets.  From  the  experiments,  however,  it 
appears,  that  when  the  wheel  made  about  20  turns  in  a  minute 

.  the  effect  was  greatest ;  when  it  made  only  18t  the  motion  was 
irregular;  and  when  loaded  so  as  not  to  admit  its  turning  18 
times,  the.  wheel  was  overpowered  with  the  load.  When  it 
made  30  turns,  the  power  was  diminished  by  about  i^tfa,  aknd 
when  the  number  of  turns  were  increased  to  40,  it  was  dinii- 

.  nished  by  one- fourth.  Hence  we  see,  that  in  practice  the  ve- 
locity of  the  wheel  should  not  be  diminished  further  than  what 

.  will  procure  some  solid  advantage  in  point  of  power ;  because, 
ceteris  paribus,  the  bucket  must  be  larger  as  the  motion  is 
slower;  and  the  wheel  being  more  loaded  with  water,  the  stress 
will  be  proportionably  increased  upon  every  part  o(  the  work. 
The  best  velocity  for  practice,  therefore,  will  ber  that  when  the 

.  wheel  made  30  turns  in  a  minute,  which  is  little  more  than 
three  feet  in  a  second.  This  velocity  is  applicable  to  the  highest 
overshot-wheels  as  well  as  the  lowest.  Experience  however 
determines,  that  high  wheels  may  deviate  further  from  this  rule 
before  they  will  lose  their  power,  by  a  given  aliquot  part  of 
the  whole,  than  low  ones  can  be  permitted  to  do ;  for  a  wheel 
of  24  feet  high  may  move  at  the  rate  of  six  feet  per  second ; 
while  our  author  has  seen  one  of  3S  feet  high  move  very  stea- 
dily and  well  with  a  velocity  of  little  more  than  two  feet.  The 
reason  of  this  superior  velocity  in  the,  24  feet  wheel,  may  pro- 
bably be  owiug  to  the  small  proportion  that  the  head,  requisfite 
to  give  the  proper  velocity  to  the  wheel,  bears  to  the  whole 
height. 

4.  The  maximum  load  for  an  overshot-wheel  is  that  which 
reduces  the  circumference  of  the  wheel  to  its  proper  velocity ; 
which  is  known  by  dividing  the  effect  it  ought  to  produce  in  a 
given  time  by  the  space4ntended  to  be  described  by  the  circum- 
ference of  the  wheel  in  the  same  time :  the  quotient  will  be 
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the  resistance  overcome  at  the  circumfereace  of  the  wheel,  and 
is  equal  to  the  load  required,  including  the  friction  and  resist- 
ance of  the  machinery. 

5.  The  greatest  velocity  that  an  overshot-wheel  is  capable 
of,  depends  jointly  upon  the  diameter  or  height  of  thewb^l 
and  the  velocity  of  falling  bodies ;  for  it  is  plain  that  the. velo- 
city of  the  circumference  can  never  be  greater  than  to  describe, 
a  semi-circumiereuce,  while  a  body  let  fait  from  the  top  de- 
scribes the  diameter,  nor  even  quite  so  great ;  as  the  differepce 
in  point  of  time  must  always  be  in  favour  ojf  that  which  falls 
through  the  diameter.  Thus,  supposing  the  diameter  of  the 
wheel  to  be  16  feet  and  an  inch  in  diameter,  an  heavy  body 
would  fall  through  this  space  in  one  second ;  but  such  a  wheel 
could  never  arrive  at  this  velocity,  or  make  one  turn  in  two 
seconds,  nor  could  an  overshot-wheel  ever  come  near  it :  be- 
cause, after  it  has  required  a  certain  velocity,  great  part  of  the 
water  is  prevented  from  entering  the  buckets,  and  part  is  thrown 
out  again  by  the  centrifugal  force :  and  as  these  circumstances 
have  a  considerable  dependence  upon  the  form  of  the  buckets, 
it  is'impossible  to  lay  down  any  general  rule  for  the  velocity  of 
this  kind  of  wheels. 

6.  Though  in  theory  we  may  suppose  a  wheel  to  be  made 
capable  of  overcoming  any  resistance  whatever,  yet  as  in  prac- 
tice it  is  necessary  to  make  the  wheel  and  buckets  of  some  cer- 
tain and  determinate  size,  we  always  find  that  the  wheel  will 
be  stopped  by  such  a  weight  as  is  equal  to  the  effort  of  the 
water  in  all  the  buckets  of  a  semi-circuniference  put  together. 
Iliis  may  be  determined  from  the  structure  of  the  buckets 
themselves ;  but,  in  practice,  an  overshot-wheel  becomes  un- 
serviceable long  before  this  time ;  for  when  it  meets  with  such 
an  obstacle  as  diminishes  its  velocity  to  a  certain  degree,  its 
motion  becomes  irregular ;  but  this  never  happens  till  the  veld- 
city  of  the  circumference  is  less  than  two  feet  per  second,  when 
the  resistance  is  equable. 

'  7«  From  the  above  observations  we  may  easily  deduce  thq 
force  of  water  upon  ,breast-wheels,  &c.  But,  in  general,  all 
kinds  of  wheels  where  the  water  cannot  descend  through  a 
given  space  unless  the  wheel  moves  with  it,  are  to  be  considered 
as  overshot^wheels ;  and  those  which  receive  the  impulse  or 
shock  of  the  water,  whether  in  an  horizontal,  oblique,  or  per- 
pendicular direction,  are  to  be  considered  as  undershots.  Hence 
when  the  water  strikes  at  a  certain  point  below  the  surface 
of  the  head,  sind  after  that  descends  in  the  arclT  of  a  circle, 
pressing  by  its  gravity  upon  the  wheel ;  the  effect  of  such  a 
wheel  will  be  equal  to  that  of  an  undershot  whose  head  is  equal 
to  the  difference  of  level  between  the  surface  of  the  wat^r  in 
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the  reservoir  and  tbe  point  where  it  strilces  the  wheel,  added  to 
diat  of  an  overshot,  whose  height  is  equal  to  the  difference  of 
level  between  the  point  where  it  strikes  the  wheel  and  the  level 
of  the  taiUwater. 

482.  In  the  Philosophical  Transactions,  vol.  51,  for  the 
year  1759,  there  is  another  paper  with  experiments  on  mills 
turned  both  by  water  and  wind,  by  Mr.  Smeaton.  From  those 
experiments  it  appears,  page  129,  that  the  effects  obtained 
by  the  overshot-wheel  are  frequently  4  or  5  times  as  great  as 
those  with  the  undershot-wheel,  in  the  same  time,  M'idi  the 
same  expence  of  water,  descending  from  the  same  height 
above  the  bottoms  of  the  wheel ;  or  that  the  former  performs 
the  same  effect  as  the  latter,  in  the  same  time,  with  an  expence 
of- only  one-fourth  or  one-fifth  of  the  water,  from  the  same 
head  or  height.  And  this  advantage  seems  to  arise  from  the 
water  lodging  in  the  buckets,  and  so  carrying  the  wheel  about  by 
their  weight.  But,  in  page  130,  Mr.  Smeaton  reckons  the 
effect  of  overshot  only  double  to  that  of  the  undershot- wheel. 
And  hence  he  infers,  in  general,  '*  that  the  higher  the  wheel 
is  in  proportion  to  die  whole  descent,  the  greater  will  be  the 
effect;  because  it  depends  less  upon  the  impulse  of  the  head^ 
and  more  tipon  the  gravity  of  the  water  iti  the  buckets^  How- 
ever, as  every  thing  has  its  limits,  so  has  this ;  for  thus  much 
is  desirable,  that  the  water  should  have  somewhat  greater 
velocity  than  the  circumference  of  the  wheel  in  coining 
thereon,  otherwise  the  wheel  will  not  only  be  retarded  by  the 
buckets  striking  the  water,  but  thereby  dashing  a  part  of  it  over 
so  much  of  the  power  is  lost/'  He  is  further  of  opinion, 
that  the  best  velocity  for  an  overshot-wheel  is  when  its  cir- 
cumference moves  at  the  rate  of  about  3  feet  in  a  second  of 
time. 

483.  Lastly,  in  the  Philosophical  Trans,  for  1776,  p.  457, 
the  same  author  says,  "  The  velocity  of  the  wheel^  which 
according  to  M.  Parent's  determination,  adopted  by  Desaguliers 
and  Maclaurin,  ought  to  be  no  more  than  ^  of  that  of  the 
water,  varies  at  the  maximuni  between  one^third  and  ofie  half; 
but  in  all  the  cases  in  which  the  most  work  is  perfortned  in 
proportion  to  the  water  expended,  and  wbich  approach  the 
nearest  to  th^  circumstances  of  great  works  when  jworperly 
executed,  the  maximum  lying  much  nearer  one  half  than  o«e- 
third,  one  half  seeming  to  be  the  true  maxitnutn,  if  nothing 
were  lost  by  the  resistance  of  the  air,  the  scattering  of  the  water 
carried  up  by  the  wheel,  8cc, 

M.  Bossut  has  detailed,  in  the  second  volume  of  his  va- 
luable Hydrodynamiquey  a  variety  of  experiments  in  relation 
to  this  subject;    Most  of  his  results  correspond  withfhe  analo^ 
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gous  determinations  of  Smeaton.  Tn  undershot-wheels  he 
found^as  has  already  been  observed  in  art,  467,  that  48  was 
the  most  efficacious  number  of  float-boards.  He  also  found 
that  the  best  portion  of  the  outer  arc  of  the  wheel  to  be  im- 
mersed, was  about  24°  54'  in  small  wheels.  When  the  wheels 
were  large,  as  from  20  to  24  feet  in  diameter,  the  arc  immersed 
miay  extend  from  25  to  30  degrees ;  but  must  not  exceed  the 
latter  quantity. 

f  It  appears,  likewise,  from  Bossut's  experiments,  that  under- 
shot-wheels are  most  efficacious  when  the  velojcity  of  the 
centre  of  impression  of  the  float-board  is  about  two^fifths  of  that 
of  the  stream. 

With  regard  to  the  position  of  the  float-boards,  he  found 
that  when  their  number  was  48,  the  construction  was  most  ad- 
vantageous when  they  were  directed  towards  the  centre.  At 
an  inclination  of  8  degrees  with  the  radius  the  efiect  was  less; 
at  an  inclination  of  1 2  degrees  still  less ;  but  that  at  an  inclination 
of  16'degrees,  the  effect  was  nearly  the  same  as  when  the  float- 
boards  were  directed  to  the  centre.  Of  these  results  he  pre- 
sents the  physical  explication. 

With   respect  to  overshot- wheels  (in  reference  to  which, 

however,  the  experiments  of  this  philosopher  were  but  few),  he 

:  observed  that  the  velocity  required  for  die  greatest  effect,  was 

,to  the  velocity  with  which  the  wheel  would  move  if  the  mill 

performed  no  work,  as  8^  to  40^,  or  nearly  as  1  to  5. 

Mai^  other  experiments  tending  to  improve  the  theory  of 
water-wheels  are  described  by  Mr.  Banks  in  part  IV.  of  his 
Treatise  on  Mills.  See  also  a  Memoir  on  the  most  advanta- 
geous Construction  of  Water-wheels  by  Mr.  Mallet  of  Geneva, 
iu  Phil.  Trans,  for  1767 ;  and  two  papers  by  M.  Lambert  \\\ 
the  Berlin  Memoirs  for  1775. 

An  extensive;  chronological  catalogue  of  writings  on  the 
subject  of  Mill-work  in  general,  may  be  seen  under  the  word 
MiLLj  in  our  second  volume. 
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PreUminartf  RenArks  on  the  Mechanical  Properties  qf 

Atmospheric  Air. 

484.  The  term  Pneumatics,  as  M^ell  as  the  word  Pneumato^ 
logy,  is  derived  from  a  Greek  word  denoting  air,  or,  more  pro- 
perly, breath:  but  in  their  modem  acceptation  the  terms  differ 
widely,  the  latter  denoting  the  science  of  the  intellectual  phe- 
nomena depending  upon  the  operations  or  affections  of  the  mm(| 
of 'man;  wnile  the  former  relates  to  that  part  of  natiiral  philo- 
sophy which  treats  of  the  mechanical  properties  of  air,  and  the 
different  elastic  fluids.  Thus  Pneumatics  includes,  as  an  im-« 
portant  branch,  the  doctrine  of  Aerostatics,  common  air  being 
the  most  extensive  and  universal  of  the  fluids  which  possess 
elasticity. 

Previous  to  our  entering  upon  the  theoretic  part  of  this  sci- 
ence, it  will  be  proper  to  relate  some  of  the  most  obvious  and 
natural  experiments  tending  to  prove  the  existence  of  the  dif- 
ferent mechanical  affections  which  are  usually  ascribed  to  the 
air  as  a  body:  to  this  object  we  shall  therefore  appropriate  a 
few  of  the  following  articles. 

485. 1.  Air  is  a  ponderous  fluid  which  surrounds  the  earth. 

For,  that  it  is  a  fluid  is  obvious,  because  its  parts  are  easily 
moved,  and  yield  to  the  smallest  inequality  of  pressure :  and  that 
it  is  ponderous  will  appear  from  the  following  considerations : 

1 .  It  always  accompanies  this  globe  in  its  orbit  round  the 
sun,  surrounding  it  to  a  certain  distance,  under  the  name  of  the 
Atmosphere,  which  indicates  the  being  connected  with  the  earth 
by  its  general  force  of  gravity.  It  is  chiefly  in  consequence  of 
this  that  it  is  continually  moving  round  the  earth  from  east  to 
west,  forming  what  is  called  the  trade-wind. 

2.  It  is  in  like  manner  owing  to  the  gravity  of  the  air  that 
it  supports  the  clouds  and  vapours  which  we  see  constantly 
floating  in  it.  We  have  seen  bodies  of  no  inconsiderable  weight 
float,  and  even  rise,  in  the  air.   Soap-bubbles  and  balloons  filled 


s 
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with  inflammable  gas  rise  and  float  in  the  same  manner  as  a  cork 
rises  in  water.  This  phenomenon  proves  the  weight  of  the  air 
in  th^  same  manner  that  the  swimming  of  a  piece  of  wood 
indicates  the  weight  of  the  water  which  supports  it. 

3.  But  we  are  not  left  to  these  refined  observations  for  the 
proof  of  the  air's  gravity.  We  may-  observe  familiar  pheno- 
mena, which  would  be  immediate  consequences  of  thesuppo* 
sition  that  air  is  a  heavy  fluid,  and,  like  other  heavy  fluids, 
presses  on  the  outsides  of  all  bodies  immersed  in  or  surrounded 
by  it.  Thus,  for  instance,  if  we  shut  the  nozzle  and  valve 
hole  of  a  pair  of  bellows,  after  having  so^ezed  the  air  put  of 
them,  we  shall  find  that  a  very  great  forelfeven  some  hundred 
pounds,  is  necessary  for  separating  the  boards.  They  are  kept 
together  by  the  pressure  of  the  heavy  air  which  surrounds  them, 
in  the  same  manner  as  if  they  were  immersed  in  watei:^  In  like 
manner,  if  we  stop  the  end  of  a  syringe  after  its  piston  has  been 
pressed  down  to  the  bpttom,  and  then  attempt  to  draw  up  die 
piston,  we  shaH  find  a  considerable  force  necessary,  viz.  about 
15  or  16  pounds  for  every  square  inch  of  the  section  of  the 
fiyringe.  Exerting  this  force,  we  can  draw  up  the  jnston  to  the 
top,  and  we  can  hold  it  thefe :  but  the  moment  we  cease  act- 
ing, the  piston  rushes  down  and  strikes  the  bottom.  It  is^  called 
Si  suction,  because  we  feel  something  as  it  were  drawing  in  the 
piston ;  but  it  is  really  the  weight  of  the  incumbent  air  pressif^ 
It  in.  And  this  obtains  in  every  position  of  the  syringe ;  be- 
cause the  air  is  a  fluid,  and  presses  in  every  direction.  Nay, 
at  presses  on  the  syringe  as  well  as  on  the  piston;  and  if  the 
piston  be  hung  by  its  ring  on  a  nail,  the  syringe  requires  force 
to  draw  it  down  (just  as  much  as  to  draw  the  piston  up);  and 
if  it  be  let  go,  it  will  spring  u^,  unless  loaded  with  at  least  15 
pounds  for  every  square  inch  of  its  transverse  section. 

4.  Let  the  air  be  exhausted  from  a  glass  vessel,  and  by  means 
of  a  cock  let  the  vessel  be  kept  exhausted;  if  the  vessel  be 
weighed  while  it  is  exhausted,  and  then  again  when  the  air  is 
re-admitted,  there  will  be  a  manifest  difierence,  exhilMting  the 
weight  of  as  much  air  as  the  vessel  contained, 

5.  If  a  glass  tube  more  than  31  inches  in  length,  one  end  of 
which  is  closed  up,  be  filled  with  mercury,  and  be  held  vertically, 
the  other  extremity  being  inmnersed  in  a  vessel  of  the  same  fluid, 
then  the  mercury  in  the  tube  will  descend  from  the  upper  ex- 
tremity, and  will  remain  suspended  at  some  altitude  between 
28  and  31  inches  from  the  surface  of  the  external  mercury: 
the  suspension  of  the  mercury  is  occasicmed  by  the*  pressure  of 
the  external  air  upon  the  surface  of  the  mercuiy  iu  the  vessel; 
when  this  pressure  is  removed  by  placing  the  tube  and  vessel 
under  a  receiver  and  exhausting  the  Iuf,  the  merci^  wiU  sin^ 
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ia  the  tube,  and  on  re-admitting  the  m,  wiU  rise.  This  is  catted 
the  Torricellian  experiment. 

The  instrument  here  used  is  called  a  Barometer ;  because 
the  weight  of  a  column  of  mercury  whose  base  is  the  orifice  of 
the  tube,  and  altitude  equal  to  that  of  the  mercury  in  the  tube 
abav€  the  surface  in  the  reservoir^  is  equal  to  the  weight  of  a 
column  of  air  extending  to  the  top  of  the  atmosphere,  and  whose 
base  is  equal  to  the  same  orifice.  And  since  the  weight  of  this 
column  of  (quicksilver,  ceteris  paribus,  is  as  its  altitude,  it  fol- 
lows that  the  weight  of  the  air  is  proportional  to  the  altitude  of 
ihe  mercury  in  the  ^^meter. 

The  altitude  at  xinRh  the  mercury  is  sustained  in  the  baro- 
meter above  the  surface  of  the  mercury  in  the  reservoir  is  called 
the  standard  altitude ;  and  will  be  the  same  in  any  number  of 
tubes,  whatever  be  their  bore  or  their  position,  provided  the  tube 
is  not  Ho  very  slender  as  to  expose  the  mercury  to  a  sensible 
alteration  from  the  capillary  attraction  (art.  432.).  The  pres- 
sure of  the  atmosphere  is  equal  to  about  15  lbs.  avoirdupois 
upon  every  square  inch,  at  the  medium  height  of  the  mercury 
in  the  barometer:  for  a  cubic  foot  of  mercury  weighs  about 
13568  ounces,  and.  ^ttV  X  ^H  —  233*6  oz.  =  14-6  lbs. 

€•  If  a  barometer  tube,  instead  of  being  hermetically  sealed 
at  the  top,  be  closely  covered  with  a  piece  of  bladder,  the  mer- 
cury will  rise  to  the  same  height  as  in  a  common  barometer ; 
but  on  piercing  the  bladder  with  a  needle  so  as  to  admit  the 
aiTj^  the  mercury  will  fall :  for  in  this  case  the  weight  of  the  air 
presses  upon  the  mercury  in  the  tube,  and  the  wei^t  of  these , 
two  together  must  obviously  preponderate  over  the  contrary 
pressure,  and  destroy  the  equilibrium. 

^  486.  II.  The  pressure  of*  the  atmosphere  varies  at  different 
attitudes f  above  the  surface  of  the  earth. 

Let  a  glass  tube,  open  at  both  ends,  be  put  through  a  cork 
into  a  lairge  phial  containing  a  small  quantity  of  coloured  water ; 
let  the  lower  end  of  the  tube  be  in  the  water ;  and  let  the  cork 
and  tube  be  closely  cemented  to  the  neck  of  the  bottle :  then 
blow  through  the  tube  till  the  quantity  of  air  within  the  phial 
is  so  increased  that  the  water  will  rise  above  the  neck  of  the 
phial.     Let  this  phial  be  placed  in  a  vessel  of  sand,  to  keep  the 
air  within  of  the  same  temperature :  then  will  the  water  stand 
at  different  heights  in  the  tube,  according  to  the  elevation  of  the 
place  where  it  is  set ;  whence  it  appears  that  the  pressure  of 
the  atmosphere  varies  at  different  altitudes.     And  the  same 
thing  will  appear  more  clearly  in  a  subsequent  article.     In 
ascenjding  the  mountain  of  Snowden,  which  is  3720  feet  high, 
the  barometer  sunk  3*S  inches. 
.  Hence  the  proportion  of  the  specific  gravity  of  air  near  the 
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earth's  surface  to  that  of  water  may  be  ascertained.  Thus^  if 
the  difference  in  height  of  the  two  places  where  the  aboTe  ex- 
periment is  made  be  52  feet,  and  that  difference  cause  a  varia- 
tion of  7  of 'an  inch  in  the  height  of  the  water ;  it  follows,  that 
a  column  of  water  of  7  of  an  inch,  or  rr  of  &  foot,  is  equipon* 
derant  to  a  column  of  air  of  52  feet,  having  the  same  base :  con- 
sequently the  specific  gravity  of  water  is  to  that  of  air  as  52  to 
yrf  or  as  832  to  1. 

487.  III.  ^ir  is  elastic,  or  capable  of  compression  and  ex- 
pansion. 

This  is  proved  by  various  experimental.  By  the  ^reat  ex- 
pansion of  a  small  quantity  of  air  in  a  blaaoer  apparently  nearly 
empty,  when  the  air  is  removed  from  the  external  parts  ii)  the 
receiver.    2.  By  the  extrusion  of  a  fluid  from  a  glass  bubble, 
by  the  expansion  of  a  bubble  of  air  contained  in  it.     3.  By  the 
expulsion  of  the  white  and  yolk  of  an  egg  through  a  small  hole 
in  the  little  end,  by  the  expansion  of  the  air  contained  in  the 
greater  end.     4.  By  putting  an  almost  emptied  bladder  into  a 
small  box,  and  laying  a  proper  weight  on  the  lid,  which,  on  ex- 
hausting the  air,  will  be  raised  Up  by  the  expansion  of  the  air  in 
the  bladder.     5.  Also  a  bladder  filled  with  air,  and  just  made' 
to  sink  with  a  weight,  will  upon  exhaustion  soon  rise  by  the  ex- 
pansion of  the  contained  air.     G.  Glass  bubbles  and  images ' 
filled  with  water  so  as  to  make  them  just  sink  in  that  fluid,  will, 
on  exhausting  the  air  from  the  surface,  rise  to  the  top  of  the 
vessel.     7.  Beer,  cyder,  water,,  and  porous  bodies,  emit  great 
quantities  of  air  under  the  exhausted  receiver.     8.  A  shrivelled 
apple,  when  put  under  an  exhausted  receiver,  will  have  its  coat 
distended  by  the  internal  air  so  as  to  look  smooth.     9.  If  the 
open  end  of  a  tube,  whose  other  end  is  closed,  be  immersed  per- 
pendicularly in  water,  the  space  occupied  by  the  air  will  be  < 
diminished,  as  the  depth  of  the  tube  or  the  upward  pressure  of 
the  water  is  increased :  or,  if  the  shorter  leg  of  a  bent  tube  be 
closed,  and  mercury  poure^l  into  the  longer,  the  air  will  be  com- 
pressed in  the  shorter  leg  into  a  space  continually  decreasing  as 
the  quantity  of  pressing  mercury  is  increased ;  and  if  some  of 
the  mercury  be  taken  from  the  longer  leg,  the  air  in  the  shorter 
will  expand  and  occupy  a  proportionably  larger  space.  10.  Tlie. 
mercury  may  be  raised  by  the  expansion  of  a  small  quantity  of 
confined  air  to  the  same  height  in  an  exhausted  tube  above  the' 
air-pump,  as  that  to  which  it  is  raised  in  the  mercurial  gauge  by. 
the  pressure  of  the  atmosphere  below  it.  ' 

The  limits  of  the  condensation  and  rarefaction  of  air  by  hu« 
man  powers  are  not  ascertained.  Dr.  Hales  found,  that  when* 
dry  wood  was  put  into  a  strong  vessel,  which  it  almost  filled, 
and  the  remainder  was  filled  with  water,  the  swelling  of  the 
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^ood)  occasioned  by  its  inhibition  of  water,  condensed  the  ait 
t>f  hi3  gauge  into  the  thousandth  of  its  original  bulk.  He 
found  that  pease  treated  in  the  same  way  generated  elastic  air, 
-which  pressing  on  the  air  in  the  gauge  condensed  it  into  the 
iHiteen  hundredth  part  of  its  bulk.  This  is  the  greatest  con- 
densation that  has  been  ascertained  with  precision,  although  in 
other  experiments  it  has  certainly  been  carried  much  further^ 
.ibut  the  precise  degree  could  not  be  ascertained. 

The  main  use  to  be  made  of  this  observation  at  present  is^ 
that  since  we  have  been  able  to  exhibit  air  in  a  density  a  thou- 
sand times  greate^Am  the  ordinary  density  of  the  air  We 
breathe,  it  cannot,  aJsome  imagine,  be  only  a  different  form  of^ 
water;  for  in  this  state  it  is  as  dense  or  denser  than  water,  and 
yet  retains  its  great  expansibility. 

Another  important  observation  is,  that  in  every  state  of  den- 
sity in  which  we  find  it,  it  retains  its  perfect  fluidity,  trans^ 
mitting  all  pressures  which  are  applied  to  it  with  undiminished 
force,  as  appears  by  the  equality  constantly  observed  between 
the  opposing  columns  of  water  or  other  fluid  by  which  it  is 
compressed,  and  by  the  facility  with  which  all  motions  are  per^ 
formed  in  it  in  the  most  compressed  states  in  which  we  can 
niake  observations  of  this  kind.  This  fact  is  totally  incompa- 
tible with  the  opinion  of  those  who  ascribe  the  elasticity  of  air 
,to  the  springy  ramified  structure  of  its  particles,  touching  each 
other  like  so  many  pieces  of  sponge  or  foot-balls.  A  collection 
of  such  particles  might  indeed  be  pervaded  by  solid  bodies  with 
considerable  ease,  if  they  were  merely  touching  each  other,  and 
.not  subjected  to  any  external  pressure.  But  the  moment  such 
pressure  is  exerted,  and  the  assemblage  squeezed  into  a  smaller 
space,  each  presses  on  its  adjoining  particles :  they  are  indi^ 
\idually  compressed,  flattened  in  their  touching  surfaces,  and 
before  the  density  is  doubled  they  are  squeezed  into  the  form  of 
perfect  cubes,  and  compose  a  mass,  which  may  indeed  propa- 
gate pressure  from  one  place  to  another  in^an  imperfect  man- 
ner, and  with  great  diminution  of  its  intensity,  bat  will  no  more 
be  fluid  than  a  mav^  of  soft  clay. 

488.  IV.  The  eiastic  force  of  the  air  is  eqtuil  to  the  force  of 
compression. 

For  if  the  air  be  exhausted  from  an  open  tube  whose  lower 
part  is  immersed  in  a  vessel  conts^ining  mercury,  the  air  within 
ifae  vessel  being  prevented  from  escaping,  then  will  this  air  by 
its  elasticity  force  the  mercury  up  the  tube  very  nearly  to  the 
same  height  as  it  would  be  raised  by  the  pressure  of  the  atmo- 
tphere. 

This  j^oposition  is  sometimes  proved  independent  of  exp^ 
rimenty  in  the  fallowing  manner :  if  the  force  with  which  the 
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air  endeavours  to  expand  itsdf  when  It  is  compreased  were  h$g 
than  the  compreasiog  force>  it  would  yield  stui  further  to  that 
force;  if  it  were  greater,  it  could  not  have  yielded  so  far.  Con- 
sequently! when  any  force  has  so  compressed  the  air  that  it  re- 
mains at  rest,  the  force  of  the  air  arising  from  its  elasticity  can 
neither  be  greater  nor  less  than  the  compressing  force :  that  is, 
it  must  be  equal  to  it. 

But  it  must  be  confessed  that^  in  this  case,  the  experioiental 
proof  is  the  most  satisfactory. 

489.  V.  The  elasticity  of  air  not  'oer^^fferent  from  its  nit^ 
iural  state,  is  inversely  as  the  space  oc^IHM  by  it 

1.  Let  a  cylindrical  tube  BC  (fig.  7*  pl.^I.),  open  at  one  end 
B,  be  filled  with  mercury  to  an  altitude  equal  to  bd  before  in- 
Tcrsion,  and  after  the  immersion  of  b  in  a  basin  of  mercury, 
the  air,  which  before  occupied  a  space  equal  to  cp,  is  dilated 
through  a  larger  space  as  ca,  and,  if  bn  be  the  standard  alti- 
tude (art.  485*  v.),  depresses  the  mercury  from  n  to  a.  Now 
4lie  elastic  force  of  air  in  its  naturi)]  state,  or  occupying  a  space 
equal  to  CD  (e),  is  to  the  elastic  force  of  air  occupying  the 
space  £D  (e)  as  the  columns  of  mercury  which  they  are  capable 
of  supporting  (art.  488.);  that  is,  as  BN  to  AN  :  but,  it  is  col- 
lected from  experiments,  that  bn:an::ac:gd;  consequently 
Ac:Go::£:e. 

And  the  same  thing  may  be  otherwise  shewn  by  experiments 
with  bent  tubes. 

Hence,  since  the  density  of  the  air  is  inversely  as  the  magni- 
tude or  space  occupied  (art  10.),  it  is,  therefore,  as  the  elasti- 
city, or  as  the  compressing  foree  (art.  488.) :  so  that,  putting  d 
for  the  density,  c  the  compressing  force,  e  the  force  of  elasti- 
city, and  s  the  space,  we  have  c  a  D  a  E  a  f .  These  rela- 
tions, however,  are  confined  within  very  narrow  lipiits,  for  it 
has  been  asserted  that  when  the  air  is  compressed  into  a  space 
only  four  times  less  than  the  space  it  occupies  in  its  natural 
state,  it  does  not  then  vary  inversely  as  the  force  of  compression, 
the  resistance  increasing  much  more  rapidly.  Comment.  Boncm. 
ro\.  I.  p.  209,  &c. 

The  experiments  of  Boyle,  Mariotte,  and  Amontons,  were 
Hot  extended  to  very  great  compressions :  so  that  they  founil 
generally  that  the  elasticity  of  the  air  was  proportioned  to  its 
density;  and^be  law  was  long  acquiesced  in,  being  called  die 
Boylcan  law^  But  later  .philosophers  have  carried  die  com- 
pi'ession  much  iiirtber.  Thus  Sulzer  compressed  air  into  {-  of 
it9  former  dimensions :  the  results  of  his  experiments  are  eaki- 
bited  in  the  following  table,  where  the  column  d  shew  the  dei»- 
sities,  and  those  marked  s  the  corresponding  elasticitiee. 
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Ist  Set. 

2d  Set. 

3d  Set. 

i)^ 

...  —  ^. 

E 

D 

£ 

D 

B 

1-000 

1-000 

1-000 

1-000 

l-(XX) 

1-000 

1-100 

1-093 

1-236 

1-224 

1-091 

1-076 

1'222 

1-211 

1-294 

1-288 

1-200 

1-183 

X-375 

1-284 

1-375 

1-332 

1-333 

1-303 

1-571 

I'SSfSi 

1-466 

1-417 

1-500 

1-472 

1-692 

l-6gp  1-571 

1'515 

1-714 

1-659 

1-833 

I-79F 

1-692 

1-647 

2-000 

1-958 

2-000 

f^64 

3-000 

1-900 

2-888 

2-130 

2-444 

2-375 

2-444 

a-392 

^-400 

2-241 

3-143 

2-936 

3-143 

3079 

3-000 

.2-793 

3-666 

3-391 

3-666 

3-575 

4-000 

3-706 

4-000 

3-^31 

4-444 

4-03.5 

4-444 

4-3ao 

4-888 

4-438 

5-500 

4-922 

5-500 

5-096 

5-883 

5-522 

^-000 

£•297 

■ 

7-333 

6-694 

8-000 

$•835 

Other  experiments  for  the  same  purpose  w^re  instituted  by 
professor  Robison,  the  results  of  which  may  be  seen  hel<^w* 


Dry  Air. 

Moist  Air. 

Caipp.  Air. 

D 

£ 

D 

£ 

■  r 

1D 

E 

1000 

l-()00 

1-000 

ro(K) 

1-000 

1-000 

2-000 

1-957 

2-000 

1-930 

2-000 

1-90P 

3-000 

2-848 

3  000 

2-839 

3-000 

2-845 

4-000 

3-737 

4000 

3-72j6 

4000. 

3-718 

5-50Q 

4  930 

5-500 

5000 

5*500 

5-104 

6-300 

5-342. 

6-000 

5-45? 

6-(X)0 

5-453 

7-620 

6-490 

7*620 

6-775 

7-620 

6-812 

Here  it  appears  again  in  the  clearest  manner  th^t  the  elasti- 
cities do  not  increase  so  fast  as  the  densities,  and  the  differences 
acre  even  greater  than  in  Mr.  Sulzer^s  experiments. 

The  siscond'tlible  contains  the  results  of  experiments  made 
on  V€fy  damp  aik*  in  a  ivarm  summer's  morning.    In  thes^  it. 

1  I  2 
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appears  that  tlie  elasticities  are  almost  precisely  proportional  ta 
the  densities  +  a  small  constant  quantity,  nearly  0*1 1,  deviating 
from  this  rule  chiefly  between  the  densities  1  and  1*5>  withiift 
\vhich  limits  we  have  very  nearly  d  =  e**°^".  As  this  air  is 
nearer  to  the  constitution  of  atmospheric  ^ir  than  the  former^ 
this  rule  may  be  safely  followed  in  cases  where  atmospheric 
air  is  concerned,  as  in  measuring  the  depths  of  pits  by  the  ba« 
rometer. 

The  third  table  shews  the  compression  and  elasticity  of  air 
strongly  impregnated  with  the  ^apours  ofcamphire.  Here  the 
Boy  lean  law  appears  pretty  exact,  or  ratflH^the  elasticity  seems 
to  increase  a  little  faster  than  the  density. 

490.  VI.  Heat  increases  the  elasticity  of  the  air,  and  cold 
diminishes  it.     Or,  haat  expands  and  cold  cqndenses  the  air. 

This  property  is  likewise  proved  by  experience.^ 

1 .  Tte  a  bladder  very  close  with  some  air  in  it,  and  lay  it  be- 
fore the  fire :  then  as  it  ^arms  it  will  more  and  more  distend 
the  bladder,  and  at  last  burst  it,  if  the  heat  be  Continued,  and 
increased  high  enough*  But  if  the  bladder  be  rensoved  from 
the  fire,  as  it  cools  it  will  contract  sigain,  as  before.  Indeed  it 
was  upon  this  principle  tha^  the  first  air-balloons  were  made  by 
Montgolfier :  for,  by  heating  the  air  within  thenip  by  a  fire  un- 
derneath, the  hot  air  distends  them  to  a  size  which  occupies  a 
space  in  the  atmosphere,  whose  weight  of  common  air  exceeds 
that  of  the  balloon. 

..  2.  Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  inverted 
into  a  vessel  of  water ;  and  the  whole  be  heated  over  the  fire> 
or  otherwise ;  the  air  in  the  top  will  expand  till  it  fill  the  glass, 
and  expel  the  water;  and  part  of  the  air  itself  wiU  foltow,  by 
continuing  or  increasing  the  heat. 

Many  other  experiments  to  the  same  effect  might  be  ad- 
duced* 

The  expansion  of  air,  though  exposed  to  the  same  degree  of 
heat,  is  not  the  same  in  experiments  made  at  different  times; 
owing  to  the  difference  of  density,  coldness,  humidity,  &c.  The 
expansive  force  of  hot  steam  may  exceed  the  force  of  gunpowder 
more  than  30  times,  and  indeed  is  irresistible  when  the  force  is 
intense.  Hence  it  follows,  that  when  air  is  much  impregnated 
with  water  it  will  possess  an  expansive  power  by  heaf,  muck 
greater  than  that  of  pure  air.  Whether  the  degree  of  ex|>aiision 
in  pure  air  be  proportional  to  that  of  the  heat  by  which  it  is 
produced,  is  not  known ;  but  it  is  manifest  that  the  variation  of 
upace  occupied  by  a  portion  of  air  exposed  to  different  degrees 
of  heat  may  be  sufficient  to  convey  a  tolerable  idea  of  the  ac- 
tual quantity  of  heat.  Upon  this  principle,  therefore,  have 
been  constructed  air  thermometers;  to  exhibit  small  irariatjoos 
offaettt       ^ 
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Tftkkig  lin  average  it  has  bee^  foiMidy  by  experimeiit^  (hat  fot 
'each  degree  of  heal  measured  by  Fahrenheit's  thennonuster,. 
4aiercury,  wat^^  and  air,  expand  by  the  following  parts  of  their 
^wn  bulky  viz. 

Mercury  the  96(X)th  ^ 

Water  .  .  .  6666th  >  part  of  its  own  bulk. 

Air 435th3 

In  mercury  the  corresponding  expansious  for  1°  gradually^ 
^iminish^  being  expressed  by  •0001177  at  2^  of  the  thermo^ 
meter^  and  by  •00007S3  at  212°:  but  at  iV  ^he  expansion  cor- 
responding to  a  de||||  of  variation  in  heat  is  -0001 160,  and  at 
J  02^  it  is  -OOOIOOsJto  that  between  these  limits  the  variation  in 
the  measure  of  expansioq  is  ver^  trifling.  Taking  into  the  esti- 
mate the  changes  in  the  expansion^  &c.  the  specific  gravities  of 
these  fluids  at  different  temperatures  have  beeo  stated  as  below. 

p    .  gray,  o  ^^    "    "  1  ^hen  the  barom.  is  at  29 '27, 

,  mercuiy"  U36fi  j  a-d  the  the;inom.  at   53». 

"''wliter         '       ggg)  when  the  barom.  is  29*27, 
mercury     I   1,315   )and  the  thermom.  at  55°. 

Or  thus  air   *    -  -  1  C'^'^^'*  ^^^  barom.  is  29*5, 

'water    "  *  «26  J^nd  the  thermom.  is  55^ , 

mercury*  I  11227  i  wWch  are  their  mean  heights 

mercury  -  U227  ^     in  this  country. 

lOr  thus,  air  -    r  l'2'Ol  or  1|  )        • 

water  -    r      10(X)    >•  in  the  last  circumstances, 
mercury    t     13592  ) 
.Or  tlius,  air  -    -    -     1*222  ^  nearly  when  the  ba- 

or    -    -  l^(      rom.  is    -     -    -     30, 

water    -    -      1000  jT  and  thermo- 

mercury     -    13600  3      meter'    -    -    -     55. 
On  thi3  subject  the  student  may  advantageously  consult  Ge- 
neral Roy's  paper  in  the  Phil.  Trans,  vol.  67.     Also  Sir  Geo. 
3huckburgh's  and  M.  De  Luc's  papers  in  the  same  volume ; 
and  Mr.  Palto^'s  Chemical  Philosophy. 

For  the  principal  for^iulae  and  results  of  M.  Biot's  researches 
into  the  dilatations  of  liquids  and  solids  under  different  tempe- 
ratures, turn  to  the  article  Thermometer  in  the  2d  volume  of 
this  work. 

In  ^permanently  elastic  fluids,  the  law  which  connects  the 
temperature  with  the  elasticity  is  simple^  the  jiatter  increasing  in 
a  geometrical  progression  when  the  fornier  follows  the  arith- 
metical. If  the  elasticity  of  such  a  fluid,  at  auy  temperature,  foe 
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I 

deilotecl  by  utiity^  if  the  numWir  of  d^gftes  libove  that  teflijpe* 
ivtune  be  it,  and/  the  elastic  forc«  ^  then  ift 

n 

Or,  log./ =  ^  X  log.  1-376. 

The  law  which  connects  the  elasticity  and*the  ezpansion  of 
aeriform  fluids,  is  different  from  that  Which  regulates  the  elasti- 
city and  expansion  of  vapour,  while  the  latter  remains  in  con- 
tact with  the  liquid  from  which  it  is  gena|||ed.  But  when  the 
communication  between  them  is  cut  o^Re  same  law  is  ob- 
served by  the  expansion  from  heat  and  the  augmentation  of 
elasticity,  in  both  kinds  of  fluids.  According  to  the  experi- 
ments of  Gay  Lussac,  the  expansion  is  at  the  rate  of  1*376  to 
i,  for  i8()^  of  Fahrenheit ;  and  for  any  other  temperature  x,  it  is 

(1-376^^  or  (1-376)^  X  (l'376>*,whidifwtace»  to  (1-0018) 
.1-378)^ 
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CHAPTER  I. 


EquiUbrium  of  Elastic  Fluids. 

491 .  Pro  f.  To  investigate  ^nations  of  equilibrium  for  doitic 
fiuids*. 

This  will  be  very  easy,  if  wfc  consider  that  such  fluids  mu8t> 
from  the  nature  of  perfect  elasticity  (art*  329.)>  occupy  a  smaller 
space  in  proporticHi  as  the  forces  which  compress  them  are 
greater,  and  restore  themselves  to  their  primitive  volumes^  when 
me  action  of  the  compressing  forces  cease.  Let,  then,  p  be  a 
pressure  exerted  upon  a  quantity  of  M  of  the  fluid,  whose  density  ' 
IS  D ;  /)  another  pressure^  m  tbe  mass  or  volume  the  fluid  takes  in 
^onaeqiience  of  this  pressure^  and  d  the  density  of  this  mass;  so 
shall  we  have  these  equations : 

VM=:pm,  MJ^nmd,  and  vd^pi^  ••••••  (I.) 

When  p  zip,  then  m  =!»,  as  k  obvious. 

THiefle  values  only  give  the  pressures  exerted  upon  a  unit  oi 
surface;  but  if  we  drop  the  consideration  of  gravity,  or  any  other 
force  which  may  cause  a  variation  of  density  in  the  different 
parts  of  the  fluid,  we  may  then  reason  from  the  principles  of 
hydrostatics.  This  granted,  the  pressure  p  exerted  upon  any 
surface  denoted  by  a  will  be 

Pressures  being  commonly  valued,  as  we;  have  often  seon^  by 
weights,  we  may  represent  that  which  is  exerted  upon  a  unit  of 
torface  by  the  weight  of  a  prism  of  the  same  fluid  whose  height 
will  be  given.  Let  h  be  the  height  corresponding  to^  p,  and  h 
to/?;  then  we  have  hd  for  the  mass  of  this  prism,  andHD|f  its 
weight  {g  denoting  the  force  of  gravity):  hence  P^^HDjf;  and  io 
like  manner  pz=hdg.  Substituting  these  for  p  and/)  in  the 
equations  marked  (L)  abo 'e,  we  have  Ad=:h(^,  and  AmnHiy. 
Whence  we  learn  that  the  pro|>erty  of  non-elastic  fluids,  demofi- 
strated  art,  388,  obtains  likewise  with  regard  to  elastic  fluids. 

Instead  of  taking  the  same  fluid,  wtt  miiy  employ  another 
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whose  density  is  i;  and,  by  proceeding  in  a  similar  manner,  get 
the  following  general  equation  for  the  pressure, 

p=: —  ag^nzz  —agin (HI-) 

Many  other  equations  might  be  deduced  with  equal  facility ; 
but  those  here  given  are  among  the  most  useful. 

492.  Pjiop.  If  an  elastic  fluid  be  quiescent  y  and  composed  of 
particles  equally  repulsive  at  equal  distances^  and  at  unequal 
distances,  repelling  each  other  according  to  any  lazo  of  the  dis- 
tance,  its  density  mil  be  uniform^ 

For  if  the  distances  of  any  two  particles  |(om  an  intermediate 
particle  be  unequal,  their  repulsive  forces  must  be  unequal, 
and,  of  consequence,  motion  must  ensue;  which  is  contrary  to 
the  hypothesis:  therefore  the  fluid  must  have  its  particles  at 
equal  distances,  or  be  uniformly  dense. 

Cor.  If  any  portion  of  an  elastic  fluid  be  uniformly  dense, 
and  equally  compressed  on  all  sides,  it  must  be  quiescent. 

493.  Prop.  If  the  component  particles  of  a  uniform  cubical 
mass  of  a  fluid  repel  each  other,  with  forces  varying  according^ 
to  ayiy  inverse  or  direct  ratio  of  their  distances  Qeis  than  the 
4irect  duplicate)  the  fluid  will  be  elastic. 

For  the  whole  repulsive  force  of  any  sqrface  of  the  fluid  is  as 
the  number  of  particles  in  that  surface,  and  the  force  of  each, 
or  as  the  number  in  L  the  length  of  that  surface,  into  the  number 
in  B  the  breadth,  into  the  force  of  each  particle ;  or,  substituting 
R  for  tlie  whole  repulsive  force  of  the  surface,  i  for  the  intertal 
or  distance  between  two  contiguous  particles,  and  f  for  the. 

force  with  which  they  repel  each  other,  R  will  vary  as  --;^. 

Hence,  if  f  vary  in  any  inverse  ratio,  or  any  direct  ratio  less 
than  the  duplicate  ratio  of  i,  K  will  vary  in  some  inverse  ratio  of 
I,  which  is  a  necessary  condition  of  elastic  fluids. 

494.  Prop.  If  the  particles  of  an  elastic  fluid  repel  each  other 
with  forces  varying  inversely ,  as  the  nth  power  of  their  distancesy 

that  is  as  — ,  and  the  compressing  force  c  upon  any  surface  be 

equal  to  its  whole  reptdsive force  R,  then  will  c  vary  as  tlmt power 

fifthe  density  d  whose  exponent  is  ^~-. 

For,  let  a  portion  of  the  flt|id  be  contained  in  a  given  cubic 
epace,  one  of  whose  faces  is  the  rectangle  of  l  X  B,  the  com* 
pressing  force  being  applied  to  diat  surface.   Now,  the  number 

of  particle?  in  the  given  square  surface  is  as  r-^ ;  and  by  hypo- 
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thesis,  the  force  f,  with  which  two  particles  repel  each  otlier, 
is  as  — ;  therefore  the  elastic  force  of  the  fluid,  and  of  conse- 

quence  the  compressive  force  c,  is  as  -^  x  -7  or  as 3.   But 

tfae^ensity  of  the  fluid  contained  in  the  given  cubical  space  is 
inversely  as  the  cube  of  the  distance  between  the  centres  of  the 

particles;  that  is^  oa  —  add  la  —  :  whence,  by  substituting 

^      for  I,  in  the  expression  c  oc  — — 5,  we  have  caD   3   • 

Cor.  1.  Conversely,  if  D  3  vary  as  c,  th(5  repulsive  force  of 
each  particle,  or  f,  must  vary  as  --. 

For  the  quantity  of  matter  b'eing  given,  vpc  -7  ^  -jr  and 
o   3    will  vary  as :  but  F  varies  as  c  divided  by  the  num- 

ber  of  particles  in  l%  or  as  c  x  i%  or  a  d  3     x  i\  or  a  i*-r  i**"** 

1 
or  oc  ---. 

Cor.  2.  Hence  again  we  see,  since  n  +  2  must  be  always 
jpositive  to  make  c  positive,  that  n  must  be  either  some  whole 
positive  number,  or  a  negative  number  less  than  2,  in  order  to 
constitute  a  fluid  of  particles  which  repel  each  other. 

CoH.  3.  If  water  be  supposed  compressible  in  a  very  smaU 
degree  (art.  331.),  the  particles  must  be  kept  at  a  distance  by 

some  repulsive  force,  while  d  remains  nearly  constant.     Now, 

«+2  3  s 

since  cocd   3    ,  we  shall  have  DQCn+s;  in  which,  that  Cn  +  2 

may  be  nearly  invariable,  n  must  be  a  very  great  number: 
hence,  according  to  this  hypothesis^  the  repulsive  force  of  the 
j>articles  of  water  varies  inversely  in  a  very  high  power  of  their 
distant,  s 

CoR.  4.  When  the  density  of  the  fluid  varies  as  the  force 

n  +  2 

which  compresses  it,  or  Dae,  the  expression  caD  3    becomes 

111  1  1 

c  a  D   3    and  n  =  1 :  whence  F  a  -r  becomes  f  a  — •  or  the  force 

^  each  particle  is  inversely  as  the  interval  between  two  contU 
ipiouf  particles* 
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.  Ooiu  5.  Hence,  becauge  the  density  of  the  air  is  neiu*ly  pro- 
portional to  the  force  which  compresses  it  (art.  4890>  ^^  ^^^^ 
tititttent  particles  must  repel  one  another  with  forces  varying 
inversely  as  their  distances. 

CoK.  6.  The  density  of  the  air  varying  as  the  compressing 
force,  and  ~  that  perpetually  decreasing  in  ascending  the  atnio- 
sbhere,  the  density  and  elasticity  of  the  air  also  perpetually 
decrease. 

4Mk  Def.  a  homogeneous  atmosphere  is  an  atsnoephere  sup- 
posed to  be  of  the  same  weight  as  that  which  actually  surrounds 
the  earth;  its  density  being  uniform,  and  every- where  equal  to 
the  density  6f  the  air  at  the  earth's  8urfiBCe4 

496.  Prop.  To  find  the  altitude  of  a  homogeneous  atmo* 
itphere* 

Let  H  be  the  height  of  the  homogeneous  atmosphere,  its  uni- 
form density  being  d,  the  same  as  the  density  of  the  air  pressir^ 
jLipon  the  mercury  in  the  basin  of  the  barometer;  h  the.  height  of 
the  mercury  in  the  barometer  tube,  and  d  the  density  oi  that 
fl^id:  then  (art.  491.)  we  have  Mzzzm,  or  uD=hd, 

ivhence  h  s=  •— . 

Now  it  appears  from  article  490,  that  when  the  densities  of 
air  and  mercury  d  and  d  are  as  If  and  13600,  the  height  A  of  the 
mercury  in  the  barometer  is  2  J  feet. 

HfenceH=  ii  =12521l?i  =  278 18 feet,  =5-268 mUes.  So 

D  1|  ' 

that  the  height  of  the  homogeneous  atmosphere  is  rather  more 
than  5j-  miles. 

Cor.  If  it  were  not  for  the  changes  of  temperature^  the  height 
B  of  the  homogeneous  atmosphere  would  be  invariable,  for  one 
andthesamelatitude,  whatever  might  be  the  heightofthe  mercury 
in  the  barometer. 

For  if  d  be  constant,  because  the  specific  gravity  of  air  varies 
as  D  its  density,  and  this  again  as  A,  the  height  of  the  mercury 

in  the  tube,  it  follows  that  -  is  invariable,  and  conteqiient^ 

H=3  —  is  conjstant  likewise. 

Another  method  of  ascertainiag  the  height  of  die  homogenous 
atmosphere  is  given  in  the  scholium  at  the  end  of  the  next  pro- 
j^sition. 

497.  Prop.  Supposing  the  force  of  gravity/ to  vary  us  the 
nth  power  of  the  distance  from  the  centre  oftJis  earthy  ana  the 
€ompressim  force  to  vary  as  tiie  density,  to  find  the  rtiatitmbef 
tween  the  density  of  the  air  and  the  altitude  abosoetke  wfiamxf 
the  earth. 


\ 
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*  Bet  X  represent  the  variable  distance  from  the  sttrface-of  de 
eardi^  the  radius  of  the  earth  being  unity,  d  the  density  of  the 
air  at  the  distance  X,  and  h  the  height  of  the  homogeneous 
atmosphere.  Now,  since  by  hypothesis  the  compressing  force 
varies  as  the  density,  the  fluxion  of  the  former  will  vary  as  the 
flution  of  the  latter:  while,  at  any  distance,  jt,  the  fluxion  of  tht 
compressing  force  must  vary  as  the  force  of  gravity,  tbe  deusitjr, 
and  the  fluxion  of  the  altitude,  conjointly ;  so  that  the  fluxion  ojf 
die  compressing  force  will  be  to  that  of  the  density  in  the 

constant  ratio  ofx^dx  to— c2,  the  latter  fluxion  having  the  nega- 
tive sign,  because  the  density  decreases  while  the  altitude  in- 
creases. Consequently,  since,  by  the  definition  jof  a  homoge- 
neous atmosphere,  h  will  represent  the  compressing  force  a^jt 

the  surface  of  the  earth,  we  have  h  :  1  ::ar*rf;f :  — flf,  whence 

gfx  =r  —  H  X  J,  and p  =  —  h  -hyp.  log.  rf+c. 

Now  to  correct  the  fluent  we  must  consider  that,  when  x=  1^ 
ilsl ;  whence  we  find  en  — >;  for  the  value  of  the  constant 

quantity:  and  the  correct  fluent  is  ■■  ■  -  3:  ~^ .  -  h.  hypw 
log.  d.    Hence 

—J       =H.hyp.log.rf. 

which  is  the  general  equation  expressing  the  relation  between 
die  altitude  and  the  density. 

Cor.  1.  When  the  force  of  gravity  varies  inversely  as  the 

square  of  the  distance^  n=  — 2,  andj^       =:H*hyp.l6g..i/, 

becomes  —  —  1  =:  h-  hyp.  log.  d.    So  that  if  x  increase  in  bar- 

nloiiic  progression,  —  will  decrease  in  arithmetic  progresidoti^ 

aftd  consequently  hyp.  log.<2wiU  decrease  in  arithmetic  pro- 
gression. 

CoE.  2.  If  the  force  of  gravity  be  supposed  constant,  n=0, 
and  1  ^jrr:  H-  hyp.  log.  d.  Consequently,  if  x  increase  in  arith- 
metic progression,  since  1 «-  x  will  then  decrease  in  arithmetic 
pfogression,  the  hyp.  log.  of  d  will  decrease  in  arithmetic  pro- 
fljnxxiovL 

'  Coft.  S.  Since  the  hyperbolic  logarithms  are  to  the  conusom 
logiiUaiia  in  a  comtant  ratio,  vis.  that  of  1  to  *4M29446|  &e. 
It  f(C^w»  that  lirhen  x  increases  «i  arifhaietie  progresiion  dte 
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common  logarithiDB  of  the  deniities  mtUI  decrease  in  arithmetic 
progression^  and  the  densities  diemselves  in  geometrical  proip 
gresston^  on  the  supposition  of  equal  gravity.  < 

Cor.  4.  Hence^  retaining  the  same  hypotbesisy  dififerent  alti^ 
tndes  a\>ove  the  earth's  surface  ^ill  vary  as  the  negative  loga-^ 
rithnis  of  the  densities  or  weights  of  air  at  those  altitudes.  So 
that  \{  B  and  d  denote  the  densities  at  the  heights  h  and  A,  ^ce 
Ha  *-  log.  D,  and  A  a  —  log.  rf,  the  difference  h  — Aa  -r  log. 

D  —  (  —  log.  dj  a  log.  D  —  log.  df  or  alog.-T.    And  if  h  =  0,  or 

D=  the  density  at  the  earth's  surface^  then  any  altitude  abo^re 

the  surface  is  as  the  log.  of-^.     Or  generally  the  log.  of 

-^  varies,  as  the  altitude  of  the  one  place  above  the  other^ 

whether  the  lower  place  be  at  the  surface  of  the  earth  or  not : 
and  upon  this  property  is  founded  the  method  of  finding  th^ 
heij^ts  of  mountains,  &c.  by  the  barometer. 

SCHOLIUM, 

498.  The  properties  comprised  in  the  preceding  corollaries 
trte  sometimes  proved  by  means  of  the  logarithmic  curve ;  and 
as  a  description  of  the  relation  which  obtains  between  tkft 
ordinates  of  that  curve  and  the  density  of  the  air  will  furnish  ad 
agreeable  illustration  of  what  is  done  above,  such  description  is 
subjoined. 

Let  ARa  (fig.  3.  pi.  XVIII.)  represent  a  section  of  a  terrestruj 
hemisphere  by  a  plane  through  its  centre  o,  mo  am  a  vertical 
line,  AE  a  horizontal  line  through  a,  a  point  on  the  earth's  sur* 
face.  Let  this  line  ae  represent  the  density  of  the  air  at  a  ;  and 
let  DH  parallel  to  ae  be  taken  to  ae,  as  the  density  at  D  to  the 
density  at  a  :  then  it  is  manifest  that  if  a  logistic  or  logarithmic 
curve *EHN  be  drawn,  having  am  for  its  axis,  and  passing 
through  the  points  b  and  h,  the  density  of  the  air  at  any  other 
point  c  in  the  vertical  am  will  be  represented  by  C6,  the 
ordinate  fo  the  curve  in  that  point:  for  it  is  a  known  property 
of  this  curve,  that  if  portions  a  6,  Ac,  ad,  of  its  axis  be  takes 
In  arithmetical  progression,  the  ordinates  ab,  bf,  co,  will  be  in 
geometrical  .progression. 

Another  property  of  this  curve  is,  that  if  ek  or  hs  touch  the 
curve  in  E  or  h  the  subtangent  ak  or  Dsis  a  constant  quantit]^ 
being  the  modulus  of  the  system  of  logarithms  which  the  partif 
eular  curve  represents.  And  a  third  property  is,  that  the  infi- 
nitely extended  area,  A  en m  is  equal  to  the  rectangle  i^EXj;  of 
the  ordinate  at  A  and  the  subtangent ;  and,  in  like  manner^  the 
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wea  MDHN  above  dh  is  equal  to  the  rectangle  s1)«dh  of 
KA«  DH ;  80  that  the  area  lying  above  or  bejond  any  ordinate  is 
proportional  to  that  ordinate*  (See  Smevson  on  Curve  Lines, 
-book  I.  ^5.  Hutton's  Dictionary  art.  Logarithmic  Curve, 
-<H*  the  Treatise  on  Curve  Lines  at  the  end  of  Robertson's  Conic 
Sections.)  .  -^ 

Now  these  geometrical  properties  of  this  curve  are  analogous 
'  to  this  chief  circumstances  in  the  varying  density  of  the  atmoi- 
■sphere^  on  the  supposition  of  equal  gravity ,    The  area  mbfk, 
for  instance,  represents  the  whole  quantity  of  the  elastic  fluid 
^hich  is  above  b  :  for  bf  is  the  density  at  b^  and  bc  is  the  thick- 
ness of  the  stratum  between  b  and  c  ;  whence  bfgc  will  be  »s 
'the  quantity  of  air  in  that  stratum  :  in  like  manner  Cghd  vdll  be 
'as  the  quantity  of  aerial  matter  in  the  stratum  whose  thickness  is 
t;D;  and  the  same  of  their  sums^  or  of  mbfn^  the  whole  ar^a. 
iVIso^  as  each  ordinate  is  proportional  to  the  area  above  it,  so 
each  density  and  the  quantity  of  air  in  each  stratum,  is  propor- 
tional to  the  quantity  of  air  above  it.     And  again,  as  the  whole 
area  aenm  is  equal  to  the  rectangle  a  elk,  so  the  whole  air  of 
Arable  density  above  a  might  be  contained  in  a  column  ka  of 
fthe  same  base,  if,  instead  of  being  compressed  by  its  own  weight, 
it  were  without  weight,  and  compressed  by  an  external  force 
«qttal  to  the  pressure  of  the  air  at  the  surface  of  the  earth.     Ia 
4hi8  case  it  would  be  of  the  uniform  density  ae  which  it  has  at 
the  surface  of  the  earth,  and  would  constitute  the  homogeneous 
atmosphere,  (art.  495-) 

Hence  we  learn  that  the  height  of  the  homogeneous  atmo- 
sphere is  the  dnbtangent  of  the  curve  whose  ordinates  are  as  the 
densities  of  the  air  at  different  heights,  on  the  supposition  of 
equal  gravity.  This  curve  is  generally  called  the  atmospherical 
iogaritkmic ;  and  its  subtangeut,  or  the  height  of  flie  homoge- 
aeous  atmosphere,  is  the  modulus  of  the  system  of  logarithms 
to  which  the  curve  corresponds. 

We  have  already  (art.  496.)  shewn  how  to  find  the  height  of 

the  homogeneous  atmosphere  by  a  single  observatioa  upon  the 

barometer  :  but  the  same  thing  may  be  effected,  perhaps,  more 

accurately  in  a  different  manner.     When  the  mercury  and  the 

air  are  of  the  temperature  32*  of  Fahrenheit's  thermometer,  and 

vtfae  barometer  on  the  sea-slhore  stands  at  30  inches,  if  we  take  it 

to  a  place  936  feet  higher  it  will  fall  to  29  inches.     Now  in  all 

'logarithmic  curves  having  equal  ordinates  the  portions  of  the 

4nies  intercepted  between  the  corresponding  pairs  of  ordinates 

jve  proportional  to  the  subtangents-^Emerson  on  Log.  Curve, 

jprop.  viii.  cor.  3.) :  and  the  subtangent  of  the  curve  belonging 

ta  our  common  tables  is  *4S429448,  and  the  difference  of  the 

^bgariduas  of  30  and  29  (which  is  the  poition  of  the  axis  inter- 
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eepted  between  the  or<iinates  30  and  29)  19  '0H'73S3 ;  whence 
we  have  -0141233  :  •43480448  :  :  935  ;  27600  feet,  or  penrljr 
5^  miles.  This  determinatioo  of  the  height  of  the  homogeneous 
atmosphere  does  not  quite  correspond  with  the  former ;  but  fi 
IciBing  error  in  measuring  the  altitudes  of  the  mercury  in  the 
barometer  at  the  two  stations  wouU  cause  all  the  differeuce.  , 
499.  All  that  has  gone  before  in  this  scholium  proceeds  on 
the  supposition  of  equal  gravity,  or  the  hypothe^^is  of  Cqk^  9^ 
whereas  we  know  that  the  weight  of  a  particle  of  air  deqr^ase^ 
a»  the  square  of  its  distance  from  tbeeartti's  centre  in^rease^^ 
conformably  to  Cor.  i.  Hence  we  see  that  in  order  thai  ft 
euperior  stratum  may  produce  an  equal  pressure  at  the  surface 
of  the  earth  it  must  be  denser,  because  a  partif^le  of  it  gra^ttM 
less.  The  density,  therefore,  at  equal  elevations,  must  be  greater 
than  on  the  supposition  of  equal  gravity,  and  the  law  of  dinaoan- 
tton  of  density  must  be  different. 

Make  op  :  oa  :  :  oa  :  od} 
oc  :  OA  :  :  oa  ;  oc; 
OB  :  OA  :  :  OA  :  ob,  8lc.; 
so  that  odf  oc,  ob,  oa,  may  be  reciprocals  to  00,  qc^  qb,  j9A'; 
•nd  through  the  points  A,  6,  c,  d,  draw  the  perpendicular!  aU, 
lift  eg,  dh,  making  them  proportional  to  the  den^itie8  in  i^  9i  C, 
2>;  and  suppose  cd  to  be  exceedingly  small,  so  that  the  <li»i8ity 
may  be  supposed  uniform  through  the  whole  stratum*    Thus 
we  have 

OD'od  =  oA%  =  oc»or 

and  oc  :  orf  : :  on  :  oc ; 

Und  oc  ;  oc  —  OD  :  :  OD  :  OD— oc^ 
ot  oc  :  cd  I :  OD  :  dc  ;  » 

and  ci/  :  CD  :  :  oc  :  OD ; 
or,  because  oc  and  oi>  are  ultimately  in  the  ratio  of  equality^  we 
have .  ' 

td  :  CD  :  :  oc  :  oc  :  :  OA*.:  oc% 

and  of  =  CD  •  — 5,  also  erf  •  eg  =  cd  •  eg  •  ~.     But  cd  •  eg  • . 

^  is  as  the  pressure  at  c  arising  from  the  absolute  we^ht  rf 

the  stratum  cd  :  for  this  weight  is  as  the  bulk,  as  the  4ienaity, 
and  as  the  gravitation  of  each  particle  jointly ;  and  cd  expreaaes 

the  bulk,  eg  the  density,  and  -^  the  gravitation  of  each  particb|. 

Therefore  cd  •  eg  is  as  the  pressure  on  c  arising  from  the  w^fat 
of  the  strahmi  dc.  But  cd  •  eg  is  evidently  the  element  of  the 
curviliueal  area  awwe,  formed  by  the  curve  E^An  and  the  or- 
dinates  ae,.  bf,  eg,  &,c.  mn,  Hencethe  sum  of  all  die  element, 
such  a»  cd)ig,  that  ^,  t^e  area  cmng  below  eg,  will  be  bT  th^ 
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whole  pressure  on  o^  arising  from  the  gravitation  of  all  the  air 
^bove  it ;  but,  by  the  nature  of  air^  this  whole  pressure  is  as  the. 
density  M4iich  it  produces,  that  is,  as  eg".  Therefore  the  curve 
Isign  is  of  such  a  nature  that  the  area  lying  below  or  beyond  an]r 
ordinate  eg  is  proportional  to  that  ordinate.  This  is  the  pro- 
perty of  the  logarithmic  curve,  and  e^  is  a  logarithmic  curve. 

Moreover,  this  curve  is  equal  to  B6N«  For,  let  b  continually 
approach  to  a,  and  ultimately  coincide  with  it.  It  is  evident 
tbf^  the  ultimate  ratio  of  b  a  to  a6,  and  of  bf  to  bf,  is  that  o£ 
equality;  and  if  efk,  ^fk,  be  drawn,  they  will  contain  equal 
aisles  with  the  ordinate  ae,  and  will  cut  off  equal  subtangenta 
AK,  Ait.  Tlie  curves  son,  Bgn,  are  therefore  equal,  but  ia 
•pposite  positions. 

*  Lastly,  if  oa,  ob,  oc,  oJ,  &c.  be  taken  in  arithmetical  pro-« 
^Sflion  decreasing,  their  reciprocals  OA,  on,  oc,  od,  Sgc.  will 
be  in  hannonical  progression  increasing,  as  is  well  known :  but, 
from  the  nature  of  the  logarithmic  curve,  when  oa,  ob,  or,  od, 
itc.  are  in  arithmetical  progression,  the  ordinates  ab,  bj\  eg, 
dkj  &c.  are  in  geometrical  progression.  Therefore  when  oa, 
OB^  oc,  op,  See.  are  in  harmonical  progression,  the  densities  of 
the  air  at  A,  b,  c,  d,  &c.  are  in  geometrical  progression ;  and 
thus  may  the  density  of  the  air  at  all  elevations  be  discovered* 
Thus  to  find  the  density  of  the  air  at  K,,the  top  of  the  homoge- 
neous atmosphere,  make  ok  :  oa  : :  OA  :  ol,  and  draw  the  or* 
dinate  lt,  so  shall  lt  express  the  density  at  K. 

Dr.  Halley  was  the  first  who  observed  the  relation  between 
the  density  of  the  air  and  the  ordinates  of  the  logarithmic  curve, 
or  common  logarithms.  This  he  did  on  the  supposition  of 
equal  gravity ;  and  his  discovery  is  acknowledged  by  Sir  Isaac 
Newton  in  Princip.  ii.  prop,  22.  schol.  Halley's  dissertation 
on  the  subject  is  in  No.  181  of  the  Phil.  Trans.  Newton,  with 
his  usual  sagacity,  extended  the  same  relation  to  the  true  state 
of  the  case,  where  gravity  is  as  the  square  of  the  distaucei 
inversely;  and  showed  that  when  the  distances  from  the  earth^s 
centre  are  in  harmonic  progression  the  densities  are  in  geo* 
metric  progression.  He  shows  indeed,  in  general,  what  pro- 
gression  of  the  distance,  on  any  supposition  of  gravity,  will  pro^ 
fiucje  a  geometrical  progression  of  the  densities,  so,  as  to  ol;)taia 
a  aet  of  lines  oa,  ob,  oc,  od,  8cc.  which  will  be  logarithms  of 
the  densities.  The  subject  was  afterwards  treated  in  a  more 
familiar  manner  by  Cotes  in  his  Hydros.  LecL  and  in  his  Har" 
monia  Mensurarum;  also  by  Brooke  Taylor,  Method.  Increr 
tneni.;  Wolf,  in  bis  Aerometria ;  Herman,  in  his  PhorofiQ- 
SMttf,  &c.;  and,  on  account  of  .(he  simplicity  and  elegan^ce  of 
this  method,  it  now  obtains  a  place  iu  alaaost  every  treatise  on 
{loaunaticft. 
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500*  Prop.  To  determine  the  actual  detmty  of  the  atmgh 
$pk(iric  air  at  any  altitude  above  the  eartKs  surface. 

This  may  be  dofie  with  the  aid  of  the  equation  in  eor.  i» 
art.  497.  but  with  greater  facility  by  means  of  the  atuiospherieal 
logarithmic^  thus.  By  the  property  in  Emerson's  Treatise,  re^ 
ferred  to  in  art.  49B.  say,  as  the  height  of  the  homogeneous 
atmosphere  is  to  the  modulus  of  Briggs's  system,  so  as  the  given 
altitude  in  feet  to  a  fourth  number,  which  in  the  common 
tables  is  the  logarithm  of  the  ratio  of/ the  density  of  the  air  at 
the  earth's  surface  to  its  density  expressed  by  unity  at  the  pro- 
posed height,  on  the  Supposition  of  equal  gravity.  But,  if  we 
attend  to  the  variation  of  gravity,  the  process  will  be  tlus. 
Suppose  c  to  be  the  point  at  which  the  density  b  reqidred^ 
make,  as  directed  in  the  last  article,  oc  :  OA  : :  OA  :  or,  or  oc : 
6a  : :  AC  :  AC,  and  ac  thus  obtained  will  be  the  height  to  which 
the  density  is  to  be  calculated  by  the  preceding  analogy,  on  tl|e 
hypothesis  of  equal  gravity. 

Let  us  take  for  an  example  the  height  of  7  miles,  and  con- 
ceive the  radius  of  the  earth  to  be  4000  miles.     Then  shall  we 

4000  X  7 

have  oc  (±=  4007)  :  oa  (~  4000) :  :  AC  (=  7)  :  Air=  -555^- 

=  6*9»177  miles  =  3€895i:  feet.  Wherefore,  taking  2760a 
feet  for  the  height  of  the  homogeneous  atmosphere,  we  shall 
have 

2.7600  :  •4S439448  :  :  3689.^4  :  \'>806957, 
which  is  the  common  logarithm  of  3*80799,  or  S'SOS  nearly. 
Consequently  the  density  of  the  air  at  the  earth's  surface  is  to 
its  density  at  the  altitude  of  7  miles  as  Sf  to  1  nearly,  allowing 
for  the  diminution  of  the  force  of  gravity. 

This  result  agrees  nearly  with  experiments.  Thus  Mr.  Cotes 
inferred  from  the  French  experiment  at  the  Puy  de  Do««,  that 
at  the  altitude  of  7  miles  the  air  was  rather  more  than  4  times 
Darer  than  at  the  surface  oft  the  earth:  but  from  the  experi' 
ments  of  Mr.  Caswell,  at  Snowden,  he  concluded  that  at  the 
same  altitude  of  7  miles  the  air  was  not  quite  four  times  rarer 
than  at  the  surface.  And  Sir  Isaac  Newton,  in  the  last  edition 
of  his  Optics,  states  it  as  4  times  rarer  at  the  height  of  7^  miles  ^ 
which,  properly  reduced,  gives  3*86  for  the  comparative  rarity 
at  7  miles. 

501.  Returning  to  the  hypothecs  of  equal  gravity,  we  may 
readily  find  an  equation  for  the  altitude,  which  shall  include 
the  changes  in  temperature.  Thus,  let  B  and  d  represent  tha 
density  of  the  air  at  any  two  places,  measured  by  the  column 
of  mercury  in  the  barometer :  then,  since  the  difference  jofalti* 

itode  a  (art;  497.  cor.  4.)  is  always  as  log.  — -^  Assame  A|'8Q 


/■ 
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diat  i  ==  A  X  log.  -J ,  where  h  will  be  of  one  constant  value  for 

a]l .altitudes;  and  to  determine  that  value  let  a  case  be  taken 
m  wbich  we  know  the  altitude  a  corresponding  to  a  known 
deiisi^  d;  as,  for  instance^  take  a  =  1  foot^  or  1  inch^  or  son^e 
sucb  fiinall  altitude ;  t.heti,  because  the  dei»ity  d  may  be  mea- 
sured by  the  pressure  of  the  atmosphere,  or  the  uniform  column 
of  27600  feet^  when  the  temperature  is  55^;  therefore  2760O 
feet  will  denote  the  density  d  at  the  lower  place,  and  2759^ 
flie  less  density  dstt  I  foot  above  it;  consequently  1  s:=  A  x  log. 

^jT^l  which,  by  the  nature  of  logarithms,  is  nearly  »  A  x 

'  87600  ^  esSST  "^^y>  *^  hence  hzz  €3551  feet;  which 
gives,  for  any  altitude  in  general,  this  theorem,  viz.  a  n 
63551  X  log.  ~,  or  =  63551  x  log.  -^  feet,  or  10592  x  log.  ^ 

fadioms ;  where  m  is  the  column  of  mercury  which  is  equal  to 
the  pressure  or  weight  of  the  atmosphere  at  the  bottom,  and  m 
that  at  the  top  of  die  altitude  a;  and  where  m  and  m  may  be 
tak^  in  any  measure,  either  feet  or  inches,  8cc. 

This  formula  is  adapted  to  the  mean  temperature  of  the  air 
55*  of  Fahrenheit's  thermometer :  but  it  has  been  found  by  the 
experiments  of  Sir  Geo.  Shuckburgh  and  Gen.  Roy,  that  for 
every  degr^  of  the  thermometer  different  from  56^  die  altitude 
a  will  vary  by  its  435th  part :  hence  if  we  would  change  the 
factor  A  from  10592  to  10000,  because  the  difference  592  is  the 
18th  part  of  the  whole  factor  10592,  and  because  18  is  nearly 
the  24th  part  of  435 ;  therefore  the  change  of  temperature  an- 
swering to  the  change  of  the  factor  A  is  24%  which  reduces  the 

55"*  to  3r.     So  that  a  =  10000  X  log.  -^  fathoms  is  the  easiest 

expression  for  the  altitude,  and  answers  to  the  temperature  of 
3 1®,  or  very  nearly  the  freezing  point :  and  for  every  degree 
above  that  jhe  result  must  be  increased  by  so  many  times  its 
435th  part,  and  diminished  when  below  it. 

This  method  was  first  given  by  Dr.  Hutton,  under  the  article 
Atmosphere^  in  his  Mathematical  Dictionary. 

It  is  obvious  that  the  relation  between  the  altitudes  of  places 
and  the  heights  of  mercury  in  the  barometer,  is  not  exactly  th^ 
same  in  all  latitudes.  For  according  as  the  action  of  gravity  is 
greater  or  less,^a  column  of  mercury  of  given  height  will  weigh 
more  or  less^  and  consequently  the  air  suQected  to  that  pressure 
will  be  more  or  less  compressed.  We  have  seen  (art.  286.) 
that  if  gravity  at  the  earth's  surface  under  the  parallel  of  45**, 
be  measured  by  unity,  that  at  any  other  latitude  A,  will  be  ex- 
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pressed  by  I  -«  *002837  cos  2X :  the  density  of  the  air  at  the 

:earth'8  surface  will  vary  ia  the  same  ratio.     This  will  cause  a 

small  correctibu  of  the  computed  altitude,  in  different  latitudes, 

never  exceeding  yfj  of  such  altitude.  Thus,  at  (P. . .  corr  +TfT, 

10^..  +  TTT»  20«...  +  TiTr,   S&'...+At,   40"...+ti»W, 

'^  tKi  ^O***  •  •  -~  TTf     For  inCeraiediate  latitudes  the  correc- 
lioii  itiay  readily  be  computed. 

A  correct  and  extensiVe  table  of  the  comparatiTe  rarity  and 
c^q|NWsiony  density  and  compression,  of  air  at  different  altitiideS| 
atfniming  the  homogeneous  atmosphere  at  ii9l^5  feet,  and  at* 
tbwing  for  the  variation  of  gravity,  is  inserted  at  p.  253  Of  Hdf 
sham's  Lectures. 
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CHAPTER  II. 


On  the  Admeasurement  (^Altitudes  by  the  Barwnetef 

and  Thermometer. 


502.  Pascal  and  Descartes  hinted  that  if  a  barometer 
^eie  carried  to  a  higher  situation  the  quicksilver  would  sink  in 
the  tube ;  and  the  fact  was  verified  by  M.  Perier.  But  the 
admeasurement  of  altitudes  by  means  of  the  barometer  was  first 
distinctly  suggested  by  Dr.  Halley,  in  a  paper  in  No.  181  of  the 
Philosophical  Transactions^  to  which  we  have  before  referred 
(art.  49^.).  He  there  states  that,  according  to  experiments 
shewn  before  the  Royal  Society,  when  the  barometer  stood  at 
30  inches,  and  in  a  mean  state  of  heat  and  colc^  the  specific 
gravity  of  air  was  to  that  of  water  as  1  to  800 ;  and  then  pro* 
ceeds  as  follows :  ^^  By  the  like  trials  the  weight  of  mercury  te> 
water  is  as  13^  to  1,  or  very  near  it;  so  that  the  weight  pf 
mercury  to  air  is  as  10800  to  1,  and  a  cylinder  of  air  of  10800 
inches  or  900  feet  is  equal  to  an  inch  of  mercury ;  and  were 
the  air  of  an  equal  density  like  water,  the  whole  atmosphei^ 
would  be  no  more  than  5^'^  miles  high ;  and  in  the  ascent  of 
every  900  feet  the  barometer  would  sink  an  inch.  But  the  ex^ 
passion  of  the  air  increasing  in  the  same  proportion  as  the 
incumbent  weight  of  tlie  atmosphere  decreases,  that  is,  as  the 
mercury  in  the  barometer  sinks,  the  upper  parts  of  the  air  are 
much  more  rarefied  than  the  lower,  and  each  space  answeriqg  te 
an  inch  of  quicksilver  grows  still  larger,  so  that  the  atmosphere 
must  be  extended  to  a  much  greater  height.  Now,  on  these, 
principles,  to  determine  the  height  of  the  mercury  at  any 
assigned  height  in  the  air,  and  e  contra,  having  the  height  of  the 
mercury  given  to  find  the  height  of  the  place  where  the  baro- 
meter stands,  are  problems  not  more  difficult  than  curious.^ 
He  then  points  out  a  method  of  solution,  and  gives  tables  of  the . 
Heights  of  mercury  at  different  altitudes,  and  vice  versa ;  which 
need  not  be  copied  in  this  place,  as  they  depend  upon  erro- 
neous estimates  of  the  specific  gravities  of  mercury  and  air. 

KK2 
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He  also  mentions  the  condensation  and  rarefaction  by  heat  and 
cold,  and  the  effect  of  aqueous  and  other  vapours ;  but  was  of 
opinion  that  these  would  compensate  each  other. 

503.  Itappears,  then,  that  Dr.  H alley's  method  cannot  ap^ 
ply  to  every  case,  since  it  depends  upon  the  supposition  of  the 
relative  density  of  air  and  mercury  being  only  affected  by  a 
change  of  pressure.  But  since  all  bodies  are  expanded  by  heat, 
and  as  they  are  not  all  equally  expanded  by  it,  it  follows  that  a 
change  of  temperature  may  change  the  relative  gravity  of  mer- 
cury and  air,  even  although  both  undergo  the  same  change  of 
teitaper^ture :  and  since  the  air  may  be  warmed  or  cooled  when 
the  mercury  is  not,  or  may  change  its  temperature  independent 
of  ity  still  greater  variations  of  specific  gravity  may  be  expected. 
Hence  many  corrections  are  required  to  adjust  the  barometrical 
method  to  the  various  attending  circumstances,  and  it  was  not 
till  long  after  Dr.  H  alley's  time  that  the  method  Was  turned  to 
any  real  use.  The  chief  improvements  and  adjustments  are  due 
to  M.  de  LuCf  who  had  favourable  opportunities  of  making  nu- 
merous observations  among  the  high  hilis  of  Switzerland,  and 
who  availed  himself  of  these  opportunities  in  almost  every  va- 
riety of  circumstances.  The  result  of  his  experiments  and  en- 
quiries was  published  at  Geneva  in  a  treatise  on  the  barometer 
and  thermometer,  and  in  a  paper  in  the  57th  volume  of  the 
Philosophical  Trans.  Other  curious  and  valuable  papers  on 
this  subject  by  Dr.  Maskelyne,  Dr.  Horsley,  Sir  George  Shuck- 
burgh,  and  General  Roy,  are  inserted  in  the  different  volumes 
of  these  Transactions :  and  an  interestmg  disquisition  is  given 
by  M.  Biot,  in  the  3d  volume  of  his  "  Astronomic  Physique.*' 

Some  other  important  deductions,  in  a  recent  paper  of  M* 
BiotX  may  be  seen  in  the  article  THkRMOM£T£R,  in  our  sei' 
cond  volume. 

The  most  accurate  experiments  for  ascertaining  the  ex  pan* 
«ion  of  mercury  are  those  of  General  Roy  (vol.  67,  Philoso* 
phical  Transactions).  These  are  contained  in  the  following 
table;  where  the  first  column  expresses  the  temperature  by 
Fahrenheit's  thermometer,  the  second  expresses  the  bulk  of 
the  mercury,  and  the  third  the  expansion  of  an  inch  of  mercury 
for  ap  increase  of  one  degree  in  the  adjoining  temperatures, 
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Temp. 

Bulkof  8* 

Expans.  for  i° 

312« 

30-5117 

Oo60O763 

,  202 

30-*888 

0-0000787 

,102, 

30-4652 

0-00008 10 
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30-4409 

00000833 
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30-4  i  59 

00000857 
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30-3902 

0-0000880 

152 

30-3638 

0-0000903 
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30-3367 

0-0000923 

132  ^ 

30-3090 

OO0f0O94S 

122 

30-2807 

00000963 

112 

30-2518 

0-0000983 

102 

30.2223 

00001003 

92 

30-1922 

0-0001023 

82 

301615 

0-0001043 

72 

30-1302 

0-0001063 

62 

30-0984 

.  00001077 

^f£ 

30-0661 

0-000i093 

42 

30-0333 

00001 110 

32 

300000 

00001127 

22 

29-9662 

00001143 

12 

29-9S19 

0*0001160 

2 

29-8971 

0-0601177 

0 

29:8901 

• 

The  General  also  made  experiments  on  the  expansion  of  the 
mercury  in  a  real  barometer :  and  in  some  rules  for  barometrical 
admeasurement^  it  will  be  necessary  to  know  the  logarithmic 
difference  to  the  expansion  for  the  mean  temperature  of  die  two 
barometers  which  are  used.  These  logarithmic  differences  are 
contained  in  the  following  table,  which  is  carried  as  far  as  1 12®, 
beyond  which  it  is  not  probable  that  any  observations  will  be 
made.  The  number  for  each  temperature  is  the  difference  be- 
tween the  logarithms  of  30  inches^  of  the  temperatttft  32^  and 
30  inches  expanded  by  that  temperature. 
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Table  II. 


[3oorV. 


Imp. 

!/«.». 

Ft  In. 

112" 

IOC 

0-0000427 

-481 

2    7 

9» 

O-00OO4S8 

•4S6 

2     7 

«« 

0-0000444 

■444 

a    8 

n 

O-0O0O453 

•45J 

2     9 

08 

0-0000460 

•460 

2     9 

Sz 

0-0000468 

■468 

.2  10 

48 

0-QO0O475 

■475 

2  10 

32 

0-0000482 

■482 

2  11 

22 

0-0000489 

■489 

2  It 

IS 

0-0000497 

•491 

3     0 

0 

0-0000504 

■504 

3     0 

GeDeral  Roy  compared  a  mercurial  and  an  air  thermometer, 
each  of  which  was  graduated  aritfameticailj',  that  is;  the  unita  of 
the  scales  were  equAl  bulks  of  mercury,  and  eqi^  bulks  (per- 
hap*  different  from  the  fbmer)  of  air.  He  fotind  their  pro- 
gress  a»  in  the  foHowing  table. 

TabibIII. 


lieic. 

-bk. 

Air.'    ■ 

bia:' 

212 
192 
172 
152 
132 
112 
92 
72 
52 
32 
12 

20 
20 
20 
20 
20 
20 
20 
20 
20 
20 

2120 
194-4 
176-2 
15T4 
1J8-0 
118-0 
97-2 
75 '6 
53-0 
31-4 
11 -4 

17-6 
18-2 
18-8 
Id-4 
20-0 
80-8 
21-6 
S2-6 
21-6 
20-0 

Tlie  subsequent  table  contains  the  expaouon  of  lOOQ  puts  of 
air,  nearly  of  the  common  densi^^  by  beating  it  from  0  to  2 1 2. 
The  first  column  contaiiu  the  bught  of  the  barometer ;  the 
second  contains  this  hoght  augmented  by  liie  small  column  of 
mercury  in  the  tube  of  the  manometer,  and  therefore  expresses 
the  density  of  the  air  examined;  the  third  contuns  the  total 
expansionof  1000  parts;  and  the  fourth  contains  the  expansion 
for  1 ",  supposing  it  unifons  throughout 
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Table  IV. 


B»r<™. 

Burnt. 

B^ 

89-95 
30-07 
29-48 
J9-90 
29  96 
29-90 
S9-95 
30-07 
29-48 

Mod 

31-52 
SO-77 
29-90 
SO-73 
80-93 
30-55 
30-60 
30-60 
30-00 

483-89 
482-10 
480-74 
485-86 
489-45 
♦7604 
487  55 
+8280 
489-47 

2-2825 
2-27*1 
2-2676 
2-29  IS 
2-30!t1 
2' 2*55 
2'2998 
2-2774 
2-3087 

30-62 

484-21 

2-2840 

Hence  it  appears,  that  the  mean  expansioa  of  1000  parts  of 
air  of  6ie  density  30*62  by  oae  d^ree  of  Fahrenheit's  thenno- 
meter  ia  2-2S4,  or  that  1000  becomes  1002-284, 

If  this  espansion  be  supposed  to  follow  the  same  rate  tbeit 
if^  observed  in  the  comparison  of  the  mercurial  and  air  ther- 
mometer,  we  shall  fiod  that  the  expaiision  of  a  ^ousand  parta 
of  virfor  one  degree  of  heat  at  the  different  iatermediate  tem- 
peratures will  be  as  in  the  following  table^ 

Table  V. 


Te™p. 

TotBl  Eipau- 

for  1  "- 

212 
192 
172 
152 
132 
112 
92 
»£ 
72 
62 
52 
42 
32 
22 
12 
0 

484-2 10 

4*4  01 1 

402-452 

359-503 

315-193 

269-513 

22iJ-0O6 

197-795 

172-671 

147-090 

121-053 

95-929 

71-713 

48-421 

26-038 

2-0099 
2-0080 
2-1475 
2-2155 
2-2840 
2-3754 
2-4.211 
2-3124 
2-5581 
2-6037 
2-5124 
2-4211 
iJ-3297 
2-2383 
2-1698 
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If  we  would  have  a  mean  expansion  for  any  particular  rwage, 
iTs  between  12^and  92"*!  which  is  the  most  likely  to  Comprehend 
all  the  geodsetical  pbsenrationsy  we  need  only  take  the' difference- 
of  the  bulks  26*038  9nd  222*006  =  1^5*968,  and  divide  this  by 
the  interval  of  temperature  80^^  and  we  obtain  2*44^6,  or  2''45 
for  the  m^an  expansion  for  1%  whence  a  complete  table  may 
readily  be  constructed. . 

d04.  Having  thus  stated  the  most  material  circumstancef 

which  are  to  be  taken  into  the  account  in  this  kind  of  admea- 

,4Purement^  and  given  such  tables  as  will  be  useful  in  the  com* 

putation,  we  shdl  proceed  to  exhibit  the  most  approved  preceptt 

and  rules. 

In  order  that  the  observations  may  be  carefully  and  properly 
made,  the'  person  who  undertakes  them  should  be  provided 
with  two  portable  barometers  of  the  best  construction  (both 
filled  with  mercury  of  the  same  specific  gravity),  on  which,  by 
,  means  of  a  nonius  properly  adapted  to  the  scale,  he  may  read  off 
the  height  of  the  mercurial  columns  to  the  200th  part  of  an 
inch :  each  barometer  should  be  fitted  up  with  an  attached  ther- 
mometer, set  in  the  wooden  frame  in  the  same  manner  as  the 
barometer  tube  is.  The  ball  of  each  thermometer  had  be^t  be 
nearly  of  the  same  diameter  as  the  barometer  tube.  Besiik» 
these  he  must  also  bci  provided  with  two  other  thermometers, 
detached  from  the  barometers.  Of  these  barometers,  one  with 
its  attached  and  detached  thermometers  is  to  be  placed  ifi  the 
shade  at  the  top  of  the  eminence  whose  height  is  required, 
while  the  other  remains  below*  'Let  them  continue  in  their 
places  at  least;  a  sufficient  time  for  the  detached  thermometer  to 
acquire  the  temperature  of  the  air,  that  is  to  «ay,  till  the  coi|- 
tained  fluid  is  stationary.  Then  ^le  observer  on  the  eminence 
must  note  down  the  height  of  the  mercurial  column  in  the 
barometer,  as  well  as  the  temperatures  exhibited  by  the  attached 
and  detached  thermometers ;  and  at  the  sametin^e  the  other  ob- 
server must  make  like  observations^  upon  the  instruments  below. 
If,  in  this  manner,  three  or  fonr  sets  of  observations  be  taken  at 
each  station  after  short  intervals  of  time,  and  the  mean  of  the 
results  furnished  by  these  sets  respectively  be  taken  as  the  true 
altitude  (following  one  of  the  subsequent  rules),  the  probability 
of  error  Irill  be  much  diminished.  It  is  also  advisable  to  make 
the  observations  in  serene  weather,  between  11  and  12o'clock« 
For  it  has  been  found  that  the  computed  heights  are  too  small 
when  the  observations  have  been  made  neat  sunrise  or  sunset^ 
or  when  the  wind  blows  fresh  from  the  south;  and  that^  on 
the  contrary,  the  computed  results  are  too  greaty  when  the  ob- 
servations are  made  about  S  o'clock  ill  a  hbt  summer's  day,  or 
during  a  brisk  wind  from  the  north  or  eati*       - 


I 
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In.practice,  however,  it  will  often  be  necessary  to^  cJeviat* 
from  the  preceding  directions,  and  such  deviations  may  be 
pretty  well  guarded  against  misfoke.  In  cases  where  better 
nlstruments  cannot  be  had^  any  well-made  portable  barometer 
so  graduated  as  to  diew  the  true  change  in  the  altitude  of  At 
mercury^  may  afford  such  observations  as  ought  not  to  be 
neglected.  A  small  error  in  the  positiou  of  the  point  from 
whence  the  scale  of  inches  commences,  will  not  sensibly  affeict 
the  result;  for^  that  result  depends  chiefly  (art.  501.)  upon 

log.  —  or  log.  M  — log:  m,  which  will  not  be  much  affected  by 

www 

a  small  and  equal  change  in  m  and  m.  Suppose,  for  example^ 
M  was  29*36  inches,  and  m  27'84  inches,  then  log.  m  —  log.  maa 
230869 ;  but  if  M  were  29*  1 1,  and  m  =  27*59,  each  less  by  a 
quarter  of  an  inch^  we  should  have  log.  m  — log.  m  =:  232905, 
which  would  not  cause  a  difference  in  the  result  of  «nore  than 
1  fathom  in  a  hundred.  And  an  error  of  -^  of  an  idch  in  the 
position  of  the  zero  is  fisir  greater  than  may  be  reasonably  ex* 
pected  to  occur.  If  an  hour  or  more  can  be  allowed  for  the 
mercury  in  the  barometer  to  acquire  the  temperature  of  the  sUr* 
rounding  air,  which  is  shewn  by  the  detached  thermometer, 
^eii  the  attached  thermometer  may  be  dispensed  with.  A 
single  barometer  may  supply  the  place  of  two,  if  the  observa- 
tions can  be  made  first  at  the  base,  then  at  the  summit,  and 
again  at  the  base,  in  a  moderate  space  of  time :  and  if  the  two 
sets  of  observations  at  the  base  correspond  pretty  nearly,  it  may 
be  presumed  that  the  density  of  the  air  below  has  undergone  no 
material  change  during  the  operations.  ~  The  necessary  ob^r- 
vations  being  miade,  the  altitude  of  the  object  at  w^hose  top  and 
bottortai  the  instruments  were  placed,  may  be  ascertained  by  one 
ort>ther  of  the  following  rules. 

I.  Dr.  RoUsofCs  method. 

505.  In  this  method  no  tables  are  required ;  it  vidll  be  suffi- 
ciently exact  for  most  purposes,  and  is  not  difficult  to  rememben 
It  wa9  deduced  from  these  considerations. 

1.  The  height  through  which  we  must  rise  in  order  to  pro- 
duce alny-fall  of  the  mercury  in  the  barometer,  is  inversely  pro- 
portional to  the  density  of  the  air,  that  is,  to  the  height  of  the 
mercury  in  the  barometer. 

fi.  When  the  barometer  stands  at  30  inches,  and  the  air  and 
quicksilver  are  of  the  temperature  Si*,  we  must  rise  through  b7 
feet  to  produce  a  depression  of  1%  of  an  inch* 

3.  But  if  the  air  be  of  a  different  temperature,  this  87  feet 
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must  be  increfised  or  diminuhed  by  about  0*21  of  ^  foo^  for 
every  degree  of  difference  of  the  teoiper^ture  from  32^. 

4.  Every  degree  of  difference  of  th^  temperature^^  of  the 
merciuy  at  the  two  stations  makes  a  change  of  $1*833  feet^  or  2 
feet  10  inches  in  the  elevation. 

Hence  the  following  rule : 

I.  T^ke  the  difference  of  the  l^arometric  heights  in  tenths  ^ 
an  inch.    Call  this  d. 

II.  Multiply  the  difference  d  between  32°  and  the  mean  tem- 
perature of  the  air  by  *2i,  and  take  the  sum.  or  difference  of  tiM» 
product  and  87  feet.  This  is  the  height  through  which  wci  must 
rise  to  cause  the  barometer  to  fall  from  30  ijiches  to  29'9  ^  9x4 
may  be  called  h.   . 

Hi.  Let  m  be  the  mean  between  the  two  barometric  beig^tft: 

Then •  is  the  approximated  elevation  \erf  nearly. 

IV.  Multiply  the  difference  i  of  the  mercurial  temperatures 
by  2*833  feet^  and  add  this  product  to  the  approximated  eleva- 
tion  if  the  upper  barometer  has  been  the  warmest,  otherwise 
subtract  it :  then  will  the  resulting  sum  or  difference  be  the 
corrected  elevation. 

Or,  this  rule  may  be  expressed  by  the  following  formula: 
where  ^2  is  die  difference  between  32^  and  the  mean  temperature 
of  the  air,  d  is  the  difference  of  barometric  heights  in  tenths  of 
an  inch,  m  is  the  mean  barometric  height,  S  the  difference  be- 
tween the  mercurial  temperatures,  and  £  is  the  correct  elevaticMi. 

30(87 ± 0'2li)D     ,   ^     ^  o«o 
£  =  —2^ —  ±$X  2'833. 

For  an  example,  suppose  that  the  mercury  in  the  barometer 
at  the  lower  station  was  at  29*4  inches,  its  temperature  50*  of 
Fahrenheit's  thermometer,  and  the  temperature  of  the  air  45\% 
the  height  of  the  mercury  at  the  upper  station  25*19  inches,  its 
temperature  46%  and  the  temperatiu-e  of  the  air  39^ 

Here  d=294-  251*9=42*1 
il=;87+(10X*21)=;89-l 
i»=  i(29-4+25-19)=27-295 

=  approximate  elevation  =:    •  .  ♦  4113*24  - 

Correction  for  temp,  of  mercury  4 X  2'833=z      ir3} 

Corrected  elevation  in  feet  •  •  .  .  •  4111*91 


1^^^ 


Ditto  in  fathoms  ••••.,.»••     685*32 


^^/••^m 
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II.  M^deLtcc^s  method. 

506. 1.  Subtract  the  logarithm  of  the  barometrical  height  at 
the  upper  station  from  the  logarithm  of  that  at  the  lower,  and 
count  the  index  and  first  four  decimal  figures  of  the  remainder 
as  fathomsy  the  rest  as  a  decimal  fraction.  This  may  be  called 
jthe  elevation. .  . 

II.  Note  the  different  temperatures  of  the  mercury  at  the  two 
stations^  and  the  mean  temperature.  Multiply  the  logarithmic 
expansion  corresponding  to  this  mean  temperature  (is  table  II. 
art.  503.)  by  the  difference  of  the  two  temperatures,  apd  subtract 
the  product  from  the  eleyation  if  the  barometer  has  been  coldest 
at  the  upper  station,  otherwise  add  it.  Tliis  difference^  ot  sum, 
will  be  the  approximated  elevatioii, 

III.  CM^serve  the  difference  of  the  temperatures  of  die  air  at 
the  two  statiohs  by  a  detached  thermometer^  also  the  mean  tem- 
perature, and  its  difference  of  temperature  from  35^.  Multiply 
this  difference  by  the  expansion  of  air  for  the  mean  temperature, 
and  HHiItijJy  the  approximated  elevation  by  1  ±  this  product, 
according  aiB  the  air  is^bove  or  below  S^.  The  last  product  is 
the  correct  elevation  in  fathoms  and  decimals. 

Taking  the  same  example  as  heforey  H»e  have 
9  al  heights.        Teipp.  $  •       MeuQ.    Temp.  Air.    Me^D. 

25-19  46*  ^  39         *^ 

I.     Log.  of  29-4 1-4683473 

Log.  of  25-19 a-401«2S2 

Elevation  in  fatboips 671*191 

U.    Expans.  for4a''(tab.n.)  •     •    '^l^ 
Multiply  by  (50 -46)    .     •    .         4 


1-892 


Approximated  elevation      ....         669*299 
III.    Expans.  of  air  at  42^  . ,  .    00*00238 
Multiply  by  (42- 32)     ...        10 

,    %  0-0238 

Hence  669-299  X  1*0258 =685*228,  the  correct  elevation. 

III.  Sir  George  ShwkhuYgh^ s  method. 

507.  I.  Reduce  &e  baroi^etric  heights  to  what  they  wotild 
beif  they  were  of  the  temperature  32*. 
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II.  The  difFerence  of  the  logarithms  of  the  reduced  berbme^ 
trical  heights  will  give  the  approximate  elevation, 
IIL  Correct  the  approximated  elevation  as  before. 


Same  example, 

I.    Mean  expans.  for  I*  from  tab.  I.  is  0*000111. 

18» X 00001 11  X  294= 0058^ 

Subtract  this  from £9*4 


•« 


IH«  — 


Reduced  barometric  height       ....  ^9'34l 

Expans.  from  tab.  I.  is  0*0001 11. 

14*x0  00011 1  x25*19       .     .     .      •     .  Oi039 

Subtract  from       ........  25*100 

Keduced  barometric  height       .     .    .     •       25*151 

II.  Log.  29*341      . 1*4674149 

Log.  25. 1 51 1-4005553 

Approximated  eleva^on 669*196 

III.  This  multiplied  by  1-02SS  gives  ,  .     .         685*125 
Remark  1.  If  0*000101  be  supposed  the  mean  expansion  of 

mercury  for  I*  as  Sir  George  Shuckburgh  detennines  it,  the  re- 
duction of  the  barometric  heights  will  be  had  sufficientiy  exact  by 
multiplying  the  observed  heights  of  the  mercury  by  the  difFerence 
of  its  temperatures  from  32,  and  cutting  off  four  moref  decimal 
places;  thus  ^29*4  x  -rTroVir  gives  for  the  reduced  height  '29"34T 
and  25*19  X-r^ffs-o  gives  25*155,  and  the  difference  of  their 
logarithms  gives  669*4  fathoms  (or  the  approximated  elevation, 
which  differs  from  the  one  given  above  by  no  more  than  15 
inches. 

Remark  2.  If  0*0024  be  taken  for  the  expansioil  of  air  for 
one  degree,  the  correction  for  this  expansion  will  be  had  by 
multiplying  the  approximated  elevation  by  12,  and  this  product 
by  the  sum  of  (he  differences  of  the  temperatures  from  32^, 
counting  that  difference  as  negative  when  the  temperature  i» 
below  32,  and  cutting  off  four  places;  thus  669*196 x  12 X 
(13  4-07)  X  TT^^o  =  16*061,  which  added  to  669-196  giyes 
685*251,  differing  from  the  former  only  9  inches. 

IV.  Dr.  Hutton*s  method. 

508. 1.  Observe  the  height  of  the  barometer  at  the  bottom  of 
any  heii^ht  or  depth  intended  to  be  measured,  with  the  temperar 
ture  ot  the  quicksilver  by  means  of  a  thermometer  attached  to 
the  baromcte] ,  uud  also  the  temperature  of  the  air  in  the  shade 
|[yy  a  detached  thermometer.  ;  ..... 
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•  II.  Let  the  same  thing  be  done  also  at  the  top  of  the  said 
height  or  depth,  and  at  the  same  time,  or  as  near  the  same  time 
as  may  be.  And  let  those  altitudes  of  barometer  be  reduced  to 
liie  same  temperature^  if  it  be  thought  necessary,  by  correcting 
either  the  one  or  the  other ;  that  is,  augment  the  height  of  the 
mercury  in  the  colder  temperature,  or  diminish  that  in  the 
warmer,  by  its  -^^^  part  for  every  degree  of  difference  of  the 
two.  The  altitudes  of  mercury  so  corrected  being  what  we 
denoted  by  m  and  m,  in  art.  501. 

III.  Take  the  difference  of  the  common  logarithms  of  tha 
two  heights  of  the  barometer,  corrected  as  above  if  necessary, 
cutting  off  three  figures  next  the  right  hand  for  decimals,  the  rest 
being  fathoms  in  whole  numbers. 

IV.  Correct  the  number  last  found  for  the  difference  of  tem- 
peratiu'e  of  the  air;  as  follows:  Take  half  the  sum  of  the  two 
temperatures  for  the  mean  one*;  and  for  every  degree  which  this 
differs  from  the  temperature  31%  tak-e  so  many  times  thC'^y 
part  of  the  fathoms  above  found,  and  add  them  if  the  mean  tem^ 
perature  be  above  31%  but  subtract  them  if  the  mean  tern- 
peratore  be  below  31^;.  atid  the  sum  or  difference  will  be  the 
true  altitude  in  fathoms;  or,  being  multiplied  by  6,  it  will  be 
the  altitude  in  feet.    {Math.  Diet.  art.  Barometer.) 


Thermc 

Detached. 
45 
39 

Same  e, 
^meters. 

Attached. 
50 
46 

idmple. . 

Barometers. 

29*4   lower. 
25*19  upper. 

Mean  42, 

Diff.  4 

\ 

As  ^600 :  4  : :  29-4 :  '0123 
corr.     0 1 23 


».  /I 


Mean  42      m=29-3877     ....     log.  4681656 
Stand.  31      m=25'19        ....  4012282 


IHff.    11 


As  435  :  1 1  :  :  669^^4 :  16*924 

16'924 


The  altitude  sought  is  686-298  fathoms. 

509-  Such  are  the  most  approved  rules  for  the  determination 
of  altitudes  by  the  barometer.  By  a  comparison  of  the  four 
methods  it  will  be  seen  that  no  two  of  the  results  differ  more 
than  a  600th  part;'  so  that  in  point  of  accuracy  we  know  not 
which  should  be  preferred.     In  practice,  perhaps,  the  first  and 
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ibinrth  tnay  be  most  expeditious ;  and,  in  general,  an  trithtnetifcal 
mean  between  the  results  of  these  two  will  not  be  far  from  the 
truth.* 

As  to  the  advantages  of  the  barometric  compared  with  di^ 
geometrical  method  of  measuring  elevatiotis,  we  shall  state 
them  chiefly  in  the  language  of  Mr.  Nicholson,  (Natural  Philo* 
aophy,  vol.  ii.).  First  the  instruments  are  neimer  very  expeft^ 
si^'e,  nor  even  difficult  for  an  ingenious  philosopher  to  make  in 
any  country  where  he  can  procure  quicksilver  and  glass  tubesf 
but  the  geometrical  method  requires  instruments  of  considcditdble 
price,  which  cannot  at  all  be  accurately  constructed  by  the  most 
ingenious  person  who  is  destitute  of  the  tools,  and  unacquainted 
witli  the  artifices  necessary  to  render  them  correct    Secondly^ 

*  Besides  the  abovfc,  which  are  sppfopriateH  to  Endisli  measarM  Mil 
Fahrenheit's  thermometer,  we  tnay  here  exhibit  a  lew  rormoltt  Iniapitadl  i<l 
the  centigrade  thermometer  and  French  measures.  Let  t  and  <  be  tba 
teiidperature  of  the  air,  at  the  lower  ,and  upper  stattoM^  iudicaied  b| 
the  centigrade  thermometer,  h  and  h  the  bights  of  the  inercuij  in 
the  barometer  at  those  stations,  and  m  and  rni  the  tiettiperttture^  of  tht 
fnerctiry  in  the  respective  barometers;  then,  according  lo  Lat<aee»  the 
akitude  a,  in  metres,  of  die  upper  abo\^  the  lower  station*  will  be  v^ 


pressed  by  At=:  18393  (l+^j^^)  log. 


fc+^-" 


5413 
This  reduced  to  English  measures  gives  for  the  altitude  in  (athoms ; 

A  =  10050  (»+4d^)  ^^-  ^x ^  oOoTsCM -«.)  •     [ 

M.  Biot  pYesents  the  following  formula,  comprehending  the  allowance 
for  changes  in  latitude,  and  not  erring  more  than  I  metre  in  1500  :  namely^ 

A » 183§3  ^  1+002837  €08  «x|  |l+  ?^^  P^* T 

And  lastly,  M.  Prony,  in  the  *'  Con  nakssance  ties  Terns  ^wurj'an  ISt^," 
presents  a  very  commodious  expeditious  theorem,  approximating  to  the 
true  result  usually  within  1  in  1200;  viz.  A=K^i  Of  these  three  factors  K 
is  constant,  being  as  15969  metres;  the  multipliers  of  this  namber  aft 
18336,  the  double  modulus,  and  the  constant  part  of  the  term  in  whiel 

log.  ^  is  found  repeated,  the  variable  part  of  that  term  being  here  neglect- 

ed.    The  second  factor  9  =  1+   V^t^   .   And  the  third  j=^^,  where 
^—^  [I +'000 186  (t — /)]•   The  quantity  q  is  the  first  term  of  the  foUow- 


R 


ing  series,  log.  -  =2m  y  (1  +iq'»  +  i^+  ^  +  &c.)  m  being  =-434«9*' 


•o  -      -    <J 


When  the  altitude  exceeds  1000  metres,  the  second  term  of  the  series  inust 
be  taken  into  the  account.  The  demonstration  of  this  formuhi  is  given  at 
p.  3 1 2  of  the  above  cited  volume. 

For  a  simple  practical  rule  by  Sir  H.  C.  Englcfield,  the  readtr  may  con- 
sult Nicholson's  Joarnal,  N^  56,  N.  S. 
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the  baroflDeters  require  no  other  adjustment  than  to  observe  pre- 
Ykousiy  whedier  they  agree^  and^  if  they  do  not  to  allow  for  their 
difference.  The  barometrical  observations  are  likewise  easily 
made;  whereas,  on  the  contrary,  the  previous  acyustment  and 
subsequent  use  of  instruments  for  measuring  angles  require 
i  degree  of  precision  and  skill  not  usually  obtained  without 
practice.  Thirdly,  the  error  of  observation  in*  the  barometrical 
method  for^  elevations  is  nearly  a  constant  quantity,  never 
attiounting  to  so  much  as  half  a  fathom  for  a  mistake  6f  the 
500th  of  an  inch;  but  any  error  either  in  the  measurement 
of  lines  or  ingles  proportionally  affects  the  result;  so  that  the 
Cheater  die  ^evation  required  to  be  measured,  the  larger  the 
^pMotity  of  error.  Fourthly,  the  barometriod  observations 
Inquire  no  particular  circumstances  of  advantage  either  in  the 
figure  or  situation  of  the  mountains,  &c.  to  be  measured, 
ttothiiig  more  being  required  than  that  both  stations  be  ac- 
etssibie.  These  observations,  and  the  computation,  are 
performed  after  the  same  method  in  all  cases;  but,  in  the 
geometrical  method,  if  the  horizontal  distance  of  the  two  stations 
W  considerable,  or  if  there  be  not  a  convenient  plain  for  measur- 
ing a  fundamental  base,  the  operation  becomes  very  complicated, 
and  the  probability  of  error  is  multiplied. 
.  After  all,  it  must  not  be  disguised  that  the  principles  of  die 
geometrical  method  are  established  and  sure,  and  that  an  es- 
trone 4egree  of  exactness  may  often  be  obtained  in  this  way  by 
good  instruments  in  the  hands  of  a  skilful  observer :  whereas 
i3ie  modifications  of  the  atmosphere  with  regard  to  the  effect 
which  exhalations  of  v^K-ious  kinds,  and  the  greater  or  less 
abundance  of  the  electric  matter,  may  have  in  expanding  the 
air  without  changing  its  temperature,  are  not  yet  sufficiently 
known  to  render  the  corrections  altogether  so  perfect  as  might 
be  wished.  These  remain  to  be  ascertained  more  accurately 
by  future  observations :  mean  while  it  should  be  remembered, 
that  the  elevations  determined  by  ihe  barometer  are  most  to  be 
depended  upon  when  the  extreme  temperatures  of  the  column 
of  air  do  not  greatly  differ,  and  when  the  air  is  cold  and  dry. 

Th^  various  circumstances  affecting  the  density  of  the  atmo- 
sphere and  likely  to  occasion  errors  in  barometrical  admeasure- 
ments, such  as  the  expansion  from  various  degrees  of  heat,  the 
change  in  the  relation  between  the  density  and  the  compressing 
force,  the  variation  in  the  force  of  gravity,  the  solution  of 
moisture  in  the  air,  the  diminution  of  the  weight  of  mercury  in 
the  upper  barometer.  Sec.  have  all  been  made  the  subjects  of 
iovestigdtion  in  an  elaborate  paper  by  Mr.  Professor  Flayfair, 
published  in  the  Transactions  of  the  Royal  Society  of  Edin- 
hatf^,  voL  I.  ^ 
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'  M.  Laplace  has  proposed  v^  method  of  combining  the  obser- 
vations oi  the  barometer  with  geographical  measures,  to  deter« 
mine  in  a  more  decisive  manner  the  position  of  different  places. 
This  position^  so  far  as  it  depends  upon  geographical  admea- 
surement, is  shewn  by  the  intersection  of  two  rectangular  co- 
ordinates; one  of  which  exhibits  the  distance  from  the  first 
meridian  or  the  longitude,  and  the  other  the  distance  from  the 
equator,  or  the  latitude.  He  supposes  a  third  co-ordinate  per- 
pendicular to  the  two  preceding  ones>  by  which  may  be  mea^ 
sured  the  vertical  distance  between  the  same  point  of  interseo-r 
lion  and  the  level  of  the  sea.  Thus  he  takes>  for  France,  the 
level  at  Brest,  where  the  mean  height  of  the  barometer  is  very 
nearly  76  centimetres,  or  about  29'92  of  our  standard  inches. 
Then  making  in  each  place  a  great  number  of  barometrical 
observations  during  a  year  or  two,  the  mean  between  all  these 
observations  gives  the  eleVation  of  the  place  proposed  above 
the  level  of  the  sea.  It  is  recommended  to  choose  in  each  re>» 
spective  tract  of  country,  for  the  level  to  which  all  the  observa- 
tions^ are  to  be  referred,  the  mean  height  of  the  nearest  river. 
Such  a  course  of  observations  carefully  made  at  different  places 
with  accurate  barometers,  might  furnish  results  very  interesting 
in  the  topography  of  different  countries.  Much,  in  this  way, 
has  alresidy  been  done  in  various  parts  of  the  continent;  and 
one  of  the  tables  in  the  3d  vol.  of  the  ^'  Trigonometrical  Sur- 
vey of  England  and  Wales,''  furnishes  numerous  important 
results  of  this  kind. 


(     543     )  ^i- 


CHAPTER  III. 


On  the  Motion  of  Air  when  the  Equilibrium  of  Pres* 

sute  is  rem&oed. 

510.  In  the  present  chapter  we  shall  consider  air  (taken  for 
a  representative  of  elastic  fluids  in  general)  as  acted  upon  bj 
gravity  equally  and  in  parallel  directions ;  and  in  a  series  of  pro- 
positions enquire  into  the  circumstances  of  its  passage  from  a 
vessel  into  a  vacuum,  or  from  one  vessel  to  another^  in  which 
the  air  is  of  less  density. 

Prop.  To  determine  with  what  velocity  air  will  rush  into  a 
void  space  when  impelled  by  its  weight  alone. 

This  is  manifestly  analogous  to  the  hydraulic  problem  of 
watei;  flowing  through  ^n  orifice  in  the  bottom  or  side  of  a 
vessel  (art.  439.):  and  the  manner  of  invertigation  there 
adopted  will  imuiediately  apply  to  the  present  instance.  For 
when  the  moving  force,  and  Uie  matter  to  be  moved^  vary  in  the 
same  proportion,  the  velocity  will  continue  the  same ;  that  is, 
sincie  FaBv  (art.  216.)  when  pas,  v  is  constant*  If,  there- 
fore, there  be  similar  vessels  of  air,  water,  oil,  or  any  other  fluid, 
all  of  the  height  of  a  homogeneous  atmosphere  (art.  495.),  they 
will  be  discharged  through  equal  and  similar  holes  with  the  same 
velocity :  for,  m  whatever  proportion  the  quantity  of  mattef 
moving  through  the  hole  be  varied  by  a  change  of  density,  the 
pressure  which  forces  it  out,  acting  in  circumstances  perfectly 
similar,,  variesin  the  same  proportion.  Hence  it  follows,  that 
air  rushes  from  the  atmosphere  into  a  void  with  the  velocity 
which  a  heavy  body  tcould  acquire  by  falling  from  the  top  of  a 
homogeneous  atmosphere. 

Let  us  take,  then,  for  the  height  of  the  homogeneous  atmo- 
sphere H =278 18  feet  (art.  496.);  and  if  weputg=32^  feet,  as 
we  have  heretofore  done,  we  shall  have  vr:v'(2gH)=lS39  feet 
nearly  =8-v/h  nearly,  the  velocity  sought:  no  regard  being  here 
paid  to  the  velocity  which  the  air  acquires  after  its  issuing  into 
the  previous  void  by  its  continual  expansion. 

VOL,  1.  ''  L  L 
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SCHOLIUM. 

511.  The  first  solution  to  this  problem  we  recollect  was 
given  by  Dr.  Papin  in  the  Phil.  Trans.  No.  184.  See  also  the 
New  Abridgment,  part  x.  p.  334.  It  is  deduced  from  this 
proposition,  viz.  that  of  different  liquors  under  the  same  pres- 
sure, those  specifically  lighter  must  acquire  a  greater  celerity, 
and  their  different  velocities  will  be  to  one  another  as  the  roots 
of  the  specific  gravities  of  the  said  liquors.  "  If,  therefore," 
says  Dr.  Papin,  "  we  would  know  what  is  the  velocity  of  air 
when  driven  by  any  degree  of  pressure  whatever,  we  need  only 
find  what  woidd  be  the  velocity  of  water  under  the  same  pres'- 
sure,  and  then  take  the  square  roots  of  the  specific  gravities  of 
these  two  fluids,  because,  as  much  as  the  square  root  of  the 
specific  gravity  of  water  exceeds  the  square  root  of  the  specific 
gravity  of  the  air,  so  much  in  proportion  will  the  velocity  of  the 
air  exceed  that  of  the  water.  For  example,  when  I  would  com- 
pute what  would  be  th^  velocity  of  a  bullet  shot  by  the  pneu- 
matic engine,  described  in  Phil.  Trans.  No.  119, 1  should  first 
compute  what  was  the  velocity  of  the  air  itself  that  drove  the 
bullet :  I  therefore  observe  that  on  this  occasion  the  air  sustains 
a  pressure  much  about  the  same  as  that  of  water  when  its  bead 
is  32  feet' high;  now  such  water  would  spout  out  with  a  suffi- 
cient velocity  to  ascend  32  feet  perpendicular,  and  therefore  it 
has  the  velocity  of  4t5  feet  in  a  second.  It  remains,  therefore, 
only  to  know  the  proportion  of  the  gravity  of  air  to  that  of 
water:  this  we  have  found  not  to  be  always  the  same;  because 
the  height,  the  heat,  and  the  moisture  of  the  atmosphere,  are 
variable ;  yet  we  may  say  in  general,  that  the  ratio  of  the  specific 
gravities  of  vyater  and  air  is  about  840  to  1.  Taking,  then,  their 
square  roots,  which  are  29  and  1,  we  may  conclude  that  the 
velocity  of  air  must  exceed  that  of  water  29  limes;  and  so 
multiplying  45,  the  velocity  of  water,  by  29,  we  shall  find  that 
the  velocity  of  the  air,  driven  by  th^  whole  pressure  of  the 
atmosphere,  is  about  1 305  feet  in  a  second." 

This  number,  as  Dr.  Hutton  remarks,  is  too  small ;  for  the 
mean  pressure  of  the  atmosphere  is  now  known  to  be  about  that 
of  a  column  of  water  of  33 i-  feet,  and  this  will  give  for  its  velocity 
46if  feet,  instead  of  45 ;  which,  multiplied  by  the  2y,  gives 
nearly  1348  feet :  a  determination  which  differs  from  that  in  the 
preceding  article  by  about  its  150th  part. 

512.  Prop.  To  determine  the  velocity  with  which  the  air  of 
the  atmosphere  will  rush  into  a  space  containing  rarer  air. 

Whatever  the  density  of  the  rarer  air  may  be,  its  elasticity, 
which  varies  xis  its  density,  will  balance  a  proportional  part  of 
the  pressure  of  the  atmosphere;  and  it  is  th^  exc^a  of  this  last 
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only  which  is  the  moving  force,  the  matter  to  be  moved  is  the 
same  as  before.  Let  d,  then,  be  the  natural  density  of  the  air, 
and  i  the  density  of  the  air  contained  in  the  vessel  into  which  it 
is  supposed  to  run :  Jet  f  be  the  pressure  of  the  atmosphere, 
and  therefore  equal  to  the  force  which  impels  it  into  a  void, 
and  It  the  force  with  which  this  rarer  air  would  run  into  a  void. 

Then  (art.  491.)  we  have  p^  =  irD,  and  »  =  — .      Also  the 

moving  force  in  the  present  case  is  p  -^  r,  or  p -.     Lastly^ 

tet  v  be  the  velocity  of  air  of  density  d  rushing  into  a  void,  and 
V  the  velocity  with  which  it  will  rush  into  the  rarefied  air  of 
density  J.  Now,  in  this  as  well  as  other  fluids,  the  pressures 
are  as  the  squares  of  the  velocities  of  efflux ;  therefore  (art. 

469.  cor.  2.)  p  :  p : :  v* :  t'%  and  by  reduction  we  find 

z;  =  V  X  A  /  (l y  >  an  expression  for  the  velocity  sought, 

not  considering  the  resistance  which  the  air  of  density  d  will  ex-^ 
perience  from  the  inertia  of  that  in  the  vessel,  which  it  must 
displace  in  its  motion. 

Cor.  1.  Hence,  it  appears  that  there  will  always  be  a  current 
into  the  vessel  while  $  is  less  than  d. 

Cor.  2.  Hence  also,  we  learn  the  gradual  diminution  of  the 
Telocity  as  the  vessel  fills ;  for,  because  B  gradually  increases, 

1 ,  and  consequently  the  value  of  v  continually  diminishes. 

513.  Prop.  To  determine  the  time  t  in  $econds,  in  which  the 
air  of  the  atmosphere  will  flow  into  a  given  vessel  from  its  state 
of  vacuity^  till  the  air  in  the  vessel  has  acquired  any  proposed 
density  i. 

Let  H  be  the  height  in  feet  due  to  the  velocity  y  (art.  244.), 
s  the  solid  content  or  capacity  of  the  vessel  in  cubic  feet,  and  a 
the  urea  or  section  of  the  aperture  in  square  feet,  D  represent- 
ing, as  before,  the  natural  density  of  the  air.  Now,  since  the 
quantity  of  air  to  fill  the  vessel  will  depend  upon  its  density 
and  the  capacity  of  the  vessel  conjointly,  we  may  expresa 
it  by  o^  when  the  air  is  in  its  ordinary  state,  and  by  Ss  when 
it  has  acquired  the  density  t.  To  find  the  rate  at  which 
the  vessel  fills  we  must  take  the  fluxion  of  the  quantity  $s, 

^hieh  will  be  s^^  because  s  is  invariable.  The  velocity  of  in- 
flux at  the  first  instant  is  v  or  \/(2^h)  (art.  510.),  and  when 
the  air  in  the  vessel  has  acquired  the  density  S,  that  is,  at  the 

end  of  the  time  t,  tbe  velocity  is  ^{2gn)  x  x/  (^  "  ^) 

ll2 
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or  \/ O^S^"—^)*    Hence  the  rate  of  influx,  which  may 

be  measured  by  the  indefinitely  small  quantity  of  air  i^hich 
will  enter  during  the  time  t  with  this  velocity,  will  be  denoted 

^y  -/(^gH)  X  \/  ^  X  naizz;  at  \/[2gDH  (d  —  *)].  Mak- 
ing these  two  values  of  the  rate  of  influx  equal,  we  have 
at  -v/[2ffDH  (D  —  »)]  =  sk,  or  /=  -— il — .  X     /  ■  >    Taking 

the  fluents,  we  have  /  =  ^^^^ — r  x  \/(d  —  J)  +  c. 

To  determine  the  constant  quantity  c  we  must  recollect  that 
when  /  =  0,  J  =  0,  and  v'(d  —  i)  =  Vd:  hence  c  =  Vd;  and 
the  correct  fluent  is 

Cob.  When  (  =:  d  the  motion  ceases,  in  which  case  t  be* 
comes  -^^  or  -7;^,  or  ^  nearly,  for  the  time  of  com- 

pletely  filling  the  vessel. 

514.  To  illustrate  this  by  an  example  in  numbers,  let  us 
suppose  the  capacity  of  the  vesset  to  be  8  cubic  feet,  or  nearly 
a  wine  hogshead,  and  that  the  orifice  by  which  the  air  of  the 
ordinary  density  (which  we  shall  make  n  1)  enters,  is  an  inch 
square,  or  ttt  of  a  foot.     Here  4v^h  =  4  \/27S18  =  668,  and 

Q  1  1  'SQ 

/  =  -p^  =  W  =  ^'•''245.     If  the  hole  be  only  riru  of  a 

square  inch,  or  the  side  V?  of  an  inch,  the  time  of  completely 
filling  the  vMsel  will  be  nearly  17)2}  seconds^  or  rather  less  than 
3  minutes. 

If  we  make  the  experiment  with  a  hole  cut  in  a  thin  platc^ 
we  shall  find  the  time  greater  nearly  in  the  ratio  of  62  or  63  to 
100.  As  is  likewise  the  case  with  water  flowing  through  small 
orifices  (art.  458.  517.),  and  for  similar  reasons. 

In  like  manner  we  can  find  the  time  necessary  for  bringing 
the  air  in  the  vessel  to  ^  of  the  ordinary  density.  For  the  only 
variable  part  of  the  correct  fluent  above  is  ^{p  —  J},  which  ia 
this  case  becomes  •(!  — t)  =  v^T=i»  whence v'd—  s/ijxrri) 
n  \.  And  if  tlie  hole  is  a  square,  each  side  being  t?  pf  an  ioclfe 
the  time  is  \  of  172},  that  is,  867  seconds. 

515.  Prop.  Let  the  air  in  the  vessel  abcd  (fig.  4.  pi.  XVUI.) 
he  compressed  by  a  weight  acting  on  the  cover  ad,  which  is  mote' 
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able  down  the  vessel,  to  determine  t/ie  velocity  of  the  air  expelled 
ut  the  aperture  c. 

The  density  d  of  the.  exteraal  air  corresponds  to  its  pressure 

p :  and,  since  the  immediate  effect  of  the  externa]  pressure  is  to 

compress  the  air  in  the  vessel  and  give  it  another  density,  let  the 

•  additional  pressure  on  the  cover  of  the  vessel  be  p,  and  the 

density  of  the  air  in  the  vessel  be  d;  then  shall  %ve  have  p  :  p  + 

p  : :  D.:  4 3  whence  |?  =  p  •  -^.     Now,  because  the  pressure 

which  expels  the  air  is  the  difference  between  the  force  which 
compresses  the  air  in  the  vessel  and  that  which  compresses  the 
external  air,  the  expelling  force  is  p ;  and  because  the  quantities 
of  motion  are  the  forces  which  similarly  produce  them,  we  shall 

have  p  :  p  .-^I-  • :  mv  :  mv,  where  m  and  m  express  the  quan- 
tities of  matter  expelled,  v  the  velocity  with  which^  air  rushes 
uito  a  vacuum,  and  r  the  velocity  required.  But  because  the 
quantities  of  aerial  matter  which  issue  from  the  same  orifice  in 
an  instant  are  as  the  densities  and  velocities  jointly,  we  shall 

-have  MT :  mv : :  dv v  :  dw.  Consequently  p :  p  •  -^^ : :  d v* :  rfv*. 

And  hence  we  deduce  t?  =  v  a  X~z£. 

Cor.  Another  expression  for  the  velocity  may  be  obtained 
without  considering  the  density :  for  since  v  :ip  +p::j^:d, 

tb«efo«  rf=  i^i±£2!,  and  li- D = 2i::ii:i.  -  D = -H^ii^^ii  = 

JP      '  p  p 

-^;  whence -~=  -^  -r-^^^i^rz  --^.    Substituting  ibis 

value  of  — ^  for  it  in  the  final  value  of  v,  it  becomes  t^sv. 

a/ — t^,  which  is  both  a  simple  and  convenient  expression* 

516.  Prop,  To  enquire  into  the'^ect  of  the  eir^s  efastieity, 
when  ascertaining  the  velocity  with  which  the  air  will  issue  from 
a  vessel  into  a  vacuum. 

Let  ABCD  (fig.  4.  pi.  XVIII.)  be  a  vessel  contaming  air  of 
any  density  b.  This  air  is  in  a  state  of  compression,  and  if  the 
cOmpresMOg  force  be  removed  it  will  /expand,  and  its  elasticity 
will  diminish  with  the  density.  Now  its  elasticity  in  any  state 
18  measured  by  t)ie  force  which  keeps  it  in  that  state  (art.  488.^; 
and  the  force  which  keeps  conimouAir  in  its  ordinary  densi^ia 
tiie  pressure  of  the  atmosphere,  whiicb  (art.  485.)  is  at  a  medium 
the  same  with  die  wei^t  of  a  column  of  mercury  29 j.  inches 
Ugh.    JQ^  dierefore,  we  suppose  that  this  air^  instead  of  beii^ 
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confioed  by  Ihe  top  of  the  vesetel,  ie  pressed  down  by  a  move- 
able piston  carrying  a  cylinder  of  mercury  of  the  same  basei 
and  29|  inches  high,  its  elasticity  will  balance  this  pressure  just 
as  it  does  the  pressure  of  the  atmosphere:  and,  since  it  is  a 
fluid  and  propagates  through  every  part  and  in  every  direction 
the  pressure  exerted  on  any  one  part,  it  will  press  on  any  small 
portion  of  the  vessel  by  its  elasticity,  in  the  same  manner  as 
when  loaded  with  this  column.  Hence,  if  this  small  portion 
of  die  vessel  be  removed,  and  a  passage  made  into  the  void,  the 
air  Mrill  begin  to  flow  out  with  the  same  velocity  as  it  woald 
flow  out  when  impelled  by  itsweight  alone,  or  with  the  velocity 
acquired  by  falling  from  the  top  of  the  homogeneous  atmo- 
sphere ;  that  is,  a  velocity  of  1339  feet  nearly  (art.  510.).  But 
as  soon  as  any  air  has  passed  through  the  orifipe,  the  density  of 
that  remaining  in  the  vessel  is  diminished,  and  its  elasticity  is 
diminished,  consequently  the  expelling  force  is  diminished: 
but  the  matter  to  be  moved  }s  diminished  in  the  very  same  pro- 
portion as  the  density,  the  capacity  of  the  vessel  remaining  ui^- 
phansed:  therefore,  since  the  density  and  elasticity  follow  the 
samelaw,  the  quantity  of  matter  moved  will  vary  as  the  movii^ 
force,  and  the  velpejty  will  continue  the  sam^  from  th^  ber 
ginning  to  the  epd  of  the  efflux. 

SCHOLIUM. 

517.  Hence,  since  the  velocity  with  which  the  air  issues  otil 
of  such  a  vessel  is  Comtant,  we  may  readily  compare  the  v^lor- 
city  of  theory  in  art.  510.  with  that  found  by  experiment.  But 
£)ir  this  purpose  we  shall  here  describe  the  siqdple  apparatus  and 
experiments  of  Mr.  Banks,  in  which  a  change  of  density  is 
^voided.  (Banks  on  the  Power  of  Machines,  p.  10.)  4  (%. 
S.  pi,  XVUI.)  is  a  cask  of  known  capacity,  into  the  top  of 
wluch  is  screwed  an  apierture  a  of  9  known  area.  The  tube 
frd,  rfecurve  at  d,  is  soldered  or  screwed  into  the  top  of  the  said 
icask.  The  hole  u  is  stopped,  and  water  poured  into  the  tube  t 
till  it  is  full;  at  which  time  a  quantity  of  water  will  have  passed 
out  of  the  hole  at  d,  and  condensed  the  a^*  in  the  cask  till  its 
spring  is  equal  to  the  weight  of  the  water  in  the  tjyibe. .  At  this 
|ime  a  cock  placed  over  die  tube  T,  sufficiently  large  to  supply 
water  as  fast  as  it  can  descend  into  the  vessel  A,  must  be  ppened 
to  keep  the  tube  constantly  filled :  for  this  purpose  one  person 
inust  attend  it,  and  another  must  open  the  aperture  a,  wiiifiii 
need  only  have  been  closed  by  a  finger,  and  he  must  measure 
Cbe  seconds  from  the  moment  that  the  finger  is  remoT«d  ti)l  tbf 
water  tiies  out  at  the  jet.  Hence,  froiii  knowing  the  fcapaoitj 
of  the  vessel  ^ud  the  af  ea  of  the  jet,  the  Vj^l^^cky  may  he  p^ 


[ 
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tained.  If  the  tube  Td  should  be  continued  nearly  to  tb^^ 
bottom  of  A,  Avhile  a  was  filling  with  water^  the  length  of  the 
compressing  column  would  be  gradually  diminished,  and  of 
consequence  the  pressure  would  be  constantly  changing:  to 
avoid  any  irregularity  this  might  produce^  the  open  end  of  the 
tube  is  as  near  the  top  of  the  cask  as  is  consistent  with  a  free 
passage  for  the  water. 

Experiments,  The  vessel  contained  15lb.  6oz.  of  water; 
from  which  we  find  its  capacity  42.'>*088  cubic  inches.  The 
area  of  the  aperture  a,  through  which  the  air  is  discharged,  is 
•0046  inches. 

-p  J     J  The  altitude  of  t  above  the  cask  30  inches ; 

^'      '   I  Time  of  expelling  the  air  33",  by  several  trials. 

■p    .    Y J    j  The  altitude  of  t  6  feet ; 

^'      '  I  Time  of  expelling  the  air  21*3',  by  several  trials. 

In  the  first  experiment  425*088,  the  capacity  of  the  cask^ 
being  divided  by '0046,  the  area  of  the  hole,  gives  92410*4 
inches,  for  the  length  of  the  stream  driven  out  in  33\    Hence 

■         n  233*3  feet,  the  velocity  per  second. 

From  the  second  experiment  we  deduce,  by  a  similar  process, 
361*6  feet,  for  the  velocity  per  second:  and,  to  shew  the  cor- 
respondence of  this  with  the  first,  say,  as  \/2l  (the  head} 
:2  33*3 : :  \/6  (the  head):  36l'8  feet;  differing  from  the  former 
by  only  a  fifth  of  a  foot. 

To  compare  the  velocity  thus  found  by  experiment  with  that 
assigned  by  theory  (art  510.),  we  may  say  as  v^6  :  361*6  : :  \/33 
(the  height  of  a  column  of  water  equivalent  in  pressure  to  the 
atmosphere) :  345'2  feet,  the  velocity  with  which  the  atmosphere 
would  begin  to  enter  into  a  vacuum.  Making  the  allowance 
spoken  of  in  art  51i«  we  shall  have  1339  x  *6d=z843*57,  agree- 
ing as  nearly  with  the  experimental  result  as  can  reasonably  be 
expected. 

518.  Prop.  To  find  the  quantity  ofnerial  matter  which  will 
be  expelled  from  the  orifice  c  of  the  vessel  abcd  {tg.  4.)  during 
tiny  time  t,  and  the  density  of  the  remaining  air  at  the  end  of 
that  time. 

In^e  element  of  time  t  there  issues  (by  art.  jll  3.)  the  capacity 

of  aira^v^(2^H),  the  velocity  y  being  constant  (art  516.),  and 

CQq94^quently  tbe  qtmntity  of  air  edtV(2gH)n  On  the  other 
hand,  the  quantity  of  air  at  the  beginning  of  the  efflux  was  sd, 
•  b^Dg,  as  before,  the  capacity  of  the  vessel ;  and  when  the  air 
has  acquired  the  density  d,  the  quantity  in  the  vessel  is  sd,  and 
#D— jdis  the  quantity  expelled:  consequently  tbe  quantity  dis- 
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'charged  in  the  elemeat  of  time  tmuBthe  the  fiuxioa  otsD^sdf 
that  is,  -  sd.    Hence  we  have  the  e<|uation  adi  •  (2gH)  =^^^<h 

and/=-  .7'^  ,  =       '    ,   X  -  4'     The  fluent  of  this  is 

tzz  — -^ — •  hyp.  loe.  d.     Now  this  fluent  must  be  so  taken 

that  when  ^=0,  rf=D,  or  hyp.  log.  ^=hyp.  log.  l=i=0.    So 

that  the  correct  fluent  is  ts:^^-^^y  hyp.  log.  |  =  -jj^.  •  ^JV- 

log.  ~,  nearly. 

Cor.  Hence  it  follows  that  the  whole  air  of  a  vessel  situated 
as  in  the  proposition  will  not  flow  out  of  it  into  a  void,  in  any 
finite  time  whatever. 

419.  Prop.  To  determine  the  time  when  the  vessel,  instead  of 
discharging  its  air  into  a  void,  ernitsit  into  air  of  a  less  density, 
that  density  remaining  invariable  during  the  efflux;  as  mayH 
supposed  the  case  when  a  vessel  holding  condensed  air  emits  it 
into  the  surrounding  atmosphere. 

Let  the  initial  density  of  the  air  in  the  vessel  be  i,  and  that  of 
the  atmosphere  d.    Then  it  is  manifest  that  the  expelling  force 

is  p (art.  512.);  and  that  after  the  time  t  it  is  — p. 

O  0  g 

We  have  therefore  ~—  :  — ^^^^: :  mv  :»w :  :l  v* :  rfv* :  whence, 

by  reduction,  we  have  t7=v  a/JSzH^.  From  which  equa- 
tion we  may  learn,  that  when  d^D  the  motion  will  be  at  an 
end ;  and  that  if  ^=d  there  can  be  no  efilux. 

Now,  to  find  the  relation  between  the  time  and  the  density, 
let  H,  as  before,  be  the  height  due  to  the  velocity  v.    Hence 

the  height  due  to  the  velocity  of  efflux  v  must  be  H-^^r^y  and 
the  small  parcel  of  air  which  will  flow  out  in  the  element  pf 
time  t  will  be  adi  kJ  Oig^  /(<<-p)\  ^^j  another  expres- 
sion for  the  same  is,  as  in  the  preceding  article,  —so.  Making 
these  two  values  equal,  we  soon  deduce  the  fluxk>hary  equatbn 

iz=i  Z^^^'"'^?.  X  — =^.  The  fluent  of  Uiis,  so  coriwted 
that'when  ^no,  <2^9,  is 
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f=:  -i  X  A /izL  X  hyp.  log.  (±±^4^1zl^\ 

Cor.  When  d  becomes  rro  the  efflux  is  complete;^  aod  the 
ejcpression  for  the  time  will  then  become 

520.  Piiop.  Let  the  capacities  of  two  ves$ek  coidmning  airs 
of  different  densities  be  a  and  b;  ^  they  communicate  by  a  tube 
whose  section  is  a,  th^e  will  be  a  current  from  the  vessel  con* 
taining  the  denser  air  into  that  containing  the  rarer:  it  is  pro^ 
posed  to  find  an  expression  for  the  time  ofeffbix. 

Let  p  be  the  elastic  force  of  the  air  in  the  vessel  A>  g  its  den- 
sity, and  V  its  velocity ;  d  being  the  density  of  the  air  in  the 
▼essel  whose  capacity  is  b*  After  the  time  t  let  the  density  of 
the  air  in  a  be  q,  its  velocity  v,  the  density  of  the  air  in  b  having 

become  ^.    The  force  expelling  from  A  will  then  be  p—  — 


at  the  first  instant,  and  at  the  end  of  the  time  /  it  will  be 
•2ZL-.     So  that  \j^e  shall  have   y""''*  :  ^"^  t :  gv* :  jz;* ; 

whence  arises  t>=:v*  4 /-2i?Z4.;  and  we  see  that  the  motion 

-will  cease  when  S^q. 

Now  the  capacities  of  the  vessels  being  A  and  b  respectively, 
we  have  for  a  second  equation,  including  the  densities,  aq  + 

bd=aj'+bJ;  from  which  we  find  izz^y^-^^^.    This  value  of 

I  being  substituted  in  the  preceding  value  of  9,  transforms  it  to 

t?  z=  V  •  A  //^°  (?--p)- A(8-g)j.  ^^  equation  which  gives  the  re- 

V  9B(ft-D) 

lation  between  the  velocity  v  and  the  density  q. 

In  order  to  find  the  time  when  the  air  in  a  is  reduced  to  the 
density  q^.  it  will  be  convenient  to  abridge  the  work  by  some 
substitutions  :  thus,  make  q  (b4-a)  =m,  bq  (d+Q)=n,  bu— 

BD=R,  and—  =:m.     Then,  proceeding  as  in  the  propositiooi 

immediately  before  this,  we  obtain  the  fluxionary  equation 

aqt  A/(2gH .  !l(?ZL!!i^  =  flux,  of  (aq  -  Aj)=  -Ay.     This 

give^  ^=  — ^^- r  X  ■  .  .^  ^  '■  . ;  the  fluent  of  which,  so  corrected 

that  t=iO  when  ys^Q^  is  as  below : 
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In  a  manner  not  widely  different  from  some  of  the  propositions 
in  this  chapter  might  various  other  problems  relative  to  the 
pass^e  of  air  frlmi  one  vessel  to  another  be  solved;  but  s«ch 
problems  are  not  of  very  frequent  use  in  the  common  applica* 
tions  of  Pneumatics  to  practice^  and  are  therefore  not  inserted 
here.  Some  particular  eases  are  considered  in  the  article 
Pneumatics.  Encyclo.  Britan,  as  well  as  in  Bossut's  "  Hydro- 
dynamique  part  ii.  ch.  1 1  and  12|  to  which  works  the  student, 
who  wishes  to  investigate  the  subject  further^  is  referred  for 

pther  information^ 


^  t' 
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CHAPTER  !¥• 


On  the  Theory  of  Air  Pumps^  and  Pumps  for  raising 

Water, 


52\,  The  Air-pump  is  a  machine  formed  for  exhausting  ^e 
air  out  of  a  proper  vessel^  and  so  to  make  what  is  called  a 
vacuum:  it  is  one  of  the  most  useful  philosophical  instruments 
whose  operations  depend  upon  the  properties  of  the  air.  By 
the  help  of  this  machine  the  chief  propositions  relative  to  the 
weight  and  elasticity  of  the  air  are  proved  experimentally, 
^1  a  simple  and  satisfactory  manner.  This  machine  is  coa- 
^tructed  in  various  ways,  one  of  the  best  of  which  will  be 
described  in  the  second  volume  of  this  work.  At  present  we 
diall  describe  one  of  a  portable  and  convenient  form;  being 
well  adapted  to  most  of  the  purposes  for  which  air-pumps  are 
employed. 

^FGH  (fig.  1.  pi.  I.  vol.  II.)  is  a  sqiiare  table  of  wood;  A  a 
are  two  strong  barrels  or  tubes  of  brass^  firmly  retained  vi 
their  position  by  the  cross-piece  TT,  which  is  pressed  on  them 
by  screus  oo,  fixed  on  the  tops  of  the  brass  pillars  N,  n. 
These  barrels  communicate  with  a  cavity  in  the  lower  part^D. 
At  the  bottom  within  each  barrel  is  fixed  a  valve,  opening  up- 
wards ;  and  in  each  barrel  a  piston  works,  having  a  valve  like- 
wise openmg  upwards.  The  pistons  are  moved  by  a  cog-wheel 
in  the  piece  tt,  turned  by  the  handle  9,  of  which  wheel  the 
teeth  catch  in  the  racks  of  the  pistons  c,  c.  pq  is  a  circular 
brass  plate,  having  near  its  centre  the  orifice  k  of  a  concealed 
pipe  that  communicates  with  the  cavity :  in  the  piece  d  at  v  i$ 
a  screw  that  closes  the  orifice  of  another  pipe,  for  the  purpose 
of  admitting  the  external  air  when  required,  lm  is  a  glass 
receiver,  out  of  which  the  air  is  to  be  exhausted,  and  which 
h,as  obtained  the  qame  of  receiver^  because  it  receives  or  holds 
th9  subjects  on  which  the  experiments  are  to  be  made.  This 
^^eceiyer  is  pliaced  on  the  plate  pq,  which  is  previously  covered 
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with  a  wet  sheep-skin,  or  smeared  with  wax,  to  prevent  Ae  ai^ 
from  insinuating  under  the  edge  of  the  glass* 

When  the  handle  b  is  turned,  one  of  the  pistons  is  raised,  and 
the  other  depressed;  consequently  a  void  space  is  left  between 
the  raised  piston  and  the  lower  valve  in  the  correspondent 
barrel:  the  air  contained  in  the  receiver  lm  communicating 
with  the  barrel  by  the  orifice  K  immediately  raises  the  lower 
valve  by  its  spring,  and  expands  into  the  void  space;  and  thus 
a  part  of  the  air  in  the  receiver  is  extracted.  The  handle  then, 
being  turned  the  contrary  way,  raises  the  other  piston,  and 
performs  the  same  act  in  its  correspondent  barrel:  while,  in 
the  mean  time,  the  first«menttoned  piston  being  depressed,  the 
air  by  its  spring  closes  the  {ower  valve,  and,  raising  the  valve  in, 
the  piston,  makes  its  escape.  The  motion  of  the  handle  being 
asain  reversed,  the  first  barrel  again  exhausts,  while  the  second 
discharges  the  air  in  its  turn:  and  thus,  during  the  time  the 
pump  is  worked,  one  barrel  exhausts  the  air  from  the  recover, 
while  the  other  discharges  it  through  the  valve  in  its  piston. 
Hence  it  is  evident  that  the  vacuum  in  the  receiver  of  this  air- 
pump  (and  the  same  may  he  said  of  all  others)  can  never  be 
perfect ;  that  is,  the  air  can  never  be  entirely  exhausted :  for 
it  is  the  elasticity  of  the  air  in  the  receiver  that  raises  the  valvci 
and  forces  air  into  the  barrel ;  and  the  barrel  at  each  exsuctioB 
can  only  take  away  a  certain  part  of  the  remaining  air,  which  is 
in  proportion  to  the  quantity  before  the  stroke,  as  the  capacity 
of  the  harrel  to  the  sum  of  the  capacities  of  the  barrel,  receiver, 
and  communicating  pipe. 

52£.  Now,  if  we  suppose  no  vapour  from  moisture,  &c  to 
rise  in  the  receiver,  the  degree  of  exhaustion  after  any  number 
of  strokes  of  the  piston  may  be  determined  by^  knowing  the 
respective  capacities  of  the  barrel  and  of  the  receiver,  iDcluding 
the  pipe  of  communication,  8cc.  For,  as  we  have  seen  abov6 
that  every  stroke  diminishes  the  density  in  a  constant  prcqxMr- 
tion,  namely,  as  much  as  the  whole  content  exceeds  that  of 
the  cylinder  or  barrel ;  the  exhaustion  will  go  on  in  a  geome- 
trical progression,  the  ratio  of  which  is  the  same  as  that  which 
the  sum  of  the  receiver  and  barrel  together  bears  to  that  of  the 
receiver:  and  this  ratio  of  exhaustion  will  be  followed  until 
the  elasticity  of  the  included  air  is  so  far  diminished  by  its  rare- 
hction  as  to  render  it  too  feeble  to  push  up  the  valve  of  the 
piston. 

Let,  then,  the  capacity  of  die  barrel,  receiver,  and  pipe  of 
communication  together  be  expressed  by  6  +  r,  and  that  of  the 
barrel  alone  by  b,  and  let  1  represent  die  primitive  demitj^cif 
the  air  in  the  pump :  so  shall  we  have 
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h  +  r\r  i:  1  :  -j-j-  r::  the  density  after  1  stroke  of  tlie  piston^ 

ft  +  r  :  r  : :  ^  :  tj^t^t^  =  density  after  2  strokes, 

O  +  rxr-.t  rr^  :  TJZ^iT  ==  density  after  3  strokes ; 

and  the  nth  power  of  ) 

the  ratio  ^,  that  is  \lji7f  =  ^'  ^"""^'^  "*^"  »  •*'°''«»' 

From  which  we  may  easily  find  the  density  after  any  number 
of  strokes,  when  the  ratio  of  i  :  r,  and  consequently  that  of  i  +  r 
to  r,  is  given. 

From  the  same  formula,  .       '    =  J,  we  may  also  derive  an- 

otfier  for  finding  the  number  of  strokes  of  the  piston  necessary 
to  rarefy  die  air  a  number  of  times,  or  to  give  it  a  certain  density 
J,  the  primitive  density  being  1.     For  the  above  equation,  ex« 

pressed  logarithmically,  is  »  x  log.  p^  :r  log.  J;  orn  x  (log.r— 

log.  b+r)  =  log.  d :  consequently,  n  =  iog.r-]og!^(fe4.r)  •  ^"  "^^^^ 

expression  d  will  be  a  fraction.  If  the  number  of  times  which 
die  air  is  rarefied  be  expressed  by  n  an  integer,  then  the  loga- 
rithmic equation  will  be  n  =  -; — >.  ^' — ; • 

»  Iog.(6+r)  — log.  r 

A  further  reduction  of  the  same  theorem  will  furnish  us 
with  the  proportion  between  the  capacities  of  the  receiver  and 
the  barrel,  when  the  air  is  rarefied  to  the  fractional  densit}'  d 
by  a  definite  number  n  of  strokes  of  the  piston.     For  since 

.^     .p*  =  rf,  if  we  take  the  nth  root  of  both  members  of  the 
equation  we  shall  have-—-  =  ^rf.  Thus,  if  J  be  equal  .^y^y, 

and  die  number  of  strokes  ^  =  1 1 ;  we  shall  find  -^-  =  log.  \  \ 

M  that  r  :  i  +  r  ;  :  1  :  3,  and  i  :  r  :  :  2  :  1  • 

tfSS.  For  the  numerous  uses  of  the  air-pump  the  reader  may 
coniuk  the  popular  treatises  on  natural  philosophy :  we  shall 
merely  observe  in  this  place,  that  the  specific  gravity  of  air  may 
be  accurately  ascertained  by  means  of  this  machine.  The  me- 
thod is  as  follows :  To  the  neck  of  a  glass  bottle,  made  in  the 
form  of  a  Florence  flask,  adapt  a  cap  an4  valve  opening  out- 
w^s ;  serew  it  on  the  pump,  and  exhaust  it  to  a  know*n  degree, 
which  will  be  shewn  by  the  gauge  attached  to  the  pump  for  that 
purpose :  then,  from  the  weight  of  the  bottle  before  and  after 
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exhaustion,  we  have  the  weight  of  the  exhausted  air ;  and  from 
the  ratio  of  the  height  of  the  mercury  in  the  gauge  to  the 
standard  altitude  we  know  the  proportion  which  the  exhausted 
part  bears  to  the  whole  air  originally  in  the  vessel,  whose 
weight  is  therefore  known.  Subtracting  this  weight  from  the 
weight  of  the  vessel  when  full  of  air,  there  will  remain  the 
weight  of  the  vessel  itself:  fill  it  with  water  and  weigh  it,  and 
subduct  the  weight  of  the  vessel  from  this  weight ;  the  remainder 
18  the  weight  of  a  bulk  of  the  same  magnitude  with  the  air 
which  fills  the  vessel,  and  whose  weight  was  also  previously  as- 
certained* 

Following  this  method,  it  has  been  found  by  a  mean  of  se- 
veral experiments,  that  the  specific  gravity  of  air  is  to  that  of 
water  as  1*222  to  1000,  very  nearly,  when  the  barometer  stands 
at  30  inches,  and  in  the  mean  temperature  of  56°  of  Fahren- 
heit's thermometer.  This  agrees  with  the  result  already  givea 
in  art*  490. 

Pumps  for  raising  Water. 

524*  The  term  Pump  is  generally  applied  to  a  hydraulic  lMb» 
chine  for  raising  water  by  means  of  the  pressure  of  the  atmo- 
sphere. Of  pumps  there  are  a  great  many  different  sorts,  some 
of  the  best  of  which  will  be  described  in  the  second  volume  of 
this  work :  at  present  we  shall  only  speak  of  three  or  four  of  the 
most  common,  and  shall  give  merely  such  a  general  description 
of  their  construction  as  will  enable  the  student  to  understand 
the  principles  on  which  their  operation  depends. 

The  four  kinds  of  pumps  of  which  we  shall  now  treat  are,  die 
Mucking  pumpy  the  lifting  pump,  the  forcing  pump,  and  the 
centrifugal  pump :  of  these  the  first  three  have  some  parts  in 
common,  and  particularly  the  pistons  and  suckers ;  they  wUl 
therefore  be  treated  in  a  rather  connected  way :  the  properties 
of  the  centrifugal  pump  will  be  considered  separately. 

The  piston  is  a  body  abcd  of  circular  base  (figs.  5*  6.  13 > 
pi.  XVill.),  which  may  be  moved  through  the  interior  part  of 
the  tube  or  body  of  the  pump,  filling  it  exactly  as  it  mov^ 
'along.  The  sucker  b  is  moveable  about  a  joint  in  such  a  naan- 
ner  as  either  to  permit  or  to  prevent  the  passage  of  the  wirter, 
according  as  it  presses  upwards  or  downwards.  lu  figs.  5.  6. 
there  are  likewise  suckers  in  the  pistons,  fghk  (figs.  5.  13.) 
is  another  tube  joined  to  the  body  of  the  pump,  aad  is  generally 
called  the  pipe  or  sucking  pipe:  its  lower  extremity  is  im- 
mersed in  the  water,  of  which  we  suppo^  rs  is  the  horizontal 
surface. 

625.  The  sucking  pump  is  represented  in  fig»  5.     La  tlus 
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pump  if  we  suppose  a  power  p  applied  to  the  handle  of  the 
piston  so  as  to  raise  it  from  i  to  c,  the  air  contained  in  the  space 
1>VKHGFC  tends  by  its  spring  to  occupy  the  space  that  thd 
piston  leaves  void:  it  therefore  forces  up  the  valve  e^  and 
enters  into  the  body  of  the  pump^  its  elasticity  diminishing  in 
proportion  as  it  fills  a  greater  space.  Hence  it  will  exert  on 
the  surface  gh  of  the  water  a  less  effort  than  is  made  by  the 
exterior  air  in  its  natural  state  upon  the  surrounding  parts  of  the 
same  surface  kg,  hs  :  and  the  excess  of  pressure  on  the  part 
of  the  exterior  air  will  cause  the  water  to  rise  in  the  pipe  oiC 
to  a  certain  height  hn,  such  that  the  weight  of  the  column 
ON,  together  with  the  spring  of  the  super-incumbent  air,  shall 
just  be  a  counterpoise  to  the  pressure  of  the  exterior  air.  At  that 
time  the  sucker  £  closes  of  itself;  and  if  the  piston  be  lowered, 
the  air  contained  between  the  piston  and  the  base  iv  of  the 
body  of  the  pump  having  its  density  augmented  as  the  piston  is 
lowered,  will  at  length  have  its  density,  and  consequently  its 
elasticity,  greater  than  that  of  the  exterior  air  :  this  difference  of 
elasticity  will  constitute  a  force  which  will  push  the  sucker  i» 
in  the  piston  upwards,  and  some  air  will  escape  till  the  exterior 
and  interior  air  are  reduced  to  the  same  density.  The  sucker  l 
then  falls  again :  and  if  we  again  elevate  the  piston,  the  water 
"will  be  raised  higher  in  fghk,  for  the  same  reason  as  before. 
Thus,  after  a  certain  number  of  strokes  of  the  piston,  the  water 
will  reach  the  body  of  the  pump ;  where,  being  once  entered, 
it  will  be  forced  at  each  stroke  of  the  piston  through  the  spout  x : 
for  the  water  above  the  piston  will  then  press  upon  the  sucker, 
and  keep  it  shut  whilst  the  piston  is  rising ;  so  that  a  cylinder 
of  water  whose  height  is  equal  to  the  stroke  ot  of  the  piston, 
(or  the  vertical  distance  through  which  it  passes)  will  be  raised 
by  each  upward  motion  and  forced  through  the  aperture  x,  pro- 
VKled  it  b  of  an  adequate  magnitude. 

526.  The  lifting  pump  is  represented  in  fig.  6.  pi.  XVIIL  Its 
manner  of  operation  is  this :  The  piston  pcd  is  here  placed  be- 
low the  horizontal  surface  rs  of  the  water,  and  when  it  is 
caused  to  descend  it  produces  a  vacuum  between  the  sucker  b 
(which  is  pushed  down  by  the  external  air)  and  the  base  cd  of 
the  piston.  The  weight  of  the  water,  together  with  that  of  the 
exterior  air  about  r  and  s,  presses  up  the  sucker  l,  and  the 
water  passes  into  the  body  of  the  punip :  and  when  the  water 
ceases  to  enter,  the  weight  of  the  sucker  l  closes  it.  Then,  if 
the  piston  be  raised,  it  raises  all  the  water  above  it,  forces  up  the 
sucker  £,  and  introduces  the  water  into  the  part  ivyx.  When 
the  piston  is  raised  to  its  highest  position,  the  sucker  E  is  made 
to  dose  by  the  super-incumbent  water,  and  retains  the  fluid  there 
by  a  fresh  stroke  of  the  pistou  more  water  is  forced  up- 
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wards  through  the  sucker  s ;  that  which  was  before  in  the 
upper  part  of  the  puii>p  being  expelled  through  a  proper  mfice 
or  spout  in  the  neighbourhood  of  x^  in  order  to  make  way  for 
a  new  supply.  And  so  the  operation  is  continued^  and  water 
delivered  at  every  stroke  of  the  piston. 

527.  The  forcing  pump  unites  in  some  measure  the  proper- 
ties of  the  other  two:  The  piston  abcd  (fig.  13.  pi.  XVIII.) 
which  here  has  no  sucker^  being  elevated,  rarefies  the  air  in  the 
space  DGHvoo,  and  the  water  rises  towards  k  :  the  subsequent 
descent  of  the  piston  forces  some  of  the  air  in  this  space 
through  the  valve  l:  the  next  ascent  of  the  piston  closes  the 
valve  Ly  and  raises  the  water  in  6K  $  and  so  on  till  the  water 
passes  through  the  sucker  b  and  enters  the  space  Divoc.  Then 
the  piston  being  pushed  down  closes  the  sucker  Mf  and  some 
of  the  condensed  air  is  forced  through  the  valve  l.  A  further 
stroke  raises  more  water  into  the  space  niyoc^  and  expels 
more  air  through  l.  At  length  the  water  reaches  l,  and  the 
subsequent  strokes  raise  it  into  the  tube  Momn;  from  whence 
it  is  carried  off  by  a  spout,  as  in  the  other  pumps.  Or,  if  this 
pump  be  closed  at  m/i,  excepting  a  narrower  pipe  j^J,  then  when 
the  water  is  raised  by  the  process  just  described  to' or,^  above 
the  bottom  s  of  the  tube,  the  elastic  force  of  the  compressed 
air  in  the  space  mom  will  compel  the  water  to  issue  from  the 
aperture  p  m  a  continued  stream  or  jet;  thus  forming  an  arti- 
ficial fountain. 

528.  Let  us  now  enquire  into  the  fundamental  properties  of 
these  machines.  By  means  of  the  lifting  pump,  water  may  be 
elevated  to  any  height  we  please,  provided  we  employ  a  sufii- 
cieiit  force.  But  the  estimation  of  this  force  requires  various 
considerations.  We  must  have  regard  to  the  dimensions  of  the 
piston,  the  barrel  of  the  pump,  the  height  to  which  die  water 
is  to  be  raised,  and  the  velocity  with  which  it  is  elevated ;  be« 
sides  the  effects  of  friction,  &c.  At  present,  however^  we  irhall 
not  examine  these  particulars  in  all  their  extent;  but  shall  con- 
fine ourselves  to  one  of  them.  Now  it  is  certain  that  the 
power  necessary  to  raise  the  water  to  any  proposed  height  must 
at  least  be  capable  of  sustaining  in  equilibrio  the  pressure  expe- 
rienced by  the  base  of  the  piston  M'heu  it  is  kept  at  rest,  and  the 
fluid  has  attained  the  required  height.  This  pressure,  then,  we 
proceed  to  estimate. 

In  general  the  power  must  be,  at  least,  capable  of  sustaining 
the  weight  of  a  column  of  water  which  has' for  its  base  that  of 
the  piston,  and  for  its  altitude  the  distance  between  the  surfece 
RS  of  the  water  in  the  reservoir  and  the  upper  surface  xy  of  that 
in  the  pump.  For  when  the  base  do  (fig.  6.)  of  the  piston  is 
below  the  jsurfape  bs  of  the  W«ter  in  the  reservoir^  it  is  manifest 
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that  the  power  has  not  to  sustain  the  pressure  of  the  water  con- 
tained between  rs  and  nc ;  because  that  pressure  is  counterba- 
lanced by  that  of  the  water  surrounding  the  lower  part  of  the 
pumpy  and  which  is  transmitted  by  means  of  the  inferior  orifice 
of  the  pipe.  The  power,  therefore,  has  only  to  sustain  the 
pressure  exerted  upon  the  surface  do  by  the  fluid  comprised  be- 
tween RS  and  XY ;  which  pressure  (art.  386.)  is  equal  to  the 
weight  of  a  column  of  water  whose  base  is  cd  and  altitude  the 
vertical  distance  between  rs  and  xy. 

,  When  the  piston  is  above  r^s',  the  surface  of  the  water  in 
the  reservoir,  then  it  is  evident  the  water  contained  between 
DC  and  rV  does  not  press  the  piston  downwards.  But,  as  in 
that  case  it  can  only  be  sustained  above  R^s''  by  the  pressure  of 
the  air  upon  the  water  surrounding  the  pump,  and  as  this 
pressure  is  only  capable  of  sustaining  in  equilibrium  the  con* 
trary  pressure  of  the  air  upon  the  surface  xy,  it  follows  that 
.the  surface  dc  of  the  piston  is  surcharged  by  a  weight  equiva- 
lent to  the  column  which  has  dc  for  its  base  and  cr'  for  its 
altitude.  And  this  pressure,  joined  to  that  which  is  exerted 
upon  ocj  by  the  super-incumbent  fluid  between  do  and  kx, 
inakes  the  whole  pressure  upon  the  piston,  as  before,  equal  to 
|hat  of  a  column  of  water  whose  base  is  DC,,  and  height  the  dis- 
tance between  xy  and  rV. 

529.  Th^  sucking  pump  requires  in  its  theory  the  aid  of  other 
principles.  To  judge  of  its  effect  a  mere  evaluation  of  the 
power  will  not  suffice :  we  must  enquire  if  under  the  proposed 
^  circumstances  the  water  can  possibly  be  raised  to  the  piston,  and 
^  made  to  pass  through  the  sucker  l  ;  for  in  some  cases  the  water 
^vill  never  pass  a-  certain  altitude,  bow  many  strokes  soever  we 
give  to  the  piston.  To  understand  this,  conceive  that  the  water 
has  been  actually  raised  to  x  (fig.  5.  pi.  XVIII.),  and  that  the 
aituation  of  the  piston  in  the  figure  is  the  lowest  which  can  be 
given  to  it :  and  for  greater  simplicity,  suppose  that  the  pump  is 
of  the  same  internal  diameter  throughout.  It  is  obvious  that  the 
air  comprised  in  the  space  cdtz  is  of  the  same  density  and 
elaiiticity  as  the  exterior  air  (at  least  dropping  the  consideration 
of  the  weight  of  the  sucker  l  and  the  friction  attending  its  mo* 
tion);  for  if  its  spring  were  less  the  water  would  rise  higher 
than  ZT,  and  if  it  were  greater  it  would  raise  the  sucker  l,  and 
mix  with  the  exterior  air  till  both  became  of  the  same  density. 
Suppose  now  that  the  play  of  the  pisto)i,  or  the  distance  through 
/which  it  is  raised  or  lowered  at  each  stroke,  is  do  :  then  when 
the  base  co  is  raised  to  go,  the  air  which  previously  occupied 
the  space  cdtz  will  tend  to  expand  and  fill  the  space  qotz  ; 
and  if  the  water  did  not  rise  would  actually  be  so  expanded. 
Its  elastic  force  would  then  be  less  than  that  of  the  natural  air^ 
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ill  the  ratio  of  cdtz  to  qjtz  (art.  489.)>  or  of  i>T  to  ox.  If, 
therefore,  this  elastic  force,  together  with  the  weight  of  the  co- 
lumn of  water  whose  height  is  zR|  constitute  a  pressure  equal 
to  that  of  the  atmosphere,  or  equal  to  the  weight  of  a  coliunn  of 
water  of  equal  base  and  height  at  a  medium  $3  feet,  there  wiU 
be  an  equilibrium,  and  the  water  will  not  rise  further :  if  l3m 
joint  pressure  is  greater  than  that  of  3S  feet  of  water,  the  water 
cannot  be  retained  so  liigh ;  but  if  it  is  less  than  the  coUiam  of 
SS  feet,  the  water  will  continue  to  rise  io  the  pump. 

550.  From  these  cousideratipiift  wc  may  readily  iavestigate  a 
general  theorem.   ' 

Let  a,  the  altitude  or  vertical  distance  from  the  point  o  to  die 
surface  bs  of  the  water  in  the  reservoir,.  j»=:  op  the  play  of  the 
piston,  and  x  the  distance  ot  :  then  we  have  dt  =  jt  —^  and 
ST  the  height  of  the  point  T  will  be  a  -^  :r.  Since  the  air  cob* 
tained  in  cdtz  has  the  same  density  and  elasticity  as  the  exte* 
rior  air,  ilas  force  may  be  measured  by  a  column  of  water  of  the 
same  base  ZT  and  33  feet  high ;  and  liecause  when  this  air  is 
so  expanded  as  to  fill  the  space  qotz  the  elastie  force  will  be 
less  in  the  ratio  of  ST  to  ot,  we  shall  have  (r^ectii^  the  base 
of  the  column^  i^  equally  affecting  every  part  of  the  process) 
this  latter  force  expressed  by  the  fourth  term  of  this-  propoitioii^ 

X  :  X  *-  p  :  :  33  :  —  (jT  — />).     But  the  force  which  the  water 

comprised  between  zt  and  as  exerts  in  opposition  to  die  ex^ 
terior  pressure  of  the  air,  is  measured  by  the  hei^t  a  —  jr :  cob- 
sequently,  the  elastic  force  of  the  air  in  die  space  QOTZ,  to-, 
gelher  wiih  the  weight  of  the  water  between  zT  and  rs,  will  be 

expressed  by h  a  —  x.     Now  in  order  that  die  water 

may  always  rise,  this  jcMnt  pressure  must  be  less  than  the  weight 
of  a  column  of  water  of  33  feet  by  some  variable  quantitj^ 
which  we  will  call  j^ :  so  that  the  follovruig  equadon  must  always 

obtain,  vii,    ^'^^  +  a— x  =:  33  — y.    The  value  of  x  deduced 

from  diis  equation  is  Mnbigaous,  being  dins  expressed  r 
x=:Ja+^±V^[(|fl  +  Jjry-33p]^ 

Now,  when  the  water  stops  and  does  not  rise  any  furdier, jr 
iranishes,  and  the  equation  becomes  x=:|a  ±  v^  H^-^^^p) ;  of 
which  the  two  values  are  real,  so  long  as  ^a^  is  greater  tfaaui  33^ 
Hence  we  conclude  that  when  one-fmrth  of  the  square  of  the 
grtntest  height  ofthepistom  above  the  surface  ^the  waier  vs  the 
reservoir  is  greater  than  33  times  theplayofthepistom,dkrcmri 
nin^ays  t9i:o  points  in  the  sucking  pump  w^here  the  mater  wuystof 
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aVi  its  motion;  and  the  pump  must  be  reputed  bad  when  the  lowest 
jpoint  to  which  the  piston  can  be  brought  is  found  between 
these  two  points. 

But  if  33j>  be  greater  than  |^a%  the  two  values  ofjr,  when 
y  is  supposed  rr  0^  become  imaginary :  so  that  in  a  pump  so 
constructed  it  is  impossible  that  y  should  vanish ;  that  is,  th^ 
pressure  of  the  exterior  air  always  prevails^  and  the  water  is  not 
arrested  in  its  passage.  Hence  we  conclude,  secondly,  that  in 
order  that  the  sucking  pump  may  hifallibly  produce  its  effect^ 
the  square  of  half  the  greatest  elevation  of  the  piston  above  the 
water  in  the  reservoir  must  always  be  less  than  33  times  the 
play  of  the  piston. 

531.  This  general  rule  may  also  be  easily  deduced  geome- 
trically rhus :  Suppose  the  sucker  or  valve  £  be  placed  at  th^ 
surface  rs  of  the  water  (fig.  5.),  the  tube  to  be  of  uniform  bore^ 
add  Ys  to  be  the  height  of  a  column  of  watet*  whose  pressure  it 
eqtia)  to  that  of  the  atmosphere ;  that  is,  ys  =  33  feet.  Coi^- 
ceive  die  water  raised  by  working  to  n  :  then  the  weight  of  th6 
column  6f  water  sn,  together  with  the  elasticity  of  the  air 
above  it,  exactly  balances  the  pressure  of  the  atmosphere  ys* 
But  the  elasticity  of  the  air  in  the  space  cm,  (qo  being  the 
highest  and  cD  the  lowest  situati^on  of  the  piston,}  is  propor* 

tional  to  ys. ;  and,  consequently,  in  the  case  where  the 

limit  obtains,  and  the  M'ater  rise^  no  further^  it  will  be  ys  :t: 

NS  +  (ys» — ).    Transposing  ns,  we  have  ys  —  ns  (zzny) 

On 
DN 

ON 

—  DN  (  =  do)  :  on  : :  ys  —  yn  (  =  ns)  :  ys  ;  consequently 
i>o*ys  =  oN'Ns.  Hence  we  see,  that  if  so,  the  distance  of 
the  piston  in  its  highest  position  from  the  water,  and  od,  the 
lengtli  of  the  semi-stroke,  or  the  play  of  the  piston,  be  given^ 
there  is  a  certain  determinate  height,  as  sn,  to  which  the 
water  can  be  rabed  by  the  difilbrente  of  the  pressures  of  th^ 
exterior  and  interior  air:  for  ys  is  to  be  considered  as  a  con* 
stant  quantity,  and,  of  course,  when  od  is  ^ven,  on  •  Ns  is 
given  likewise.  To  ensure,  therefore,  the  dehvery  of  water  by 
the  pump,  the  stroke  must  be  such  that  the  rectangle  oD  •  ys 
may  be  greater  than  any  rectangle  that  can  be  made  of  the 
parts  of  so ;  that  is,  greater  Aan  theisquare  of  I  so,  by  a  well* 
knowB  theorem. 

!(ience  we  deduce  a  practical  maxim  of  the  same  import  as 
the  preced|nff^  i«^.  Nd  sucking  pump  can  raise  water  effectualfy 
unless  the  play  of  the  piston  in  feet  be  greater  than  the  square 
of  the  greatest  height  of  the  piston,  divided  by  1 32. 

M  M  2  ^ 


rr  YS •;  whence  on  :  dn  :  :  ys  :  yn  ;  or,  dividendo,  pif 
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532.  Resuming  the  equation  — ^^ — ^  +  fl  -  a:  =  33  —  y, 

and  finding  thence  the  value  of  3^,  we  havey  =  ^.Z^ ?.    Now 

let  AB  (figs.  9.  10.  pL  XVIII.)  represent  the  greatest  height  of 
the  piston  above  the  surface  of  the  water  in  the  reservoir,  and 
AD  the  play  of  the  piston  :  suppose  the  difierent  portions  APof 
the  line  ab  to  represent  the  successive  values  of  x,  and  lay  down 
upon  the  perpendiculars  pm  the  values  of  y  which  correspond 
to  these  assumed  values  of  x :  so  shall  we  have  a  curve  mmo 
(fig.  y.)  which,  while  ^fl*  is  greater  than  33p,  will  cut  AB  in 
two  points  I  and  i\  in  such  manner  that  the  ordinates  pm  will 
lie  on  different  sides  of  AB  :  the  ordinates  which  are  below  ab 
;Shewing  the  positive  values  of  y,  and  those  which  are.  above  ab 
the  negative  values.  We  see,  therefore^  that  so  long  as  ^(f"  is 
greater  than  3Sp  the  pressure  of  the  exterior  air  is  strongest^ 
until  th,e  water  has  attained  the  height  b/.  At  this  point  1'  it 
will  stop  (abstracting  from  the  consideration  of  the  motion  ac- 
quired), because  the  value  ofy  is  =  0.  But  if  the  water  by  the 
motion  it  has  acquired  continues  to  rise  till  it  reaiches  some  point 
between  1'  and  1,  it  will  not  stop  there,  but  will  descend,  if  the 
^mcker  does  not  oppose  its  descending  motion;  because  the  value 
ofy  being  there  negative  indicates  that  the  pressure  of  the  exte- 
rior air  is  weaker  4han  the  united  pressures  of  the  water  and 
the  internal  air.  If  the  water  reach  the  point  i  it  will  stop 
there,  for  the  same  reason  as  it  would  at  the  point  1'' :  but  if 
once  it  gets  above  i,  there  is  then  no  reason  to  fear  that  it  will 
descend ;  for  ati  the  ordinates  pm  between  i  and  a  being 
positive,  shew  that  in  that  portion  of  the  pump  the  pressure  of 
the  external  air  exceeds  the  combined  efforts  of  the  internal  air 
and  water. 

533.  WheUy  on  the  contrary,  the  value  of  | a*  is  less  than 
^hat  of  33|?,  the  curve  (fig.  10.)  will  no  where  intersect  the  axis 
AB ;  all  the  ordinates  are  positive,  and  consequently  the  pres- 
sure of  the  external  air  is  always  the  strongest.  This  confirms 
and  illustrates  what  has  been  laid  down  in  art.  530. 

.  If  the  sucking  pump  were  to  be  placed  so  high  above  the 
usual  surface  of  the  earth  (as  at  the  top  of  a  high  mountain),  or 
so  low  beneath  it  (as  in  a  deep  mine),  that  the  pressure  of  the 
atmosphere  would  be  sensibly  different  from  the  assumed  mean 
pressure  equivalent  to  33  feet  of  water,  we  must  then  in  all  the 
preceding  nivestigation  change  the  co-efficient  33  tothat  wl^ich 
would  express  the  height  in  feet  of  the  corresponding  column  of 
water.  And  these  equivalent  columns  may  always  .be  ascer- 
tained b}'  means  of  the  height  of.  the  mercurial  column  in  the 
barometer:  the  analogy. being  this; — as  29^  inches^  the  mean 
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altitude  of  the  mercurial  column,  to  S3  feet,  the  mean  height  of 
the  column  of  wate/r;  so  is  any  other  mercurial  column  iu 
inches  to  its  corresponding  column  of  water  in  feet. 

534.  In  the  preceding  calculus  the  pump  has  been  supposed 
of  uniform  bore  throughout :  when  this  is  not  the  case  the  so- 
lution is  rendered  somewhat  more  complex,  but  not  difficult. 
To  calculate  the  effort  of  the  internal  air  When  the  water  has 
jaot  reached  the  body  of  the  pump,  haying  ouly  attained  the 
Tieight  HN,  for  example  (fig.  5.),  we  must  use  this  proportion: 
as  the  space  qovnmiq.:  the  space  cdvkmic  ::  33  feet :  a 
fourth  term,  which  being  added  to  the  weight  of  the  column 
of  water  whose  height  is  nji,  ought  ^ain  to  be^qual  to  33  -y, 
as  before.  Besides,  when^he  sucking  pipe  fg  is  of  a  smaller 
iliameter  than  the  body , of  the  pump,  lif  the  conditions  which  We 
bave  before  specified  obtain,  the  pump  cannot  fail  to  produce 
llie  proper  e^ct ;  for  the  air  is  dilated  with  more  facility  in  this 
latter  case  than  when  the  .whoie  is  of  the  same  internal  diameter. 
yf^e  need  only  add  .on  this  point,  that,  if  the  length  of  the 
stroke  iu  a  uniform  pump,  which  is  requisite  to  render  the  ma* 
jchine  effectual,  be  greater  than  can  conveniently  be  made,  it 
may  be  diminished  ^  contracting  the  diameter  of  the  sucking 
pipe  in  the  subdupUcate  ratio  of  the  diminution  of  the  length 
of  the  stroke. 

53<>.  A^  to  the  effort  of  which  the  power  ought  to  be  capable 
to  svstain  the  water  at  a  determinate  height  yh  (fig.  5.),  it  will 
he  measured  according  to  what  we  have  said  respecting  the 
lifting  pump  (art.  528.),  by  the  weight  of  a  ^olunm  of  water 
vvhose  base  is  equal  to  cd,  and  h^ght  that  of  xy  abov;e  rs. 
H^ere,  too,  we  drop  the  consideration  of  friction  and  the  weight 
pf  the  piston. 

536.  The  velocity  of  the  water  flowing  from  the  sucking 
pipe  into  the  barrel  should  be  equal  to  the  velocity  with  which 
the  piston  moves.  For  if  it  be  greater,  less  work  will  be  done 
than  the  pump  is  competent  to  effect ;  and  if  it  be  less,  a  vacuum 
will  be  produced  below  the  piston,  which  will  therefore  be- 
moved  upv^'ards  with  great  difficulty.  If  v  be  the  velocity  of 
the  water  in  the  sucking  pipe,  d  the  diameter  of  that  pipe,  d  the 
dianxeter  of  the  barrel  or  body  of  the  pump,  and  v  the  velocity 

ofthe piston^  then  V — j  will  be  the  velocity  of  the  water  i^ 

the  barrel,  and  we  must  have  vzzy  • — -^  if  the  machine  be  per- 
fect. If  A  be  the  height  of  a  column  of  water  whose  weight  is 
equivalent  to  the  pressure  of  the  atmosphere,  a  the  altitude  of  the 
ivater  in  the  sucking  pipe^  x  any  other  height  to  which  it  ascends 
\fx  /oUowing  the  piston^  g  zz  32^  feet;  then  will  the  movipg 
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force  ec  A— j:*^  the  quantity  of  matter  moved  oe  x,  and,  conae- 
quendy,  the  accelerating  force  oc — .     Hence  we  have  vvzr.g 

hi 

x);  and,  taking  the  fluents^  there  results  v  the  velocity 

* 

ofthe  water  =  \/  [2g  x  (A«hyp.  log.  or  —  t?)  ].     But  when  x,^a^ 
vzz0\  consequently  the  correct  fluent  will  be 

It  may  just  be  added  here,  that  the  measure  we  have  all  along 

S'ven  of  the  external  force  is  only  what  is  necessary  for  ia- 
neing  the  pressure  of  the  water  ki  the  rising  pipe.  But  io 
order  that  the  pump  may  perform  work  it  must  surmount  this 
pressure,  and  cause  the  water  to  issue  at  x  with  such  a  velocity 
tiiat  the  required  quantity  of  water  may  be  delivered  in  a  given 
time.  This  requires  force,  even  although  diere  were  no  op- 
posing pressure ;  which  would  be  the  case  if  the  main  were 
oorizontal.  The  water  fills  it,  but  it  is  at  rest  In  order  thut  a 
gallon,  for  instance,  may  be  delivered  in  a  second,  the  whole 
water  in  the  horizontal  main  must  be  put  in  motion  with  a  cer- 
tain velocit3%  This  requires  force.  We  must  therefore  always 
distinguish  between  the  state  of  equilibrium  and  die  state  of 
actual  working.  It  is  the  equilibrium  only  that  we  have  con^* 
sideredy  and  Ao  more  is  necessary  far  understanding  the  pperar 
tion  of  the  different  species  of  pumps. 

On  the  Centrifugal  Pump* 

537.  The  centrifugal  pump  consists  of  a  vertical  tube,  and  a 
horizontal  arm  of  equal  bore,  or  sometimes  of  two  horizontal 
arms  of  less  bore  than  the  vertical  pipe :  that  of  which  we  shall 
speak  has  only  one  horizontal  arm.  In  fig.  3.  pi.  XT.  KL 
may  represent  the  vertical  tube,  the  end  K  of  which  is  immersed 
in  the  water  of  the  reservoir,  and  li  the  horizontal  arm  com^ 
municating  with  the  former.  There  is  a  conical  valve  at  K 
opening  upwards,  and  one  at  the  end  of  the  horizontal  arm 
opening  outwards.  The  whole  machine  being  filled  with 
water  and  turned  swiftly  round  upon  pivots  at  K  and  l,  the 
arm  li  retaining  its  horizontal  position,  the  wafer  will,  when 
the  motion  is  properly  regulated,  continue  to  be  cUschfirged 
from  the  moveable  extremity  i  of  the  arm  li  in  an  uninter- 
rupted stream. 

In  order  to  investigate  the  most  useful  dieorems  relative  to 
the  operation  of  this  machine,  put  a  =  the  length  of  the  arm 
LI  m  feet,  /  =  the  length  of  the  leg  kl  in  feet,  t  zz  the  time  of 
a  revolution  in  seconds,  g  =  321  feet,  th«  measure  of  the  forpe 
Qf  gravity,  andf  ==  3*141  j(93  the  circumference  of  a  circle  virfapse 
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^aineter  is  ntiity*  Then^  since  the  centrifugal  force  is  as  the 
Telocity  it  generates  in  a  unit  of  time,  we  shall  have  tiie  centri^ 
fogal  force  of  a  particle  x  of  the  fluid  at  the  distance  x  from  l 

^qual  to  X  (-—)  *  -7-r  =  -~— ,  the  fluent  of  which  i«-~—  ^ 

the  centrifugal  motive  force  of  the  column  xi  which  when 

xzza  becomes--^,  for  the  whole  centrifugal  motive  force  of 

the  water  in  the  arm  li.  Now  the  pressure  of  a  column  whose 
length  is  a  will,  cdsi.par.  vary  as  ga ;  hence,  it  will  be  ga :  a : : 

'— jf- :  -^^^  acs  the  length  of  a  column  of  water  whose  pressure 

is  equivalent  to  the  centrifugal  force*    If  from  this  we  deduct 

the  altitude  I  of  the  vertical  leg,  the  remainder  --5 /  will  be 

the  length  of  a  column  whose  action  would  expel  the  water, 
from  the  orifice  i,  with  the  same  force  as  the  whirling  motion 
will  occasion ;  and  die  column  moved  will  be  a  +  /,  which  will 
also  denote  the  space  through  which  the  fluid  is  accelerate^. 
Consequently  the  circumstances  of  the  case  before  us  are  the 

^me  as  if  a  constant  head  of  water  of  the  height  -^ /  im- 
pelled a  column  of  water  horizontaUy  at  the  bottom,  of  the  depAi 

— O  -r  (a  +  /), 

and  die  space  i  is  «  4-  /;  so  that  the  velocity  generated  wiU, 

hy  the  rules  of  dynamics,  be  v = V'i^  =  4/ j^Sg  ("^  - ^)3 

=  8-Q208  a/  \~^  -  '  }•     Or,  if  we  adapt  the  theorem  to 

practical  purposes,  the  co-efficient  8-0208  must  (art.  458.)  be 
multiplied  by  -62  or  'SS,  and  the  equation  will  become  v  = 


5  4/  (""7^3-  -  I  ),  yery  nearly. 


In  this  investigation  we  have  paid  jqo  regard  to  the  rotatory 
motion  of  the  fluid  moleculae  in  the  vertical  tube,  but  have  con- 
sidered it  as  though  it  were  inde$nitely  narrow. 

538.  It  is  manifest  that  /  must  never  exceed  33  feet,  because 
a  greater  column  cannot  be  supported  by  the  pressure  of  the 
atmosphere :  so  that  this  machine  caimot  raise  water  higher 
than  the  common  sucking  pump.  Besides  tjbis,  the  time  of  a 
revolution  of  the  arm  has  limits,  between  which  alone  the  pump 
is  efi*ective,  so  that  the  investigation  must  be  carried  a  littli^ 
/ufthej:,  ^ 
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When  tke  centrifu^  force  is  barely  equal. to  the  weight  to 
be  raised,  the  expression  under'the  radical  vanishes,  and  x;  =0,  or 
tfajB  Wiater  is  stationary  in  the  pump.     In  this  case  we  evidently 

have-7jr'=  /;  irom  whjch  we  find  t-=Liea     I  — =  •78S.S6';^, 

for  the  time  of  a  revolution  in  seconds,  when  no  work  is  done. 

.  If  the  machiue  be  effectual,  the  velocity  of  the  stream  can 
never  exceed  the  velocity  which  a  heavy  body  would  acquire  in 
f^ing  down  die  difference  betweep  33  f^et  ai^d  the  height  of  the 
vertical  leg :  for  a  greater  velocity  than  that  would  cause  a 
vacuity  in  the  machine  whicl^  would  not  be  supplied  by  the 
pressure  of  the  atmosphere.  Now,  by  the  laws  of  falling  bodies, 
the  velocity  acquired  in  falling  through  the  height  33  —  1  is, 
^  [%(33—  /)],  and,  by  what  is  done  above,  the  velocity  of  pfflux 

is     /r--^— /  V     Making  these  values   equal,   we  have 

"^Jjr  — /  =  33  — /.     From  which  we  deduce /=  IT  a  /  ^57  =^ 

•78336^  = -136360. 

If  Z  s  33,  then  will  the  l^t  yalue  of  t  bp  the  sam,e  as  tb^ 
preceding,  and  no  discharge  can  take  place ;  agreeably  to  the 
observations  at  the  beginning  of  this  article.  In  all  other  cases, 
having  found  the  time  of  revolution  when  the  water  is  stationary, 
we  have  only  to  diminish  that  time  in  the  fatio  of  ^  33  to  Ji^ 
and  we  shall  have  the  time  of  revolution  when  the  work  done  is 
th^  greatest  this  pump  will  admit  of. 
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CHAPTER  V. 

^        I 

On  the  Resistance  of  Fluids  to  Bodies  moving  in  them.; 

539*  The  force  ^rith  which  bodies  moving  in  fluid  niedi% 
9S  water,  air,  &c.  are  impeded  and  retarded  in  their  motions,  is 
visually  termed  the  resistance  of  fluids:  and  as  all  our  ma* 
chines  move,  either  in  water  or  in  air,  or  both,  it  becomes  » 
matter  of  importance  in  the  theory  of  mechanics  to. enquire  into 
the  nature  of  this  kind  of  force. 

We  know  by  experience  that  force  must  be  appEed  to  a  body 
in  order  that  it  may  move  through  a  fluid,  such  as  air  or  water; 
and  that  a  body  projected  with  any  velocity  is  gradually  re- 
tarded in  its  motion,  and  generally  brought  to  rest.  The  ana-' 
^ogy  of  nature  makes  us  imagine  that  there  is  a  force  acting  in 
the  opposite  direction,  or  opposing  the  motion ;  and  that  this, 
force  resides  in,  or  is  exert^  by,  the  fluid.  And  the  phenomena 
resemble  those  which  accompany  the  known  resistance  of  active. 
Jbeings,  such  as  animals.  Therefore  we  give  to  this  supposed, 
^rce  the  metaphorical  name  of  resistamcb.  We  also  know 
that  a  fluid  in  motion  will  hurry  a  soi|d  body  along  with  the- 
i^ti-eam,  and  that  it  requires  force  to  maintain  it  in  its  place. 
A  similar  analogy  makes  us  suppose  that  the  fli^id  exerts  force, 
in  ^he  same  manner  as  when  an  active  being  impels  the  body 
jbefore  him  ;  therefore  we  call  this  the  iMpyL3iON  of  a  fluid. 
And  as  piir  knowledge  of  nature  informs  us  that  the  mutual 
actions  of  bodies  are  in  every  case  equal  and  opposite,  and  that 
the  observed  change  of  motion  is  the  only  indication,  charac* 
teristic,  and  measure,  of  the  ghanging  force,  the  forces  are  the 
^ame  (whether  we  call  them  impulsions  or  resistances)  when  the 
relative  motions  are  the  same,  and  therefore  depend  entirely  on 
these  relative  motions.  Ilie  force,  therefore,  whi(^  is  neces- 
sary for  keeping  a  body  immoveable  in  a  stream  of  water,  flow- 
ing with  a  certain  velocity,  is  the  same  with  what  is  required 
for  moving  this  body  with  this  velocity  through  stagnant' 
water. 

A  body  in  motion  appears  to  be  resisted  by  a  stagnant  fluid, 
}^ecause  it  is  a  law  of  mechanical  nature  that  force  must  be 
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employed  in  order  to  put  any  body  in  motion.  Now,  the  body 
cannot  move  forward  without  putting  the  contiguous  fluid  in 
motion,  and  force  must  be  employed  for  producing  this  motion. 
In  like  manner,  a  quiescent  body  is  impelled  by  a  stream  of 
fluid,  because  the  motion  of  the  contiguous  fluid  is  diminished 
by  this  solid  obstacle ;  the  resistance,  therefore,  or  impulse,  no 
way  differs  from  the  ordijiary  communications  of  motion  among 
sohd  bodies,  at  least  in  its  ijature ;  although  it  may  be  far  more 
difiicult  to  reduce  the  various  circumstances  to  accurate  coniF 
putation,  or  to  obtain  all  the  je^uisit^  di^t9  PQ  M^l^clji  to  fopnd 
the  calculus. 

540.  The  resistance  which  a  body  sulSTers  from  the  fluid  me* 
dium  througb  which  it  is  impelled  depends  on  the  velocity, 
Ibrm,  and  magnitade  of  the  body,  and  on  the  iuerl^  and  t^* 
nacity  of  the  fluid.  For  fluids  resist!  the  motton  of  bodies 
through  them,  1.  by  the  inertia  of  their  particles;  2.  by  thieii 
tetiacity,  i.  e.  the  adhesion  of  those  particles :  3.  by  the  frictioQ 
of  the  body  against  the  particles  of  the  fluid.  In  perfect  fluids 
fhe  latter  causes  of  resistance  are  very  inconsiderable,  and  tfierer 
fore  are  not  taken  into  the  account ;  but  the  former  is  always 
very  considerable,  and  obtains  equally  in  the  most  perfect  as  m 
tfie  most  imperfect  fluids.  And  that  the  reristauce  varies  widi 
the  velocity,  shape,  apd  magnitude  of  the  moving  body  is  suffir 
eieatly  obvious. 

We  must  carefully  distinguish  between  resistance  and  retards 
ation :  resistance  is  the  quantity  of  motion,  retardation  the  quan- 
tity of  velocity,  which  is  lost ;  therefore,  the  retardations  are  as 
the  resistances  applied  to  the  quantities  of  matter ;  and  in  flie 
same  body  the  resistance  and  retardation  are  proportional. 

541.  Prop.  To  determine  the  force  of  fluids  in  motion,  or 
the  resistance  of  fluids  against  bodies  moving  in  them. 

1 .  In  fluids  uniformly  tenacious  the  resistance  is  as  the  velot 
City  vdth  which  the  body  moves.  For,  since  the  cohesion  of 
the  particles  of  the  fluid  is  always  the  same  in  the  same  space, 
whatever  be  the  velocity,  the  resistance  from  this  cohesion  will 
be  as  the  space  described  in  a  given  time;  that  is,  as  th^ 
velocity. 

2.  In  a  fluid  whose  particles  move  freely  without  disturbing^ 
each  other's  motions,  and  which  flows  in  behind  as  fast  as  a 
plane  body  moves  forward,  so  that  the  pressure  on  every  part 
of  the  body  is  die  same  as  if  the  body  were  at  rest,  the  resist- 
ance  will  be  as  the  density  of  the  fluid. 

3.  On  the  same  hypothesis  the  resistance  will  be  as  the  square 
of  the  velocity.  For  the  resistance  must  vary  as  the  number  of 
particles  which  strike  the  plane  in  a  given  time^  multiplied  into 
the  force  of  each  against  me  plime;  but  both  the  number  and 
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the  force  is  as  the  velocity,  and  consequendy  the  resigCance  is 
as  the  square  of  the  velocity. 

This  proof  supposes  that  after  the  body  strikes  a  parttcletke 
action  of  that  particle  entirely  ceases :  whereas  the  particlety 
after  they  are  struck,  mnst  necessarily  diverge,  and  act  upon  the 
particles  behind  them ;  thus  causing  some  difference  betweeii 
theory  and  experiment.  This  hypothesis,  however,  on  account 
of  its  simplicity,  is  generally  retained  and  corrected  afterwards 
by  deductions  from  actual  experiments. 

This  ratio  of  the  square  of  the  velocity  may  be  otherwise  de- 
rived, thus. 

It  is  evident  that  the  resistance  to  a  plane,  moving  perpen- 
dicularly through  an  infinite  fluid,  at  rest,  id  equal  to  the  pres- 
«ore  or  force  of  the  fluid  on  the  plane  at  rest,  and  the  flini 
moving  with  the  same  velocity,  and  itk  the  contrary  directioOp 
to  that  of  the  plane  in  the  fomaer  case.  But  the  force  of  the 
fluid  in  motion  must  be  equal  to  the  weight  or  pressure  whidi 
generates  that  motion ;  and  which,  it  is  known,  is  equal  te 
the  weight  or  pressure  of  a  column  of  the  fluid,  whose  base  is 
equal  to  the  plane,  and  its  altitude  equal  to  the  height  through 
which  a  body  must  fall,  by  the  force  of  gravity,  to  acquire 
die  velocity  of  the  fluid :  and  that  altitude  is,  for  the  sake  of 
brevity,  called  the  altitude  due  to  the  velocity.  So  that,  if  m 
denote  the  area  of  the  plane,  v  the  velocity,  and  n  the  specific 
gravity  of  the  fluid ;  then,  the  altitude  due  to  the  velocity  v 

being  ~,  the  whole  resistance,  pr  motive  force  m,  will  be  a  x 

«  X  ^  =  ^ ;  g  being  32|  feet.    And  hence,  aeieris paribus, 

.  the  resistance  is  as  the  square  of  the  velocity. 

4.  If  the  direction  of  the  motion,  instead  of  being  perpemii^ 
cular  to  the  plane,  as  above  supposed,  be  inclined  to  it  m  aoj 
angle,  then  the  resistance  to  the  plane,  in  the  direction  of  the 
motion,  as  assigned  above,  will  be  diminished  in  the  triplicate 
ratio  of  radius  to  the  sine  of  the  angle  of  inclination,  or  in  the 
ratio  of  1  to  s^,  where  s  is  the  sine  of  inclination. 

For  AB  (fig.  7.  pi.  XVIII.)  being  the  direction  of  the  plane, 
and  BD  that  of  the  motion,  abd  the  angle  whose  sine  is  s; 
the  number  of  particles  or  quantity  of  the  fluid  which  strikes 
the  plane  viill  be  dimini^»hed  in  the  ratio  of  1  to  s ;  alid  the 
force  of  each  particle  will  likewise  be  diminished  in  the 
same  ratio :  so  that,  on  both  these  accounts,  the  whole  resist- 
ance viriil  be  diminished  in  the  ratio  of  i  to  «^ ;  that  is,  in  the 
duplicate  ratio  of  radius  to  the  sine  of  abd.  But  further,  it 
muat  be  considered  that  this  whole  resistance  is  exerted  in  the 
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directiou  Bjii  perpendicular  to  the  plane  ;  and  any  force  in  di- 
rection BE  is  to  its  ejQfect.  in  direction  ae  parallel  to  bd  93 
A£  to  BE|  or  as  1  to  s.  Consequently,  on  all  these  accountSi 
the  resistance  in  the  direction  of  the  motion  is  diminished  in  the 
ratio  of  I  to  s'.  And  if  this  be  compared  with  the  result  of  the 
preceding  step,  "we  shall  have  for  the  whole  resistance^  or  the 

motive  force  on  the  plane,  m  zz  — - — . 

5.  If  w  represent  tBe  weight  of  the  body  whose  plane  face 
a  is  resisted  by  the  absolute  force  m,  then  tiie  retarding  force 

/•—"*  —  ^"^'^'^ 

6.  And,  if  the  body  be  a  cylinder  whose  face  or  end  is  ff, 
and  diameter  rf,  or  radius  r,  moving  in  the  direction  of  its 
axis;  then,  because  5  =  Ij  and  a  =r  wr*  =  T*d*,  where  A  = 

,S'1^1593,  the  resisting  force  m  will  be  =  — —  n  ^^^  ;    and 

rae  retardmi;  force  f=  — — =  -^ — • 

7.  This  is  the  value  of  the  resistance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  axis,  or  to  the  direction 
q{  motion.  But  were  its  face  a  conical  surface,  or  an  elliptic 
section,  or  any  other  figure  every  where  equally  inclined  to  the 
axis,  the  sine  of  jinclination  being  s;  then,  the  number  ofpar-^ 
tides  of  the  fluid  striking  the  face  being  still  the  same,  but  the 
force  of  each,  opposed  to  the  direction  of  motion,  diminished 
in  the  duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  re- 

sisting  force  m  would  be  —-^ —  =  — - — . 

O  9 

But  if  the  body  were  terminated  by  an  end  or  face  of  any 
other  form,  as  a  spherical  one,  or  such  lijce,  where  every  part 
of  it  has  a  different  inclination  tq  the  axis ;  then  a  further  io- 
vestigation  becoipes  i|ecessary,  a;5  in  the  following  proposition ^ 

542,  Prop.  To  determine  the  resistance  of  a  fluid  to  any 
body  moving  in  it,  having  a  curved  end,  as  a  sphere,  a  cylinder 
with  a  hemispherical  end,  i^c. 

1.  Let  BEAD  be  a  section  through  the  axis  cA  of  the  solid, 
moving  in  the  direction  of  that  axis.  To  any  point  of  the 
curve  draw  the  tangent  eg,  meeting  the  axis  produced  in 
G :  also  draw  the  perpendicular  ordinates  ef,  ef  indefinitely 
near  to  each  other;  and  draw  ae  parallel  to  co*     Fig*  11. 

pi.  xyiii. 

Putting  CF  =  jr,  EF  =  y,  bb  =i  Z,  s  ="sine  Z.  G  to  radius  1 ; 
then  2ity  is  the  circumference  whose  radius  is  ef,  or  the  cir* 
cumference  described  by  the  point  e,  in  revolvipg  about  the  axis 
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tA ;  and  2vy  x  £e,  or  2ityz,  is  the  fluxion  of  die  surface^  or  it 
is  the  surface  described  by  Ee^  in  the  said  revolution  about  CA; 
which  is  the  quantity  represented  by  a  in  art.  4.  of  the  last  pro- 
blem :  hence  -^  x  ^ityz,  or x  yz  is  the  resistance  on 

that  ring,  or  the  fluxion  of  the  resistance  to  the  body,  whatever 
the  figure  of  it  may  be :  the  fluent  of  which  will  be  the  resist- 
ance required. 

2.  Ill  the  case  of  a  spherical  shape ;  putting  the  radiasr  c A 

or  CB  =  r,  we  have  y  '=.  *^  (P— .r*),s  n  —  =  — .—  ~">  ^°d 
y^  or  £F  X  Ee  =  CE  x  ae  =  rx\  therefore  the  general  fluxion 
•  5'  vz  becomes  —  •  —  -rx  =  — --  •  x^x ;  the  fluent  of 

which^  or  j^  x^,  is  the  resistance  to  the  spherical  surface  ge- 
nerated by  BE.  And  when  x  or  cf  is  =:  r  or  ca,  it  becomes 
for  the  resistance  on  the  whole  hemisphere ;  which  is  also 


equal  to  — ^ — ,  where  d  =s2r  the  diameter. 

3.  But  the  perpendicular  resistance  to  the  circlie  of  the  same 
diameter  d  or  bd,  by  art.  6.  of  the  preceding  problem,  is 

— —  ;  which,  being  double  the  former,  shews  that  the  resisU 

iance  to  the  sphere  is  just  equal  to  half  the  direct  resistance  to  a 
great  circle  of  it,  or  to  a  cylinder  of  the  same  diamettr* 

4.  Since  ^itd^  is  the  magnitude  of  the  globe ;  if  n  denote 
its  density  or  specific  gravity,  its  weight  w  will  be  =  -i^rf'N, 

and  therefore  the  retardive  force/ or  ^=  ^^  •  -;^  =  8~5; 
vrhich  is  also  ^^'-x—  by  art.  243.     Hence  then  --^  =  -- ,  and 

s  =  — .  4^;  which  is  the  space  that  would  be  described  by  the 

globe,  while  its  .whole  motion  is  generated  or  destroyed  by  a 
constant  force  which  is  equal  to  the  force  of  resistance,  if  no 
other  force  acted  on  the  globe  to  continue  its  motion.  And  if 
the  density  of  the  fluid  were  equal  to  that  of  the  globe,  the  re- 
sisting force  is  such,  as,  acting  constantly  on  the  globe  without 
any  other  force,  woula  generate  or  destroy  its  motion  in  de- 
scribing the  space  ^d,  or  ^  of  its  diameter,  by  that  accelerating 
or  retarding  force. 

5.  Hence  the  greatest  velocity  that  a  globe  will  acquire  by 
descending  in  a  fluids  by  means  of  its  relative  lyeight  in  the 
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fluid,  trill  be  found  bj  making  Ike  rnNStkig  force  equal  to  thai 
weij^t.  For,  after  die  velocity  is  arrived  at  such  a  degree 
diat  the  resisting  force  is  equal  to  the  weight  that  jorges  it,  it 
will  increase  no  longer,  and  the  globe  will  afterwards  continue 
to  descend  with  that  velocity  unuonnly.  Now,  N/and  n  being 
the  separate  speciiic  gravities  of  the-globe  and  fioid,  n  -^n  will 
be  the  relative  gravity  of  the  globe  in  the  fluid,  and  therefore 
w^^fitd^  (n  — «)  is  the  weight  by  which  it  is  urged;  also  i»=: 

— jg —  is  the  renstance;  consequently  -j^  =  Jtfd^  (n  —  n) 

when  the  velocity  becomes  uniform :  from  which  equation  i^ 

feund  v= a/^  2g  '^  •  ~/y  for  the  said  uniform  or  greatest 

velocity. 

By  comparing  this  value  of  v  with  those  in  arts.  216  and  243j^ 
it  will  appear  that  the  greatest  velocity  is  equal  to  the  velocity 

wr  ^^4a 

generated  by  the  accelerating  force in  describing  the  space 

^d,  or  equal  to  the  velocity  generated  by  gravity  in  freely  de- 
scribing  the  space  -^^^  •  f^Z. — If  »=  2«,  or  die  specific  gravity 

of  the  globe  be  double  that  of  the  fluid,  then  -^ =  1  =  the 

natural  force  of  gravity;  and  then  the  globe  will  attain  its 
greatest  velocity  in  describing  ^,  or  f  of  its  diameter. — ^It  is 
further  evident,  that  if  the  body  be  very  small  it  will  soon  ac« 
quire  its  greatest  velocity,  whatever  its  density  may  be. 

Exam.  If  a  leaden  ball  of  1  inch  diameter  descend  in 
water,  and  in  air  of  the  same  density  as  at  the  earth's  surface> 
the 'three  specific  gravities  being  as  11^,  and  1,  and  irrJrv 
Then  t;  =  •  (2  •  83^.-3^-  lOi)  =  ^-v/(31  •  193)  =  S;5944  feet 
is  the  greatest  velocity  per  second  the  ball  can  acquire  by  de- 
scending in  water.  And  v  =  \/(4  •  VV  •  t?  •  V  *  *"^!^)  nearly 
=:  ko  ^L±.^  zz  259*82,  is  the  greatest  velocity  it  can  acquire 
in  air. 

But  if  the  globe  were  only  t4v  of  an  inch  diameter,  the 
greatest  velocities  it  could  acquire  would  be  only  tt  of  tbese,. 
namely  AV  of  a  foot  in  water,  and  26  feet  nearly  in  air  ^  and  if 
the  ball  were  still  further  diminished  the  greatest  velocity  would 
also  be  diminished,  and  that  in  the  subduplicate  ratio  of  the 
diameter  of  the  ball. 

SCHOLIUM. 

i»43.  It  appears  from  tlie  third  step  of  the  preceding  article, 
that  the  resistance  to  the  motion  or  a  cylinder  moving  in  the 
durection  of  its  axis  is  double  to  that  of  a  ^be  of  equal  diar 
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meter ;  and^  in  experiments,  ^chen  the  bodiea  move  slow,  this 
will  nearly  hald  in  water,  but  more  accurately  in  air ;  because 
its  particles  move  more  freely  than  those  of  water,  and  XksM 
disturb  each  other's  motions:  but  when  the  motion  is  more 
rapid,  considerable  al^errations  will  occur ;  both  from  the  mvh 
tual  distui'bance  of  the  particles,  and  from  the  fluid  not  flowing 
in  so  fast  behind  as  the  body  moves  forward :  in  the  air^  also,  a 
new  cause  of  aberration  will  arise,  from  the  condensation  of  the 
fluid  before  the  body.  Sir  Isaac  Newton  supposes,  that  in  a 
continuous  non-elastic  fluid,  infinitely  compressed,  the  resist- 
ances  of  a  sphere  and  cylinder  of  equal  diameters  are  equal : 
but  this  appears  to  be  an  error  in  theory  as  well  as  in  fact ;  for 
the  lemma  (Lemma  5.  book  ii.  §  7.  Prmcip.)  on  which  he 
founds  his  inference,  has  been  justly  called  in  question.  When 
the  motion  is  slow  in  water,  the  fluid  may  be  conceived  to  be 
nearly  of  that  nature  which  Newton  supposes;  yet  the  resist- 
ances are  almost  as  cbincident  with  theory  as  when  the  motion 
is  in  air:  thus  M.  Borda  found  the  resistance  of  a  sphere 
moving  in  water  to  be  to  that  of  its  greatest  circle  as  1  to  2*508, 
and  in  air  the  resistances  were  as  1  to  2*45.  The  experiments 
of  Dr.  Hutton  in  9ir  give  the  resistances  as  1  to  2-|,  at  a  mean. 
The  reason  that  experiments  give  the  ratio  of  the  resistances 
greater  than  that  of  2  to  1  seems  to  be  thia;  in  theory  it  is 
supposed  that  the  action  of  every  particle  of  the  fluid  ceases  the 
instant  it  makes  its  impact  on  the^  solid ;  but  this  is  not  actually 
the  case,  as  we  have  before  observed  (art.  541.) :  and  since  the 
particles,  after  impact  on  the  sphere,  slide  along  the  curved  sur^ 
face,  and  hence  escape  with  more  facility  than  along  the  face 
of  the  cylinder,  the  error  will  be  greater  in  the  cylindler ;  that 
is,  the  greater  resistance  will  exceed  theory  more  than  the  less. 
It  is  also  to  be  observed,  that  the  difference  between  the  resist- 
ances of  the  globe  and  cylinder,  in  water,  is  greater  than  in  air ; 
which  is  directly  contrary  to  what  might  be  inferred  from  New- 
ton's reasoning,  which  supposes  them  equal  in  a  continuous 
fluid,  but  in  the  ratio  of  1  to  2  in  a  rare  fluid. 

544.  Lemma.  If  a  given  angle  be  divided  into  two  parts, 
die  product,  or  solid,  contained  under  the  square  of  the  sine 
of  the  one  part  and  the  sine  of  the  other  will  be  a  maximum 
when  the  tangent  of  the  former  is  double  the  tangent  of  the 
latter,  or,  when  the  sine  of  the  difierence  of  flie  parts  is  one- 
third  of  the  sine  of  the  whole  given  angle. 

This  is  a  particular  case  of  Prob.  v.  p.  502,  Simpson^s  FluX'* 
ions ;  and  is  well  known  to  mathematicians. 

545.  Prop.  Suppose  thdt  aplane  ABC(fig.  12.pl.  XVIII.) 
moving  with  a  velocity  and  direction  represented  by  b^,  i$  acted 
upon  by  a  fluid  whose  particles  move  with  a^oelocity  represented 
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bv  BB,  and  in  directions  parallel  to  that  line ;  it  is  proposed  to 
determine  the  angle  of  inclination  ab  t>  so  that  the  effect  6fth 
fluid  may  be  the  greatest  possible. 

Since  a  particle  impinging  on  the  plane  at  b  moves  through 
the  space  db  in  the  time  that  the  plane  itself  would  pass  from 
the  position  abc  to  abc,  it  is  manifest  that  the  distance  De  of 
the  said  particle  from  the  plane  (produced)  at  the  beginning  of 
that  time  will  be  the  measure  of  the  relative  celerity  with  which 
the  particles  of  the  fluid  approach  the  plane  in  a  direction  per- 
pendicular to  it ;  and  consequently  (art.  4'69.)  that  the  force  of 
the  stream  in  that  direction  will  a  D6^  :  whence^  by  the  reso^ 
lution  of  forces,  the  efficacy  in  the  proposed  direction  bh  will 
toc  De*  X  sinABH  oc  pe*  x  sina&H. 

Now  the  angle  Abd  being  given,  as  well  as  the  sides  Brft,  bdJ 
containing  that  angle,  the  remaining  angle  b6d  will  be  known, 
as  well  as  the  side  d6  :  of  consequence,  De  being  the  sine  of  the 
angle  nbe  to  the  given  radius  1^5,  the  effect  De^  X  sin  abu  will 
be  a  maximum,  when  sin^  i>be  x  sin  abn  is  a  maximum ;  that  is 
(by  the  Lemma),  when  sin(DAa  cD  aftn)  =  -fsin  bAd  :  whence 
the  difference  being  given,  the  angles  themselves  will  be  kiiown. 
The  geometrical  construction  is  very  simple :  thus,  having  from 
the  centre  b  with  any  radius  descrroed  the  arc  iwr,  on  rb  (pro- 
duced if  necessary)  let  fall  the  perpendicular  mp ;  take  pq  r: 
^mpy  and  draw  qs  parallel  to  pr,  cutting  tlie  circle  in  s :  theii 
bisect  the  arc  ms  by  the  line  bae,  and  the  thing  required  is  done^ 
For  the  sine  sv  of  sr,  that  is,  of  the  difference  of  the  angles  j)ba, 
aba,  is  ■§.  of  mp,  the  sine  of  the  whole  given  angle  b6b,  as  it 
ought  to  be. 

546.  To  obtain  a  general  theorem  expressed  algebraically, 
Jet  the  velocity  feB  of  the  plane  be  put  >=  v,  and  that  of  the  fluid 
.=  v;  also  let  the  angle  db6  be  called  b  :  and  having  drawn 
BFL  perpendicular  to  the  plane,  or  to  bpe,  put  6f  =^  x,  and  bf 
=  y:  Then,  because  fb  and  fl  are  tangents  of  the  angles  fAb, 
^hxy  to  the  common  radius  6f,  it  follows  (from  the  lemma)  that 
FL=2BF3c2y;  whence,  if  lr  ind  dq  be  perpendicular  to  HQf, 
we  hiave,  by  similar  triangles^  b6  :  bf  :  :  bl  :  br  ;  that  is,  v  \y 

:  :  8y  :  —  =  BR ;  and  consequently  6r  =:  br  —  B6rz  . 

Likewise,  b^  :  Jf  :  :  bl  :  lr  ;  that  is,  i;  :  jt  :  :  3y  :  -^  rs  lb. 
But  DQ  =  V  sin  b,  and  />q  z=  v  cos  b  —  v,  we  have  again,  by  simi- 
Jar  triangles,  dq  :  6q  : :  lr  :  6r,  or  v  sin  b  :  v  cos  b— t?  :  :  — : 

^ r.     Multiplying  the  means  and  extremes  of  this  analogy, 

we  obtam  3//-— r  =:  - — : -^-Sxy. 

^  V  sin  B  '^ 
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Substituting  in  this  equation  for  v*  its  equal  x^  +  y\  com« 
pleting  the  square  and  reducing^  we  at  length  find 

jp  /["  /VCOSB  — «\*"1  3(VC0SB— «) 

~  ^V    L^+^V    vsinB   /  J""         2v^bB      ' 

And  this  equation  manifestly  expresses  the  natural  tangent  of 
the  angle  (bf,  or  the  cotangent  of  the  required  angle  f6h. 

i»47.  Cor.  1.  If  the  giyen  angle  db6  be  a  right  angle  (as 
19  the  case  when  the  wind  strikes  against  the  sails  of  a  wind- 
mill), then  is  sins  =  If  and  cos  b  =::  0,  the  expression  for  the 
tangent  of  &bf  (which  is  here  equal  to  the  angle  of  inclination 

abd)  will  become  A/  \2  +  "4;^)+  g^»  This,  if  v  be  taken 

=  0,  or  the  plane  be  supposed  at  rest,  will  be  barely  =  \^2, 
answering  to  an  angle  of  54^  44^.  But  if  the  velocity  of  the 
plane  be  supposed  ^,  ;^,  -f,  \^  or  •{.,  of  that  of  the  medium  or 
stream,  then  the  angle  abd,  found  from  this  theorem,  will  be 
equal  to  58°  14',  61*^  27',  63''  26',  660  58'  or  34*  19*  respec- 
tively :  so  that  the  greater  the  velocity  of  the  plane,  the  greater 
also  will  be  the  angle  of  inclination. 

Hence  it  appears,  that  the  sails  of  a  windmill,  in  order  that 
the  effect  may  be  the  greatest,  ought  to  be  more  turned  to- 
wards the  wind  in  the  extreme  parts  where  the  motion  is  swift- 
est than  in  the  parts  nearer  to  the  axis  of  motion-;  in  such  a 
mamier  that  the  tangent  of  the  aiile  formed  by  the  direction  of 
the  wind  and  the  sail  may  every-where  be  equal  to  the  expres- 

a/  \9,  +  4^/  +  «7  >  the  velocity  v  being  proportional  to 

the  distance  from  the  axis  of  motion,  and  increasing  till,  at  the 
extremity  of  the  sail,  it  is  sometimes  equal  to  v,  or  even  ex- 
ceeds it. 

-  548.  Cor.  2,  If  the  angle  DBA,  which  die  direction  of  the 
stream  makes  widi  the  plane,  be  given,  instead  of  the  angle  dbu 
orDsfr  ;  it  will  then  appear  that  the  effect  will  in  that  case  be 
a  maximum  when  sin  abh  (the  angle  made  by  the  plane  and 
the  direction  of  its-  motion) :  sin  dba  :  :  ^bd  :  b6. 

For  the  force  in  the  direction  fb  varying  as  De%  its  effect  in 

the  direction  bh  will  a  De*  •  -r  oc  — j— ^     Now  db,  bJ,  and 

the  angle  dbe,  being  given,  de  is  thence  given.  And  it  is  well 
known  (see  Simpson's  Geom.  theor.  17*  of  max.  and  min.)  that 
the  solid  of  the  square  of  one  part  of  a  line  into  the  other  J^art 
is  a  maximum,  when  the  former  part  is  the  double  of4;he  latter. 
Consequently  De  must  be  =  2£e;  so  that  £^,  or  its  equal  bf, 
will  be  j-i>£» 

VOL.  I.  N  N 
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But^  sin  B&F  :  rad. :  :  bf  (s^de)  :  b6j 
and  rad.  :  sin  dba  :  :  bd  :  be, 
whence,  componendo,  sin  Bip  :  sin  DBA  :  :  ^bd  :  b6.' 

549.  Cob.  3.  The  proportion  in  the  preceding  corollary  cao 
only  obtain  when  b6  is  equal  to  or  greater  than  ^de.  For, 
when  b6  is  less  than  yDE^  Ee  (which  is  always  less  than  hb) 
cannot  be  equal  to  tDE  ;  but  will  approach  the  nearest  to  it 
when  BF  coincides  with  b^,  that  is,  when  the  angle  rbu  or  abh 
18  of  90^ ;  and  in  this  case  the  effect  will  be  a  maximum  when 
the  direction  of  the  motion  is  perpendicular  to  the  plane.  If 
the  given  angle  dba  be  a  right  angle  (which  appears  to  be  the 
most  advantageous,  because  then  de  =  db),  it  follows  that 
sin  abh  will  be  to  radius  as  4^  of  the  velocity  of  the  stream  to 
the  velocity  of  the  plane  or  sail.  Hence,  if  the  force  of  the 
wind  be  capable  of  producing  a  degree  of  velocity  in  a  ship 
greater  than  j  of  its  own  velocity  ^  it  is  evident  that  the  ship  nuM 
run  swifter  upon  an  oblique  course  than  when  she  sails  dtreCtfy 
before  the  wind.  If  the  velocity  be  to  that  of  the  wind  as  1  to 
3,  and  the  course  be  109*^  28^,  the  force  of  the  wind  upon  the 
vessel  to  promote  its  motion  will  be  greater  than  the  force  in  a 

direct  course  of  180%  in  the  ratio  of  V32  to  f/^,  or  of  3-1748 

to  3.    Sec  Maclaurin's  Fluxions,  art.  919. 

550.  Prop.  To  determine  the  relations  of  velocity ^  space, 
and  timey  of  a  ball  moving  in  a  fluid,  in  which  it  is  prqjected 
with  a  given  velocity. 

1.  Let  a  =  the  first  velocity  of  projection,  x  the  space  de- 
scribed in  any  time  t,  and  v  the  velocity  then.     Now,  by  step  4, 

art.  542.  the  accelerative  force/ 5=  ^~^ ;  where  N  is  the  den- 
sity of  the  ball,  n  that  of  the  fluid,  and  d  the  diameter.  There- 
fore  the  generd  equation  W^gfs  becomes  w  is  -^-j  Ss ;  and 

hence  ^^  "i^*^"^  —  i#,  putting  b  for-g^jj.  The  correct 
fluent  of  this  is  log.  a '-  log.  Vy  or  log.  —  =  bx.  Or,  putting  c  =: 
2718281828,  the  number  whose  hyp.  log.  is  1,  then  is  -  =:  c% 

and  the  velocity  v  ^  -^^  aC^'. 

2.  The  velocity  v  at  any  time  being  the  c~**'  part  of  the  first 
velocity,  therefore  the  velocity  lost  in  any  tinie  will  be  the 

1  —  C-     part,  or  the  — ^^^  part  of  the  first  velocity. 
Exam*  !•  If  a  globe  be  projected  with  any  velocity  in  a 
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medium  of  the  same  density  with  itself,  and  it  describe  a  space 
equal  to  3^  or  3  of  its  diameters.    Then  x  =:  Sd^  and  b  = 

=r  — ;  therefore  bx  ==  |,  and  the  velocity  lost  is       "" 


ssd      8d »  »' -^ <*«      ' 

^|:rg->  or  nearly  4  of  the  projectile  velocity. 

Exam.  2.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  a  velocity  of  1200  feet  per  second;  to  find  the 
velocity  lost  after  moving  through  any  space,  as  suppose  500 
feet  of  air :  we  should  have  {2  =  ^  :=  |-y  a  =  1 200,  x  =  500,  n  = 

7i,  n  =  -0012 ;  and  therefore  bx  =  ^^  =  ^J^j  =  ^ , 
and  V  =  --—  =  998  feel  per  second;  having  lost  202  feet,  or 

nearly  ^  of  its  first  velocity. 

Exam.  3.  If  the  earth  revolved  about  the  sun,  in  a  medium 
as  dense  as  the  atmosphere  near  the  earth's  surface ;  and  it 
were  required  to  find  the  quantity  of  motion  lost  in  a  year. 
Then,  since  the  earth's  mean  density  is  about  4},  and  its 
distance  from  the  sun  12000  of  its  diameters,  we  have  24000 

X  3*1416  =  75398  diameters  z:  x,  and  *^  =  "Vloo5oT"  ^ 
7*5398  ;  hence  ^  "  ==  tttt  parts  are  lost  of  the  first  motion 
in  the  space  of  a  year,  and  only  the  tttt  psu't  xemains* 

3.  To  find  the  time  f  ^  we  have^  =  i  =  i  =;  ^— ^.  Now,  td 
find  the  fluent  of  this,  put ;:  =  c**  ;  then  is  bx  =  log.  z,  and 


6-*  =-7-;  Of  *  ■=  gr ;  consequently  t  or  -j-  =  —  =  ^;  and 
hence  ^  =  -^  =  -^^  But  as  t  and  x  vanish  together,  and 
when  a:  =:  0,  the  quantity  —  is  =:  — ;  therefore,  by  correc- 

tion,^=-;5-  =V-6^=t(t-t)  the  time  sought; 
where  b  =  -^^  and  -r;  =  -1.  the  velocity. 

551.  Prop.  To  determine  the  relations  of  space,  time,  and 
velocity,  when  a  gloke  descends,  by  its  own  weight,  in  an  infi- 
niteftuid. 

The  foregoing  notation  remaining,  viz.  d  =  diameter,  n  and 
n  the  density  of  the  ball  and  fluid,  and  v,  s,  t,  the  velocity, 
«pace,  and  time,  in  motion ;  we  have  {^d^  ==  the  magnitude  of 
jihe  ball,  and  i^d'  (n  — n)  =  its  weight  in  the  fluid,  also  m  = 

nn2 
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^2^  =  its  resistance  from  the  fluid;  consequently  itd^  (»--») 
^  ojm^  .^  ^j^^  motive  force  by  which  the  ball  is  urged ;  which 
bemg  divided  by  ^imd^,  the  quantity  of  matter  moved,  gives/ss 
I  —  -^5 —  -T — T  for  the  accelerative  force. 

9.  Hence  vp  =  g/i,  and  «  =  -^  = ^'^   ^"*  =  -j-    X 

^r;?'  putting  6  =;:  — ,  and^  5:  ^:^s^^y  otab^g  nearly^ 

the  fluent  of  which  is  5  =  —•  x  log.  of  -~5->  an  expression  ftv 

the  space  s,  in  terms  of  the  velocity  v^  when  5  and  v  begin  to* 
gether. 

3.  To  determine  v  in  terms  of  s^  pat  €  =  2*7 1 S28 1 828 ;  then, 

since  the  log.  of  -^  :^  265,  therefore  ^-^  ^  c**,  or  -^-^^r—  r; 

c"**;  and  hence  «;  «=  ^^(a— nc"*'),  the  velocity  sought* 

4.  The  greatest  velocity  is  to  be  founds  as  in  step.  5  of  art. 

542.  by  making/  or  1  —  •<-  —  r-^  =  0,  which  pvcn  v  ae 

\/\g '  8rf  •  -j^j  n  ^a.    The  same  value  is  also  obtained  by 

making  the  fluxion  of  v^,  or  of  a-^ac^^',  ^  0.  And  the  same' 
value  of  t*  is  obtained  by  making  s  infinite,  for  then  c~^  2=  0, 
But  ihis  velocity  i/a  cannot  be  attained  in  any  finite  time,  and 
it  only  denotes  the  velocity  to  which  the  geueral  value  of  v  or 
^(a'-ac^^*)  continually  approaches.  It  is  evident,  however, 
that  it  will  approximate  towards  it  the  faster,  the  greater  b  is, 
or. the  less  a  is;  and  that,  the  diameters  being  very  small,  the 
bodies  descend  by  nearly  uniform  velocities,  which  are  directly 
in  the  subdiiplicate  ratio  of  the  diameters. 

5.  To  find  the  time  t :  we  have  /  :;=  -= 4  /l  X  -r--i — ^v 
Then,  to  find  the  fluent  of  this  fluxion,  put  z  =  ^(1  —  c^^s* 

r-^ ,  or  ?*  ??  1  '^  c"**;  hence  zi  =  bsc"^,  and  s  =  "JJ^iSt  =T* 

^         1        * 
•r^T^ ;  consequently  t  ;=?  -^  f  ^-3^,  and  therefore  the  fluent  is 

log,  I  ^^^,  which  is  the  general  expression  for  the  tim^ 
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Note.  If  the  globe  be  so  light  as  to  ascend  in  the  fluid,  it  is 
only  necessary  to  change  the  signs  of  the  first  two  terms  in  the 
value  of j^  or  the  accelerating  force,  by  which  it  becomes  y== 

•J-  —  1  —  j—^ ;  and  then  to  proceed  in  all  respects  as  before. 

For  more  examples,  see  Dr.  HuttorCs  Select  Exercises} 
whence  several  articles  in  this  chapter  were  taken. 


l!1ie  theory  of  the  resistance  of  fluids  when  cotisidered  in  its 
Utmost  extent,  is  very  intricate  and  perplexing.  Besidei^  the 
propositions  oti  this  subject  in  Hewtorfs  Prmcipia^  lib.  2,  the 
reader  may  be  referred  to  the  theory  of  John  Bernoulli  in  his 
Dissertation  on  the  Communication  of  Motion,  and  that  of 
M •  lyAlemherf  in  his  Hydrodynamica^  The  latter  theory  is 
genuine  and  unexceptionable,  but  extremely  intricate,  requirii^ 
a  minute  acquaintance  with  tlie  most  abstruse  analysis  f  and  it 
furnishes  only  one  netr  proposition  diat  is  of  any  pracdcal  utility. 
The  theory  of  M.  Georges  Juan  in  his  E^amen  Maritime,  and 
that  of  M.  La  Grange,  a  Aetch  of  which  may  be  seen  in  Prongs 
Architecture  Hydraulique,  include  all  the  considerations  that 
ought  to  be  comjprised  in  such  discussions :  but  they  preset 
nuoM^rous  difficulties  inseparable  from  the  analysb  itsdf^  and 
fumisb  but  few  practical  results. 


<  *8Bo  y. 


CHAPTER  VI. 


Experiments  on  the  Resistance  of  Fluids. 

552.  In  the  preceding  chapter  we  have  given  some  of  the 
.  most  useful  propositions  in  the  ordinary  theory  of  the  resistance 

of  fluids,,  and  have  referred,  to  the  works  of  other  authors  in 
.M'hich  more  rigorous  theories  are  exhibited.  But  m  all  theories 
respecting  the  motions  and  actions  of  fluids,  there  are  assun^p- 
tions  which  depend  on  the  judgment  of  the  investigator;  so  that 
it  is  always  proper  to  put  every  such  theory  to  the  test  of  expe- 
riments. If  It  be  highly  desirable  that  these  branches  of  science 
be.  reduced  to  rules  capable  of  being  employed  in  prjactice  with 
certainty,^  imd  if,  as  is  our  opinion,  this  can  never  be  completely 
attained  by  theory  alone,  it  becomes  a  matter  of  great  import- 
ance to  subject  these  points  to  an  extensive  and  varied  series  of 
experiments;  to  discuss  these  experiments  with  care,  and  to 
compare  them  with  the  theory  adopted,  in  order  to  discover 
where  it  is  deficient,  and  to  supply  tne  deficiencies.  A  multi- 
plicity of  facts  attentively  analysed,  and  reduced  as  far  as  possible 
to  general  laws,  may  correct  the  results  of  theory,  or  compose 
of  themselves  the  outlines  of  a  kind  of  theory  which  may  be 
readily  adapted  to  the  usual  occasions  of  practice.  Under  these 
impressions  we  have  already  stated  the  results  of  experiments 
on  the  effluence  of  fluids,  and  the  motion  of  water  wheels  (chaps. 
a,  and  4,  book  IV.);  and  shall  now  exhibit  the  most  curious  and 
important  results  which  have  been  deduced  from  experiments 
on  the  resistance  of  fluids. 

553.  Experiments  on  this  subject  are  by  no  means  numerous; 
at  least  such  as  can  be  depended  on  for  the  foundation  of  any 
practical  application.  The  first  that  have  this  character  are 
those  published  by  Mr.  Robins  in  1 742,in  his  treatise  on  gunnery. 
TTiey  were  repeated  with  some  additions  by  the  Chevalier  Bord^ 
and  some  account  of  them  published  in  the  Memoirs  of  the 
Academy  of  Sciences  in  1763.  In  the  Philosophical  Transac- 
tions of  the  Royal  Society  of  London,  vol.  Ixxiii.  there  are  some 
experiments  of  the  same  kind  on  a  larger  scale  by  Mr.  Edge- 
worth. 
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In  all  these  experiments  the  resistances  were  found  to  be  very 
nearly  in  the  proportion  of  the  squares  of  the  velocities;  but  they 
were  found  considerably  greater  than  the  weight  of  the  colunm 
of  air  whose  height  would  produce  the  velocity  in  a  falling  body. 
Mr.  Robins's  experiments  on  a  square  of  16  inches^  describing 
£5*2  feet  per  second,  indicate  the  resistance  to  be  to  this  weight 
nearly  as  4  to  3.  Borda's  experiments  upon  the  same  surface^ 
state  the  disproportion  to  be  still  greater. 

The  resistances  are  found  not  to  be  in  the  proportion  of  the 
surfaces,  but  increase  considerably  faster.  Surfaces  of  9,  16, 36, 
and  81  inches,  moving  with  one  velocity,  had  resistances  in  the 
proportion  of  9,  17J,  42J,  and  104^. 

Now  as  this  deviation  from  the  proportion  of  the  stufaces  in* 
creases  with  great  regularity,  it  is  most  probable  that  it  continues 
to  increase  in  surfaces  of  still  greater  extent;  and  these  are  the 
most  generally  to  be  met  with  in  practice  in  the  action  of  wind  on 
ships  and  mills. 

Borda's  experiments  on  81  inches  shew  that  the  impulse  of 
wind  moving  one  foot  per  second,  b  about  ^^  of  a  pound  on  a 
square  foot*.  Therefore,  to  find  the  impulse  on  a  foot  corre- 
sponding to  any  velocity,  divide  the  square  of  the  velocity  by  500, 
aad  we  obtain  the  impulse  in  pounds.  Mr.  Rouse  of  Leicester- 
shire made  many  experiments,  which  are  mentioned  with  great 
approbation  by  Mr.  Smeaton.  His  great  sagacity  and  experi- 
ence in  the  erection  of  windmills  oblige  us  to  pay  a  considerable 
deference  to  his  judgment  These  experiments  confirm  our 
opinion,  that  the  impulses  increase  faster  than  the  surfaces. 
'The  following  table  was  calculated  from  Mr.  Rouse's  observa- 
tions^ and  may  be  considered  as  pretty  near  the  truth. 

Velocity  in  Fi.  Impulse  on  a  FL  in  Pounds. 


0 

0-OOQ 

10 

0-129 

20 

0-915 

SO 

2'059 

40 

3-660 

50 

5-718 

60 

8-234 

70 

1 1-207 

80 

14*638 

90 

18-526 

100 

22-87i2 

110 

27-675 

120 

32*926 

130 

38*654 

140 

44*830 

150 

51*462 
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If  we  multiply  the  square  of  the  velocity  in  feet  by  16,  the 
product  will  be  the  impulse  or  resistance  on  a  square  foot  in 
grains^  accordii^  to  Mr.  Rouse's  numbers. 

5S4.  The  greatest  deviation  from  the  theory  occurs  in  the 
oblique  impulses.  Mr.  Robins^  compared  the  resistance  of  a 
wedge,  whose  angle  was  90°,  with  the  resistance  of  its  base, 
and  instead  of  finding  it  less  in  the  proportion  of  V  2  to  1,  as 
determined  by  the  theory,  he  found  it  greater  in  the  proportion 
of  55  to  68  nearly ;  and  when  he  formed  the  body  into  a  pyramid, 
of  which  the  sides  had  the  same  surface  and  the  same  indination 
as  the  sides  of  the  wedge,  the  resistance  of  the  base  and  face 
were  now  as  55  to  39  nearly :  so  that  here  the  same  surface  widi 
the  same  inclination  had  its  resistance  reduced  from  6S  to  39 
by  being  put  into  thb  form.  Similar  deviations  occur  in  the 
experiments  of  the  jChevalier  Borda ;  and  it  may  be  collected 
from  both,  that  the  resistances  diminish  more  nearly  in  the  pro- 
portion of  the  sines  of  incidence  than  in  the  propcnrtion  of  the 
squares  of  those  sines. 

The  irregularity  in  the  resistance  of  curved  surfaces  is  as  great 
as  in  plain  surfaces.  In  general,  the  theory  gives  the  oblique 
impulses  oh  plane  surfaces  much  too  small,  and  the  impulses  on 
curved  surfaces  too  great.  The  resistance  of  a  sphere  does  not 
exceed  the  fourth  part  of  the  resistance  of  its  great  circle,  instead 
of  being  its  half;  but  the  anomaly  is  such  as  to  leave  hardly  any 
room  for  calculation.  It  would  be  very  desirable  to  have  the 
experiments  on  this  subject  repeated  in  a  greater  variety  of 
cases,  and  on  larger  surfaces,  so  that  the  errors  of  the  experi- 
ments may  be  of  less  consequence. 

Mr.  Robins  having  proved  that  in^  very  great  changes  of 
velocity  the  resistance  does  not  accurately  follow  the  duplicate 
ratio  of  the  velocity,  lays  down  two  positions,  which  he  supposes 
may  be  of  some  service,  particularly  in  the  practice  of  artillery, 
till  a  more  complete  and  accurate  theory  of  resistance,  and  the 
changes  of  its  augmentation,  may  be  discovered.  The  first  of 
these  is,  that  till  the  velocity  of  the  projectile  surpass  1 100  or 
1200  feet  per  second,  the  resistance  may  be  esteemed  in  the  du- 
plicate ratio  of  the  velocity.  The  second  is,  that  when  the 
velocity  exceeds  1100  or  1200  feet  in  a  second,  then  the  abso^ 
lute  'qvMotity  of  the  resistance  will  be  nearly  3  times  as  great  as 
it  should  be  firom  a  comparison  Mith  the  smaller  velocities. 
We  shall  soon  see,  however,  that  there  is  no  abrupt  change  in 
the  law  of  resistance;  but  that  it  is  slow  and  continual  firom  the 
smallest  to  the  greatest  velocities* 
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555.  Dr.  Button,  late  of  the  Royal  Military  Academy,  has 
likewise  prosecuted  the  subject  of  the  resistance  of  the  air 
experimentally,  and  that  to  a  considerable  extent.  His  expe- 
riments were  made  not  only  with  the  whirling  machine,  invented 
by  Mr.  Robins,  but  with  cannon  balls  of  different  weights, 
from  lib.  to  61b. ;  also  with  figures  of  various  shapes,  and  with 
planes  set  at  a  variety  of  angles  of  inclidation  to  the  path  of 
motion.  From  these  curious  experiments  the  doctor  has  as* 
certained  the  resistance  of  bodies  to  all  velocities,  from  1  to 
2000  feet  per  second ;  the  bodies  being  different,  and  their  faces 
at  different  angles  of  inclination.  Some  of  his  general  tables 
and  conclusions  deduced  from  those  experiments  are  as  follow. 

Table  I.  Resistances  of  different  bodies. 


SmaM 

Large  hernia. 

Cone. 

Resis. 

Veloc. 

bemis. 

flat 

side. 

1 

Cjlin- 
der. 

Whole 

as  the 

per 
•ec 

flat 
side. 

round 
side. 

vertex. 

base. 

globe. 

power 
of  the 
veloc. 

feet. 

ox. 

oz. 

oz. 

oz. 

oz. 

oz. 

oz. 

• 

3 

•028 

•051 

•020 

•028 

•064 

•050 

•027 

• 

x4 

•048 

•096 

'039 

•048 

•109 

•090 

•047 

5 

•072 

•184 

-063 

•071 

•162 

•143 

•068 

6 

•103 

•211 

•092 

•098 

•225 

•205 

•094 

7 

•141 

•284 

•123 

-129 

•298 

•278 

•125 

8 

•184 

.    -368 

•160 

•168 

•382 

•360 

•162 

9 

•533 

•464 

•199 

•211 

•478 

•456 

•205 

V 

10 

•287 

•573 

•   •242 

•260 

•587 

'565 

•255 

11 

•349 

•698 

•292 

•315 

•712 

•688 

•310 

2^052 

12 

•418 

•836 

•347 

•376 

•850 

•826 

•370 

2-042 

13 

•492 

•988 

•409 

•440 

1^000 

•979 

•435 

2-036 

14 

•573 

M54 

•478 

•512 

M66 

M45 

•505 

2-031: 

15 

•661 

1-336 

•552 

'589 

1-346 

1^327 

•581 

2-031 

16 

•754 

1-538 

•634 

•673 

1^546 

1-526 

•663 

3-033 

17 

•853 

1-757 

•722 

•762 

1-763 

1-745 

•752 

3-038 

18 

•959 

1'928 

•818 

•858 

2^002 

1-986 

•848 

2-044 

19 

P073 

2-998 

•922 

•959 

2-260 

2-246 

•949 

2^1047 

80 

M96 

2-542 

1-033 

•1069 

2-540 

2-538 

1-057 

2-051 

Mean 

propor. 

140 

288 

119 

126 

291 

2$5 

124 

2-040 

Nos. 

■ 

6 

1 

2 

3 

> 

4 

5 

7 

8 

9 

In  this  table  are  contained  the  resistances  to  several  forms  of 
bodies,  when  moved  with  several  degrees  of  velocity,  from  3 
feet  per  second  to  20.  The  names  of  the  bodies  areisit  the  tops 
of  the  aolumn^i  as  also  which  end  went  foremost  through  the 
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air;  the  different  velocities  are  in  the  first  column,  and  the  re- 
sistances on  the  same  line,  in  their  several  columns,  in  avoirdu-' 
pois  ounces  and  decimal  parts.  So  on  the  first  line  are  contained 
the  resistances  when  the  bodies  move  with  a  velocity  of  3  feet 
in  a  second,  viz.  in  the  2d  column  for  the  small  hemisphere^  of 
4|- inches  diameter,  its  resistance  '028  oz.  when  the  fiat  side  went 
foremost;  in  the  3d  and  4th  columns  the  resistances  to  a  larger 
hemisphere,  first  with  the  flat  side,  and  next  the  round  side 
foremost,  the  diameter  of  this,  as  w^ll  as  all  the  following  figures 
being  64-  inches,  and  therefore  the  area  of  the  great  circle  =32 
sq.  itiches,  or  ^  of  a  square  foot;  then  in  the  5th  and  6th  columns 
are  the  resistances  to  a  cone,  first  its  vertex  and  then  its  base 
foremost,  the  altitude  of  the  cone  being  6|- inches,  the  same  as 
the  diameter  of  its  base  :  in  the  7th  column  the  resistance  to  the 
end  of  the  cylinder,  and  in  the  8th  that  against  the  whole  globe 
or  sphere.  All  the  numbers  shew  the  real  weights  which  are 
equal  to  the  resistances;  and  at  the  bottoms  of  the  columns  are 
placed  proportional  numbers,  which  shew  the  mean  proportions 
of  the  resistances  of  all  the  figures  to  one  another  with  any 
velocity.  Lastly,  in  the  9th  column  are  placed  the  exponents 
of  the  power  of  the  velocity  which  the  resistances  in  the  8th 
column  bear  to  each  other,  viz.  which  that  of  the  10  feet  velocity 
bears  to  each  of  the  following  ones,'  the  medium  of  all  of  them 
being  as  the  2*04  power  of  the  velocity;  that  is,  very  little  above 
the  square  or  second  power  of  the  velocity,  so  far  as  the  veloci- 
ties in  this  table  extend. 

556.  From  this  table  the  following  inferences  are  easily 
deduced. 

I.  That  the  resistance  is  nearly  in  the  same  proportion  a» 
the  surfaces;  a  small  increase  only  taking  place  in  the  greater 
surfaces,  and  for  the  greater  velocities.  Thus,  by  comparing 
together  the  numbers  in  the  2d  and  3d  columns  for  the  bases 
of  the  two  hemispheres,  the  areas  of  which  bases  are  in  the  pro- 
portion of  177  to  32,  or  5  to  9  very  nearly,  it  appears  that  the 
numbers  in  those  two  columns  expressing  the  resistances,  are 
nearly  as  1  to  2,  or  5  to  10,  as  far  as  the  velocity  of  12  feet ;  but 
after  that  the  resistances  on  the  greater  surface  increase  gradually 
more  and  more  above  that  proportion. 

II.  The  resistance  to  the  same  surface  with  different  veloci- 
ties, is,  in  these  slow  motions,  nearly  as  the  square  of  the  velo- 
city ;  but  gradually  increases  more  and  more  above  that  propor- 
tion as  the  velocity  increases.  This  is  manifest  from  all  the 
columns ;  and  the  index  of  the  power  of  the  velocity  is  set  down 
in  the  9th  column,  for  the  resistances  in  the  8th,  the  medium 
beiug  2*04 ;  by  which  it  appears  that  the  resistance  to  the  sam 
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body  is,  in  these  slow  motions,  as  the  2*04  po\ter  of  the  velocity, 
or  nearly  as  the  square  of  it. 

III.  The  round  ends,  and  sharp  ends,  of  solids^  suffer  less 
resistance  than  the  flat  or  plane  ends,  of  the  same  diameter;  but 
the  sharper  end  has  not  always  the  less  resistance.  Thus,  the 
cylinder  and  the  flat  ends  of  the  hemisphere  and  cone  have 
more  resistance  than  the  round  or  sharp  enda  of  the  same;  but 
the  round  side  of  the  hemisphere  has  less  resistance  than  the 
sharper  end  of  the  cone. 

IV.  The  resistance  on  the  base  of  the  hemisphere,  is  to  that 
on  the  round,  or  whole  sphere,  as  2^  to  1,  instead  of  2  to  1,  as 
the  theory  gives  that  relation.  Also  the  experimented  resistance 
on  each  of  these,  is  nearly  '  more  than  the  quantity  assigned  by 
the  theory. 

y.  The  resistance  on  the  base  of  the  cone  is  to  that  on  the 
vertex  nearly  as  2^-^  to  ] ;  and  in  the  same  ratio  is  radius  to  the 
sine  of  the  angle  of  inclination  of  the  side  of  the  cone  to  its  path 
or  axis.  So,  that,  in  this  instance,  the  resistance  is  directly  as 
the  sine  of  the  angle  of  incidence,  the  transverse  section  being 
the  same. 

yj.  When  the  hinder  parts  of  different  bodies  are  of  different 
forms,  the  resistances  are  different,  though  the  fore  parts  be 
exactly  alike  and  equal ;  owing  probably  to  the  different  pres- 
sures of  the  air  on  the  hinder  parts.  Thus,  the  resistance  to  the 
fore  part  of  the  cylinder  is  less  than  on  the  equal  flat  surface  of 
the  cone,  or  of  the  hemisphere ;  because  the  hinder  part  of  the 
cylinder  is  more  pressed  or  pushed  by  the  following  air  than 
those  of  the  other  two  figures;  also,  for  the  isame  reason,  the 
base  of  the  hemisphere  suffers  a  less  resistance  than  that  of  the 
cone,  and  the  round  side  of  the  hemisphere  less  than  the  whole 
sphere. 

yil.  If  df  be  the  diameter  of  any  ball  in  inches,  and  v  the 
velocity  in  feet  with  which  it  moves  in  the  air,  then  will  the 
resistance  it  experiences  in  avoirdupois  pounds  be  denoted  by 
(000007565  XT'-  -00175  v)  d\  Thus  an  iron  ball  of  2*78  ioches 
diameter,  or  Slbs.  weight,  moving  with  a  velocity  of  1800  per 
second,  would  be  resisted  by  a  force  equivalent  to  1761bs.,  or 
more  than  58  times  its  own  weight. 
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557.  Table  II.  Resistances  both  oy  experiment  And  theory, 

to  a  globe  of  V 96 5  inches  diameter. 


Veloc.  per 
sec.  in  feet. 

Resist,  by 

Resist,  by 

Ratio  of 

Resist,  as 

exper. 
oz. 

theory, 
oz. 

exper.  to 
theory. 

the  power 
DftheTeioc. 

5 

0006 

0005 

1-20 

.  < 

10 

0-024J 

0020 

1-23 

15 

0055 

0-044 

1-25 

20 

0-100 

0-  79 

1-27 

' 

25 

0*157 

0-123 

1-28 

2-022 

80 

0'23 

0*177 

ISO 

2055 

40 

0-42 

0-314 

1-33 

2-068 

50 

0-67 

0-491 

,   1-36 

2075 

100 

2-72 

1-964 

1-38 

2-059 

200 

11 

7-9 

1*40 

2-041 

300 

25 

18-7 

1-41 

2-039 

400 

45 

31-4 

1-43 

2-039 

500 

72 

49 

1-47 

2-044 

600 

107 

71      - 

.     1-51 

r   2-051 

700 

151 

96 

1-57 

2059 

800 

205 

126 

1-63 

2-067 

900 

271 

159 

1-70 

2-077 

'     1000 

350 

196 

1-78 

2-086 

1100 

442 

238 

1-86 

2-095 

1200 

546 

283 

1-90 

2-102 

1300 

661 

332 

1*99 

2-107 

1400 

785 

385 

2-04 

2-111 

1500 

916 

442 

2-07 

2-113 

1600 

1051 

503 

2  09 

2-113 

1700 

1186 

568 

2-08 

2-111 

1800 

1319 

636 

2-07 

2'108 

1500 

1447 

709 

2-04 

2-104 

2000 

1569 

786    . 

2-00 

2-098 

In  the  first  column  oF  this  table  are  contained  the  several 
▼elocitiesy  gradually  from  0  up  to  the  great  velocity  of  2000  fee( 
per  second,  with  which  a  ball  or  globe  moved.  In  the  2d 
column  are  the  experimented  resistances  in  avoirdupois  ounces. 
In  the  3d  column  are  the  correspondent  resistances,  as  computed 
by  the  theory.  In  the  4th  column  are  the  ratios  of  these  two 
resistances,  or  the  quotients  of  the  former  divided  by  the  latter. 
And  in  the  5th  or  last,  the  indiexes  of  the  power  of  the  velocity 
which  is  proportional  to  the  experimented  resistance;  which 
are  found  by  comparing  the  resistance  of  20  feet  veloci^  with 
each  of  the  following  ones. 


Ch  AP.  VI.]    Experiments  on  Resistance  of  Fluids.  557 


Ffom  the  ^d,  3d/and  4th  columns  it  Jtppears,  that  at  the  be- 
ginning of  the  motion  the  experimented  resistance  is  nearljr 
equal  to  that  computed  by  theory;  but  that  as  the  velocity 
increases^  the  ezperiniented  resistance  gradually  exceeds  the 
other  more  and  more^  till  at  the  velocity  of  1 300  feet  the  former 
becomes  just  double  the  latter;  after  which  the  difference  in«^ 
crease;s  a  little  further^  till  about  the  velocity  of  l600  or  1700, 
where*  that  excess  is  the  greatest^  and  is  rather  less  than  2-,^; 
after  this,  the  difference  decreases  gradually  as  the  velocity  in- 
creases^  and  at  the  velocity  of  2000  the  former  resistance  again> 
becomes  just  double  the  latter. 

From  the  last  column  it  appears  that  near  the  beginning,  or 
in  slow  motions,  the  resistances  are  nearly  as  the  square  of  the 
velocities;  but  that  die  ratio  gradually  increases,  with  some 
small  variation,  till  at  the  velocity  of  1600  or  1600  feet  it 
becomes  as  the  2^  power  of  the  velocity  nearly,  which  is  its 
highest  ascent;  and  after  that  it  gradually  decreases  again,  as  the 
velocity  goes  higher.  And  similar  conclusions  have  also  been- 
derived  from  experiments  with  larger  balls  or  globes. 

558.  Tablb  III.  Resistance  to  a  plane,  set  at  various  angles^ 

of  inclination  to  its  path. 


Angle  with 
the  path. 

Experim. 
resistances. 

QZ. 

Resist,  by  this 
formula. 

Sines  of  the 

angles  to 

radius  '840. 

o 

0 

•000 

•000 

•000 

5 

•015 

•009 

•073 

10 

•044 

•035 

•146 

15 

•082 

•076 

•217 

20 

•133 

•131 

•287 

25 

•200 

•199 

•355 

30 

•278 

•278 

•420 

35 

•362 

•363 

•482 

40 

•448 

•450 

•540 

45 

.534 

•535 

•594 

50 

•619 

•613 

•643 

55 

•684 

•680 

•688 

60 

•729 

•736 

•727 

65 

•770 

•778 

•761 

70 

•803 

•808 

•789      . 

75 

•823 

•826 

•811 

80 

*835 

'836 

•827 

85 

•839 

•839 

•838 

90 

•840 

•840 

•i940 
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In  the  2d  column  of  this  table  are  contained  the  actual  expe* 
rimented  resistances  in  ounces  to  a  plane  of  S2  square  inches, 
or  |.  of  a  square  foot,  moved  through  the  air  with  a  velocity  of 
exactly  VJL  feet  per  second,  when  the  plane  was  set  so  as  to  make, 
with  die  direction  of  its  path,  the  corresponding  angles  in  the 
first  column* 

And  from,  these  Bn  Hutton  deduced  this  formula,  viz. 
*S45.'I'  *'*'%  which  brings  out  very  nearly  the  same  numbers,  tuid 
is  a  general  theorem  for  every  angle,  for  the  same  plane  of  f  of 
a  foot,  and  moved  with  the  same  velocity  of  12  feet  in  a  second 
of  time;  where  s  is  the  sine,  and  c  the  cosine  of  the  angles  of  in- 
clination in  the  first  column. 

If  a  theorem  be  desired  for  any  other  velocity  v,  and  any  other 
plane  whose  area  is  a,  it  will  be  thus :  ^  ai>V'****%  or  more 
nearly  TT  fifT^*°*  «'*•**'';  which  exhibits  the  resistance  very 
nearly  to  any,  plane  surface  whose  area  is  a,  moved  through  the 
air  with  the  velocity  t?,  in  a  direction  making  with  that  plane  an 
^gle,  whose  sine  is  s  and  cosine  c. 

If  the  fluid  be  water,  or  any  other  whose  density  is  different . 
from  that  of  air,  the  formula  for  the  resistance  must  be  increased 
in  proportion  to  the  density. 

By  this  theorem  were  computed  the  numbers  in  the  3d  column, 
which,  it  is  evident,  agree  very  nearly  with  the  experimental 
resistances  in  the  2d  column ;  eixcepting  in  two  or  three  of  the 
small  numbers  near  the  beginning,  which  are  of  the  least  con- 
sequence. In  all  other  cases,  the  theorem  gives  nearly  the  true 
resistance.  In  the  4th  or  last  column,  are  entered  the  sines 
of  the  angles  of  the  first  column,  to  the  radius  •84,  in  order  to 
compare  them  with  the  resistances  in  the  other  columns.  From 
whence  it  appears  that  those  resistances  bear  no  sort  of  analogy 
to  the  sines  of  the  angles,  nor  yet  to  the  squares,  or  any  other 
power  of  the  sines.  In  the  beginning  of  the  columns,  the  sines 
much  exceed  the  resistances  all  the  way  till  the  angle  is  between 
55°* and  60°;  after  which  the  sines  are  less  than  the  resistances 
all  the  way  to  the  end,  or,  till  the  angle  becomes  a  right  angle. 
See  Hutton's  Dictionary,  art.  Resistance  of  Fluids,  and  his 
8vo.  Tracts,  vol.  iii.  pp.  163—243. 

See  also  a  paper  by  Mr.  Vince  on  this  subject  in  the  Phil. 
Trans,  for  1798,  or  Nicholson^s  Journal,  vol.  iii.  p.  506. 


559.  Messrs.  UAlernbert,  Cmdorcet,  and  Bossut,  pursuant 
to  the  directions  of  M.  Turgot,  comptrollejr-general  of  finances, 
made,  in  the  year  1775,  a  series  of  experiments,  in  order  to  per- 
fect internal  navigation;  and  the  resistance  of  fluids  was  the 
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principal  object  of  their  researches.  Their  experiments,  how- 
ever, were  confined  to  very  small  velocities,  and  to  direct  re- 
sistances ;  so  that  their  results,  as  might  be  expected,  did  not 
differ  sensibly  from  those  furnished  by  the  ordinary  theory.  But, 
in  1778,  Bossut  and  Condorcet  directed  their  attention  to  oblique 
resistances,  and  undertook  ^^A  new  series  of  experiments, 
**  chiefly  intended  to  discover  the  law  according  to  which  the 
'^  resistance  es^perienced  by  an  angular  prow  diminishes  in  pro- 
^^  portioi^  as  the  angle  of  that  pi^ow  becomes  more  acute;  the 
'^  fluid  being  indefinite,  such  as  the  sea.'' 

These  experiments  were  made  in  a  great  reservoir  situated  on 
the  north  side  of  the  ancient  Boulevards  of  Paris.  The  vessels 
were  prismatic  (excepting  the  prow,  which  was  an  isosceles 
wedge),  and  their  motion  was  produced  by  the  descent  of  a 
weight,  which,  by  means  of  a  cord,  and  different  pullies,  caused 
the  vessel  to  advance.  During  the  first  instants  of  the  desc^ttt 
of  the  weight,  the  motion  was  accelerated ;  but  the  vessel  soon 
acquired  a  uniform  velocity,  and  the  resistance  of  the  watef,  re- 
lative to  that  velocity,  makes  the  equilibrium  with  the  moving 
force  of  the  weight  due  to  gravity,  &c. 

The  following  table  comprises  69  experiments  of  Bossut  on 
simple  angular  prows.  The  first  five  were  made  with  a  boat  in 
form  of  a  rectangular  parallelopiped,  the  length  of  which  was  4 
feet,  breadth  2  feet,  depth  in  the  fluid  2  feet^  and  height  of  the 
part  jutting  out  of  the  fluid  about  7  feet. 

The  other  64  experiments  were  made  with  14  vessels  in  form 
of  a  prism,  the  prows  being  isosceles  wedges,having  their  vertices 
forwards:  these  vertical  angles  increased  gradually  from  12°, 
24'',  36%  &c.  to  180°;  the  length  of  each  vessel  was  4  feet,  breadth 
2  feet,  depth  in  the  water  2  feet,  height  out  of  the  water  about 
7  feet:  all  in  Paris  measure.  The  titles  of  the  columns  require 
110  explanation. 
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ADgle 
of  the 
.prow. 


ISQP 


168* 


156' 


144' 


132° 


120' 


108* 


Weight 

of  the 

mover  in 

~  pounds. 


Time  of 
describ- 
ing 96 
feet  uni- 
formly. 


61-8 

78 -08'' 

112-5 

57-51 

162-5 

47-44 

212-5 

41-49 

262-6 

37-32 

62*5 

77-50 

112-5 

56-95 

162-5 

47-22 

212-5 

41-26 

262*5 

37-12 

62-5 

75-09 

112-5 

56-15 

1 62-5 

46-44 

212-5 

41-03 

262-5 

36/52 

62-5 

7338 

112-5 

54-75 

162-5 

45-35 

212-5 

39-58 

262-5 

37-57 

60-5 

7208 

111-5 

53-25 

162-5 

43-75 

212:5 

38-26 

262-5 

34-SO 

6Q'(y 

68-32 

112*5 

50-84 

162-5 

41-84 

212-5 

36-62 

262-5 

32-77 

61-5 

65-85 

112-5 

48-75 

162-5 

39-50 

212-5 

34-46 

262-5 

SI -05 

Angle 
of  the 
prow. 


Weight 

of  thiB 

mover  in 

pounds. 


Time  of 
describ- 
ing 96 
feet  uoi- 
formlj. 


The  direct  resistance  on  the  end  of  the  vessel  without  an 
isosceles  prow  may  be  represented  by  any  arbitrary  number  as 
10000  for  instance 


Chap.  YI.]      Dr.  Yowif^s  Remarks  oh  Resistance.         561 

And  if  the  angle  of  the  prow,  or  that  formed  at  the  fore^part 
of  the  vessel  or  summit  of  the  triangular  section,  be  x,  the 
resistance  will  be  expressed  by  the  formula  10000  cos'o:.  To 
correct  this  expression  by  means  of  the  foregoing  table,  we  may 
observe  that,  when  the  angle  x  undergfpja  variation  of  12**,  each 
of  the  angles  at  the  base  of  the  isosceles  prow  will  vary  6**: 
calling  this  latter  variation  q,  M.  Bossut  deduced  from  the  table 

—)       '  a;  and  q  being  expressed 

in  decimal  parts  of  the  radius  unity.  Thus  the  whole  resistance 
against  the  prow,  estimated  in  the  opposite  direction  to  that 
of  the  motion  of  the  boat,  is  equal  to  10(X)0  cos*.r4-3'l53 

—J       .    And  this  formula  will  be  sufficiently  exact  when 

the  extreme  angle  of  the  prow  is  greater  than  12** :  but  when 
that  angle  is  less  than  12°  the  theorem  will  err  ip  excess. 

560.  M.  Lacroix  has  inserted  in  the  Bulletin  de  la  Soci6t6 
Philomathique,  a  comparative  view  of  the  experiments  of 
Bossut  and  Vince,  on  the  resistance  of  fluids  striking  on  oblique 
surfaces.  He  does  not  appear  to  have  assigned  a  sufficient 
reason  for  the  difference  of  the  results  of  those  experiments; 
but  the  subject  is  of  so  much  importance,  as  to  deserve  such  an 
examination  in  its  present  state  as  may  serve  to  assist  in  the 
prosecution  of  farther  experiments. 

The  first  approximation,  says  Dr.T.  Young,  to  a  determina- 
tion of  the  effect  of  the  resistance  to  a  body  of  a  given  section, 
terminated  by  oblique  planes,  is  to  suppose  each  particle  of  the 
fluid  to  impinge  once  on  the  surface,  and  then  to  retire  for  ever  : 
on  this  supposition,  the  resistance  ought  to  vary  as  the  square  of 
the  cosine  of  the  angle  of  incidence. 

Another  part  of  the  resistance  is  occasioned  by  the  adhesion 
of  the  particles  of  the  fluid ;  this  may  be  supposed  to  vary,  as 
the  product  of  the  secant  and  the  sine  of  the  angle  of  incidence; 
that  is,  as  its  tangent. 

A  third  part  depends  on  the  form  of  the  posterior  surface  of 
the  body,  and  upon  the  unknown  irregularities  produced  in  the 
motions  of  the  particles  of  the  fluid,  by  the  difference  of  the 
forms  of  its  anterior  part.  It  may  be  expected,  that  this  nega- 
tive pressure  will  be  nearly  uniform,  when  the  shape  of  the 
posterior  part  of  the  body  remains  unaltered,  as  in  Bossut's 
experiments;  but  that,  when  a  thin  surface  is  employed,  as  in 
Mr.  Vince's  apparatus,  it  will  be  somewhat  diminished  by  the 
obliquity  of  that  surface,  even  supposing  the  transverse  pro- 
jection of  the  surface  to  remain  unaltered.  This  portion,  how- 
ever, may  naturally  be  expected  to  be  liable  to  great  irregularities ; 
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and  it  appears  to  be  somewhat  increased  when  the  thin  surface 
is  inclined  in  a  small  angle  only. 

Mr.  Romme  has  remarked^  that  the  facility  with  which  the 
particles  of  the  fluid  can  escape  before  the  moving  body^  is 
proportional  to  the  an^lar  space  of  the  fluid  which  remains 
open  to  admit  them^  and  that  therefore  the  resbtance  must 
vary  in  proportion  to  this  angle.  Without  allowing  the^  truth 
of  the  observation  in  its  whole  extent,  we  may  with  propriety 
inquire  whether  or  no  the  portion  of  the  pressure  derived, 
from  impulse  may  not  in  part  depend  on  some  simple  futiction 
of  the  angle  of  incidence ;  and  whether  the  whole  resistance  to. 
an  oblique  surface  may  not  be  considered  as  composed  of  a 
constant  portion,  a  portion  varyii^  with  the  tangent  of  the 
angle  of  incidence,  and  a  third  portion  proportionate  to  the 
square  of  the  cosine,  diminished  in  the  ratio  of  a  power,  or 
other  function,  of  the  angle  of  incidence.  And  it  will  appear 
upon  inquiry,  that  if  we  take  one  fifth  of  the  radius,  increased 
by  one-tweuty-fifth  of  the  tangent,  and  add  to  it  four-fifths  of 
the  square  of  the  cosine,  diminished  in  the  ralio  of  the  circum- 
ference of  a  circle  increased  by  the  angle  of  incidence,  to  the 
simple  circumference,  we  may  approach  always  within  about 
one-fiftieth  to  the  number  expressing  the  oblique  resistance, 
until  the  angle  of  incidence  becomes  greater  than  80°.  Thus, 
the  direct  resistance  being  unity,  and  a  the  angle  qf  incidence, 
the  oblique  resistance  will  -2  +  -04  tan  a  +288  cos*  fl:  (360+0**). 
A  formula,  somewhat  more  accurate  than  this,  deduced  from 
experiment  ©nly,  is  rz=  cos*  a  +  '0900004^  17fl''*':  the  quantity 
added  to  the  square  of  the  cosine  being  a  little  less  than  the 
millionth  of  the  cube  of  the  angle  of  incidence,  expressed  in 
degrees.  The  result  of  these  two  theorems  are  compared  with 
the  experiments  of  Bossut,  and  the  theorem  of  Eytelwein 
(viz,  cos*  a +  4  versin  a)  in  the  following  table. 


Aoglc. 

Cos' a. 

Tana. 

Form.  1. 

Form.  2. 

Bossut. 

Bytelw. ' 

0« 

1  -0000 

•000 

10000 

1  -0000 

1-0000 

1-0000 

6 

•9890 

•105 

•9824 

•9891 

•9893 

•9910 

12 

•9568 

•212 

•9492 

•9580 

-9578 

'9656 

18 

•9045 

•325 

•9022 

•9086 

•9084 

-9241 

24    . 

•8346 

•445 

•8438 

•8449 

•8446 

•8690 

SO 

•7500 

•577 

•7769 

•7710 

•7710 

•8036 

36 

•6544 

•726 

•7049 

•6919 

•6925 

•7308 

42 

•5523 

•900 

•6317 

•6135 

•6148 

•6551 

48 

•4478 

1111 

•5606 

•5414 

•543S 

•5802 

54 

•3455 

1-376 

•4985 

•4816 

•4800 

•5103 

60 

•2500 

r732 

•4407 

•4403 

-4404 

•4500 
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Angle. 

Cos«a 

Tana. 

Form.  1. 

Form.  2. 

Bossut. 

Eytelw. 

ee 

•1654 

2^346 

•3924 

•4231 

•4240 

•4026 

72 

•0955 

3-078 

•3869 

•4344 

•4142 

•3719 

78 

•0432 

4^705 

•4166 

•4816 

•4063 

•3600 

84 

•0109 

9-514 

•5875 

•5668 

•3999 

•3693 

Mr.  Romme  founds  by  numerous  experiments^  that  when 
the  magnitude  of  the  greatest  section  of  a  floating  body,  and  its 
distance  from  the  angular  points,  were  constant,  the  form  of  the 
outline  of  anyNsection  of  the  body,  whether  composed  of  right 
lines  or  of  curves  of  any  kind,  was  either  wholly,  or  very  nearly, 
indifiierent  to  the  magnitude  of  the  resistance :  hence  he  infers, 
that  in  the  construction  of  ships,  the  curve  of  the  sides  ought  to 
be  determined  from  considerations  independent  of  the  resist- 
ance. 

In  experiments  like  those  of  Mr.  Vince,  the  circumstances 
are  materially  difierent:  but  the  accuracy  of  Mr.  Vince's  ex- 
periments on  water  is,  in  some  measure,  confirmed  by  a  com- 
parison with  those  of  Schober,  which  were  made  in  a  similar 
manner  on  air.  The  results  of  both  these  investigations  are 
here  exhibited  in  a  table,  and  compared  with  a  coarse  approxi- 
mation from  this  formulary  4* +6  cos  a,  and  with  the  results  of 
Dr.  Hutton. 


^Dgle. 

Cos  a. 

Form.3«  ' 

Schober. 

Vince, 

HuttoD. 

(f 

i-oooo 

1  •oooo 

1-0000 

1-0000 

1000 

10 

•9848 

•9909 

•9854 

•9787 

roio 

20 

•9397 

'9638 

•9808 

•9743 

r068 

30 

•8660 

•9196 

•9200 

•9463 

^•003 

40 

•7660 

•8596 

•8308 

•8729 

•963 

50 

•6428 

•7857 

•7563 

•7869 

•830 

60  '5000         ^7000  -6738  •eSlO  '662 

70  ^3420         ^6052  '6359  ^49 13  ^453 

80  -1736         -5042  -5833  -2779  ^304 

(Vide  Journals  of  the  Royal  Institution.)  Dr.  Hutton's 
experiments,  when  reduced  to  surfaces  of  given  transverse  pro- 
jections, indicate  at  first  an  increase  of  resistance  as  the  surface 
becomes  more  oblique:  a  circumstance  analogous  to  what  was 
remarked  by  Bossut  in  reference  to  float-boards,  and  mentioned 
already  at  the  end  of  book  iv.  eh.  4. 

fj^i.  Such  are  the  conclusions  and  rules  which  have  been 
deduced  from  some  of  the  most  judicious  experiments  on  the 
resistance  of  fluids  to  the  motion  of  bodies  passing  through 
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them.  Considering  the  number  and  importance  of  these  in- 
ferences with  respect  to  the  magnitude  and  extent  of  the  expe- 
riments from  which  they  were  drawn^  we  cannot  but  earnestly 
wish  that  those  who  have  leisure  and  opportunity  to  pursue 
such  enquiries^  would  still  further  extend  and  vary  their  re- 
searches in  this  department  of  experimental  philosophy.  Much 
valuable  knowledge  may  be  expected  to  result  from  labours  of 
this  kind :  for  it  is,  probably,  only  by  reiterated  experiments  and 
observations  that  sufficient  data  can  be  obtained  to  perfect  the 
theory  of  two  momentous  branches  of  mechanical  science,  viz. 
those  relating  to  the  motion  of  military  projectiles,  and  to  the 
manoeuvres  of  vessels  at  sea. 


INDEX. 


{Thefigurez  refer  to  the  articles  or  paragraphs.) 


A 

Art. 

ABUTlIENTSy 199 

Air,  mechanical  properties  of,  484-490 

— ,  density  and  elasticity  of, 489 

— ,  motion  of, 510—520 

Air-pump,  theory  of, 521-^2S 

AlembertjDe.    See  D'Alembert. 
Altitudes,  measured  by  barometer 

and  thermometer^ 509—510 

Amplitude, 250 

of  impression, 330 

Angle  of  position, 250 

Angular  accelerating  force« 802 

— '• pendulum, 311 

Animal  force, 376 — S78 

Arches  and  piers, 199—208 

Archivolt,. ,....  I99 

Areometer, 40li— 409 

Art  and  nature,  dtfierence  between,!  73 

Ascent  of  bodies, 240 — 245 

Atmosphere  homogeneous,   495^-498 

Atmospherical  logarithmic^ 498 

Attraction,  centre  of, 279 

— ,  capillary,. 426-^35 

-,  of  spheres,  &c. 293 

,  universal, 294 

Axioms, 21 — 27 

Axis  in  peritrocbio, 143—147. 

—  in  motion,...  267,  321,  S67, 372 


B 


Balance.    See  Lever,  smd  vol.  II. 
Ballistic  pendulum, $13 


Art. 
Banks,  on  comparative  strength  of 

materials, 191 

— — ,  on  velocity  of  air, 515 

Barometer, 485 

Barometer,  altitudes  meas.  by  ,502,  &c. 
Bettancourt  on  steam^  vol.  II. 

Billianls, 361 

Block  of  a  pulley, 148 

Body, 3 

,  hard,  soft,  and  elastic, 329 

Bossut's  experiments  on  discharge 

of  fluids, 458—461 

,  on  resistance  of  water,...  559 

Brachystochronon, 277 

Breast-wheels, 467^  &c» 

C 

Capillary  tubes, 426—435 

Catenarian  curve, 19B 

Celerity, 15 

Central  forces, 279 — d99 

Centre  of  attraction, 279 

gravity. 102—12* 

-^ gyration^ 309— 3tS 

oscillation, 305 — 311 

— —  percussion, 31 7—320 

■  pressure, 391—393 

■  ■  spontaneous  rotation, 

322—326 

— —  veliqye,.... noUf¥L5 

Centrifugal  force, 279 

'   !■  "      pump, ,.,..t537— 538 
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Centripetal  force, 279 

CeDtrobaryc  method, 125 

Circular  motion, 3B2— 288 

Clock,  problem    concerning  the 

junction  of  its  hands, 233 

Collision, 329—362 

Composauts, 29 

Composition  of  forces, 28—101 

of  motions, 217 

Condorcet  on  resistance  of  water,  559 

--on' weight  and  gravity,  103 

Conserratio  virium  vlvarum, 941 

Cords, 193—198 

Coulomb  on  friction,  vol.  II. 

Crown  of  an  arch, 199 

Cupola, 209 

Curyes,  descents  along, 263,  &c. 

,  of  swiftest  descent,    277,  278 
Cycloid, 272 


D 

D'Alembert's  principle  of  dyna- 
mics,   267 

■  ■  ■—  on  varied  motion,. . .  234 

Deflecting  force, 279 

De  Luc  on  altitudes  by  barom. ...  506 

Density 10,  211 

-of  the  planets, 294 

Depth  of  impression 330 

Desaguliers's  hydrometer, 403 

Descents  occasioned  by  gravity, 

240—247 

Diminution  of  gravity, 287 

Direction 16 

— — ,  line  of, 106 

Discbarge  of  fluids  through  orifices, 

438-457 

,  ezpr.  relative  to,  457—466 

Divisibility, 4 

Domes, 209 

Dynamics, 210—380 

£ 

Effects  of  machines, 363—880 

Efliux  of  water,. 438,  &c. 

Elasticity, 329 

Elevation  in  projectiles, 250 

Elliptical  motion, 290,291 

Emerson  on  relative  strength  of 

materials 190 

English,  on  stability  of  canal  boats,  425 

Equ ator,  centrifugal  force  at, 285 

Equilibrium, 19,  28 

,  of  elastic  fluids,  491— 502 


Art, 

Equivalent, 29 

Expansions  of  mercury  and  air,  503 

Extrados, 199 

Eytelwein,  en  hydraulics, 463 

F 

Flanks  of  anarch, 199 

Floatation,  plane  of, 411 

Float-boards, 480 

Fluid, 3,  880 

— ,  compressible  and  incom- 
pressible,   381 

Fly."  See  vol.  11. 

Force, 17,212 

— -,  accelerating, 224 

-,  retarding, 224 

Forcing  pump, 527 

Friction.    See  vol.  11. 

Fulcrum, 131 

— -,  pressure  upon,  133,  140,  321 
Funicular  polygon, 193—197 


Galileo,  on  falling  bodies, 246 

on  the  lever y 132 

on  the  resist,  of  solids,  1 67,  &c. 

Girard  on  the  distinction  between 

the  operations  of  nature  and  art,  173 
Gravimeter.    See  vol.  II. 

Gravity, 102,  106,237,  240 

,  its  proper  measure, ^242 

,  centreof, 102—124 

— — ,  diminution  of, 286 

.,  specific,. 383,396—410 


,  table  of, , 410 

Gunpowder,  force  of,  vol.  II. 
Gyration,  centre  of, 309,  &c. 


H 

Halley,  on  altitudes  by  barom....  499 

Hammer,  stroke  of, 354 

Hands  of  a  clock, 223 

Height  due  to  a  velocity,  244 

Homogeneous  bodies, 106 

.  atmosphere, 495 

Horse,  strength  of, 378 

Hunter,  Mr.  his  screw, * 161 

Hutton,  on  altitudes  by  barom.     508 

■  iyon  practical  gunnery  ,255-267 

,  on  resistance  of  fluids,  555*558 

Hydraulics, 20 


Hydrameter, 401— *09 

Hrdrodjriumici, 436—483 

NrdrostBtical  paradox, 3S7 

H;droiUtic>, 3>0— 435 

I 

Immateriality   of  tbe   SuprenH 

Impact  obliquej.!..!.!!!!,.!!,  360^63 

Impelled  point 365 

Impetui, S50 

Impost  or  an  arch, 199 

laertia, 3,  18 

, centre  <^, 108 

Inclined  plane,. \Si — 157 

'■  motioD  aloDS,  251,  ieo,  867, 

315,369,371 
Intrador 199 

J 

Joint!  of  fraetare, 199 

JuBn,  Don,  on  percuMion...  330,  &c 


Keyitoneof  Miwcfa, 19f 

L 

Law*  of  motion, !1— BT 

Lever,,  131—143,366 

■^—,  angular 140,  cor.  7. 

,  heavy 13S,  136 

LilUiig-pump, 5S6 

Lirieof direction,. jog 

ofiupport, 411 

Losarithmic,  atniospbericai, 498 

H. 
MacbiDcs, 

Machinery,  simpUScalion  of,  vol.  if. 

Who,  strengtli  of,„ 376 

Mas* 9,  211 

Materials, strength  of, 167 — I9S 

Matter,  g 

Measure  of  the  force  of  ^raTiEr,    942 

Mechanics, 1 

Mechanical  powtr* 136— IGC 


Metacentre, 411 

Mobility, 8 

Moment,  or  mommtuin 31, 213 

Momentum  of  impulK, .'  36S 


N 

Natoreand  art,  difference  between,  173 

Newton  on  the  leicr 140 

'   on  resiilaace  uf  Buidi,      641 

Newtonian  axioma, SI — 37 

Nicholson's  bydrometer,' 408 

O 

Oblique  impact, 360—363 

Orbit,  819 

Orifice,  dischirge  of  irater  througfa, 
,  438—457 

Otciltatioa,  centre  oF, 305—308 

',  of  pendulumi, S68 

- ,  of  vessels 433,424 

Orershot-wheds, 467,ltc. 


Fapio,  on  motion  of  air  into  a 

^  "cunm 311 

Paradox,  hydrostatic, 367 

ParalleloKTam  of  forces, 49 

Parcieux-s  areometer, 405 

Pendulum,  angular 311 

,  hallistic, 313 

,  compoDDd, 308 

.conica], 388 

,cycloidal,..„....  373—270 

.simple, 268—378 

Percussion,  centre  of, 317 — S20 

,  theory  of, 329—363 

Periodic  lime, ggo 

of  planet  depends  on 

its  muu  distance  solely 291 

terpelDBl  screw, 160 

Piers  and  arches 199 — 908 

Pinion  and  loolh, 146 

Piston, 594 

Pivots,  preiiure  upon, 145 

Place,  ablolnte  and  relative, 1 

Plane,  inclined, iSx— 157 
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Plane,  motioo  along... •.QSS,  260, 967, 

315,  369 

planets,  double  motion  of, 397 

Pneumatics 484—560 

Polyspacton,..- 148 

Position,  centre  of, 109 

Power, 17 

Pressure,  centre  of,  .........  391 — 393 

•     ■  of   non-elastic  fluids, 

384—395 

Projectile  force, 279 

Projectiles, 348—357 

Pulley, 148—151 

,  motion  of, 367,  331,  373 

Pumps,  theory  of, 524—538 


G 


Quantity  of  matter.     See  Mass. 
of  motion, 313,313 


Alt. 
Solid, •. ^ 3 

Solids,  equal  in  equal  times, 898 

Space,  absolute, 5 

,  initial, 320 

'  ■)  relative, q 

Span  of  an  arch, 199 

Spandrils, 199 

Specific  gravity, 383,  396—410 

Spouting  fluids, 454—456 

Spring  of  an  arch, 199 

Stability  of  vessels, 411 — 435 

■  •,  indifferent,*) 

■   — ,  negative,     > 412,  418 

— -,  positive,     J 

Statics, 21—209 

Steam,  its  effects,  vol.11. 

Steelyard, 137,  138 

Strain,^ 168 

Strength  and  stress, 167—192 

Sucking-pump, 524 

Symmetrical  bodies, 107 


Radii  of  small  cylinders,  to  esti- 
mate,   note,  408 

Radius  vector,'. 279 

Random,  or  range, 350 

l^rity,  or  rareness, 211 

Reduction  of  furce.s, 55 

Resistance  of  solids, 167 

_ of  fluids, 539—561 

Resolution  offerees, 28 — 101 

-of motions, 317 

Resultant, 29 

Retardation, 540 

Ricochet  firing, 354 

Robin^'s  experiments  on  the  re- 
sistance of  fluids, 553—554 

Robison,  on  altitudes  by  barom.    505 

on  domes, 209 

. on  relative  strength, 1 90 

Rotation,  spontaneous, 332 

,  centre  of, 323—326 

Rotatory  motion, 300—328 

Roy,  on  expansionof  mercury,  &c.  503 


Sailing  of  ships, 549 

Screw, 158—161 

Ships,  stability  of, 411 

— ,  o<«c illation 8  of, 435 

Shuckburgh,  on  alt.  by  barom. ...  507 

Smeaton,  on  water-wheels,   477—483 

,  on  windmills, vol.  JI. 


Tautochrones...... 376 

Teeth  of  wheels,  the  best  forms  of,  1 47 

Tension  of  a  cord, 193 

^Time,  absolute  and  relative, 14 

Time  in  which  the  planets  would 

fall  to  the  sun, 292 

Tooth  and  pinion-work, 146 

Trajectory,.... 279 

Tubes,  capillary,  436—435 

—  to  measure  their  diamet.  note,  436 


U 


Undersbot*whee1s, 467,  &c. 

Uniformly  varied  motion,...  334 — 330 
Unit  of  time, 14 

V 

Variable  motion,  231— S39 

Velique  centre, note,  425 

Velocity, 15 

• ^,  accelerated,  or  retarded,  15 

,  virtual, note,  130 

,  angular, *  279 

due  to  a  height, 344 

Vena  contracta, «...  440,  457 

Venturi  on  motion  of  fluids,. ...«:.  462 

Vertical  projectiles, 345 

Vessels,  stability  of, 411 

»    I  ■■    ,  oscillations  of, 42S 
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Vibrating  conci Sll 

Vibration  of  pendulums, 2C8 

Yinre,  on  motion  offlrnds, ^65 

on  friction.  See  vol.  II. 

Virtual  velocities, note,  130 

Voiissoirs, 199 
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Water-wheels, 467 — 476 

,  Smeatou  on,  477 — 483 

Wedge 163—166 


j4rt. 

Weight, 104 

Wheel  and  axle,. ..143— 147,367,  37C 

,  pressure  upon, 145,  321 

Whirlinc:  motion  of  fluids, 444 

Windmill-sails, 547 

,Smeatonon.  i^eevol.II. 
Working  point, , 365 


Young,  Dr.  M,  on  the  motion  of 
fluids.. 464 
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ERRATA  IN  VOL.  I. 

Page  39,  lioe  9,/or  c :  c,  read  d :  c. 
— -  36,  I'me  23,  for  AP.cf,  readA^mtf. 

33,  line  %for  (c'  x  sfi),  read  +  (c'  x  sQ). 

94,  line  15, /or  Cr.4.,  read  Cor.  4. 

—  120,  line  24,  takeaway  the  sign  •»-  before     ' 
155,  line  16,  for  a  i^«  rcarf  a  ~. 

..  •  ..  • 

X        t  ^        X        t 
158,  line  25,yor  =  —  +  --,  read  =    —  +  — . 

<  y       < 

— -•  162,  line  4  of  note^  read  I'Eqnilibre  dec 

165,  line  S^forf  «  BT,  read  »  a  iv. 

1  1 
165,  line  11,/or  —  oc  B,  read  - —  «  b. 

— —  187,  line  6  from  bottom, /or  /'-i-V  ^^{~^ 

-^—  226,  lime  5  firom  bottom,  Jor  force,  read  forces, 

—  228,  line  4  from  bottom,  for  ay  be,  read  may  be, 
——279,  line  l,JbrxZZ  w,  readxs=za>, 

—  883,  line  21 ,  jS>r  as  at  its,  read  as  its. 

—  284,  line  26, /or  r  V  «  4,  read  r  V  J  =. 
•-i—  31 6»  line  26,  put  k  for  x  in  the  denominator. 

— —  515,.  line  14, /br  invertigation,  read  investigation. 

s>*      1  iP*      1 

547,  line  3,/of  i-Hi,  read  ^     -  * 
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